
An�qneush Suntonism¸n se DiathrhtikèApeikon�sei me th Qr sh Exeliktik¸nAlgor�jmwnI. G. Petal�1∗, Q. G. Antwnìpoulo2†, A. Q. MpoÔnth2‡,M. N. Braq�th1§

1 Ergast rio Upologistik  NohmosÔnh (CI Lab),Tm ma Majhmatik¸n, Panepist mio Patr¸n,Kèntro 'Ereuna Teqnht  NohmosÔnh Panepisthm�ou Patr¸n(UPAIRC).
2 Kèntro 'Ereuna kai Efarmog¸n Mh Grammik¸n Susthm�twn(CRANS), Tm ma Majhmatik¸n, Panepist mio Patr¸n.Se aut n thn ergas�a ja parousiaste� mia arijmhtik  mèjodo gia thn a-n�qneush suntonism¸n se diathrhtikè apeikon�sei. H proteinìmenh mèjodoan�gei ton prosdiorismì twn suntonism¸n se èna prìblhma beltistopo�hsh,gia th lÔsh tou opo�ou qrhsimopoioÔntai Exeliktiko� Algìrijmoi, kai su-gkekrimèna o Diaforoexeliktikì Algìrijmo. To kÔrio qarakthristikì thproteinìmenh mejodolog�a e�nai h aplìthta th kai to gegonì ìti mpore� naefarmoste� se apeikon�sei opoiasd pote di�stash. Ep�sh epeid  h Ôparxhsuntonism¸n mpore� na d¸sei mia èndeixh gia thn oloklhrwsimìthta enì duna-mikoÔ sust mato, h proteinìmenh mejodolog�a èmmesa mpore� na apotelèseikai mia èndeixh gia thn Ôparxh oloklhrwsimìthta se diathrhtikè apeikon�-sei. H mèjodo efarmìzetai se diathrhtikè apeikon�sei 2 kai 4 diast�sewnme ikanopoihtik� apotelèsmata.
∗Email: petalas@math.upatras.gr, Thl: 2610 997348, Fax: 2610 992965
†Email: antonop@math.upatras.gr, Thl: 2610 997490, Fax: 2610 997381
‡Email: bountis@math.upatras.gr, Thl: 2610 997381, Fax: 2610 997381
§Email: vrahatis@math.upatras.gr, Thl: 2610 997374, Fax: 2610 992965

1



1 Eisagwg 'Otan oi diathrhtikè apeikon�sei e�nai oloklhr¸sime o q¸ro f�sewn touplhroÔtai apì N−di�state omalè anallo�wte epif�neie p�nw sti opo�-e h k�nhsh e�nai p�nta kanonik  (dhlad  periodik    hmiperiodik ). Bèbaia,sti perissìtere efarmogè autè oi apeikon�sei e�nai mh oloklhr¸sime kaiperièqoun suntonismoÔ (resonances) pou qarakthr�zontai apì alus�de nhs�-dwn kanonik  k�nhsh gÔrw apì ta opo�e ìmw, up�rqoun perioqè ìpou hk�nhsh den e�nai kanonik    e�nai qaotik  (dhlad  exairetik� eua�sjhth sthnepilog  twn arqik¸n sunjhk¸n). Epomènw, e�nai shmantikì, na anaptuqjoÔnmèjodoi gia ton prosdiorismì th jèsh kai tou pl�tou aut¸n twn suntoni-sm¸n, kaj¸ kai gia thn ekt�mhsh tou megèjou kai th èktash twn qaotik¸nperioq¸n pou up�rqoun gÔrw apì autoÔ.H mejodolog�a pou prote�netai an�gei to prìblhma th an�qneush sunto-nism¸n mia 2N−�stath diathrhtik  apeikìnish se èna prìblhma olik beltistopo�hsh. H basik  strathgik  th e�nai h akìloujh: Arq�zei apì ènakentrikì eustajè stajerì shme�o th apeikìnish kai exet�zei diadoqikè aÔ-xouse perioqè gÔrw apì autì to shme�o. Oi perioqè autè mpore� na e�naikuklikè   orjog¸nie. Mèsa se kajemi� apì autè ti perioqè h mèjodoanazht�ei èna shme�o, h epan�lhyh tou opo�ou ja d¸sei mia troqi� h opo�amegistopoie� thn posìthta D, h opo�a anaparist� thn diafor� metaxÔ th mè-gisth kai th el�qisth apìstash th paragìmenh troqi� apì to kentrikìelleiptikì shme�o. Sth sunèqeia, dhmiourge�tai to di�gramma th posìthta Dsunart sei th apìstash twn troqi¸n apì thn arq , parèqonta analutik plhrofor�a sqetik� me thn an�qneush kai to pl�to twn suntonism¸n, Efì-son h mejodolog�a ma anagnwr�zei èmmesa thn Ôparxh suntonism¸n, mpore�ep�sh na qrhsimopoihje� gia na prosdior�sei pìte mia diathrhtik  apeikìnishe�nai pl rw oloklhr¸simh   ìqi.Oi Exeliktiko� Algìrijmoi (EA) [1, 2℄, qrhsimopoioÔntai gia thn ep�lushtou parap�nw probl mato beltistopo�hsh. 'Opw e�nai gnwstì, oi EA e�naistoqastiko� algìrijmoi pou diajètoun èna sÔnolo apì upoy fie lÔsei touprobl mato, pou onom�zetai plhjusmì, kai exel�ssoun autìn ton plhjusmìqrhsimopoi¸nta mhqanismoÔ pou qrhsimopoioÔntai apì th fÔsh gia thn exè-lixh twn organism¸n ìpw h diastaÔrwsh (anasunduasmì), h met�llaxh kaih epilog . Oi EA apaitoÔn mìno ti timè th antikeimenik  sun�rthsh giana efarmostoÔn kai den apaitoÔn k�poia plhrofor�a gia ti parag¸gou th.To gegonì autì maz� me thn aplìthta kai thn eukol�a pou tou qarakthr�zeisthn ulopo�hsh tou ston upologist , tou èqei k�nei polÔ dhmofile� giapolÔploka probl mata beltistopo�hsh.'Otan h upoexètash sun�rthsh e�nai omal  kai oi {klasikè} mèjodoi pouèqoun sqediaste� gia tètoie sunart sei e�nai apotelesmatikè tìte h qr sh2



twn EA den ja prosd¸sei k�ti perissìtero. Ant�jeta ìmw sti peript¸seiìpou oi gnwstè klasikè mèjodoi apotugq�noun   den mporoÔn na efarmo-stoÔn èqei apodeiqte� sthn pr�xh ìti oi EA mporoÔn na epitÔqoun. Tètoiepeript¸sei e�nai ìtan h antikeimenik  sun�rthsh e�nai mh paragwg�simh, u-p�rqoun asunèqeie   up�rqoun p�ra poll� topik� akrìtata. Ep�sh ènashmantikì qarakthristikì twn EA e�nai ìti lìgw th dom  tou mporoÔnpolÔ eÔkola na parallhlopoihjoÔn. 'Etsi, mpore� na g�nei apotelesmatik axiopo�hsh twn uparqìntwn par�llhlwn upologistik¸n susthm�twn kai naepilujoÔn perissìtero apodotik� polÔploka kai apaithtik� probl mata bel-tistopo�hsh.Sthn paroÔsa ergas�a apì thn kathgor�a twn EA ja qrhsimopoihje� oDiaforoexeliktikì Algìrijmo (DA) pou emfan�zetai genik� polÔ apotel-smatikì kai apodotikì [9, 11℄.Oi enìthte tou kefala�ou organ¸nontai w ex : Sthn Enìthta 2 d�netaimia sÔntomh perigraf  tou DA kai sthn Enìthta 3 parousi�zetai h protei-nìmenh mejodolog�a gia thn an�qneush suntonism¸n. H Enìthta 4 perièqeipeiramatik� apotelèsmata gia ti 2- kai 4-di�state diathrhtikè apeikon�seisti opo�e efarmìsthke h proteinìmenh mèjodo. H ergas�a oloklhr¸netaisthn Enìthta 5 me ta sumper�smata pou sun�qjhkan.2 Diaforoexeliktikì AlgìrijmoO Diaforoexeliktikì Algìrijmo (DA) [11℄ e�nai èna algìrijmo gia o-lik  beltistopo�hsh pou an kei sthn kathgor�a twn EA. Bas�zetai se ènanplhjusmì apì upoy fie lÔsei kai exel�ssei ti upoy fie lÔsei tou, qrhsi-mopoi¸nta orismènou telestè, me skopì na prosegg�sei to olikì bèltistoth upoexètash sun�rthsh. O DA èqei efarmoste� se mia plhj¸ra apìprobl mata olik  beltistopo�hsh me meg�lh apotelesmatikìthta [9℄.Pio sugkekrimèna, o DA èqei èna plhjusmì apì �toma ta opo�a e�nai
N�di�stata dianÔsmata. 'Estw me ui

g sumbol�zetai to i-ostì �tomo tou plh-jusmoÔ sthn gi-ost  epan�lhyh tou algor�jmou. Tìte o DA mpore� na peri-grafte� apì ta akìlouja tèssera b mata:B ma 1. (B ma Arqikopo�hsh) Arqikopo�hse tuqa�a ta �toma tou plh-jusmoÔ. Jèse timè ston par�gonta met�llaxh F, kai ston pa-r�gonta anasunduasmì CR, se stajerè timè mèsa sto di�sthma
[0, 1] kai epèlexe mia antikeimenik  sun�rthsh gia to upoexètashprìblhma.B ma 2. (B ma Met�llaxh) Met�llaxe k�je �tomo ui

g (pou onom�zetai�tomo�stìqo) tou plhjusmoÔ gia to sqhmatismì enì dianÔsmato-3
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r4 6= i 6= best. O de�kth best qrhsimopoie�tai gia na anaparast -sei to �tomo me thn kalÔterh tim  antikeimenik  sun�rthsh stontrèqonta plhjusmì.B ma 3. (B ma AnasunduasmoÔ (DiastaÔrwsh)) Gia k�je stoiqe�otou dianÔsmato dokim , vi
g+1, epilègetai mia tuqa�a tim , r ∈
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g.B ma 4. (B ma Epilog ) Gia k�je �tomo tou plhjusmoÔ ui
g+1, ektim�taih tim  tou mèsw th antikeimenik  sun�rthsh. An h tim  aut e�nai kalÔterh apì aut  tou atìmou�stìqou ui

g, tìte to �tomo
ui

g+1 antikajist� to �tomo�stìqo sthn epìmenh epan�lhyh. Dia-foretik� to �tomo�stìqo paramènei sthn epìmenh epan�lhyh toualgor�jmou. An to krit rio termatismoÔ den èqei ikanopoihje�, tì-te p gaine sto deÔtero b ma. San krit rio termatismoÔ mpore� naqrhsimopoihje� èna prokajorismèno arijmì epanal yewn   miatim  stìqo th antikeimenik  sun�rthsh.3 Proteinìmenh Mejodolog�aH proteinìmenh mejodolog�a gia th susthmatik  an�qneush twn suntonism¸nse apeikon�sei opoiasd pote di�stash perigr�fetai apì thn parak�tw dia-dikas�a: Omìkentroi kÔkloi dhmiourgoÔntai me auxanìmenh akt�na xekin¸ntaapì to kentrikì elleiptikì shme�o th apeikìnish. O skopì e�nai na breje�èna shme�o (arqik  sunj kh gia thn apeikìnish), sto eswterikì th perioq pou eswkle�etai apì dÔo omìkentrou kÔklou (r1 < r2), gia to opo�o h tro-qi� èqei th mègisth diafor� metaxÔ th mègisth kai th el�qisth apìstashupologismènh apì to kentrikì elleiptikì shme�o. 'Etsi, metatrèpoume to pro-anaferjèn prìblhma se autì th ep�lush enì probl mato megistopo�hshgia th lÔsh tou opo�ou ja g�nei qr sh tou DA.4



O plhjusmì tou DA, se aut n thn per�ptwsh, e�nai èna sÔnolo apìshme�a pou arqikopoioÔntai tuqa�a se omìkentrou kÔklou sto q¸ro f�sewnth apeikìnish. O upologismì th antikeimenik  sun�rthsh, gia ìla ta�toma tou DA, g�netai me thn akìloujh diadikas�a: 'Estw èna �tomo, pouja apotelèsei arqik  sunj kh gia thn epan�lhyh th apeikìnish gia ènameg�lo arijmì epanal yewn. 'Epeita upolog�zetai h mègisth kai h el�qisthapìstash metaxÔ th dhmiourgoÔmenh troqi� kai tou kentrikoÔ elleiptikoÔshme�ou th apeikìnish. H diafor� aut¸n twn duo apost�sewn e�nai h tim th antikeimenik  sun�rthsh pou ja sumbol�zetai me D. O plhjusmì touDA, sth sunèqeia, exel�ssetai sÔmfwna me ta b mata tou DA. H èxodotou DA e�nai èna nèo �tomo pou èqei w tim  thn trèqousa mègisth diafor�
D. H �dia diadikas�a efarmìzetai se ìle ti perioqè pou br�skontai metaxÔsuneqìmenwn kÔklwn ètsi ¸ste na kalÔyoun ìlo to q¸ro f�sewn. Sto tèlo,ta apotelèsmata exìdou th proteinìmenh mejodolog�a parousi�zontai meto di�gramma tou D w pro thn apìstash apì thn arq  r, dhlad  to Dupolog�zetai gia ìlou tou omìkentrou kÔklou me akt�ne r1 < r2.Mia apl  exètash tou dhmiourgoÔmenou diagr�mmato, parèqei qr simeende�xei gia thn Ôparxh suntonism¸n sthn apeikìnish pou exet�zetai. 'Opwja doÔme sthn epìmenh Enìthta 4, mikr� plat¸ katadeiknÔoun perioqè touq¸rou f�sewn th apeikìnish ìpou br�skontai suntonismo�. K�je for� pouentop�zetai mia tètoia sumperifor� g�netai peraitèrw melèth sto sugkekrimènokomm�ti tou diagr�mmato, exet�zonta thn megèjunsh th leptomeroÔ dom tou. Qrhsimopoi¸nta ta shme�a pou br�skontai sti mh omalè perioqè toudiagr�mmato w arqikè sunj ke g�nontai epanal yei th apeikìnish kaioi troqiè pou prokÔptoun d�noun epiprìsjete plhrofor�e gia thn Ôparxhsuntonism¸n sto q¸ro f�sewn.Tèlo, prote�netai ìti aut  h mejodolog�a mpore� na qrhsimopoihje� enal-laktik� w mia arijmhtik  èndeixh gia to pìte mia dosmènh apeikìnish e�naioloklhr¸simh   ìqi. Gia par�deigma, an to di�gramma den parousi�zei plat¸  apìtome metabolè, tìte aut  h sumperifor� mpore� na leitourg sei sanmia isqur  èndeixh gia thn oloklhrwsimìthta th apeikìnish.Epomènw, ta shme�a kleidi� th proteinìmenh mejodolog�a mporoÔn nasunoyistoÔn w ex :(1) 'Eqonta san kèntro to kentrikì elleiptikì shme�o th apeikìnish, o-mìkentroi kÔkloi dhmiourgoÔntai me aÔxouse akt�ne (r1 < r2 < · · · <

ri < ri+1, i = 1, 2, . . . ).(2) Gia k�je perioq  metaxÔ dÔo omìkentrwn kÔklwn prèpei na megistopoih-je� h posìthta D pou parist�nei th diafor� metaxÔ th mègisth kai thel�qisth apìstash mia troqi� apì to kentrikì elleiptikì shme�o.5



(3) Qrhsimopoie�tai o DA gia thn ep�lush tou probl mato beltistopo�h-sh.(4) K�je �tomo tou DA qrhsimopoie�tai san èna arqikì shme�o gia ti epa-nal yei th apeikìnish. H tim  th antikeimenik  sun�rthsh anti-stoiqe� ston upologismì tou D.(5) H èxodo tou DA ja e�nai èna shme�o pou èqei th mègisth tim  tou Dgia aut n thn perioq  th apeikìnish.(6) H èxodo th proteinìmenh mejodolog�a e�nai èna di�gramma tou D wpro thn apìstash r apì thn arq . H mh omal  morf  tou diagr�mmatoja apotele� mia èndeixh gia thn Ôparxh suntonism¸n.(7) H proteinìmenh mejodolog�a mpore� èmmesa na qrhsimopoihje� gia tonprosdiorismì th oloklhrwsimìthta mia apeikìnish.4 Efarmog  th Proteinìmenh Mejodolog�-aH mejodolog�a pou perigr�fthke analutik� sthn prohgoÔmenh enìthta efar-mìsthke se di�fora parade�gmata diathrhtik¸n apeikon�sewn 2 kai 4 diast�-sewn. Se ìla ta peir�mata pou ektelèsthkan, o plhjusmì tou DA  tan�so me 20 kai oi par�gonte diastaÔrwsh kai met�llaxh  tan �soi me 0.5.Qrhsimopoi jhke o telest  DA6 kai oi epanal yei pou qrhsimopoi jhkansthn k�je apeikìnish  tan 104. Sthn Enìthta 4.1, parousi�zontai ta apote-lèsmata gia ti disdi�state apeikon�sei kai sthn Enìthta 4.2 ta ant�stoiqaapotelèsmata gia ti tetradi�state apeikon�sei.4.1 Per�ptwsh twn 2−di�statwn Apeikon�sewnSta peir�mata aut  th enìthta qrhsimopoi jhkan oi parak�tw pènte apei-kon�seia) H 2−di�stath apeikìnish tou Hénon [3, 12, 13, 14℄, pou d�netai apì tiexis¸sei:
x′ = cos(2πvx)x + sin(2πvx)(px + x2),

p′x = − sin(2πvx)x + cos(2πvx)(px + x2),
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b) H Standard apeikìnish [6, 8℄:
x′ = (x + y − k

2π
sin(2πx)) mod 1

2
,

y′ = (y − k
2π

sin(2πx)) mod 1

2
,g) H apeikìnish tou McMillan [5, 7℄:

x′ = y,
y′ = −x + (2µy)/(1 + y2),d) H apeikìnish tou ginomènou (product map) [15℄:

x′ = (x + 1/x)(1/y),
y′ = x,e) Kai tèlo h apeikìnish tou Cohen [10℄ pou d�netai apì ti exis¸sei:
x′ =

√
1 + x2 − y,

y′ = x.H 2−di�stath apeikìnish tou Hénon e�nai mia mh oloklhr¸simh sumplektik apeikìnish, pou mpore� na qrhsimopoihje� gia thn perigraf  th disdi�stath
betatronic k�nhsh se èna magnhtikì plègma mia mhqan  epitaqunt  swma-tid�wn. (x, px) e�nai oi apokaloÔmene Courant-Snyder suntetagmène kai togrammikì komm�ti th apeikìnish e�nai mia peristrof  upì mia stajer  gw-n�a ω = 2πvx [3, 12℄. H Standard apeikìnish [6℄ e�nai ep�sh sumplektik me qaotik  sumperifor� gia arket� meg�le timè tou k, k > 0. Sthn pe-r�ptwsh ìpou k = 0, h apeikìnish e�nai grammik  kai eÔkola apodeiknÔetaiìti e�nai oloklhr¸simh. Apì thn �llh meri�, h apeikìnish tou McMillan e�naignwstì ìti e�nai oloklhr¸simh gia ìle ti timè th paramètrou µ, katèqo-nta mia oikogèneia apì anallo�wte kampÔle pou d�nontai apì thn ex�swsh
I(x, y) = x2y2 +x2 +y2−2µxy, en¸ oi apeikon�sei tou ginomènou kai tou Co-
hen den e�nai gnwstì an e�nai oloklhr¸sime   ìqi. Autì pou èqei apodeiqte�gia thn apeikìnish tou Cohen e�nai ìti den èqei pr¸to algebrikì olokl rwma.'Oson afor� ta b mata me ta opo�a aux�nontai oi akt�ne twn omìkentrwn kÔ-klwn, gia thn apeikìnish tou Hénon to m ko tou b mato e�nai 0.005, gia thn
Standard apeikìnish kai thn apeikìnish tou Cohen e�nai 0.003 en¸ gia thn a-peikìnish tou McMillan kai tou ginomènou to m ko b mato pou uiojet jhkee�nai 0.002.Sta arister� tou Sq mato 1 parousi�zetai o q¸ro f�sewn th apeikì-nish tou Hénon me suqnìthta vx = 0.175 kai sta dexi� tou �diou sq mato7
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Sq ma 1: O q¸ro f�sewn th apeikìnish tou Hénon gia vx = 0.175 parou-si�zetai arister� kai sta dexi� to di�gramma tou D w pro thn akt�na giathn �dia suqnìthta vx.to ant�stoiqo di�gramma tou D w pro thn akt�na. E�nai xek�jaro ìti kont�sti akt�ne 0.35 kai 0.48 parathroÔntai mikr� plat¸. Met� thn tim  th a-kt�na �sh me 0.5, oi troqiè tou algor�jmou eisèrqontai se qaotikè perioqètou q¸rou f�sewn me sunèpeia h tim  tou D na g�netai �peirh met� apì ènamikrì arijmì epanal yewn th apeikìnish. Aut� ta mikr� plat¸ antistoi-qoÔn sti dÔo alus�de nhs�dwn th apeikìnish tou Hénon kai emfan�zontaisto Sq ma 2.H epan�lhyh th apeikìnish tou Hénon me vx = 0.175 gia 1000 epana-l yei, èqonta san arqik  sunj kh ta shme�a exìdou pou èdwse o DA gia
r = 0.35, 0.48 odhge� sti dÔo alus�de nhs�dwn pou fa�nontai sto Sq ma 2.Oi timè aut¸n twn arqik¸n sunjhk¸n parajètontai k�tw apì to �dio sq ma.Sto Sq ma 3 up�rqei to di�gramma twn arijm¸n peristrof  (rotation
number) gia thn apeikìnish tou Hénon me vx = 0.175, w sun�rthsh thapìstash tou apì thn arq , proqwr¸nta kat� m ko th x-kateÔjunsh meèna mikrì b ma kai ektel¸nta gia k�je shme�o epanal yei th apeikìnish.O arijmì peristrof  [8℄ or�zetai apì to akìloujo ìrio

σ = lim
n→∞

1

n

n∑

i=1

θi,ìpou θi e�nai diadoqikè gwniè pou par�gontai se k�je i-ost  epan�lhyh thapeikìnish sto ep�pedo, kai parist�nei th mèsh gwn�a metaxÔ twn paragìme-nwn shme�wn kai tou kentrikoÔ shme�ou th apeikìnish. 'Opw e�nai gnwstì,8



-0.6

-0.4

-0.2

 0

 0.2

 0.4

 0.6

-0.6 -0.4 -0.2  0  0.2  0.4  0.6  0.8

p
x

xSq ma 2: DÔo alus�de nhs�dwn pou èqoun breje� sthn apeikìnish tou
Hénon me vx = 0.175 èpeita apì epanal yei th apeikìnish qrhsimopoi¸-nta w arqikè sunj ke shme�a pou emfan�zontai kont� sti akt�ne 0.35kai 0.48 tou diagr�mmato pou emfan�zetai sta dexi� tou Sq mato 1. Oiarqikè sunj ke gia autè ti duo alus�de twn nhs�dwn e�nai ant�stoiqa(x = −0.27996935, y = 0.20451539) kai (x = −0.35738108, y = 0.31484934)gia ti periodikè troqiè o arijmì peristrof  e�nai �so me to lìgo duojetik¸n akera�wn, gia hmiperiodikè kin sei o lìgo autì e�nai mh rhtì,en¸ den or�zetai gia qaotikè troqiè. Peraitèrw, proqwr¸nta pro ta èxwapì to kentrikì elleiptikì shme�o, to σ e�nai mia omal , monìtonh sun�rthshth akt�na r kai dhmiourge� mikr� plat¸ se perioqè ìpou up�rqoun nhs�deperiodik¸n troqi¸n.Parathre�tai ìti aut  h prosèggish anagnwr�zei thn pr¸th alus�da twnnhs�dwn me arijmì peristrof  1/6 kaj¸ kai thn teleuta�a me arijmì peri-strof  1/7 all� den anagnwr�zei thn alus�da nhs�dwn pou br�skontai an�-mesa sti �lle duo, me arijmì peristrof  2/13 h opo�a ìmw entop�zetaieÔkola apì thn proteinìmenh mejodolog�a. Bèbaia, èna sobarì meionèkthmaaut  th mejìdou e�nai ìti den epekte�netai eÔkola se perissìtere apì ti
2 diast�sei.Sth sunèqeia efarmìzoume thn prosèggish ma sthn Standard apeikìnishkai to di�gramma tou D w pro thn akt�na apì to (0, 0) parousi�zetai stoSq ma 4. To pr¸to plat¸ topojete�tai kont� se mia apìstash per�pou 0.18apì thn arq . 'Ena teleuta�o meg�lo plat¸ xekin�ei met� apì thn tim  akt�na9
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xSq ma 3: To di�gramma tou arijmoÔ peristrof  gia thn apeikìnish tou
Hénon me vx = 0.175.
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Sq ma 4: O q¸ro f�sewn gia thn Standard apeikìnish me k = 0.9 parousi�-zetai sthn arister  pleur� tou sq mato en¸ sth dexi� pleur� to di�grammatou D w pro thn akt�na gia thn �dia tim  tou k.�sh me 0.22, pou shma�nei ìti oi troqiè pou exet�zoume èqoun sqedìn thn �diatim  tou D. 10



Sq ma 5: Alus�de twn nhs�dwn pou brèjhkan gia th Standard apeikìnish me
k = 0.9, qrhsimopoi¸nta w arqikè sunj ke shme�a pou emfan�zontai stoq¸ro f�sewn kont� sti akt�ne 0.19 kai 0.23 tou Sq mato 4.Gia par�deigma, an qrhsimopoihje� w arqik  sunj kh to shme�o pou  tanto apotèlesma pou brèjhke apì ton DA sthn akt�na 0.19 (me x = −0.03810525,
y = 0.18686112) kai èna shme�o kont� sthn akt�na 0.23 (me x = −0.16142492,
y = 0.16315651) kai g�noun 103 epanal yei th apeikìnish prokÔptoun dÔoalus�de nhs�dwn pou parousi�zontai sto Sq ma 5 me arijmoÔ peristrof 
1/8 kai 1/10 ant�stoiqa.Sto Sq ma 6, apì thn �llh meri�, parathroÔme ìti to di�gramma tou Dw pro to r gia thn apeikìnish tou McMillan prokÔptei mia omal  kampÔlhqwr� metabolè   talant¸sei mèqri h tim  th akt�na na ft�sei sto exwte-rikì mèro tou q¸rou f�sewn th apeikìnish. 'Opw anafèrjhke nwr�tera,aut  h apeikìnish e�nai oloklhr¸simh. Epomènw se aut n thn per�ptwsh pouden up�rqoun suntonismo�, to di�gramma pou par�getai apì thn proteinìmenhmejodolog�a parèqei isqur  èndeixh gia thn oloklhrwsimìthta th apeikìni-sh.Tèlo, ta Sq mata 7 kai 8 antistoiqoÔn sthn apeikìnish tou ginomènoukai tou Cohen. Sth dexi� pleur� tou Sq mato 7, to di�gramma den de�qneik�poia èndeixh gia thn Ôparxh suntonism¸n sto q¸ro f�sewn th apeikìnishtou ginomènou. Ta apotelèsmata ìmw pou proèkuyan gia thn apeikìnishtou Cohen e�nai perissìtero endiafèronta: To di�gramma pou par�getai apìthn proteinìmenh mejodolog�a parousi�zetai sto Sq ma 8. DÔo alus�de11
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Sq ma 6: O q¸ro f�sewn th apeikìnish tou McMillan me µ = 0.5 pa-rousi�zetai sthn arister  pleur� tou sq mato kai sthn dexi� pleur� todi�gramma tou D w pro thn akt�na gia thn �dia tim  tou µ.
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Sq ma 7: O q¸ro f�sewn th apeikìnish tou ginomènou parousi�zetai sthnarister  pleur� tou sq mato kai sthn dexi� tou pleur� to di�gramma tou
D w pro thn akt�na gia thn �dia apeikìnish.nhs�dwn periìdou 14 kai 23 anakalÔptontai polÔ kont� sti akt�ne 1 kai
1.58 apì to kentrikì stajerì shme�o ant�stoiqa. An qrhsimopoihjoÔn warqikè sunj ke ta shme�a pou  tan ta apotelèsmata apì ton DA kont� sthn12



akt�na 1 (x = 1.38551745, y = 0.01315274) kai kont� sthn akt�na 1.58 (x =
−0.11757663, y = 1.99341441) kai g�noun 103 epanal yei th apeikìnishtou Cohen emfan�zontai oi nhs�de pou apeikon�zontai sto Sq ma 10.
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Sq ma 8: O q¸ro f�sewn th apeikìnish tou Cohen parousi�zetai sthnarister  pleur� tou sq mato kai sthn dexi� pleur� to di�gramma tou D wpro thn akt�na gia thn �dia apeikìnish.MegejÔnonta peraitèrw to di�gramma pou emfan�zetai sthn dexi� pleur�tou Sq mato 8, kai kont� sti parap�nw akt�ne, prokÔptoun ta dÔo dia-gr�mmata tou Sq mato 9 ant�stoiqa. Mia leptomerèsterh melèth aut¸n twnperioq¸n, anadeiknÔei thn parous�a sagmatik¸n shme�wn me idiotimè polÔ ko-nt� all� ìqi �se me thn tim  1. Pio sugkekrimèna, gia thn troqi� periìdou 14br�skoume ìti to sagmatikì shme�o èqei suntetagmène x ≈ 1.23590433, y ≈
1.80320245 me idiotimè λ1 ≈ 1.01226, λ2 = 1/λ1 ≈ 0.98789, en¸ gia thn tro-qi� periìdou 23 to sagmatikì shme�o èqei suntetagmène x ≈ 1.64966043, y ≈
2.76893060 me idiotimè λ1 ≈ 1.01227, λ2 = 1/λ1 ≈ 0.98788. Oi ant�stoiqoi a-rijmo� peristrof  e�nai 3/14 kai 5/23, en¸ ant�stoiqa elleiptik� shme�a e�naita x = 0.02582572, y = −0.39650893 kai x = −0.06696497, y = 2.01814322.Aut� ta apotelèsmata de�qnoun ìti h apeikìnish tou Cohen den e�nai o-loklhr¸simh me thn ènnoia ìti emfan�zei pollaploÔ suntonismoÔ, kont� sesagmatik� shme�a ìpou anamènetai na emfanisje� qaotik  sumperifor�, apo-kle�onta thn Ôparxh mia monoparametrik  oikogèneia anallo�wtwn kampu-l¸n pou perigr�foun thn olik  dunamik  th apeikìnish.

13
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Sq ma 9: Mia megèjunsh th dexi� pleur� tou Sq mato 8 kont� sthnakt�na 1 parousi�zetai sthn arister  pleur� autoÔ tou sq mato de�qnontato plat¸ pou antistoiqe� sthn 3/14 troqi�, en¸ sthn dexi� pleur� autoÔ tousq mato parousi�zetai mia megèjunsh th dexi� pleur� tou Sq mato 8kont� sthn akt�na 1.58 pou de�qnei thn Ôparxh 5/23 suntonism¸n.

Sq ma 10: Oi dÔo alus�de twn nhs�dwn pou brèjhkan sthn apeikìnish tou Co-
hen qrhsimopoi¸nta arqikè sunj ke shme�a pou brèjhkan sta dÔo plat¸tou Sq mato 9.4.2 Per�ptwsh 4−di�statwn Apeikon�sewnSe aut n thn teleuta�a enìthta ja efarmìsoume thn proteinìmenh mejodo-log�a sthn 4−di�stath apeikìnish tou Hénon [3, 12, 14℄ pou d�netai apì ti14



exis¸sei:
x′ = cos(2πvx)x + sin(2πvx)(px + (x2 − y2)),

p′x = − sin(2πvx)x + cos(2πvx)(px + (x2 − y2)),

y′ = cos(2πvy)y + sin(2πvy)(py − 2xy),

p′y = − sin(2πvy)y + cos(2πvy)(py − 2xy).Kaj¸ kai se mia 4−di�stath apeikìnish tou McMillan [4℄ pou d�netai apìti exis¸sei:
x′

1 = x2,
x′

2 = −x1 + 2kx2/(x2
2 + y2

2 + 1) + εx2,
y′

1 = y2,
y′

2 = −y1 + 2ky2/(x2
2 + y2

2 + 1) + εy2.
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Sq ma 11: To di�gramma tou D w pro thn akt�na gia thn 4−di�stath a-peikìnish tou Hénon me suqnìthte vx = 0.61903, vy = 0.4152 parousi�zetaisthn arister  pleur� tou sq mato kai sthn dexi� pleur� to �dio di�grammagia thn �dia apeikìnish all� me suqnìthte vx = 0.28, vy = 0.31.Gia aut n thn efarmog , qrhsimopoi jhkan dÔo zeÔgh suqnot twn vx =
0.61903, vy = 0.4152 kai vx = 0.28, vy = 0.31 ant�stoiqa. Ta paragìmenadiagr�mmata pou prokÔptoun apì thn efarmog  th proteinìmenh mejodolo-g�a parousi�zontai sto Sq ma 11. To m ko tou b mato th akt�na pouqrhsimopoi jhke sthn 4−di�stath apeikìnish tou Hénon  tan 0.005.15



Pio sugkekrimèna, sthn arister  pleur� tou Sq mato 11 parathre�taiìti an efarmoste� h proteinìmenh mejodolog�a sthn akt�na 0.35, to di�grammaparousi�zei mia mh omal  sumperifor� de�qnonta mikr� plat¸ mèqri thn tim akt�na �sh me 0.5. Met� apì aut n thn akt�na, exait�a tou q�ou h tim  tou
D phga�nei sto �peiro. Parìmoia apotelèsmata parousi�zontai sthn dexi�pleur� tou Sq mato 11. T¸ra, to di�gramma q�nei thn omalìthta tou met�apì thn tim  th akt�na �sh me 0.25 kai protoÔ prosegg�sei thn tim  0.27emfan�zetai isqurì q�o sto q¸ro f�sewn kai h sun�rthsh tou D pa�rneimeg�le timè.'Epeita exet�zetai peraitèrw h 4−di�stath apeikìnish tou Hénon, me suq-nìthte vx = 0.61903, vy = 0.4152 kai fa�netai ìti mpore� h proteinìmenh me-jodolog�a na aniqneÔsei suntonismoÔ. Pio sugkekrimèna, entop�zontai perio-dikè troqiè sth geitoni� enì shme�ou pou antistoiqe� sthn arister  pleur�tou Sq mato 11 kont� sthn akt�na 0.41, mia apì ti opo�e èqei per�odo 32me arqikè sunj ke(x = 0.38384187, px = −0.0736617, y = 0.00000005, py =
−0.14620234). Epanal yei autoÔ tou shme�ou gia 104 epanal yei d�nounthn troqi� pou fa�netai sto Sq ma 12 kai moi�zei me 8 tìrou.
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Sq ma 12: Oi 8 tìroi pou par�gontai apì thn epan�lhyh enì shme�ou kont�se autì me per�odo 32 gia thn 4−di�stath apeikìnish tou Hénon, me suqnì-thte vx = 0.61903, vy = 0.4152. 16
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Sq ma 13: To di�gramma tou D w pro thn akt�na pou par�getai apì thnproteinìmenh mejodolog�a gia thn 4−di�stath apeikìnish tou McMillan me
k = 0.5 kai ε = 0.Sto Sq ma 13 ekjètoume to di�gramma tou D w pro thn akt�na gia thn
4−di�stath apeikìnish tou McMillan me ε = 0. To m ko tou b mato thakt�na  tan �so me 0.001. ParathroÔme ìti h kampÔlh tou diagr�mmato e�naiomal  kai ìmoia me aut n pou brèjhke gia thn 2−di�stath apeikìnish tou
McMillan pou e�nai ep�sh oloklhr¸simh. An t¸ra h tim  tou ε e�nai di�forhtou mhdenì kai gia par�deigma �sh me ε = 0.1 tìte to ant�stoiqo di�gram-ma tou D w pro thn akt�na parousi�zetai sto Sq ma 14. Se aut n thnper�ptwsh ìpou plèon h apeikìnish den e�nai oloklhr¸simh, emfan�zontai tès-sera mikr� plat¸ sto di�gramma (emfan�zontai kÔkloi gÔrw apì ta plat¸),parèqonta mia èndeixh gia thn Ôparxh suntonism¸n.5 Sumper�smataMia nèa mejodolog�a prot�jhke gia thn an�qneush suntonism¸n se diath-rhtikè apeikon�sei. E�nai mia apl  mèjodo pou sthr�zetai sth lÔsh enìprobl mato beltistopo�hsh me th qr sh twn EA kai mpore� na efarmoste�se diathrhtikè apeikon�sei opoiasd pote di�stash. Basik�, h mèjodo aut eis�gei mia sun�rthsh D(r) w pro thn apìstash r apì thn arq  th apei-kìnish th opo�a h omalìthta kai monotonikìthta anadeiknÔei shmantikè17
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Sq ma 14: To di�gramma tou D w pro thn akt�na pou par�getai apì thnproteinìmenh mejodolog�a gia thn 4−di�stath apeikìnish tou McMillan me
k = 0.5 kai ε = 0.1.idiìthte th dunamik  th apeikìnish. Sthn paroÔsa ergas�a, h protei-nìmenh mejodolog�a efarmìsthke se di�fora parade�gmata 2−di�statwn kai
4−di�statwn diathrhtik¸n apeikon�sewn kai ta apotelèsmata pou proèkuya-n de�qnoun thn apotelesmatikìthta kai thn apodotikìthta th proteinìmenhmejìdou gia thn an�qneush th topojes�a twn suntonism¸n kai ti sqetizì-mene qaotikè perioqè. Tèlo, èna epiprìsjeto qarakthristikì th protei-nìmenh mejodolog�a e�nai ìti mpore� na qrhsimopoihje� gia na par�sqei miaisqur  èndeixh se sqèsh me to er¸thma th oloklhrwsimìthta mia dosmènhapeikìnish.Anaforè
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