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1 Summary

Adaptive learning rate algorithms try to decrease the error at each iteration by searching a
local minimum with small weight steps, which are usually constrained by highly problem-
dependent heuristic learning parameters. Based on the idea of the decrease of the error
function at each iteration we suggest monotone learning strategies that guarantee con-
vergence to a minimizer of the error function without using highly problem-dependent
heuristics. Furthermore, we introduce the idea of nonmonotone learning that provides
fast, stable and reliable training and we test both approaches on simulation experiments.

2 Introduction

The goal of neural network training is to iteratively update the network weights to min-
imize the learning error. The special case of batch training of a Feedforward Neural
Network (FNN) is consistent with the theory of unconstrained optimization and can
be viewed as the minimization of the batch error measure E, de�ned as the sum-of-
squared-di�erences error function over the entire training set; that is to �nd a minimizer
w� = (w�1; w

�
2; : : : ; w

�
n) 2 IRn, such that:

w� = min
w2IRn

E(w): (1)

The rapid computation of such a minimizer is a rather di�cult task since, in general,
the number of network weights is large and the corresponding nonconvex error function
possesses multitudes of local minima and has broad at regions adjoined with narrow
steep ones.



The widely used batch Back{Propagation (BP) [24] is a �rst-order training algorithm,
which minimizes the error function using the steepest descent method [8]:

wk+1 = wk � �rE(wk); : (2)

The gradient vectorrE(w), where its ith component @iE(w) denotes the partial derivative
of E(w) with respect to the ith variable wi, is usually computed by the back{propagation
of the error through the layers of the FNN (see [24]). The constant � is heuristically chosen
and de�nes the learning rate. Appropriate learning rates help to avoid convergence to a
saddle or maximum point. In practice, a small constant learning rate is chosen (0 < � < 1)
in order to secure the convergence of the BP algorithm and to avoid oscillations in the
directions where the error surface is steep. However, this approach considerably slows
down the training process since, in general, a small learning rate may not be appropriate
for all the portions of the error surface.

3 Monotone Learning Strategies

It does seem to be common sense to require that the error function is monotonically
reduced at each iteration, i.e. E(wk+1) < E(wk). This can be achieved by employing
adaptive learning rate strategies: (i) start with a small learning rate and increase it expo-
nentially, if successive epochs reduce the error, or rapidly decrease it, if a signi�cant error
increase occurs [3, 26], (ii) start with a small learning rate and increase it, if successive
epochs keep gradient direction fairly constant, or rapidly decrease it, if the direction of the
gradient varies greatly at each epoch [5] and (iii) for each weight an individual learning
rate is given, which increases if the successive changes in the weights are in the same
direction and decreases otherwise [11, 17, 22, 25].

Note that all the above mentioned strategies try to decrease the error by searching a
local minimum with small weight steps. These steps are usually constrained by problem-
dependent heuristic learning parameters. The use of heuristics enforces the monotone
decrease of the learning error and secures the converge of the training algorithm to a
minimizer of E. However, enforcing monotonic error reduction using inappropriate values
for the critical heuristic learning parameters, can considerably slow down the rate of
training, or even lead to divergence and to premature saturation [12, 23]; there is a trade-
o� between convergence speed and stability of the training algorithm.

A di�erent monotone learning strategy that does not applies heuristics consists in ac-
cepting a positive learning rate �k along the search direction 'k if it satis�es the Wolfe

conditions:
E(wk + �k'k)� E(wk) � �1�

khrE(wk); 'ki; (3)

hrE(wk + �k'k); 'ki � �2hrE(w
k); 'ki; (4)

where 0 < �1 < �2 < 1 and h�; �i stands for the usual inner product in IRn. The �rst
inequality ensures that the error is reduced su�ciently and the second prevents the learn-
ing rate from being too small. It can be shown that if 'k is a descent direction and E
is continuously di�erentiable and bounded below along the ray fwk + �'k j � > 0g, then



there always exist learning rate satisfying (3){(4) [15, 6]. Relation (4) can be replaced by

E(wk + �k'k)� E(wk) � �2�
khrE(wk); 'ki; (5)

where �2 2 (�1; 1) (see [6]).

An alternative strategy has been proposed in [20]. It is applicable to any descent direction
'k and uses two parameters �; � 2 (0; 1). Following this approach the learning rate is
�k = �mk , where mk 2 ZZ is any integer such that

E(wk + �mk'k)� E(wk) � �mk�hrE(wk); 'ki (6)

E(wk + �mk�1 + 'k)� E(wk) > �mk�1�hrE(wk); 'ki: (7)

All the above strategies must be combined with tuning subprocedures generating learning
rates that satisfy conditions (3){(4) or (6){(7) in order to guarantee global convergence.

The strategy based on Wolfe's conditions provides an e�cient and e�ective way to ensure
that the error function is globally reduced su�ciently. In practice, the condition (4) or
(5) generally is not needed because the use of a backtracking strategy avoids very small
learning rates. A simple backtracking strategy to tune the length of the minimization
step, so that it satis�es conditions (3){(4) at each epoch, is to decrease the learning rate
by a reduction factor 1=q, where q > 1 [16]. This has the e�ect that the learning rate
is decreased by the largest number in the sequence fq�mg1m=1, so that the condition (3)
is satis�ed. We remark here that the selection of q is not critical for successful learning,
however it has an inuence on the number of error function evaluations required to satisfy
the condition (3). Thus, when seeking to satisfy (3) it is important to ensure that the
learning rate is not reduced unnecessarily so that the condition (4) is not satis�ed. Since,
in training the gradient vector is known only at the beginning of the iterative search
for a new weight vector, the condition (4) cannot be checked directly (this task requires
additional gradient evaluations at each epoch), but is enforced simply by placing a lower
bound on the acceptable values of the learning rate. This bound on the learning rate has
the same theoretical e�ect as the condition (4) and ensures global convergence [6]. The
value q = 2 is usually suggested in the literature [1] and indeed it was found to work
without problems in the experiments (see [14]).

4 Nonmonotone Learning Strategies

Although monotone learning strategies provide an e�cient and e�ective way to ensure
that the error function is reduced su�ciently, they possess the disadvantage that no
information is stored and used that might accelerate convergence [7]. To alleviate this
situation we propose a nonmonotone learning strategy that exploits the accumulated
information regarding the M most recent values of the error function, to accelerate the
convergence. The following condition is used to formulate the new approach and to de�ne
a criterion of acceptance of any weight iterate [9]:

E(wk � �krE(wk))� max
0�j�M

E(wk�j) � �� �k
rE(wk)

2 ; (8)



where M is a nonnegative integer, 0 < � < 1, and �k indicate the learning rate in
the kth epoch. The above condition allows an increase in the function values without
a�ecting the global convergence properties as has been proved theoretically in [9, 21] and
experimentally in [18, 19]. Experiments indicate that the choice of the parameter M is
critical for the implementation and depends on the problem. The following procedure
provides an elegant way to dynamically adapt the value of M at each epoch:

Mk =

8><
>:

Mk�1 + 1; �k < �k�1 < �k�2;
Mk�1 � 1; �k > �k�1 > �k�2;
Mk�1 ; otherwise;

(9)

where �k is the local estimation of the Lipschitz constant [13] at the kth iteration, de�ned
as:

�k =

rE(wk)�rE(wk�1)


kwk � wk�1k
: (10)

If �k is increased for two consecutive epochs, the sequence of the weight vectors approaches
a steep region, so we decrease the value of M , to avoid overshooting a possible minimum
point. Reversely, when �k is decreased for two consecutive epochs, the method possibly
enters a valley in the weight space, so we increase the value ofM . This allows the method
to accept larger learning rates and move faster out of the at region. Finally, when
the value of �k has a rather random behavior (increasing and decreasing for consecutive
epochs), we leave the value of M unchanged.

Note that the local approximation of the Lipschitz constant is easily obtained, without
any additional error function and gradient evaluations. Obviously, M has to be positive.
Thus, if Relation (9) gives a non positive number, the value of M is set to M = 1.
Moreover, in practice, we have to enforce an upper limit to the values of M , as well.
Experimental results indicate that M = 10, is a good choice for the maximum value of
M .

Next, we propose a high-level description of an algorithm that employs the above ac-
ceptability criterion. The kth iteration of the algorithm consists of the following steps:

1: Compute the new learning rate �k using any learning rate adaptation strategy.

2: Update the weights wk+1 = wk � �krE(wk).

3: If the acceptability condition (8) is ful�lled store wk+1 and terminate; otherwise go
to the next step.

4: Use a tuning technique for �k and return to Step 3.

Remark 1.: A simple technique to tune �k at Step 4 is to decrease the learning rate by a
reduction factor 1=q, as suggested in the previous section.

Remark 2.: The above model constitutes an e�cient method to determine an appropriate
learning rate without additional gradient evaluations. As a consequence, the number of
gradient evaluations (GE) is, in general, less than the number of error function evaluations
(FE).



5 Simulations

Both the monotone and the nonmonotone learning strategies can be incorporated in any
training algorithm. In this section, we present experimental results and compare the
performance of three training algorithms with and without the use of the monotone and
the nonmonotone learning strategies.

5.1 The BPM algorithm

In [11, 24] a simple, heuristic, strategy for accelerating the BP algorithm has been pro-
posed. They have incorporated a momentum term in the steepest descent method as
follows:

wk+1 = wk � (1�m)�rE(wk) +m(wk � wk�1);

where m is the momentum constant. One drawback with the above scheme is that if
m is set to a comparatively large value gradient information from previous epochs is
more inuential than the current gradient information in updating the weights. One
solution is to increase the learning rate, however in practice this approach frequently
proves ine�ective and leads to instability or saturation. Thus, if m is increased it may
be necessary to make a compensatory reduction in � to maintain network stability. In
the experiment reported we alleviate this problem by combining BPM with the proposed
learning strategies. We set � and m to a set of high value, i.e. � = 1:2 and m = 0:9
and check the performance of the BPM with and without the learning strategies. The
modi�ed BPM method is called NMBPM.

To test the use of the proposed learning strategies on the BPM, a 64-6-10 FNN (444
weights, 16 biases) is trained to recognize 8 � 8 pixel machine printed numerals from 0
to 9 in helvetica italic [13]. The network is based on neurons of the logistic activation
model. The termination condition for all algorithms tested is an error value E � 10�1.

Detailed results regarding the training performance of the algorithms are presented in
Table 1, where � denotes the mean number of gradient or error function evaluations
required to obtain convergence, � the corresponding standard deviation, Min=Max the
minimum and maximum number of gradient or error function evaluations, and % denotes
the percentage of simulations that converge to a global minimum. Obviously, the use

Table 1: Comparative results for the numeric font learning problem
Algorithm Gradient Evaluation Function Evaluation Success

� � Min=Max � � Min=Max %
BPM 560.2 684.9 239/3962 560.2 684.9 239/3962 39
NMBPM 565.9 429.1 289/2823 571.6 428.9 295/2827 97

of nonmonotone strategies has signi�cantly improve the convergence rate of the BPM
method.



5.2 The BPVS algorithm

In [13] learning rate adaptation using a Lipschitz constant estimation has been proposed.
The corresponding algorithm was named BPVS and applies a monotone learning strategy.
The learning rate update formula is:

�k =

wk � wk�1


2 krE(wk)�rE(wk�1)k
: (11)

To show the e�ect of the proposed learning strategies on the performance of the BPVS
we apply them on a 16-8-12 FNN (224 weights, 20 biases) trained to classify 120 texture
patterns to 12 texture types. The network is based on neurons of logistic activations
with biases, and the weights and biases were initialized with random numbers from the
interval (�1; 1). The texture patterns have been obtained by applying the co-occurrence
method [10] to 12 digitized images of size 512� 512 taken from the Brodatz's album [4].
The termination condition is a classi�cation error CE < 3% [13]; that is the network
classi�es correctly 117 out of the 120 patterns.

Table 2: Comparative results for the texture classi�cation problem
Algorithm Gradient Evaluation Function Evaluation Success

� � Min=Max � � Min=Max %
BPVS 544.8 274.1 294/2227 519.5 257.7 283/2101 100
NMBPVS 471.7 116.6 273/888 463.7 113.7 268/870 100

5.3 The BBP algorithm

In [19], we have proposed a training algorithm called BBP, based on the Barzilai and
Borwein steplength update [2]. BBP applies a monotone learning strategy and uses the
following formula to evaluate the learning rate at the kth epoch:

�k =
h�k�1; �k�1i

h�k�1;  k�1i
; (12)

where �k�1 = wk � wk�1,  k�1 = rE(wk) � rE(wk�1) and h� ; �i denotes the standard
inner product.

Next, we test the proposed learning strategies on a function approximation problem.
We call the modi�ed method NMBBP. The continuous function f(x) = sin(x) cos(2x) is
approximated by a 1-15-1 FNN (thirty weights, sixteen biases). 20 input/output pairs
are taken, scattered in the interval [0; 2�] and the termination condition is E � 0:1. The
FNN is based on hidden neurons with logistic activations and on a linear output neuron.
Comparative results are exhibited in Table 3. There is a remarkable improvement of the
BBP algorithm when the nonmonotone learning strategy is used; the BBP algorithm has
a success rate of 79.6%, while the nonmonotone version NMBBP has a success rate of
92.2%.



Table 3: Results of simulations for function approximation
Algorithm Gradient Evaluation Function Evaluation Success

� � Min=Max � � Min=Max %
BBP 186.4 111.3 27/502 186.4 111.3 27/502 79.6
NMBBP 158.2 114.7 26/625 241.7 195.1 29/988 92.2

6 Conclusion

In this paper we have presented new learning strategies for generating monotone and
nonmonotone learning rules for neural network training. The simulation results were
satisfactory and suggest that the use of the proposed strategies, can signi�cantly acceler-
ate the convergence of the training algorithms. Additionally, the use of di�cult to tune
problem-dependent heuristic parameters is unnecessary; the modi�ed methods proved to
be robust against phenomena such as oscillations due to poorly chosen heuristics param-
eters.
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