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ABSTRACT 
In this p i p e r  wc study iioniiionotoiic learning rules, 
based oii an acccptiibility critcrion €or t,lie calculn,led 
learning rn1.e. More specifically, we iilipose t h l  (,lie er- 
ror functioii vduc  a t  cacli cpoch iiiusl sntisfy aii Arinijo- 
type critcrioii, with ritspect to [,lie maximum crror 
fiiiictim valuc of a prcdctcrinioed iiuinbcr of previous 
epochs. 'Lh test this approacll, we propose two l,ra,iniiig 
algorithms wi1.h a,da,pl.ivc Icarniiig ratcs that cinploy 
(,lie ;i,Imvc iiicii1,ioiied a~:ceptability criterion. Experi- 
iiiciita,l results show t,lial t,lie propused algorithms liitve 
considcralil y itiiproved coiivcrgencc spced. sii 
iind gciieraliaatioii, wlien coiiipa,rcd wilh other classical 
i~~cural network l.rainiiig inetliods. 

1. INTRODUCTJON 
The efficienl supervised training of l~ecdforward Neural 
Ncl\z~orl(s (PNNs) is a, siihject of coiisidcralhle oiigoiiig 
~.rsearch and iiiirncrous dgoritliuis lia,ve bccn proposcd 
to this end. 'I'lie special case of ba,lcli t,raining o i  an 
PNN is consistent, w i lh  l.lic thcory of iiiicoiisl~r&ed op- 
tiiiiizatioii, sincc llie iiilorniiil.ion froill all the  t,ra,iniiig 
set is ilsed. 

Let iis consider (.lie iaiiiily of gradient based traiiiing 
nlgoritliiiis liaviiig 1,hc ilerativc forin 

tuB+l = + ,n,P, k = n, i . , ~ ,  . . . ( I )  

iv~iere U+ is the corrcnt weight veclor, d' is a sctirch 
iiircct.ion, aiid I? is the leariling rate. Various choices 
of the  direct,ion dk give rise 10 distiii 
A broad class of iiiclliods uses t,lw se 
d h  = -VE(u;k)), wlicre tlic grndiciit Vli(,io) ca,ii Ihe 
obt,a,incil by I I I O R ~ S  of ba,cl(prop~iga,tioii o i  the crror 
througll the layers oi tlie nctwork. In praclice, a siiiall 
constiint learning riite is clioseii (0 < 11 < I)  in ordcr 
to secure the coiivcrgeiicc ol' the IjP tra,iiiiiig algorithm 
and 1.0 avoid oscillalions in a dircclioii where tlie error 
[unction is steep. I t  is well known t h d  this a,pproacli 
l cnds  t o  lx inefficient. 

2.  NONMONOTONE 
BACKPROPAGATlON TRAINING 

While no lcarriing ra i,daplatioii alratcgy will always 
bo optimal, il docs sccin to be coiiiirion seiisc 1,o require 
llia,t B(w"') < K(.iu')). T1 iiiiist be iiotcd thiil this sirri- 
ple coridilioii docs iiol, guaranke  global convergence Cor 
gcnonl functions. 

Thc usc of learning rate a,dapti~lion stratcgics which 
enforce iiioiioioiiicity can considerably slow tho  i 
traiiiing, or cvcii lead to divergcnce aiid to prciii;il,iire 
saturation [D, 151, in c wlicro i ii a ppropr ia Lc valu cs 
for (,lie crilical lieoristic leimiiiig ptirariiel 
To allaviate these problciiis llic usa,gc: d inonotolie lino 
search strategies 1im Ixcn suggc:sletl [7, 81. h s1,raI- 
cgy of this kind consists in acccpting a lciiriiiiig rate 
qs along the directioii d" if it satislies the Wol[e condi- 
tions: 

6 ( U l "  + $ d k )  - E ( d )  5 l r i lJk(Vh~(?Ub),d'),  (2) 

(VE(uP + $ d k ) , d h )  2 u2(V~qTlP),dk),  (3) 
wl lere 0 < "1 < 0 2  < I and (., .) ata,llds €or Lhc nsunl 
inlier product, in H.". ?'he first, incquality ciisiires i.liat 
llic error is siilliciciitly reduced ;it cacli itera1,ion m d  
the sccoiid prevcnts i.he lcariiing 
s l r d  

A Il,lioiigll \Vol[c's approach provider; an  elficieiit end 
effecei:tivc wi,y to ciisiire tlial the crror fiinc1,ion is glob- 
a l ly  reduced sulliciently, it possesses the disadvaiitage 
t,lial 110 inlormai.ion is stored a,ml used tlint iiiiglit iic- 
celera,tc coirvergciice [3] 

l'lius, we iisc a dilTereiil approach thab exploits l , l ie 
ac~:iiinula,tcd informai,ion rcgardiiig t,lie M inost rc- 
cent vii,liics of I.Iie error fiiiiclioii lo accclern,te coiiver- 
gencc [.I]. 'l'lic followiilg coiidii,ion is usci l  to formilato 
the proposed approticli and to defint. a criterioii of a,c- 
ccplaiicc of any weight itcrate [4]: 
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al iere ,M is a noniicgative iiilegrr and 0 < (T < I .  l'lie 
above condit,ion allows a11 increase i i i  the €unction val- 
tics withoiid affccting llic global coilvcrgcncc properlies 
<%z liiis Iiccii proved iii [ 141. 

Nerl; w e  propose aii algorithm inodcl t1ia.t employs 
the a l ~ o w  accept.ability crilerion The k:l,li ilcratioii or 
tlie algoritlni~ consists OS tlic following stcps: 

I: Compute l h c  new learning r k i k  ilk using any 

2: l ipdale  llic weight vcctor illkt1 = 111' - 

3: If t,hc learnirig rate accep,l,abilily condilioii (4)  is 
Siilfillcd store 'tukt1 and lerinina,lc; olherwisc go 
to tlie next st,cp. 

4: Use a liming t.echniquc for 71' and relurn to 
Step 3. 

lca,riiing r a k  ndaplalioii strategy. 

I f  0 E (  1 U k ) .  

/leniul* 1.: A simple lechniquc to  lune  qk i i i  Stell 1 
is to decreasc tlic learning rate by a reduction factor 
l / q ,  where q > I [ I  I ] .  This has lhc cffecl I.liat each 
learning ra tc  is decre d by the lsrgcst numlw io t,he 
sequoiicc {q-m}g=l. Wr reniark here llial l l i c  sclcc- 
l i on  of q is not crilica,l for successful learning, howcver 
it has an influence 011 tlic nnniljer or error funclioii cval- 
uations required to ohlain an acceptable weight vcctor. 
Thns, some t,raining problems respond we11 to one or 
two reductions in tlic leawing ratcs by modcsl. a,nioniil.s 
(s~icli a,s 1/2)  and olliers rcqiiire many such reductions, 
bul niiglit. respond well lo a more aggressive learning 
rate reduction (ror example Iiy factors of 1/10, or even 
1/20). On the other hand, reducing qk too inucli can 
be cost.ly since t,he t.otal niiirher OS cpoclis will hc iii- 

creased. l'lie valne q = 2 is nsnally siiggeslcd in the 
l i lernl. i i re [I] aud i i idccd i t  \vas found lo wo~+ withoul 
problciiis i n  the expcrimcnls report.cd iii the  pqjcr. 

Remnrk 9,: 'I'he above model constitutes a n  cfficient 
method to dcberniiiie an appropriatr lca,riiirig r a t e  with- 
ont additional gradient, cvaluations. As a cooscqucnce, 
t,lic nomber of gradient cvalna,tioris is, in general, less 
tlian the nnmhcr of error Siiiiclion evaluations. 

3. LEARNING RATE ADAPTATION 
STRATEGIES 

111 this section we Inicily describe lwo recenl ly  proposed 
learning rate adaptnlion strakgics which can be suc- 
ccssfnlly used for nonmonotone backpropagalion t.rain- 
ing. 

/,I Lcnrning liik odnptaiioii using Lipschitr conaiarit 
estimation: In [7] an a p p r o d l  that exploits lhc local 
shape of t.he error surface using ii 1,ipschita constanl 
cstirnatioii has been proposed. The correspanding al- 
gorithm w i i s  named DPVS. 'The local cstinia,l,ion of the 

Lipschiti: conslant is defined for t,he R I B  iteration as: 

i t r i c I  t l i c  Iearui i ig ra,te is I? = O.6/A". 
lii order to e l i n i i na tc  the Ixssibility of using an uti- 

soilal~le local eslimation oS I.he Lipsctiila constant W D  

iisc l h e  learning ralk timing lrcl~iiiqne 01. Ilcmark I 
'Shin version of the BPVS t,liat provides noiinionot,onc 
lraiiiing is unmed NA4BPVS. 

8) L e i m i n g  rnte adupkition tisirig the norzdi i i  ond 
/ J U ~ . W C ~ I I  foi~,i~ti/a: In  i~ prcvions work [I21 we l i i i v ~  pro- 
posed a neiiral nctworlc t,raining algori1,lim called nul', 
which is hascd 011 llie I3arzilai aucl Morwein [Z] lca,rii- 
ing ra,le. iipchte fiimiula, where rlk for tlie k l l i  epoch is 
given by: 

where 6"-' = ? U ~ - W ' - I ,  = VE(wk)-VE(u,"- ' )  
and ( .  ~ .) denoles ltie st,andard iiiiicr prodiicl. Our ex- 
periments in [IZ, 131, show that vcry oflcn the met.tiocl 
escapes Srom local minima and flat, valleys whcre ol~hcr 
nietliods arc t rappd.  In order t,o securc t.hc conver- 
gencc of llic method, even when thc a h v e  formula 
givcs nnsuilahlc learniiig ratcs, we use tlie learning rate 
t,uniiig lecliniqne or Remark I .  We call this modified 
t,rainiiig algoritlini NMRBP. 

4. EXPERIMENTS AND RESULTS 
In I.his scclioii, wc cvalnale l l i c  perSormance of oiir al- 

NMHPVS, UISP, and NhlRRP) and 
(,ti llic hat,ch vcrsioris OS HI', momrii- 

tiiin DP ( M H P )  [5], and adaptive HP (ABP) [17], Srorn 
the Mi~t.lnb Neural Network Toolbox version 2.0.4.  For 
tlie NklHPVS and NMBBP algorithms, we Iiwc h e c l  
tlic values of M = 1.0 and a = IO- ' .  The algoritlniis 
have been lcsted using the saine initial weights, init,ial- 
i m l  by the Ngnyen-Wiclrow iiie1,liod [Ili], a,rid received 
the siiriic seqneiicc of input patterns. 'rhe weights of 
the nctworlc are updalecl only aRer tlie entire set of 
paltcrns to  hc learned has been prcscnled. 

For each of tlie k s l  problems, a tablc summarining 
the perlormance OS l h c  algorithms for siinnlations Illat, 
reached solution is ~ircsented. l ' lie reported pararnc- 
tcrs are: niin the riiiniinum iiumber or epochs, m m n  
the m e m  value OS epochs, mix  the maxiinum nuriibcr 
or epochs, s . d .  the slandard devia,tion, and succ. lhe 
simulnlionssuccccdcd out  of 1000 (.rials williin the error 
f i n d i o n  evaluat.ions limit. 

We must also note that Sor tlie DP, HPhf and, ATiP 
one gradient and one error Siinct,ion evalimtion itrc ncc- 
cssary a1 each epocli, while t . 1 1 ~  niinibcr of error func- 
t,ioii evaluations (1%) OS I3PVS, NMUI'VS, HDl', and 



NhfBBP is, in general, largor than t l ic  number of gra- 
dient evalualions (GE), due to h e  learning rate ac- 
ceptability critcrion we nsc. As a consequciice even 
whcn our algorithms fail to convergc within tlic Iirede- 
(,ermined limit of function euaiziabions, llieir miinber oi 
gradient cvduations is smaller llian tlie corresponding 
nuiiiber of the other metlrods. I<ccping in niiiid tliat a 
gmdienl. evalua,lion is more costly tlian an crror func- 
tion evaliiation (see for cxdmplc [9], wllerc Moller sug- 
gests lo connl a gradieril evaluation three limes more 
tlian an error function evaluation), ouc can undcrsta,nd 
t l i d  our iiictliods rcqiiire Seewcr flosliiig p&l opcrti- 
lions and are a,ctunlly much hsier.  From thc above 
discussion it is clear wily in the tables there arc two 
lines for tlic RPVS, NMRI’VS, BRP, and NMUUP al- 
goritlnns; the first onc indicates the st,al,islics for tlie 
FE and thc second for the GE. 

4.1 3-Dit P a r i t y  

The task is to train a 3-2-1 PNN (eiglii. wciglils, tliree 
biases) to produce thc siiin, mod 2, of 3 biliary inpiils - 
otherwise kiiowii as coinpuling the “odd parity” €mu- 
tion. The rcsnlts arc surniiiarizctl iii the following table: 

Table 1: Results for (,lie 3-Uil Parity problcm. 
hlgori1,lim inin meaii iiiax s.d. siicc. - 
R P  ~ - .- n n i  ” 

MI3P 246 485.4 973 195.4 48.0% 
AI\P 405 599.2 924 103.9 45.0% 

UPVS 94 298.1. 939 166.2 72.5% 104 314.2 002 170.6 

N I \ I R ~ ~ ,  47 298.. 978 212.4 
37 181.3 601 118.9 B7.9% 

Ilespite the ellbrt wc made to clioosc its leariiiiig rate, 
T3P failed l o  converge withiii the crror fiincl~ioii cvalu- 
ations limit iii all the simula,tions. On tire other hand, 
the MBP and hB1’ dgorithms perforined much bct- 
ter, with M13P sliglil.ly oiitperSorniing ARI’. T h e  Bl’VS, 
NMBPVS, BBP, nnd NMI3BP algorithms exhibited the 
best perrorniancc, as thcy had tlic liighcsl sncccss rides 
and the least avera,ge niiiiibcr of cpoclis. In this prob- 
lem llie lcarniiig rate acceptability criterion does not 
improve llie convergence propcrlies of U P V S ,  but i n -  
proves the D W  algorithm signilicanlly. 

4.2 Cont inuous  func t ion  a p p r o x i m a t i o n  

hii 1-15-1 PNN (thir ly  wciglits, sixken biases) is 
trained to a,pproximale the continuous Cuiictiou f(z) = 
siii(x) cos(2x), where tlie input valucs are scabLered 
in thc  interval [0, 2x1. ‘rhe nelwork is lraiiied until 
R 5 0.1. Thc PNN is based on hidden neiiroiis ollogis- 

lie activiilioiis aird oii a liiiear oulpiit i ieiiron. Compar- 
ative resirlt,s arc cxliibited in l l i e  rollowiiig table. Oricc 
again, our algorithms exhibited llic best perforiiimcc 
aiid liad the best success rate. Moleover, thcrc is a rc- 
iiiarl~ablc iniprovcmciil ol !,lie BHP algorithm ie l ie i i  the 
learning: ralc acceplability critcrioii is iiscd; tlie RBI’ 
algorilhni has B s~icccss r:i,k of 79.6%, while tho 11011- 
moiiotone version NMRUI’ has a sncccss r a k  of 92.2%. 

Table 2: llesults €or fuiiclioii approximalion. 
Alaorithm ir i i i i  mean niax s.d. siicc. - 
B 1’ 328 706.7 998 175.0 13.8% 
MBI’ 332 1599.2 903 174.8 13.7% 
i\Bl’ I66 628.1 904 210.8 2 G . W  

48 44G.3 995 fi3,,j% 
I3PVS 4 4  417.3 94J 

SMBPVS # I#:! 81: $#:8 06.8% 
39 302.1 $195 233.5 
27 186.4 602 111.3 70.6% UBP 

4.3 The Font Learuing Problem 

For this problem, 20 inntrices with the capi td  1cl.f.crs o f  
the English alpliabct are preseiitcd Lo a, 35-30-20 FNN 
(1 830 weigl i ls, 56 biases). Each lcl,l,e~ 1ias lxcii defined 
in teriiis of liiua,ry vnliies on a grid o l  sizc 5 x 7. ‘I’lic 
network is based oii liiddcn nenroiis ol’ logistic a,cl.iva- 
lions and on lincar oulpiil ncuroiis. In this prolilein tlie 
acccptability criterion wc inilmscd accnleraled the COLI- 

vergence til bot11 IHPVS and UBP motliods, a,s shoa.ii 
in tlic following table: 

Table 3: Rcsulls Sor tlic forit problcin. 
Algorillim iiiim menii max s . d  sncc. 
UP 1098 16G1..9 1999 202.8 70.8% 

~~ 

M B I’ 1142 1519.1 I931 169.3 ~1.9% 
A U P  1119 1773.1 1999 168.9 37.2% 

4.4 Geiirralieotioii  Pcrfuriiiaiicc 

In order to cYiiliiiLte the gmeraliaalian of the iiomnono- 
lone algorithms NMBPVS i n i d  N‘Ml~3nP, we have Iksted 
thcm on t l i e  MONK’s problems [ I O ] .  Tliesc :ire hina,ry 
classificatioii lasks wliicli arc wed as hi!richmarl<s Cor 
testing tlie gcncraliaation performance of Icar ihg al- 
goritlirns. These problcms rely oii the artifcinl robol 
doma,in. 



W e  have tested our iiir!tliods agaiiisl f.lie wcll known 
BI’, 1311 wit,h wigli t  dccay (DPWL)) ,  a r i d  Cascade Cor- 
r e l a h i  (CC) iiiel.liods. Tii  ow simnlal.ion wc liave iiscd 
the same nclwork topologies as those Sound in [ I O ]  Sor 
tlic 131’ inethod. T h e  ncxt table cica,rly s l i o ~ s  that llic 
NhlliPVS and NhlI3uP algorilhins are exccllcnt gen- 
eralizers a,nd rnaiiage to corrcct,ly classiry all the inpiit, 
pntteriis iii all l ,he hlONK’s prohlcms. 

Table 4: Results for llic MONK’s problems. 
hlgorithm MONI<-l MON1<-2 h I O N 1 < 3  
R I’ i n n ? &  inm 93.1% 
BPWD I000,’o 100% 9 7 2 %  
c c 100% 100% 97 2% 
NXlr1PVS 100% 1 now 1110% 
Nh111111’ ion% 100% 100% 

5 .  CONCLUDING !tEMA.RKS 
In (his paper wc presented a iiew ctpproa,cli Sor gcner- 
ating iionmonoloiie lca,riring rules based on an acccpt- 
a,bility critcrion. We have i.estcd this a,pproacli on two 
recently publislietl t,riiiiing algoritlinis [7, 121 itnd the 
resrilts ivere sa,l.isfactory. T11c simulalion results suggest 
1ha.t the use of the acccptahi1if.y criterion, caii sigiiili- 
canlly accelera1.c the convcrgence of llic training algo- 
rithms. Morcovcr, llie use of diflicult to  lune probleni- 
depciidenf. heuristic parameters is iinnecessary. The 
training algorithms we have st,iidied in this Ipaper snc- 
ceed to converge Ibst,cr and 11iorc h r s  llia,n the ollicr 
algorit.lirns tested Movcover, f,hc behn,vior of the tioii- 
moriotonc nlgorillims proved t,o be roliiist agninsl, phc- 
noniciia such as oscillatioiis duc to largr lca,rniiig ratcs. 
Fiiidly, !,lie iionrnonotone algoril.hms exhibited a11 ex- 
cellent generalieation capability, wlicii tested 011 the 
MONK’S problcms. 
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