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ABSTRACT 
l3al,cli training algoritlims with it different learning r a k  
Cor each wciglit are invcstigatcd. The ada,ptive learnirig 
rate algorithiiis or t.liis class tllat apply iuexact o i i e  
dimcnsioual s i ~ l ~ ~ i i i n i m i ~ a t i o ~ i  arc niialyxd and their 
glohid coiivcrgciice is studied. Simirlatioiis tire coii- 
ducl,ed to evaluat,e l.hc coiivergciicc behavior of two 
triiiiiing algorii.1ims oC tliis class iiiid to coiriparc t l icri i  
wii,li sevcral popolar traiiiiiig methods. 

1. INTRODUCTION 
'nlc i isc OS a diiliircnt learning rtdc Cor cacli weight 81- 

lows us 1.0 find thc proper sl.epsize 1,Iiat compensates 
Sor the siiiall magnitude of thc gradient iii a llat, weight 
direction iii order to ihvoid slow convergence, aiid damp- 
ens a Iarpa weight cliaiige in a steep weight direcl.ioii in 
order to avoid oscillalioiis. Moreover, this approach ex- 
ploits the parallelism iuhereut in the evaliiai.ioii of E(w)  
and VIS(UJ) by tlie BP algorithm. 

Various hatch training iiiethods with a lieurist,ically 
determilied learning ra1.e for each wciglil liavc heell pro- 
~ J O S C ~  [4, 6 ,  10, 11, 131. These methods Collow the iter- 
ative schcme: 

&I - -w i; - d i n g { ~ : , . . . , 1 / ~ } ~ E ( 2 u ~ ) ,  (1) 

and t ry  to dccreasc the error by searcliiug a local iniii- 
iiiimn with small weight st,cps. 'L'hcsc steps arc usually 
constraint by prohlein-dependent heuristic lenriiiiig 1x1- 
ra,ineters, in order to eiisurc subiniiiimieat,ioii OS tlie er- 
ror €uiiclion in c i d i  weight dircclioii. Ilowevcr, these 
atteinpts to cletcrmine a proper lcariiiiig rate Cor each 
weight, irsually result in a tmdc-olC het.mren I.lie coiiver- 
gcnce spccd and the sl,nbility of tlic training algorithm. 
IIiglily ~~rohlem-de~~endci i t  Iieiiristic parameters arc in- 
t,rodiiced to al1evial.e the sl.ihility problem. I'urlher- 

global inrormntiom ohtniiicd hy l,altiug into coiisidrrki- 
h i  all the directions and iio guarantee is provided that 
the weiglil ul~dates will converge i,o n minirnizer of E. 
2. ADAPTING A LEARNING RATE 

FOR EACH WEIGHT BY 
SUBMINIMIZATION 

In Cuiictioii miniiiiizatioii problems, it is wvr:ll kiiowii 
that all t h e  local inininia w* of a coiitiiiuoiisly differen- 
l.id>lc fiinctiou 13 satisfy [.lie necessary crinditions 

VI3(2U*) =e". (2) 
Eq. (2) represents a set of i i  iioiiliiicar cqunt.ioiis which 
must be solved to ohtoin t u * .  l'hcrcforc, oiie appro~icl~i 
l o  t,he miiiiinizatioii oC the error lunction 13 is to seck 
t,lic solutions of the set of Eq. (2) hy incliiding a pro- 
vision to eiisiire that the solutioii Coiiiid docs indrcd 
correspond l o  a local iriiliiiiiizer. 

1% propose solving tlic equation (2) by applying the 
class of noillinear Jacohi methods. The riiiiiii fciitcire 
ol  the nonlinear Jiicobi process is that it is a parallel 
algoritlim [9], i.e. it applies a parallcl upi1ai.c OS the 
variables. So, starting rrom an arbitrary initial point, 
WJ' E 2), one can subminimize, at tlie ki.h iteration, thc 
oiie-diincnsional Funct,io~~: 

q w : ,  . . , , 7D;-l, w;, to;+,, . , . , wr;), ( 3 )  
along the it,h dircclioii nnd obtain t,he corresponil- 
iiig subminimiacr &. This is doiic in parallel for all 
i = I , ,  . . , 7 1 .  Ohviously Cor this 2iri 

aiiqw:,. . . , Iu:-,, iui, wf+l, 

This is a one-dinicnsional siibiiiininiizatioir bcca,use all 
other componcnls of the vector w, except the i th ,  a r e  
kept constant. Tlieii the i l l 1  weight is updnl.ed accord- 
ing to tlic following equation: 

more, a well lknown dilrcnlty ol  this approacli is thol. ,t;" - k - tui + Tk(2i) i  -U;), r k  E (0, I]. (5) the iisc of iiiapi)roixiaLe licuristic velues Sor wciglit .. . 
direction misguides the rcsiillaiit search direction. In 
such cases, these training algorithms cannot exploit the 

Uepending oti the oiie--dimensional sulxniiiiniiaation 
rnrthod [3, 91, used Cor the siibiniiiimiaatioii oC (3), 
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we ca,n obtaiii training algorilliins. Wlieii cxact one- 
rIiincnsionaI siihmini~niaatioii is applied, and rk = I for 
all k ,  convergence caii bc cstablislicd (see [2]). T \ h i  in- 
exact, one-di~nciisioiial subiiiiuirni~alion is applied, thc 
nuiiibcr of iteratioils ol  the submiiiimieal~ioii metl~oil  
is relatctl to t,lie reqwst,cd accuracy i n  obhiiiiiig t,he 
siil~minirniacr nliI,roxiinal,ioiis. 'I'lic fidlowing tlioorcm 
provides n local convergeiicc rcsiilt.. 11. sliows that t,liero 
is it ncigliborliood of n niiiiimizcr OS tilie error fuiic1.ioii 
and initial wcigl:t,s in t,liis nciglilxirliood Sor wliicl~ coli- 
vergeiicc t,o the miiiiiiiizer can he giinraiitrcd and it  is 
app1ic;Lble tlo aiiy iteritt.ivc scheme ( 5 )  ut,ilieiiig iiiexact 
ooe-dimcnsionnl suhniinirrii~atioi:. 

2 7 ~ o r m i  / [7]: Let E :  'E C EL" + 111. bc twice coiilin- 
iionsly dill'creiitisble i n  a11 open ncighhorhood Si> c 2, 
or il point w* E P for whicli Vli.(tu-j = 0'' arid the 
IIcssinn, I1 ( t u * ) ,  is positlive clc1inil.e with t,lic properl,y 
A". Then there exi xi opcii hall wil,li radius r ,  
s = s ( w * ,  T ) ,  in so snch that any sequence [wi}& 
gcncrated hy (5) converges 1.0 t,lie point U *  which uiiii- 

iiniacs B. 
Note that a, matrix A has the propcr1.y A" i l  A can 
be pcrniuted by P ~ l l - ' ~  into a fc~rni that can Ibc parti- 
tioned into a blocl(-~t,ridiagoiial rorm [ I ] .  I h r  ai  algo- 
ritlirii which trallslosnis a syiiiiirclric matrix lo tridiag- 
oiial lorin, see [15, p.3351. It is worth nienbioning (,hat 
t,he asy~nptot,ic rate ol  convnrgciicc OS tho algoril,hins O S  
1.liis class depends on l.lie spectral radius p (sec [7] lor 
a proof). Uuc to t,lii: noi:line;trity OS tlic error Siiiict,ioii 
cxact niirrilniaation steps nloiig each weiglit directioii do 
1101. usually help. On the ot,ier hand ,  wl ie i i  the current 
iterate wh is close to  t.he iriiniiniacr a "bcttcr" cst,iriia- 
tor  of the minimizer sui;+' caii bc Sound withoiil irnicl: 
clilficulty. Th i i s ,  iii practice, one iteration ol  tlic me-  
diriiensionnl subrniniinizatioii mclhod is iiscd [ O ] .  

Below, tlic global convergence properties arc stud- 
ied. By B globally convergent algorithm we rneaii ail 

algorithm with t,lie property (.hat Cor ally initial poiiil, 
the sequence of t,he iterates converges 1.0 a local mini- 
miser ol  the error lullclion (sec [3]). A strategy O F  t,liis 
kiiid consist.s in accepting rk along t.he search directioii 
pk is it snt,isfies thc rv~~lje conditions: 

E ( d  + rhpb)  - E(tuk)  5 n j~~(VE( to ' ) , p ' ) ,  (0) 

(VE(lU~ + ? $ O k ) , p k )  > 0 2 ( V E ( w ' " ) ,  p", (7) 

whcrc 0 < "1 < U2 < 1 and (., .) s t~ i l l lds  for  tile usulll 
inlier product. i n  Ill,''. 111 I)racticc, [,lie condition (7) is 
generally i i o l  nccdcd, Iiecansc the use OS a bnclitracking 
strategy itvoids very s i i ia l l  stcps. Allcrnatively, scc [3], 
ltelatioii (7) cnii be rcplaced by 

q w ' .  + Tkpp")  - );(tu'") 2 rr:,r"VE(w'.),po"), (8) 



aiid bouiidcd Ihelow, thcii llicre alwiiys exisl stepsiac 
T~ satislying t h e  ~!/o'oife's coiiditioiis ((i)-(7j. Moseover, 
the restsiclioir oii the anglc 01. is Ciilfil led siiice, as i t  
caii hi- easily justified utilizing Relatioii (Clj, cos01 > 
0. Tliiis, by tlie Wolfe's 'I'hcorem [3], ii. l iolrls 1.1i;tL 

hi i12+m v E ( 7 2 )  = 0. ']-hiis the tiicorcm is proivxI. 
NoLe 11121 for neiiral iictrvorks witli sigmoid activation 
Siiiictioiis the assiimption 011 coritiniious difi'ercnlhbil- 
ity oC t,lie error fiiiicliori is rcduiidaiil. 

3. LEARNING RATE STRATEGIES 

'Tlic p r o i h n  oS iiiiiiirniaiiig the crco~. fundioii I3 :rlung 
the 7nt,ii d i r e d o n  

Sor 771 = 1,  . . , , i - 1, i + ' I ,  . . , , 71 is cqiiivdeul 1.0 seek- 
ing t,hc value or qn, tlinl iniiiiiriizcs tlic one-dimensional 
Sunclion: 

d , 7 , 1 ( 7 ~ )  = js(u + 7im e?,>). (13) 
Since E ( w )  2 0, Vw E ILL'', then (,he poiiil UJ' will1 
E(ti i*) = 0 iniiiiniiaes E(uij. Uy applying one step of 
i.hc Newton's metliod 1,o l h e  one-dirueiisiorinl equ?i,tion 
6.,,l(r/j = 0 IYC ol i ia i~ i :  

('5) 

while (.he value OS 7$ ciin i iy oht,aincd i iy ( I  I ) .  'The 
ii.crni,ivc sclierrie (1.0) wi th  I& # 0 ohtaiiicd by Reh- 
tioii (16) coiistilulrs I,hc first proposed t.raining ;ilgo- 
rithru which wc call A h - I .  

Anollicr npproacli is liascd 011 esi.iriiales oC l l ic  L i p  
scliilz constmt in each dircctioii. In this case, t,hc di- 
rcctioii 

+#(UP) = -diag{qt,7pj, 

is obtained utiliciiig t h e  iiivcrses oC the estimates of 
tlie Lipschitz conslant It' nloiig cadi weight. direcliou 
Specifically, t l i e  valries of i & ,  711 = I , .  . . , i  - I ,  i + 

, 7 1  are obtained by: 

while si: is giveu liy ( I  1). The scheme (10) willi 71: # 0 
o l h i n c d  by Relation (l.G) const,itiibcs t l ~ c  sccond 1x0- 
11osc"d i.raiiiiiig nlgorilhin wliicli we call Alg-2. 
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as well as io r,lic percentage of successful siiiiulatioiis 
without usiiig any heuristics and initial learning rat,e. 
ABI' exhibits very good pcrformaiice, however it re- 
quires line tuning or lour heuristic lcariiing parameters. 

In the second experiment, a G4-G-10 FNN (444 
weight,s, I 6  biases) for recognizing 8 x 8 pixel machine 
printed iiunierals Gorri 0 1,o I, [14. The network is hased 
oil neurons ol' the logistic act,ivatioii modcl. Noiner- 
als are given in a finite sequence (7 = (cl ,  a,. . . , c,>) 
of inpitt~-output~ pairs cp = (up,lp) wlicre U!, arc the 
biliary input vectors in UZ"' detcriiiiiiiiig tlic 8 x 8 bi- 
nary pixel and t ,  are binary out~pt i t~  vectors in R I o ,  for 
p = 0,.  . . , 9  deteriniiiing the corresponding numerals. 
The termiiiation condit,ioii for all algorithms tested is 
an error vahie E 5 1 O P .  

Iletailed rcsult~s regarding the training perforinancc 
of the algorithms n,re presciided in Table 2, where the 
ahlxeviations are as iii Table 1. 

Table 2: Results for the numeric foolll. learning problem. 
Alaorilhm iii: ii ij  U P R  ?/U . -  ~ 

UP 14.189 14489 GG 
BPM 10142 10142 54 
ABP 1975 1975 91 
Alg-1 1361 3708 100 
Ale-2 159 581 100 

Obviously, the number of gradient evaluatioris is 
equal to tlic nuniher of crror function evaluatioiis for 
the DE', the BPM, and t,he ABP. Alg-2 has the sinallest 
average number of gradient evaliiations which is con- 
sidered very imporlant, in practice. Both hlg-1 and 
hlg-2 provide it gresier possibility of successful train- 
ing: they exhibit a 100% of success in the 1000 simula- 
tion runs. Regarding the perfoormance of the hlg-1,  it 
is bel.ter t,liat the IJP aiid the DPM (withoiit needing 
aii initial learning rate) aiid coiiiparable to the overall 
performance of the ADP which iieeds fine tuiiing five 
pa,ramel,ers. 

5 .  CONCLUSIONS 
In this papcr t,riiiniiig algoritlinis that  apply one- 
dirnensional suhiiiiiiiiiiizatioii methods to adapt the 
rate of learning has 1)ccn investigated. These algo- 
rithms use inexact line search strategies a id  ensure tliat 
the crror function is suficieiitly decreased at every iter- 
at,ion. This approach allows to  reduce or even eliminate 
tlic iiiflueiice of user-defiiicd learning parameters. Two 
algorithms of this class have been com1nrcd with sev- 
eral widely used training algorithms and their eificiency 
has been nuinerically confirmed by the experiments pre- 
sented in this paper. The two incthods provide stable 

learning and, therefore, a greater possibility of good 
performancc. 
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