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ABSTRACT

In this paperwe dealwith the solutionof /; norm datafit-
ting problems,which have errorsin all variables. These
problemscan be solved using the well-knowvn Trust Re-
gionmethodq14, 16]. Alternatively, we tackletheseprob-
lemsby applyingthe Particle Swarm Optimization(PSO)
techniqud3, 6, 7]. Theability to work within high dimen-
sionalsearclspacesswell ason non—differentiableobjec-
tivefunctions,makesPSOagoodchoicefor suchproblems
andresultsin goodsolutions betterthanthe solutionsob-
tainedfrom thetraditional Trust Region methods.
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1. INTRODUCTION

Datafitting is a centralproblemin ApproximationTheory
andcanbemetin mary engineeringapplications A funda-
mentalissuein suchproblemsis the choiceof themeasure
of quality of thefit which shouldbe used. Of course this
choicedependn the underlyingproblembut, in general,
the I, normsare used. Given an m—dimensionalector
z € R™, thel, normof z is definedas

e 1/p

lell, = (D lal) 1< p < oo,
=1

[2llo = max |z

The two most commonly usednorms are the I; and [,
norms,which aredefinedas

m
[ETE Sy
=1
m 1/2
ol = (D laal?) "
=1

Thel; normplaysanimportantrolein datafitting, es-
peciallywhentherearelarge errorsor “wild” pointsin the
data. This is dueto the assignmenbf smallerweightsto
thesepointsthantheweightsassignedy othermorepopu-
lar measuressuchasthel; norm (leastsquares]15]. The
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caseconsiderechereis the one whereall variableshave
errorsandthe explicit or implicit models,which areused
for fitting the data, arein generalnonlinear In the case
of implicit models,constraintappeamanda commontech-
nigueto solve theminvolvessolving a sequencef linear
subproblemswhosesolutionsare constrainedo lie in a
trustregion[14, 15, 16]. Thus,TrustRegionmethodssuch
astheonepresentedhn [14, 16], areusedto solve theprob-
lem, exploiting thestructureof thesubproblemsyhich can
besolvedasequalityboundedvariablelinearprogramming
problems.

Recently a new evolutionaryoptimizationtechnique,
calledParticle Swarm,hasbeendevelopedby Eberhartand
Kennedy[3, 6]. Thistechniqueis inspiredby the popula-
tion dynamicsof “birds flocks” and“fish schools”and it
is ableto work within disjoint searchspacesand on non—
differentiableobjective functions,sinceit usesonly func-
tion valuesandno derivatives,andresultsin very goodso-
lutions andfastcorvergencerates,without ary lossof ef-
ficiengy. Thus,it seemsa goodchoicefor solvingl; norm
optimizationproblemswherethe objective functionis not
differentiable.

In therestof the paperthe Errors—in—\ariablegrob-
lemis briefly presentedh Section2 andtheParticle Swarm
Optimizeris presentedn Section3. Experimentakesults
for implicit modelsare presentedn Section4 andconclu-
sionsarederivedin Section5.

2. THE ERRORS - IN - VARIABLES
PROBLEM

Supposehat we have a setof obserationsy; € R, ¢ =
1,...,n, atpointsz; € R¢, i = 1,...,n, andamodelfor
theunderlyingrelationship

y:F(x,a), 1)

wherea € RP is avectorof free parametersWe areinter-
estedin finding the valuesof the free parametershatgive
thebestfit. If it is assumedhatbothy; andz; containsig-
nificanterrors,r; ande; respectirely, thenthe modelcan
bewrittenas

yi+ri=Flz; +e,a), i=12,...,n. )



Thus,apropervectora hasto be chosenjn orderto mini-
mizetheerrorsr; ande; fori =1,2,...,n.

Althoughtheleastsquaresiorm(l;) is widely usedin
datafitting modellingandit is well studied therearesome
drawbacks,getting clearwhenever “wild” pointsor large
errorsare introducedinto the dataset. This is dueto the
assignmenof excessive weightsto thesepoints,which re-
sultsin non-satiséctoryestimators The alternatve, which
is usuallyusedin suchcasesis thel; hormandto thisend
severalalgorithmshave beendeveloped[14, 16].

Although Eq. 1 is in explicit form, it canalwaysbe
writtenin the moregeneraimplicit form

f(-’l"a Ol) =0, (3

wherez € R*  k =t + 1, representsill thevariables.The
correspondingnodelfor Eq.3 is

flzi+e;,0)=0, i=12...,n, 4)

whereg; representsiow the vectorof the errorsfor all the
variables.Thus,the consideregroblemis

minimize, . ||g|1 (5)

subject to f(z; +¢&;,a)=0,i=1,...,n, (6)

whichis aconstrainegbroblem,in contradictiorto thecase
of the explicit model of Eq. 2, wherethe corresponding
problemis unconstrained

minimize, ¢ {||r{l1 + [le|l1},

withr; = Fx; + g5,a) —y;, i =1,...,n.

Thereareseveralwaysto solve the constrainednini-
mizationproblem.The Kuhn—Tuckertheoryprovidesnec-
essaryconditionsfor the solutionof suchproblems but a
subgradienthasto be used[5]. Alternatively, this canbe
solvedby usingani; penaltyfunction[4, 14]. In this case,
the problemunderconsideratioris

minimizey e {||f[l1 + vllell1}, ()

wherev > 0.

In [14, 16], a Trust Region type algorithmwhich in-
volves Simplex stepsfor solving the linear subproblems
hasbeenconsideredndit hasbeenappliedto varioustest
problems. Although the solutionsresultedfrom that al-
gorithm are good, thereis anotherapproachto attackthe
problem. This approachis more straightforward, easyto
implementaswell aseconomidn function evaluations.It
usesthe PSOtechniqueo solve the problemof Eq.7. The
mainaspect®f PSOaredescribedn thenext section.

3. THE PARTICLE SWARM OPTIMIZA-
TION TECHNIQ UE

The PSOtechniques an Evolutionary Computationtech-
nique, but it differs from other well-knowvn Evolution-
ary Computationalgorithms, such as the Genetic Algo-
rithms[3, 6, 7, 8]. Althoughapopulatioris usedfor search-
ing the searchspacethereareno operatorsnspiredby the

humanDNA proceduresapplied on the population. In-
stead,in PSO,the populationdynamicssimulatesa “bird
flock’s” behavior, wheresocialsharingof informationtakes
place and individuals can profit from the discoveriesand
previousexperienceof all the othercompaniongluringthe
searchfor food. Thus,eachcompaniongcalledpatrticle, in
the population,whichis calledswarm is assumedo “fly”
over the searchspacein orderto find promisingregions
of the landscape.For example,in the minimization case,
suchregionspossesower functionvaluesthanother, vis-
ited previously. In this context, eachpatrticleis treatedas
a point in a D—dimensionakpace which adjustsits own
“flying” accordingto its flying experienceaswell asthe
flying experienceof otherparticles(companions).

Therehave beenmary variantsof the PSOtechnique
proposedso far, after Eberhartand Kennedyintroduced
it [3, 6, 7]. In our experimentswe useda new versionof
this algorithm, which is derived by addinga new inertia
weightto theoriginal PSOdynamicg2, 7]. Thisversionis
describedn thefollowing paragraphs.

First, let us definethe notation adoptedin this pa-
per: the i-th particle of the swarm is representedyy the
D—dimensionalector X; = (z, %2, -.,2:p) andthe
bestparticlein the swarm, i.e. the particlewith the small-
estfunction value, is denotedby index g. The bestpre-
vious position (i.e. the position giving the bestfunction
value) of the i-th particle is recordedand representeds
P; = (pa,Dpis,---,0ip), andthe positionchange(veloc-
ity) of thei-th particleis V; = (vi1,viz,---,ibD).

Theparticlesaremanipulatedccordingo thefollow-
ing equations

via = X (wvig + e (Pia — Tig) +
+ cor2(Pga — Tia)), 8)
Tig = Tig + Vid, ()]

whered = 1,2,...,D;:=1,2,...,N andN is thesize
of the population;y is a constrictionfactor(usuallyequal
to 1) whichis usedto controlandconstrictvelocities;w is
theinertiaweight; c; andcs aretwo positive constantsy

andr; aretwo randomnumberswithin therange[0, 1].

The first equationis usedto calculatethe ;-th parti-
cle’s new velocity by takinginto consideratiorthreeterms:
the particle’s previous velocity, the distancebetweenthe
particle’s bestprevious and currentposition, and, finally,
thedistancebetweerswarm’s bestexperiencgtheposition
of thebestparticlein the swarm)andthei-th particle's cur-
rentposition. Then,following the seconcequationthei-th
particleflies towarda new position. In generalthe perfor
manceof eachparticleis measuredccordingto a prede-
finedfitnessfunction,whichis problem—dependent.

The role of the inertia weight w is consideredvery
importantin the PSO cornvergencebehaior. The inertia
weightis employed to control the impact of the previous
history of velocitieson the currentvelocity. In this way;,
theparametew regulateshetrade—of betweertheglobal
(wide—rangingyndthelocal (nearby)explorationabilities



1 |01 09 18 26 33 44 52 6.1 65 74
T2 | 59 54 44 46 35 37 28 28 24 15

Tablel. DataSet1, usedin Experimentsl and3.

z; | 005 011 0.15 031 0.46

052 070 074 082 098 1.17
z2 | 0.956 0.89 0.832 0.717 0.571 0.539 0.378 0.370 0.306 0.242 0.104

Table2. DataSet2, usedin Experiment2, 4 and5.

of the swarm. A large inertiaweightfacilitatesglobal ex-
ploration (searchingnew areas)while a small onetends
to facilitate local exploration, i.e. fine—tuningthe current
searcharea.A suitablevaluefor the inertiaweightw usu-
ally providesbalancebetweerglobalandlocal exploration
abilitiesandconsequentlya reductionon the numberof it-
erationgequiredto locatethe optimumsolution. A general
rule of thumb suggestghatit is betterto initially setthe
inertiato a large value,in orderto make betterglobal ex-
plorationof the searchspaceandgraduallydecreasét to
getmorerefinedsolutions.Thus,atime decreasingnertia
weightvalueis used. Theinitial populationcanbe gener
atedeitherrandomlyor by usinga Sobolsequencegenera-
tor [13], which ensureshatthe D-dimensionalectorswill
be uniformly distributedwithin the searchspace.

Fromtheabove discussionit is obviousthatPSO,to
someextent, resemblegvolutionary programming.How-
ever, in PSO,insteadof using geneticoperatorsgachin-
dividual (particle) updatesits own position basedon its
own searchexperienceandotherindividuals(companions)
experienceand discoveries. Adding the velocity term to
the currentposition, in order to generatethe next posi-
tion, resembleghe mutation operationof GeneticAlgo-
rithms. Note thatin PSO,however, the “mutation” opera-
tor is guidedby the particle’s own “flying” experienceand
benefitsfrom the swarm’s “flying” experience.In another
words, PSOis consideredas performingmutationwith a
“conscience” aspointedout by EberharandShi[2].

The PSO techniquehas beenproved very efficient
in solving generalGlobal Optimizationproblemsandper
forming Neural Networks training [9, 10, 11, 12]. In the
next section, resultsobtainedby the applicationof this
techniqueto datafitting modelling problemsare exhibited
andconclusionsarederivedin thefinal sectionof thepaper

4. EXPERIMENT AL RESULTS

Themodelsthatwe considelin this sectionare(or assumed
to be) implicit andarethe samethatappearin [14, 16] in
orderto obtaincomparableesults.All themodelsaresim-
ple and someof themare actually explicit, but treatedas
implicit. Theinitial approximatiorfor the vectore is usu-
ally setequalto zeroandthis is the approachwe followed

too. Concerningparametey, thefixedvalue0.1 wasused,
althoughit is moreproperfor mary problemsto gradually
decreasds valueto force corvergenceof the penaltyfunc-
tion to zero. Parameterx had a differentinitial value for
eachmodelandthe desiredaccurag for all unknovnswas
1073,

Thevaluesof the PSOparametersverec; = ¢o = 2
(default values)and w was graduallydecreasedrom 1.2
toward0.1. The maximumallowable numberof PSOit-
erationswas 500 andthe size of the swarm wasfixed and
equalto 150 for all experiments.

In all the tables,the found optimal valuesfor a and
for thel; normof ¢, denotedasa* and||e*||; respectiely,
arepresented.

Experiment 1 [14]. The first modelconsidereds the hy-
perbolicmodelintroducedby Britt andLueckein [1] with

f=ziz2—a.

The datausedis givenin Table 1 andthe initial value of
a wastaken equalto 100. Theresultsfor both the Trust
Region andthe PSOmethodsare given in Table3. PSO
foundthe solutionafter130 iterations.

TrustRegion PSO
a* 133.402 | 139.688
lle* |11 7.255 3.446

Table3. Resultsof Experimentl.

Experiment 2 [14]. Thesecondnodelconsideredhas

2
f= Z Ty — Ta,
=0
and the datausedis given in Table 2. Initially, & =
(1,1,1) T wastaken andPSOfound the solutionafter 158
iterations.Theresultsareexhibitedin Table4.

Experiment 3 [14]. Thisis anothemodelwith

3
_ i
f= E a;z] — %2,
=0



TrustRegion PSO
ao* (2.001,-1.038,232) | (0.997,-1.001,0.21)
lle*||1 0.112 0.001

Table4. Resultsof Experiment2.

andthe datausedis givenin Table1, after settingthe first
valueof z; equalto 0.0. Initially, = 0 wastaken, and
PSOfoundthesolutionafter160 iterations.Theresultsare
exhibitedin Table5.

TrustRegion PSO
a* (5.9,-0.839,0.142,-0.015) (5.91,-0.624,0.057,-0.006
lle* | 1.925 0.298

Table5. Resultsof Experiment3.

Experiment 4 [14]. Herewe hadthe nonlineamodel

f=a + — 29,

r1 + as
andthe datausedis givenin Table2. Theinitial approxi-
mationwasa = (—4, 5, —4) T andPSOfoundthesolution
after282 iterations.Theresultsareexhibitedin Table6.

TrustRegion PSO
o (-1.934,7.761,-2.638) (0.503,-17.009,-482.805
lle* (|1 0.109 0.165

Table6. Resultsof Experimentd.

Experiment 5 [14, 16]. Thisis agrowth modelwith

f=o01 +ase™

— T2,

andthe datausedis givenin Table2. Theinitial approxi-
mationwasa = (0,0) T andPSOfound the solutionafter
490 iterations.Theresultsareexhibitedin Table7.

TrustRegion PSO
o (-0.225,1.245) | (-0.227,1.247)
lle*|Ix 0.169 0.005

Table7. Resultsof Experiments.

Experiment 6 [16]. This is the ordinary rational function

modelwith
aq

f_

- — T2,
r1 — Qs

andthe datawasgeneratedccordingto thescheme

z; = 0.0140.05(—1),
yi+r = 14z + (z;+¢)%i=1,...,40,

wherer; areuniformly distributedin (-0.15,0.15),ande;
are uniformly distributedin (-0.05, 0.05). The initial ap-
proximationwasa = (1,1) T andPSOfoundthe solution
after211 iterations.Theresultsareexhibitedin Table8.

TrustRegion PSO
ao* (0.978,1.006) | (1.0017,1.0002
lle* |1 1.458 1.011

Table8. Resultsof Experiment6.

Experiment 7 [16]. Thisis the simpledecaycurve which
describegshedecayof aradioactve substance,

—Q3Z1

f=01—ase - Z3.

Thedatawasgenerate@ccordingto thescheme

z; = 0.02(—1),
yi+ri = 3—e (®FE) i =140,

wherer; areuniformly distributedin (-0.15,0.15),andg;
are uniformly distributedin (-0.05, 0.05). The initial ap-
proximationwasa = (3,1,1)T andPSOfound the solu-
tion after 315 iterations. The resultsare exhibited in Ta-
ble9.

TrustRegion PSO
o (2.528,0.918,4.396) | (2.709,1.007,0.975)
lle* |11 2.564 2.231

Table9. Resultsof Experiment7.

Experiment 8 [16]. This is the logistic curve which de-
scribesthe decayof aradioactve substance,

f=a1—log(1+ e_(“2+°‘3w1)) — 5.
Thedatawasgenerate@ccordingto thescheme

z; = 002(i—1),
yi+r; = 3—log(1+e (Feited) j =1 ...,40,

wherer; areuniformly distributedin (-0.15,0.15),ande;
are uniformly distributedin (-0.05, 0.05). The initial ap-
proximationwasagaina = (3,1,1) T andPSOfoundthe



TrustRegion PSO
a* (2.812,0.487,16.033) | (2.722,0.851,1.164)
lle*||1 2.348 0.471

Table10. Resultsof Experiment8.

solution after 336 iterations. The resultsare exhibited in
Table10.

As exhibitedin all tables,PSOalmostalwaysoutper
formedthe Trust Region algorithm. It wasableto detect
bettersolutionsevenin vicinities of the searchspacethat
were far away from the vicinity of solutionsobtainedby
the TrustRegion method.Furthermorealthoughthe same
initial vectorfor the parametery, asin [14], wasused,in
further experiments,that we performed,we obtainedthe
samegoodsolutionsstartingfrom arbitrarily choserinitial
points. The numberof iterationsperformedby the PSO
methodto detectthe optimum solutionswas surprisingly
small.

5. CONCLUSIONS

In this paperwe considetthe ability of the Particle Swarm
Optimizerto tackledatafitting models.We have performed
several experimentsin well known implicit aswell asex-
plicit models. The resultsobtainedby our approachhave
beencomparedwith the correspondingesultspresented
in [14, 16], wherea TrustRegion methodwasused.

The results presentechere are very promising and
malke clearthatP SOcansolve efficiently suchproblems.n
mary casesthe problembecomesasierdueto the ability
of themethodto detectgoodsolutionsstartingfrom several
initial points,in contradictionto the Trust Region method
whosebehavior is heavily influencedby the startingpoint.
Furthermorethe solutionsare obtainedafter a quite small
numberof iterations. An importantrole is playedby the
penaltyparameter. Usually, theconvergenceaatesof both
techniquesndthequality of resultsdependnthevalueof
V.

Furtherwork hasto be doneto fully investigatethe
performanceof the algorithmin more complicatedprob-
lemsaswell asto derive possiblecombinationf the PSO
with otheralgorithmson this topic.
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