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Jèma 1: a) Estw ìti A, B, C eÐnai uposÔnola enìc sunìlou X kai ìti B ∩C = ∅. DeÐxte
ìti

(A ∪ C)−B = (A−B) ∪ C

b) DÐnetai h sun�rthsh f :X → Y , h opoÐa eÐnai èna-proc-èna. Aut  ep�gei mia sun�rthsh
metaxÔ twn dunamosunìlwn f [−]:P (X) → P (Y ), ìpou gia A ⊆ X eÐnai f [A] = {f(x) | x ∈
A}. DeÐxte ìti ki aut  eÐnai èna-proc-èna. (2 mon�dec)

Ap�nthsh: a) Eqoume

(A ∪ C)−B = (A ∪ C) ∩Bc = (A ∩Bc) ∪ (C ∩Bc) (1)

Omwc B ∩ C = ∅, �ra C ⊆ Bc (giatÐ, gia k�je x ∈ C, x /∈ B - alli¸c B ∩ C 6= ∅- epomènwc
x ∈ Bc). Ara h èkfrash (1) gÐnetai

(A ∪ C)−B = (A ∩Bc) ∪ C = (A−B) ∪ C

b) Estw ìti f [A] = f [B]. Jèloume na deÐxoume ìti A = B. Estw ìti x ∈ A. Tìte

f(x) ∈ {f(x) | x ∈ A} = {f(x) | x ∈ B}

�ra f(x) = f(x′), me x′ ∈ B. Omwc h f eÐnai èna-proc-èna, �ra x = x′, me x′ ∈ B. Ara
x ∈ B. Opìte èqoume ìti A ⊆ B. To ìti B ⊆ A prokÔptei me ton Ðdio akrib¸c trìpo.

Jèma 2: Estw ìti R kai S eÐnai sqèseic epÐ tou sunìlou X. DeÐxte ìti, an oi R kai S eÐnai
anaklastikèc kai summetrikèc sqèseic, tìte kai h R ∪ S eÐnai anaklastik  kai summetrik 
sqèsh. An oi R kai S eÐnai metabatikèc sqèseic isqÔei to Ðdio gia thn R ∪ S? ApodeÐxte ton
isqurismì sac   d¸ste antipar�deigma. (2 mon�dec)

Ap�nthsh: Epeid  oi R kai S eÐnai anaklastikèc, èqoume ìti, gia ìla ta x ∈ X, (x, x) ∈ R
kai (x, x) ∈ S, epomènwc (x, x) ∈ R ∪ S, dhlad  kai h R ∪ S eÐnai anaklastik . An t¸ra
èqoume (x, y) ∈ R ∪ S, tìte (x, y) ∈ R   (x, y) ∈ S. Omwc, tìso h R ìso kai h S eÐnai
summetrikèc sqèseic, opìte, sthn pr¸th perÐptwsh ja èqoume (y, x) ∈ R, en¸ sth deÔterh
perÐptwsh ja èqoume (y, x) ∈ S. Se k�je perÐptwsh, (y, x) ∈ R ∪ S. Ara h R ∪ S eÐnai
summetrik .

An t¸ra oi R kai S eÐnai metabatikèc, den prokÔptei ìti h R ∪ S eÐnai metabatik . H
duskolÐa ègkeitai sto ex c: An (x, y) ∈ R ∪ S kai (y, z) ∈ R ∪ S, tìte mporeÐ (x, y) ∈ R
kai (y, z) ∈ S, ap' ìpou de mporoÔme na sumper�noume ìti (x, z) ∈ R ∪ S. Ac doÔme èna
sugkekrimèno antipar�deigma: An X = {1, 2, 3} kai R = {(1, 1), (1, 2), (2, 2), (2, 1), (3, 3)},
S = {(1, 1), (2, 2)(2, 3), (3, 3), (3, 2)} (parathreÐste ìti kai oi dÔo sqèseic eÐnai anaklastikèc
kai summetrikèc), tìte (1, 2) ∈ R ∪ S, (2, 3) ∈ R ∪ S all� to (1, 3) den an kei sthn R ∪ S.
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Jèma 3: a) ApodeÐxte me epagwg  ìti, gia k�je fusikì arijmì n ≥ 2,

n∏
k=2

(1− 1
k2

) =
n + 1
2n

b) Pìsec sunart seic up�rqoun apì to Zm×Zm proc to Zm2 ? Up�rqoun k�poiec an�mes�
touc pou na eÐnai èna-proc-èna kai pìsec? (2 mon�dec)

Ap�nthsh: a) Gia n = 2 to arister� ginìmeno èqei èna mìno par�gonta, ton 1− 1
22 = 3

4 =
2+1
2.2 . Ara gia n = 2 o isqurismìc alhjeÔei.

Deqìmaste ìti o isqurismìc alhjeÔei gia to n kai deÐqnoume ìti alhjeÔei gia to n + 1.
To ginìmeno sta arister� gÐnetai

n+1∏
k=2

(1− 1
k2

) =
n∏

k=2

(1− 1
k2

)(1− 1
(n + 1)2

)

(epag. upìjesh) =
n + 1
2n

(1− 1
(n + 1)2

)

=
n + 1
2n

(n + 1)2 − 1
(n + 1)2

=
1
2n

(n2 + 2n)
n + 1

=
(n + 1) + 1
2(n + 1)

b) To Zm èqei m stoiqeÐa �ra to Zm × Zm èqei m2, ìsa kai to Zm2 . Ara metaxÔ twn
dÔo sunìlwn up�rqoun

(m2)m2
= m2m2

sunart seic. AfoÔ ta dÔo sÔnola èqoun to Ðdio pl joc stoiqeÐwn ja up�rqoun èna-proc-
èna sunart seic an�mes� touc (p.q gr�fontac ta zeug�ria (x̄, ȳ) se èna orjog¸nio plaÐsio
m×m kai aparijm¸ntac kat� m koc twn mikr¸n diagwnÐwn apì p�nw proc ta k�tw brÐskoume
mia èna-proc-èna sun�rthsh apì to Zm × Zm proc to Zm2). K�je èna-proc-èna sun�rthsh
an�mesa s' aut� ta dÔo sÔnola ja eÐnai kai epÐ. Ara èqoume tìsec tètoiec sunart seic ìsec
kai oi metajèseic enìc sunìlou me m2 stoiqeÐa, dhlad  (m2)!.

Jèma 4: DÐnetai h sun�rthsh f : R−{3} → R−{3}, me f(x) = 3x+1
x−3 . Poi� eÐnai h sun�rthsh

f ◦ f ? AfoÔ apant ste swst� s' autì to er¸thma exet�ste an h f eÐnai èna-proc-èna
kai epÐ. (2 mon�dec)

Ap�nthsh: Eqoume, gia k�je x ∈ R− {3}:

f(f(x)) =
3.3x+1

x−3 + 1
3x+1
x−3 − 3

=
3.(3x + 1) + x− 3
3x + 1− 3x + 9

=
10x

10
= x,
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�ra f ◦ f = id.
Autì mac lèei ìti h f eÐnai antistrèyimh (èqei ton eautì thc wc antÐstrofh). Epomènwc,

wc antistrèyimh, eÐnai èna-proc-èna kai epÐ.

Jèma 5: JewroÔme thn om�da (Z,+, 0) twn akeraÐwn arijm¸n me dimel  pr�xh aut n thc
prìsjeshc. DÐnontai duo fusikoÐ arijmoÐ m kai n. ApodeÐxte ìti to uposÔnolo twn akeraÐwn

A = {mx + ny | x, y ∈ Z}

eÐnai upo-om�da thc. JumÐzoume ìti ìlec oi upo-om�dec twn akeraÐwn arijm¸n (me thn pr�xh
thc prìsjeshc) eÐnai thc morf c {d.x | x ∈ Z}, gia k�poion fusikì arijmì d. Poiìc eÐnai
o fusikìc autìc arijmìc d, se sqèsh me touc dosmènouc m kai n? ApodeÐxte ton isqurismì
sac. (2 mon�dec)

Ap�nthsh: To uposÔnolo A thc om�dac eÐnai kleistì wc proc thn pr�xh thc prìsjeshc,
afoÔ

(mx + ny) + (mx′ + ny′) = m(x + x′) + n(x + x′) ∈ A

Perièqei to 0 = m.0+n.0 kai ton antÐjeto k�je stoiqeÐou tou, afoÔ −(mx+ny) = m(−x)+
n(−y) ∈ A. Ara eÐnai upo-om�da tou Z.

An o d eÐnai opoiosd pote koinìc diairèthc twn m kai n, tìte k�je stoiqeÐo thc morf c
mx + ny eÐnai

mx + ny = dkx + dly = d(kx + ly),

�ra to A eÐnai uposÔnolo tou {d.x | x ∈ Z}, gia opoiond pote d pou eÐnai koinìc diairèthc
twn m kai n. An o d eÐnai o mègistoc koinìc diairèthc twn m kai n, tìte xèroume ìti mporeÐ
na grafeÐ sth morf 

d = mx + ny, gia k�poia x, y ∈ Z

Ara d ∈ A ki afoÔ to A eÐnai upo-om�da, tìte d.x ∈ A, gia k�je x ∈ Z. Epomènwc
A = {d.x | x ∈ Z}, ìtan o d eÐnai o mègistoc koinìc diairèthc twn m kai n.
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