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ABSTRACT
In this paperwe dealwith thesolutionof � � normdatafit-
ting problems,which have errorsin all variables. These
problemscan be solved using the well–known Trust Re-
gionmethods[14, 16]. Alternatively, wetackletheseprob-
lemsby applyingthe Particle Swarm Optimization(PSO)
technique[3, 6, 7]. Theability to work within high dimen-
sionalsearchspacesaswell asonnon–differentiableobjec-
tivefunctions,makesPSOagoodchoicefor suchproblems
andresultsin goodsolutions,betterthanthesolutionsob-
tainedfrom thetraditionalTrustRegion methods.

KEY WORDS� � Norm Errors-in-VariablesProblems,DataFitting Mod-
els,ParticleSwarm,Optimization,GeneticAlgorithms

1. INTRODUCTION

Datafitting is a centralproblemin ApproximationTheory
andcanbemetin many engineeringapplications.A funda-
mentalissuein suchproblemsis thechoiceof themeasure
of quality of thefit which shouldbeused.Of course,this
choicedependson theunderlyingproblembut, in general,
the � � normsare used. Given an � –dimensionalvector,���
	�� , the � � normof � is definedas
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The two most commonly usednorms are the � � and � +
norms,which aredefinedas
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The � � normplaysanimportantrole in datafitting, es-
peciallywhentherearelargeerrorsor “wild” pointsin the
data. This is dueto the assignmentof smallerweightsto
thesepointsthantheweightsassignedby othermorepopu-
lar measures,suchasthe � + norm(leastsquares)[15]. The

caseconsideredhereis the one whereall variableshave
errorsandthe explicit or implicit models,which areused
for fitting the data,are in generalnonlinear. In the case
of implicit models,constraintsappearanda commontech-
niqueto solve theminvolvessolving a sequenceof linear
subproblems,whosesolutionsare constrainedto lie in a
trustregion[14, 15, 16]. Thus,TrustRegionmethods,such
astheonepresentedin [14, 16], areusedto solve theprob-
lem,exploiting thestructureof thesubproblems,whichcan
besolvedasequalityboundedvariablelinearprogramming
problems.

Recently, a new evolutionaryoptimizationtechnique,
calledParticleSwarm,hasbeendevelopedby Eberhartand
Kennedy[3, 6]. This techniqueis inspiredby thepopula-
tion dynamicsof “birds flocks” and“fish schools”and it
is ableto work within disjoint searchspacesandon non–
differentiableobjective functions,sinceit usesonly func-
tion valuesandno derivatives,andresultsin very goodso-
lutions andfastconvergencerates,without any lossof ef-
ficiency. Thus,it seemsa goodchoicefor solving � � norm
optimizationproblems,wheretheobjective functionis not
differentiable.

In therestof thepaper, theErrors–in–Variablesprob-
lemis briefly presentedin Section2 andtheParticleSwarm
Optimizeris presentedin Section3. Experimentalresults
for implicit modelsarepresentedin Section4 andconclu-
sionsarederivedin Section5.

2. THE ERRORS – IN – VARIABLES
PROBLEM

Supposethat we have a setof observations / � �0	 �21 �� � * * * � 3�� at points � � ��	54 ��1 � � � * * * � 3�� anda modelfor
theunderlyingrelationship/'�"687 � � 9�: � (1)

where
9 ��	 � is a vectorof freeparameters.We areinter-

estedin finding thevaluesof the freeparametersthatgive
thebestfit. If it is assumedthatboth / � and � � containsig-
nificant errors, ; � and < � respectively, thenthe modelcan
bewrittenas/ �>= ; � �"687 � �>= < � � 9�: �?1 � � � @ � * * * � 3 * (2)



Thus,a propervector A hasto bechosen,in orderto mini-
mizetheerrorsB C and D C for E�F0G H I H J J J H K .

Althoughtheleastsquaresnorm( L M ) is widely usedin
datafitting modellingandit is well studied,therearesome
drawbacks,gettingclearwhenever “wild” pointsor large
errorsare introducedinto the dataset. This is dueto the
assignmentof excessive weightsto thesepoints,which re-
sultsin non-satisfactoryestimators.Thealternative,which
is usuallyusedin suchcases,is the L N normandto this end
severalalgorithmshavebeendeveloped[14, 16].

Although Eq. 1 is in explicit form, it canalwaysbe
written in themoregeneralimplicit formO�P Q H A5R-F"S H (3)

where
Q�T
U�V H WXF"Y5Z"G H representsall thevariables.The

correspondingmodelfor Eq.3 isO�P Q C[Z�D C H A5R-F"S H?E�F\G H I H J J J H K�H (4)

whereD C representsnow thevectorof theerrorsfor all the
variables.Thus,theconsideredproblemis]_^ `�^ ]_^ a b c d e�f D f N (5)

g h5i5j b k lml n O�P Q C[Z�D C H A5R-F"S H�E�F\G H J J J H K�H (6)

whichis aconstrainedproblem,in contradictionto thecase
of the explicit model of Eq. 2, where the corresponding
problemis unconstrained]_^ `�^ ]_^ a b c d emo f B f N�Z f D f N p H
with B C�F"q P Q C>ZrD C H A�R�s�t C H5E�F\G H J J J H K .

Thereareseveralwaysto solve theconstrainedmini-
mizationproblem.TheKuhn–Tucker theoryprovidesnec-
essaryconditionsfor the solutionof suchproblems,but a
subgradienthasto be used[5]. Alternatively, this canbe
solvedby usingan L N penaltyfunction[4, 14]. In this case,
theproblemunderconsiderationis]r^ `5^ ]r^ a b c d emo f O f N�Z_u f D f N p H (7)

whereuXv!S .
In [14, 16], a Trust Region typealgorithmwhich in-

volves Simplex stepsfor solving the linear subproblems
hasbeenconsideredandit hasbeenappliedto varioustest
problems. Although the solutionsresultedfrom that al-
gorithm aregood, thereis anotherapproachto attackthe
problem. This approachis morestraightforward, easyto
implementaswell aseconomicin functionevaluations.It
usesthePSOtechniqueto solve theproblemof Eq.7. The
mainaspectsof PSOaredescribedin thenext section.

3. THE PARTICLE SWARM OPTIMIZA-
TION TECHNIQ UE

The PSOtechniqueis an EvolutionaryComputationtech-
nique, but it differs from other well–known Evolution-
ary Computationalgorithms,such as the GeneticAlgo-
rithms[3, 6,7,8]. Althoughapopulationisusedfor search-
ing thesearchspace,thereareno operatorsinspiredby the

humanDNA proceduresapplied on the population. In-
stead,in PSO,the populationdynamicssimulatesa “bird
flock’s” behavior, wheresocialsharingof informationtakes
placeand individualscanprofit from the discoveriesand
previousexperienceof all theothercompanionsduringthe
searchfor food. Thus,eachcompanion,calledparticle, in
thepopulation,which is calledswarm, is assumedto “fly”
over the searchspacein order to find promisingregions
of the landscape.For example,in the minimizationcase,
suchregionspossesslower functionvaluesthanother, vis-
ited previously. In this context, eachparticleis treatedas
a point in a w –dimensionalspace,which adjustsits own
“flying” accordingto its flying experienceas well as the
flying experienceof otherparticles(companions).

Therehave beenmany variantsof thePSOtechnique
proposedso far, after Eberhartand Kennedyintroduced
it [3, 6, 7]. In our experimentswe useda new versionof
this algorithm, which is derived by addinga new inertia
weightto theoriginalPSOdynamics[2, 7]. Thisversionis
describedin thefollowing paragraphs.

First, let us define the notation adoptedin this pa-
per: the E -th particle of the swarm is representedby thew –dimensionalvector xXCXF P Q C N H Q C M H J J J H Q C yzR and the
bestparticlein the swarm, i.e. theparticlewith thesmall-
est function value, is denotedby index g. The bestpre-
vious position (i.e. the position giving the best function
value) of the E -th particle is recordedand representedas{ C2F P | C N H | C M H J J J H | C ymR , andthe positionchange(veloc-
ity) of the E -th particleis }>C5F P ~ C N H ~ C M H J J J H ~ C yzR .

Theparticlesaremanipulatedaccordingto thefollow-
ing equations~ C ��F��!� � ~ C �zZr� N B N P | C �ms Q C � R5ZZ!� M B M P | � �ms Q C � R � H (8)Q C ��F Q C �mZ ~ C � H (9)

where �
F�G H I H J J J H w ; EzF�G H I H J J J H � and � is thesize
of thepopulation;� is a constrictionfactor(usuallyequal
to G ) which is usedto controlandconstrictvelocities;� is
theinertiaweight; � N and � M aretwo positive constants;B N
and B M aretwo randomnumberswithin therange� S H G � .

The first equationis usedto calculatethe E -th parti-
cle’snew velocityby takinginto considerationthreeterms:
the particle’s previous velocity, the distancebetweenthe
particle’s bestprevious andcurrentposition, and, finally,
thedistancebetweenswarm’sbestexperience(theposition
of thebestparticlein theswarm)andthe E -th particle’scur-
rentposition.Then,following thesecondequation,the E -th
particleflies towarda new position. In general,theperfor-
manceof eachparticle is measuredaccordingto a prede-
finedfitnessfunction,which is problem–dependent.

The role of the inertia weight � is consideredvery
important in the PSOconvergencebehavior. The inertia
weight is employed to control the impactof the previous
history of velocitieson the currentvelocity. In this way,
theparameter� regulatesthetrade–off betweentheglobal
(wide–ranging)andthelocal (nearby)explorationabilities



�5� 0.1 0.9 1.8 2.6 3.3 4.4 5.2 6.1 6.5 7.4�[� 5.9 5.4 4.4 4.6 3.5 3.7 2.8 2.8 2.4 1.5

Table1. DataSet1, usedin Experiments1 and3.

�5� 0.05 0.11 0.15 0.31 0.46 0.52 0.70 0.74 0.82 0.98 1.17�[� 0.956 0.89 0.832 0.717 0.571 0.539 0.378 0.370 0.306 0.242 0.104

Table2. DataSet2, usedin Experiments2, 4 and5.

of the swarm. A large inertiaweight facilitatesglobalex-
ploration (searchingnew areas),while a small one tends
to facilitate local exploration, i.e. fine–tuningthe current
searcharea.A suitablevaluefor the inertiaweight � usu-
ally providesbalancebetweenglobalandlocalexploration
abilitiesandconsequentlya reductionon thenumberof it-
erationsrequiredto locatetheoptimumsolution.A general
rule of thumbsuggeststhat it is betterto initially set the
inertia to a large value,in orderto make betterglobalex-
plorationof the searchspace,andgraduallydecreaseit to
getmorerefinedsolutions.Thus,a time decreasinginertia
weightvalueis used.The initial populationcanbe gener-
atedeitherrandomlyor by usinga Sobolsequencegenera-
tor [13], whichensuresthatthe � -dimensionalvectorswill
beuniformly distributedwithin thesearchspace.

Fromtheabovediscussion,it is obviousthatPSO,to
someextent, resemblesevolutionaryprogramming.How-
ever, in PSO,insteadof usinggeneticoperators,eachin-
dividual (particle) updatesits own position basedon its
own searchexperienceandotherindividuals(companions)
experienceand discoveries. Adding the velocity term to
the current position, in order to generatethe next posi-
tion, resemblesthe mutationoperationof GeneticAlgo-
rithms. Note that in PSO,however, the “mutation” opera-
tor is guidedby theparticle’sown “flying” experienceand
benefitsfrom theswarm’s “flying” experience.In another
words,PSOis consideredasperformingmutationwith a
“conscience”,aspointedout by EberhartandShi [2].

The PSO techniquehas beenproved very efficient
in solvinggeneralGlobalOptimizationproblemsandper-
forming NeuralNetworks training [9, 10, 11, 12]. In the
next section, resultsobtainedby the applicationof this
techniqueto datafitting modellingproblemsareexhibited
andconclusionsarederivedin thefinal sectionof thepaper.

4. EXPERIMENT AL RESULTS

Themodelsthatweconsiderin thissectionare(or assumed
to be) implicit andarethe samethatappearin [14, 16] in
orderto obtaincomparableresults.All themodelsaresim-
ple andsomeof themareactuallyexplicit, but treatedas
implicit. The initial approximationfor thevector � is usu-
ally setequalto zeroandthis is theapproachwe followed

too. Concerningparameter� , thefixedvalue � � � wasused,
althoughit is moreproperfor many problemsto gradually
decreaseits valueto forceconvergenceof thepenaltyfunc-
tion to zero. Parameter� hada different initial valuefor
eachmodelandthedesiredaccuracy for all unknownswas� � �[� .

Thevaluesof thePSOparameterswere � ��� � �2�\�
(default values)and � wasgraduallydecreasedfrom � � �
toward � � � . The maximumallowablenumberof PSOit-
erationswas � � � andthe sizeof the swarm wasfixedand
equalto � � � for all experiments.

In all the tables,the found optimal valuesfor � and
for the � � normof � , denotedas ��� and � � � � � respectively,
arepresented.

Experiment 1 [14]. The first modelconsideredis the hy-
perbolicmodelintroducedby Britt andLuecke in [1] with  �_� � � � ��m¡ ���
The datausedis given in Table1 andthe initial valueof� wastaken equalto � � � . The resultsfor both the Trust
Region and the PSOmethodsaregiven in Table3. PSO
foundthesolutionafter � ¢ � iterations.

TrustRegion PSO��� 133.402 139.688� � � � � 7.255 3.446

Table3. Resultsof Experiment1.

Experiment 2 [14]. Thesecondmodelconsideredhas  � �£ ¤ ¥>¦ � ¤ �
¤ �-¡ �>� §

and the data used is given in Table 2. Initially, � �¨ � § � § � © ª wastakenandPSOfoundthesolutionafter � � «
iterations.Theresultsareexhibitedin Table4.

Experiment 3 [14]. This is anothermodelwith  � �£ ¤ ¥>¦ � ¤ �
¤ � ¡ �>� §



TrustRegion PSO¬�­ (1.001,-1.038,0.232) (0.997,-1.001,0.201)® ¯ ­ ® ° 0.112 0.001

Table4. Resultsof Experiment2.

andthedatausedis givenin Table1, aftersettingthefirst
valueof ± ° equalto 0.0. Initially, ¬³²�´ wastaken, and
PSOfoundthesolutionafter µ ¶ ´ iterations.Theresultsare
exhibitedin Table5.

TrustRegion PSO· ¸ (5.9,-0.839,0.142,-0.015) (5.91,-0.624,0.057,-0.006)¹ º ¸ ¹ » 1.925 0.298

Table5. Resultsof Experiment3.

Experiment 4 [14]. Herewe hadthenonlinearmodel¼ ²"¬ °�½ ¬�¾± °�½ ¬5¿'À ± ¾ Á
andthedatausedis given in Table2. The initial approxi-
mationwas ¬�²\Â À-Ã Á Ä Á ÀmÃ Å Æ andPSOfoundthesolution
after Ç È Ç iterations.Theresultsareexhibitedin Table6.

TrustRegion PSOÉ ¸ (-1.934,7.761,-2.638) (0.503,-17.009,-482.805)Ê Ë ¸ Ê » 0.109 0.165

Table6. Resultsof Experiment4.

Experiment 5 [14, 16]. This is a growth modelwith¼ ²"¬ °�½ ¬�¾ Ì Í[Î Ï À ± ¾ Á
andthedatausedis given in Table2. The initial approxi-
mationwas ¬!²ÐÂ ´ Á ´ Å Æ andPSOfoundthesolutionafterÃ Ñ ´ iterations.Theresultsareexhibitedin Table7.

TrustRegion PSO¬�­ (-0.225,1.245) (-0.227,1.247)® ¯ ­ ® ° 0.169 0.005

Table7. Resultsof Experiment5.

Experiment 6 [16]. This is theordinary rational function
modelwith ¼ ² ¬ °± ° À ¬5¾ À ± ¾ Á

andthedatawasgeneratedaccordingto thescheme±[Ò ²Ó´ Ô ´ µ ½ ´ Ô ´ Ä2Â Õ À µ Å ÁÖ Ò ½�× Ò ² µ ½ ±>Ò ½ Â ±>Ò ½�¯ Ò Å ¾ Á Õ�² µ Á Ô Ô Ô Á Ã ´ Á
where

× Ò areuniformly distributedin (-0.15,0.15),and
¯ Ò

areuniformly distributed in (-0.05, 0.05). The initial ap-
proximationwas ¬!²�Â µ Á µ Å Æ andPSOfoundthesolution
after Ç µ µ iterations.Theresultsareexhibitedin Table8.

TrustRegion PSO¬�­ (0.978,1.006) (1.0017,1.0002)® ¯ ­ ® ° 1.458 1.011

Table8. Resultsof Experiment6.

Experiment 7 [16]. This is thesimpledecaycurve, which
describesthedecayof a radioactivesubstance,¼ ²"¬ ° À ¬�¾-Ì Í[Ø Ù Î Ï À ± ¾ Ô
Thedatawasgeneratedaccordingto thescheme±>Ò ²Ó´ Ô ´ Ç Â Õ À µ Å ÁÖ Ò ½r× Ò ²ÓÚ À Ì Í5Û Î Ü Ý[Þ Ü ß Á Õ�² µ Á Ô Ô Ô Á Ã ´ Á
where

× Ò areuniformly distributedin (-0.15,0.15),and
¯ Ò

areuniformly distributed in (-0.05, 0.05). The initial ap-
proximationwas ¬0²àÂ Ú Á µ Á µ Å Æ andPSOfound the solu-
tion after Ú µ Ä iterations. The resultsareexhibited in Ta-
ble9.

TrustRegion PSO¬�­ (2.528,0.918,4.396) (2.709,1.007,0.975)® ¯ ­ ® ° 2.564 2.231

Table9. Resultsof Experiment7.

Experiment 8 [16]. This is the logistic curve, which de-
scribesthedecayof a radioactivesubstance,¼ ²!¬ ° À�á â ã8ä µ ½ Ì Í5Û Ø å Ý5Ø Ù Î Ï ß æ À ± ¾ Ô
Thedatawasgeneratedaccordingto thescheme±>Ò ²Ó´ Ô ´ Ç Â Õ À µ Å ÁÖ Ò ½r× Ò ²ÓÚ À�á â ã ä µ ½ Ì Í5Û ° Ý5Î Ü Ý[Þ Ü ß æ Á Õ�² µ Á Ô Ô Ô Á Ã ´ Á
where

× Ò areuniformly distributedin (-0.15,0.15),and
¯ Ò

areuniformly distributed in (-0.05, 0.05). The initial ap-
proximationwasagain ¬"²àÂ Ú Á µ Á µ Å Æ andPSOfound the



TrustRegion PSOç�è (2.812,0.487,16.033) (2.722,0.851,1.164)é ê è é ë 2.348 0.471

Table10. Resultsof Experiment8.

solutionafter ì ì í iterations. The resultsareexhibited in
Table10.

As exhibitedin all tables,PSOalmostalwaysoutper-
formedthe Trust Region algorithm. It wasable to detect
bettersolutionseven in vicinities of the searchspacethat
were far away from the vicinity of solutionsobtainedby
theTrustRegion method.Furthermore,althoughthesame
initial vectorfor the parameterç , asin [14], wasused,in
further experiments,that we performed,we obtainedthe
samegoodsolutionsstartingfrom arbitrarily choseninitial
points. The numberof iterationsperformedby the PSO
methodto detectthe optimum solutionswassurprisingly
small.

5. CONCLUSIONS

In this paper, we considertheability of theParticleSwarm
Optimizerto tackledatafitting models.Wehaveperformed
several experimentsin well known implicit aswell asex-
plicit models. The resultsobtainedby our approachhave
beencomparedwith the correspondingresultspresented
in [14, 16], wherea TrustRegionmethodwasused.

The resultspresentedhere are very promising and
makeclearthatPSOcansolveefficientlysuchproblems.In
many cases,theproblembecomeseasierdueto theability
of themethodto detectgoodsolutionsstartingfrom several
initial points,in contradictionto theTrust Region method
whosebehavior is heavily influencedby thestartingpoint.
Furthermore,thesolutionsareobtainedaftera quitesmall
numberof iterations. An importantrole is playedby the
penaltyparameterî . Usually, theconvergenceratesof both
techniquesandthequalityof resultsdependonthevalueofî .

Furtherwork hasto be doneto fully investigatethe
performanceof the algorithm in more complicatedprob-
lemsaswell asto derivepossiblecombinationsof thePSO
with otheralgorithmson this topic.
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