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Kef�laio 1

Eisagwg 

Η γέννηση της τοπολογίας.

Sta tèlh tou 17 ai¸na o Leibniz eÐqe ekfr�sei thn an�gkh dhmiourgÐac enìc nèou kl�dou twn
majhmatik¸n, o opoÐoc na mhn èqei sqèsh me ta megèjh, all� na asqoleÐtai me ta probl mata
jèshc. Ton kl�do autì o Ðdioc argìtera onìmase ”Analysis Situs”.

Merik� apì ta probl mata jèshc eÐnai ta patak�tw.

Το πρόβλημα των 7 γεφυρών.

Sthn pìlh Königsberg, pou brÐsketai stic ekbolèc tou potamoÔ Pregolya sth Baltik 
j�lassa, up�rqoun 7 gèfurec me thn di�taxh tou sq matoc 1.1aþ.

A

C

D

B

A

C

D

B

(aþ) 7 gèfurec

A

C

D

B

(bþ) Gr�fhma 7 gefur¸n

Σχήμα 1.1

Apì pali� touc katoÐkouc thc pìlhc Konigsberg apasqoloÔse to ex c prìblhma: p¸c
na per�soun apì ìlec tic gèfurec qwrÐc na diasqÐsoun thn Ðdia gèfura dÔo forèc. PolloÐ
k�toikoi pìlhc prospajoÔsan na to petÔqoun jewrhtik�   praktik� thn ¸ra tou perip�tou.
Den kat�fernan ìmwc na apodeÐxoun ìti jewrhtik� autì eÐnai adÔnaton.

To 1736 to prìblhma twn 7gefur¸n apasqìlhse ton Elbetì majhmatikì Euler.

Se èna aplopoihmèno sq ma-gr�fhma sumbìlise tic gèfurec me grammèc kai tic perioqèc
thc pìlhc me shmeÐa, ìpwc sto sq ma 1.1bþ.
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Katèlexe sta ex c sumper�smata:

• To pl joc twn koruf¸n stic opoÐec katal gei perittìc arijmìc gramm¸n eÐnai p�nta
�rtio.

• An se k�je koruf  katal gei �rtio pl joc gramm¸n, tìte mporoÔme na sqedi�soume to
gr�fhma me mi� molubi� xekin¸ntac apì opoiad pote koruf  kai epistrèfontac sth Ðdia.

• 'Ena gr�fhma mporeÐ na sqediasteÐ me mia molubi� an kai mìno an autì perièqei to polÔ
2 korufèc stic opoÐec katal gei perittìc arijmìc gramm¸n.

To gr�fhma twn 7 gefur¸n perièqei 4 perittèc korufèc, �ra den gÐnetai na per�sei kaneÐc
apì ìlec tic gèfurec qwrÐc na diasqÐsei dÔo forèc thn Ðdia gèfura.

To �rjro tou Euler gia tic Ept� Gèfurec tou Königsberg jewreÐtai wc èna apì ta pr¸ta
apotelèsmata pou den exart¸ntai apì kanènan tÔpo mètrhshc, dhlad  wc èna apì ta pr¸ta
topologik� apotelèsmata.

Ο τύπος του πολυέδρου.

Se mia �llh gnwst  ergasÐa tou Euler up�rqei o tÔpoc tou poluèdrou, pou efeurèjhke
apì ton Euler to 1752:

a0 − a1 + a2 = 2,

ìpou a0 -to pl joc twn koruf¸n, a1 -to pl joc twn akm¸n kai a2 -to pl joc twn edr¸n.
O tÔpoc tou poluèdrou den sqetÐzetai oÔte me ta m kh twn akm¸n tou poluèdrou, oÔte me

ta megèjh twn gwni¸n, eÐqe apodeiqjeÐ kai apì ton Dekart, o opoÐoc ìmwc sthn apìdeixh tou
qrhsimopoÐhse ta megèjh twn gwni¸n.

Το πρόβλημα των 4 χρωμάτων.

QrwmatÐzontac ènan q�rth eÐnai fusikì na epidi¸xei kaneÐc na qrhsimopoi sei ta ligìtera
qr¸mata, all� ètsi ¸ste ta geitonik� kr�th, pou èqoun koinì èna mèroc tou sunìrou touc
(ìqi mìno koinì shmeÐo) na èqoun diaforetikì qr¸ma.

To 1852 o Francis Guthrie qrwmatÐzontac q�rth me tic komhteÐec thc AgglÐac parat rhse
ìti ta 4 qr¸mata eÐnai arket�. O aderfìc tou FrenterÐk enhmèrwse gia to prìblhma ton
gnwstì majhmatikì DeMorgan, kai ekeÐnoc me th seir� tou th majhmatik  koinìthta.

AkoloÔjhsan pollèc lanjasmènec apodeÐxeic thc upìjeshc. To 1976 o amerikanìc Appel
kai o germanìc Haken apèdeixan ìti pr�gmati ta 4 qr¸mata eÐnai arket� gia ton qrwmatismì
enìc q�rth. 'Ena shmantikì mèroc twn elègqwn routÐnac sthn apìdeixh eÐqe ektelesteÐ apì
upologist .

Τοπολογία και οι εφαρμογές της.

O ìroc topologÐa an kei ston germanì majhmatikì Listing (1808-1882), o opoÐoc to
1847 sugkèntrwse ta apotelèsmata twn ereun¸n tou sthn ergasÐa <<Arqikèc melètec sthn
topologÐa>>.

To 1906 o Fréchet eis gage thn ènnoia tou metrikoÔ q¸rou.
To 1922 o Kuratowsky èdwse ton orismì tou topologikoÔ q¸rou pou qrhsimopoieÐtai

s mera.
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H genik  topologÐa prosdiorÐzei me austhrì majhmatikì trìpo tic ènnoiec ìpwc kampÔlh,
epif�neia, sÔnoro miac perioq c, di�stash enìc sunìlou.

H topologikèc mèjodoi qrhsimopoioÔntai sthn pragmatik  an�lush, sthn migadik  an�lush,
sth sunarthsiak  an�lush, akìma kai sth statistik .

H jewrÐa twn grafhm�twn, tic arqèc thc opoÐac èjese o Euler, brÐskei �mesh efarmog 
sthn epist mh twn upologist¸n.

Poll� probl mata moriak c biologÐac, qhmeÐac, fusik c kai �llwn episthm¸n, an�gontai
se topologik� probl mata.
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Kef�laio 2

SÔnola kai apeikonÐseic.

2.1 SÔnola

Wc sÔnolo ja ennooÔme mia sullog  antikeimènwn pou èqoun mia dedomènh idiìthta.
Ena sÔnolo A kaleÐtai uposÔnolo enìc sunìlou B, gr�foume A ⊆ B, an k�je stoiqeÐo

tou A eÐnai stoiqeÐo tou B.
DÔo sÔnola A kai B kaloÔntai Ðsa, gr�foume A = B, an A ⊆ B kai B ⊆ A.
'Ena sÔnolo A kaleÐtai gn sio uposÔnolo tou B, an A ⊆ B kai A 6= B.
Deqìmaste ìti up�rqei sÔnolo qwrÐc stoiqeÐa, to sÔnolo autì kaleÐtai kenì sÔnolo kai

sumbolÐzetai me ∅. Profan¸c ∅ ⊆ A, gia opoiod pote sÔnolo A.
To sÔnolo ìlwn twn uposunìlwn ènoc sunìlou X kaleÐtai dunamosÔnolo tou X kai sum-

bolÐzetai me P (X): P (X) = {A : A ⊆ X}
'Estw A kai B dÔo uposÔnola enìc sunìlou X. OrÐzoume ta sÔnola:
A ∪B = {x|x ∈ A   x ∈ B} ènwsh twn A kai B,
A ∩B = {x|x ∈ A kai x ∈ B} tom  twn A kai B,
A \B = {x|x ∈ A kai x 6∈ B} diafor� tou B apì to A,
Ac = X \ A sumpl rwma tou A wc proc X
Gia A 6= ∅ kai B 6= ∅ orÐzoume epÐshc to ginìmeno tou A epÐ tou B:

A×B = {(a, b)| a ∈ A kai b ∈ B}

SumbolÐzoume A2 = A× A.

Βασικές ιδιότητες των πράξεων ∪, ∩

1. Antimetajetikèc: A ∪B = B ∪ A
A ∩B = B ∩ A

2. Prosetairistikèc: A ∪ (B ∪ C) = (A ∪B) ∪ C
A ∩ (B ∩ C) = (A ∩B) ∩ C

3. Epimeristikèc: A ∪ (B ∩ C) = (A ∪B) ∩ (A ∪ C)
A ∩ (B ∪ C) = (A ∩B) ∪ (A ∩ C)

4. Nìmoi tou De Morgan (A ∪B)c = Ac ∩Bc kai (A ∩B)c = Ac ∪Bc

9
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2.2 ApeikonÐseic

Estw X kai Y dÔo sÔnola.

Apeikìnhsh f : X → Y eÐnai k�je uposÔnolo f ⊆ X × Y me thn idiìthta: gia k�je x ∈ X
up�rqei monadikì y ∈ Y tètoio ¸ste (x, y) ∈ f .

An (x, y) ∈ f , tìte gr�foume y = f(x).
To sÔnolo ìlwn twn apeikonÐsewn apì èna sÔnolo X se èna sÔnolo Y ja to sumbolÐzoume

me Y X , dhlad 
Y X = {f |f : X → Y }

Estw f : X → Y mia apeikìnish, A ⊆ X kai B ⊆ Y .

f [A] = {f(x)|x ∈ A} kaleÐtai eikìna tou A

f−1[B] = {x ∈ X|f(x) ∈ B} kaleÐtai proeikìna tou B

An f [X] = Y , tìte h apeikìnish f kaleÐtai apeikìnish tou X epÐ tou Y .

An f(x1) 6= f(x2), ìtan x1 6= x2, h apeikìnish f kaleÐtai amfimonos manth   èna proc èna
(gr�foÔme f eÐnai 1-1).

K�je apeikìnish a : {0, 1, ..., n} → X, ìpou n ∈ N, kaleÐtai peperasmènh akoloujÐa tou X
kai sumbolÐzetai me a0, ..., an   {ai}ni=1, ìpou an = a(n).

Kaje apeikìnish a : N → X kaleÐtai akoloujÐa tou X kai sumbolÐzetai me a0, a1, ..., an, ...  
{an}∞n=1, ìpou an = a(n).

Mia akoloujÐa {bn}∞n=1 kaleÐtai upakoloujÐa thc akoloujÐac {an}∞n=1, an up�rqei mÐa gnhsÐwc
aÔxousa apeikìnish k : N→ N tètoia ¸ste bn = ak(n).

Αντίστροφη απεικόνιση

AntÐstrofh apeikìnish miac èna proc èna kai epÐ apeikìnishc f : X → Y eÐnai h apeikìnish
g : Y → X pou orÐzetai wc exhc:

g(y) = f−1[{y}] gia k�je y ∈ Y

Dhlad , an f(x) = y, tìte g(y) = x.
H antÐstrofh apeikìnish sumbolÐzetai me f−1.

Σύνθεση απεικονίσεων.

Gia dÔo apeikonÐseic f : X → Y kai g : Y → Z orÐzoume thn sÔnjesh touc g ◦ f : X → Z
wc exhc:

(g ◦ f)(x) = g(f(x)), gia k�je x ∈ X

Αξίωμα της Εκλογής (του Zermelo).

Gia k�je sÔnolo M ana dÔo mh temnìmenwn mh ken¸n sunìlwn Mt, t ∈ T , up�rqei mÐa
sun�rthsh σ : M→

⋃
t∈T Mt, tètoia ¸ste gia k�je t ∈ T isqÔei

f(Mt) = mt ∈Mt
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2.3 Plhj�rijmoc sunìlou.

Ja sumbolìlÐzoume me N = {1, 2, ...} to sÔnolo twn fusik¸n arijm¸n.
'Estw ìti A eÐnai èna sÔnolo me n stoiqeÐa, dhlad  A = {a1, ..., an}. Tìte up�rqei 1-1 kai

èpi apeikonish f : A→ {1, 2, ..., n}, arkeÐ na orÐsoume f(ak) = k gia k�je k = 1, ..., n.
DÔo sÔnola A kai B kaloÔntai plhjik� isodÔnama   ìti èqoun ton Ðdio plhj�rijmo   ìti

èqoun thn Ðdia isq  an up�rqei mia èna proc èna kai epÐ apeikìnish f : A → B. Gr�foume
A ∼ B.

'Ena sÔnolo A kaleÐtai peperasmèno an eÐnai kenì   an eÐnai plhjik� isodÔnamo me èna
sÔnolo thc morf c {1, 2, ..., n}.

Se k�je peperasmèno sÔnolo A mporoÔme na antistoiq soume ènan arijmì pou eÐnai to
pl joc twn stoiqeÐwn tou, ton arijmì autì to onom�zoume plhj�rijmo (  isq ) tou A.

'Etsi to kenì sÔnolo èqei plhj�rijmo 0 kai èna sÔnolo me n èqei plhj�rijmo n. To pl joc
twn stoiqeÐwn enìc peperasmèno sunìlou A ja to sumbolÐzoume me |A|.

Par�deigma 2.3.1. 'Estw M kai N dÔo mh ken� peperasmèna sÔnola,

M ×N = {(m,n)|m ∈M kai n ∈ N} kai NM = {f |f : M → N}

An |M | = m kai |N | = n, tìte |M ×N | = m · n kai |NM | = nm.

K�je sÔnolo pou den eÐnai peperasmèno kaleÐtai �peiro.
'Ena sÔnolo A kaleÐtai arijm simo an eÐnai isodÔnamo me èna uposÔnolo tou sunìlou twn

fusik¸n arijm¸n. 'An ena sÔnolo A arijm simo kai �peiro, tìte ta stoiqeÐa tou mporoÔn na
parastajoÔn me mi� �peirh akoloujÐa

a1, a2, ..., an, ...

ParadeÐgmata 2.3.1.

1. To sÔnolo twn �rtiwn (peritt¸n) fusik¸n arijm¸n eÐnai arijm simo.

Pr�gmati, h apeikìnish f : 2n→ n (f : 2n− 1→ n) eÐnai èna-proc èna kai epÐ.

2. To sÔnolo twn arnhtik¸n akeraÐwn eÐnai arijm simo.

Pr�gmati, h apeikìnish f : −n→ n eÐnai èna-proc èna kai epÐ.

3. To sÔnolo ìlwn twn pragmatik¸n arijm¸n tou diast matoc (0, 1) eÐnai mh arijm simo.

Pr�gmati, ac upojèsoume ìti, antÐjeta, to (0, 1) eÐnai arijm simo. Tìte ta stoiqeÐa tou
(0, 1) mporoÔn na parastajoun me mi� akoloujÐa

x1, x2, ..., xk, ...

K�je xk mporeÐ na grafeÐ me monadikì trìpo se morf  enìc �peirou dekadikoÔ kl�smatoc
0, x1kx

2
k...x

n
k ..., to opoÐo den eÐnai periodikì me perÐodo 9:

x1 = 0, x11x
2
1x

3
1...x

n
1 ...

x2 = 0, x12x
2
2x

3
2...x

n
2 ...

............................
xk = 0, x1kx

2
kx

3
k...x

n
k ...

............................
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Gia na katal xoume se �topo, arkeÐ na orÐsoume ènan arijmì b ∈ (0, 1) pou den isoÔtai
me kanèna apì ta xk.

Jètoume {
bn = 1, an xnn 6= 1
bn = 2, an xnn = 1

JewroÔme ton arijmì b = 0, b1, b2, ..., bn, ... ∈ (0, 1).

An 0, b1, b2, ..., bn, ... = xk = 0, x1kx
2
k...x

n
k ..., tìte bn = xnk gia k�je n. Opìte bk = xkk.

Apì thn �llh meri� èqoume {
bk = 1, an xkk 6= 1
bk = 2, an xkk = 1

Opìte bk 6= xkk, pou eÐnai �topo. .

4. To sÔnolo ìlwn twn pragmatik¸n arijm¸n opoioud pote diast matoc (a, b) eÐnai mh ari-
jm simo.

'ArkeÐ na deÐxoume ìti (a, b) eÐnai pl jik� isodÔnamo me to mh arijm simo (0, 1). Pr�gmati,
h f : (0, 1)→ (a, b) pou orÐzetai apì ton tÔpo

f(x) = (b− a)x+ a

eÐnai 1-1 kai epÐ.

5. To sÔnolo R ìlwn twn pragmatik¸n arijm¸n eÐnai mh arijm simo.

H apeikìnish f : R → (−1, 1) pou orÐzetai apì ton tÔpo f(x) = arctan x eÐnai 1-1 kai
epÐ, �ra to R eÐnai plhjik� isodÔnamo me to mh arijm simo sÔnolo (−1, 1).

Je¸rhma 2.3.2. K�je uposÔnolo ènoc arijmhsÐmou sunìlo èinai arijm simo.

Apìdeixh. 'Estw A = {x1, ..., xn, ...} 'Ena arijm simo sÔnolo kai B ⊆ A.
'Estw b1 eÐnai to pr¸to stoiqeÐo thc x1, ..., xn, ... pou an kei sto B, ..., bn eÐnai to n stoiqeÐo

thc x1, ..., xn, ... pou an kei sto B k.t.l..
An met� apì n b mata h x1, ..., xn, ... den ja perièqei �llo stoiqeÐo tou B, tìte B =

{b1, ..., bn} eÐnai peperasmèno, diaforetik� B = {b1, ..., bn, ...} eÐnai arijm simo.

Je¸rhma 2.3.3. K�je diamèrish ènoc arijmhsÐmou sunìlou eÐnai arijm simo sÔnolo.

Apìdeixh. 'Estw A èna arijm simo sÔnolo kai D mia diamèrish tou A.
Se k�je d ∈ D antistoiqoÔme èna stoiqeÐo tou ad ∈ d.
To sÔnolo A′ = {ad : d ∈ D} eÐnai arijm simo wc uposÔnolo arijm simou sunìlou A.
'Estw f : D → A′ h apeikìnish gia thn opoÐa f(d) = ad. H f eÐnai 1-1 kai epÐ. Sunep¸c D

eÐnai plhjik� isodÔnamo me to A′, �ra D eÐnai arijm simo.

Je¸rhma 2.3.4. An B = f(A) kai to sÔnolo A eÐnai arijm simo, tìte kai to sÔnolo B
eÐnai arijm simo.
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Apìdeixh. 'Estw fA = {f−1(b)|b ∈ B kai g : B → fA orÐzetai apì th sqèsh g(b) = f−1(b).
Epeid  fA eÐnai diamèrish tou arijm simou sunìlou A, fA eÐnai arijm simo. Omwc g eÐnai èna
proc èna kai epÐ, �ra B ∼ fA

Je¸rhma 2.3.5. H ènwsh twn stoiqeÐwn miac arijm simhc oikogèneiac arijmhsÐmwn sunìl-
wn eÐnai arijm simo sÔnolo.

Apìdeixh. Epeid  k�je peperamèno sÔnolo eÐnai uposÔnolo enìc arijm simou sunìlou, arkeÐ
na apodeÐxoume to Je¸rhma gia mia �peirh arijm simh oikogèneia �peirwn arijm simwn sunìl-
wn.

'Estw {A1, ..., An, ...} mia �peirh kai arijmÐsimh oikogèneia sunìlwn to kajèna apì ta opoÐa
eÐnai �peiro kai arijm simo, dhlad 

A1 = {a11, a12, ..., a1n, ...}
A2 = {a21, a22, ..., a2n, ...}
A3 = {a31, a32, ..., a3n, ...}
.......................................
Am = {am1, am2, ..., amn, ...}
.......................................

An ta stoiqeÐa thc {A1, ..., An, ...} den tèmnontai an� dÔo, tìte h ènwsh
⋃∞
n=1An mporeÐ na

arijmhjeÐ wc ex c:

a11, a12, a21, a13, a22, a31, a14, a23, a32, a41, ...

An k�poia apì ta stoiqeÐa thc {A1, ..., An, ...} tèmnontai, tìte paÐrnoume thn arijm simh
oikogèneia arijmhsÐmwn sunìlwn {B1, ..., Bn, ...}, ìpou

B1 = A1, , B1 = A2 \B1, \, ..., Bn = An \ (B1 ∪ ... ∪Bn), ...

Epeid  ta stoiqeÐa thc {B1, ..., Bn, ...} den tèmnontai an� dÔo, h ènwsh touc
⋃∞
n=1Bn eÐnai

arijm simo sÔnolo. 'Omwc
⋃∞
n=1An =

⋃∞
n=1Bn, �ra

⋃∞
n=1An eÐnai arijm simo.

ParadeÐgmata 2.3.6.

1. To sÔnolo Z ìlwn twn akeraÐwn arijm¸n eÐnai arijm simo.

Jètoume Z− = {z ∈ Z : z < 0}, tìte Z− arijm simo.

'Ara Z = Z− ∪ {0} ∪ N eÐnai arijm simo wc ènwsh arijmhsÐmwn sunìlwn.

2. To sÔnolo N× N eÐnai arijm simo.

Gia k�je n ∈ N jètoume

Pn = {(p, q) ∈ N : p+ q = n+ 1}

Tìte P1 = {(1, 1)}, P2 = {(1, 2), (2, 1)},..., Pn perilamb�nei n stoiqeÐa

(1, n), (2, n− 1), (3, n− 2), ..., (n, 1)

Profan¸c N×N =
⋃∞
n=0 Pn eÐnai arijm simo wc ènwsh arijm simhc oikogèneiac arijmh-

sÐmwn sunìlwn.
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3. To sÔnolo twn rht¸n arijm¸n eÐnai arijm simo.

Pr�gmati, èstw Q to sÔnolo twn rht¸n arijm¸n, Q+ = {q ∈ Q : q > 0} kai Q− = {q ∈
Q : q < 0}.
JewroÔme to sÔnolo

Q′ = {(m,n) ∈ N× N : m 6= 0 kai n 6= 0 eÐnai pr¸toi metaxÔ touc}

Epeid  N× N eÐnai arijm simo kai Q′ ⊆ N× N, to sÔnolo Q′ eÐnai arijm simo. Up�rqei
mia èna proc èna antistoiqeÐa metaxÔ tou Q+ kai twn klasm�twn m

n
, ìpou m 6= 0 kai

n 6= 0 eÐnai dÔo fusikoÐ arijmoÐ pr¸toi metaxÔ touc. SÔnep¸c Q+ eÐnai arijm simo.

To sÔnolo Q−eÐnai arijm simo wc plhjik� isodÔnamo me to arijm simo sÔnolo Q+. 'Ara
Q = Q− ∪ {0} ∪Q+ eÐnai arijm simo wc ènwsh arijm simwn sunìlwn.

Je¸rhma 2.3.7. To sÔnolo ìlwn twn peperasmènwn uposunìlwn ènoc arijm simou sunìlou
eÐnai arijm simo.

Apìdeixh. 'Estw A èna arim simo sÔnolo. Epeid  to N × N eÐnai arijm simo, to sÔnolo
A2 = A× A ìlwn twn zeug¸n twn stoiqeÐwn tou A eÐnai arijm simo.

Ac upojèsoume ìti to sÔnolo An ìlwn twn n-adwn tou A eÐnai arijm simo.
Gia k�je (a1, ..., an) ∈ An jètoume P (a1, ..., an) = {(a1, ..., an, a) : a ∈ A}.
Epeid  to A eÐnai arijm simo, to P (a1, ..., an) eÐnai arijm simo.
'Eqoume An+1 =

⋃
{P (a1, ..., an) : (a1, ..., an) ∈ An}.

Epomènwc An+1 eÐnai arijm simo wc ènwsh arijmisÐmou pl jouc arijmhsÐmwn sunìlwn.
'Ara kai A = {∅} ∪ (

⋃∞
n=1A

n) eÐnai arijm simo.

ParadeÐgmata 2.3.8.

1. To sÔnolo ìlwn twn poluwnÔmwn

a0x
n + a1x

n−1 + ...+ an−1x+ a0

me rhtoÔc suntelestèc eÐnai arijm simo.

'Afou ta polu¸numa aut� antistoiqoÔn sta peperasmèna uposÔnola

{a0, a1, ..., an}

tou sunìlou twn rht¸n arijm¸n.

2. To sÔnolo ìlwn twn algebrik¸n arijm¸n (twn riz¸n twn poluwnÔmwn me rhtoÔc sunte-
lestèc) eÐnai arijm simo.

Pr�gmati, k�je polu¸numo bajmoÔ n èqei to polÔ n diforetikèc rÐzec. Epeid  to sÔnolo
ìlwn twn poluwnÔmwn me rhtoÔc suntelestèc eÐnai arijm simo, to sÔnolo twn algebrik¸n
arijm¸n eÐnai arijm simo.
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Je¸rhma 2.3.9. Gia k�je sÔnolo X to dunamosÔnolo P (X) eÐnai plhjik� isodÔnamo me to
sÔnolo {0, 1}X .

Apìdeixh. Se k�je A ⊆ X antistoiqoÔme mia apeikìnish fA : X → {0, 1} wc ex c:{
fA(x) = 0, an x ∈ A
fA(x) = 1, an x 6∈ A

'Estw f : P (X)→ {0, 1}X h apeikìnish gia thn opoÐa f(A) = fA.
Ja deÐxoume ìti h f eÐnai epÐ. 'Estw g ∈ {0, 1}X . Jètoume A = g−1(0). Tìte{

g(x) = 0, an x ∈ A
g(x) = 1, an x 6∈ A

'Ara, g = fA = f(A).
Ja deÐxoume ìti h f eÐnai 1-1. 'Estw A1, A2 ∈ P (X) kai A1 6= A2. Epeid  ta uposÔnola

A1 kai A2 tou X den eÐnai Ðsa, up�rqei x ∈ X tètoio ¸ste   x ∈ A1 kai x 6∈ A2   x 6∈ A1 kai
x ∈ A2. Sunep¸c   fA1(x) = 0 kai fA2(x) = 1   fA1(x) = 1 kai fA2(x) = 0. 'Ara fA1 6= fA2 ,
dhlad  f(A1) 6= f(A2).

Pìrisma 2.3.10. An èna peperasmèno sÔnolo X èqei n stoiqeÐa, tìte to dunamo- sÔnolo
P (X) èqei 2n stoiqeÐa.

Apìdeixh. P (X) eÐnai plhjik� isodÔnamo me to {0, 1}X . Epeid  |X| = n kai |{0, 1}| = 2,
prokÔptei ìti |P (X)| = |{0, 1}X | = 2n.

Je¸rhma tou Schroeder kai Bernstein 2.3.1. 'Estw A kai B dÔo sÔnola.
An to A eÐnai isodÔnamo me k�poio uposÔnolo tou B kai B eÐnai isodÔnamo me k�poio up-

osÔnolo tou A, tìte A ∼ B.

Ja lème ìti o plhjarijmoc tou sunìlou A eÐnai mikrìteroc   Ðsoc tou plhj�rijmou tou
sunìlou B an A eÐnai isodÔnamo me èna uposÔnolo tou B.

Ja lème ìti o plhjarijmoc tou sunìlou A eÐnai mikrìteroc tou plhj�rijmou tou sunìlou
B an A eÐnai isodÔnamo me èna uposÔnolo tou B kai ta sÔnola A kai B den eÐnai isodÔnama.

Je¸rhma 2.3.11. K�je �peiro sÔnolo perièqei èna �peiro arijm simo uposÔnolo.

Apìdeixh. 'Estw A èna �peiro sÔnolo kai a1 ∈ A. Epeid  A eÐnai �peiro, up�rqei a2 ∈ A,
tètoio ¸ste a2 6= a1.

Ac upojèsoume ìti èqoume orÐsei n stoiqeÐa a1, ..., an tou A diaforetik� metaxÔ touc.
Epeid  A eÐnai �peiro, A 6= {a1, ..., an}, �ra up�rqei an+1 ∈ A \ {a1, ..., an}.

To sÔnolo A′ = {a1, ..., an, ...} eÐnai arijm simo uposÔnolo tou A.

Pìrisma 2.3.12. O plhj�rijmoc tou N eÐnai mikrìteroc   Ðsoc tou plhj�rijmou opoioud -
pote �peirou sunìlou.

Je¸rhma 2.3.13. 'Estw X kai Y dÔo mh ken� sÔnola kai Y èqei perissìtera tou enìc
stoiqeÐa. Tote o plhj�rijmoc tou X eÐnai mikrìteroc tou plhj�rijmou tou Y X .

Je¸rhma 2.3.14. O plhj�rijmoc k�je sunìlou X eÐnai mikrìteroc apì ton plhj�rijmo tou
dunamosunìlou tou P (X).



S
of
Ða
Za
fe
ir
Ðd
ou

16

Apìdeixh. 1oc trìpoc. MporoÔme na orÐsoume mia èna proc èna apeikìnish f : X → P (X),
jètontac f(x) = {x} gia k�je x ∈ X. 'Ara o plhj�rijmoc tou X eÐnai mikrìteroc   Ðsoc tou
plhj�rijmou tou P (X).

Ac upojèsoume ìti X kai P (X) eÐnai plhjik� isodÔnama. Tìte up�rqei mia 1-1 kai epÐ
apeikìnish g : X → P (X).

Jètoume X̃ = {x ∈ X : x 6∈ g(x)}. Tìte X̃ ⊆ X, �ra X̃ ∈ P (X). Epeid  g eÐnai epÐ
X̃ = g(x).

An x ∈ X̃, tìte x 6∈ g(X), �ra x 6∈ X̃, pou eÐnai �topo.
An x 6∈ X̃ = g(x), tìte x 6∈ g(x), �ra x ∈ X̃, pou eÐnai �topo.
2oc trìpoc. O plhj�rijmoc tou X eÐnai mikrìteroc apì ton plhj�rijmo tou {0, 1}X .

To sÔnolo {0, 1}X èqei ton Ðdio plhj�rijmo me to P (X). 'Ara o plhj�rijmoc tou X eÐnai
mikrìteroc apì ton plhj�rijmo tou P (X).
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Kef�laio 3

MetrikoÐ q¸roi.

3.1 Orismìc metrikoÔ q¸rou.

Orismìc 3.1.1. 'Estw X èna mh kenì sÔnolo.
MÐa apeikìnish d : X × X → R+ ∪ {0} kaleÐtai metrik  epÐ tou X an ikanopoieÐ tic

akìloujec sunj kec (axi¸mata thc metrik c):

(i) d(x, y) = 0⇐⇒ x = y (axÐwma taÔtishc)

(ii) d(x, y) = d(y, x) gia k�je x, y ∈ X (axÐwma summetrÐac)

(iii) d(x, z) ≤ d(x, y) + d(y, z) gia k�je x, y, z ∈ X (anisìthta tou trig¸nou).

An d eÐnai metrik  epÐ tou X, tìte to zeÔgoc (X, d) kaleÐtai metrikìc q¸roc.

ParadeÐgmata 3.1.2.

Na apodeiqjeÐ ìti   apeikìnish d : X ×X → R eÐnai metrik  epÐ tou X an:

1. X eÐnai èna mh kenì sÔnolo kai d(x, y) =

{
0, an x = y
1, an x 6= y

H metrik  d pou orÐsthke parap�nw kaleÐtai diakrit  metrik .

2. X = R ∪ {−∞} ∪ {∞} kai d(x, y) = |f(x)− f(y)|, ìpou

f(−∞) = −1, f(x) =
x

1 + |x|
an x ∈ R, f(∞) = 1

3. X = Rn kai gia x̄ = (x1, ..., xn), ȳ = (y1, ..., yn) ∈ Rn

(aþ) d(x̄, ȳ) = dn(x̄, ȳ) =

√
n∑
i=1

(yi − xi)2

(bþ) d(x̄, ȳ) =
n∑
i=1

|yi − xi|

(gþ) d(x̄, ȳ) = max{|yi − xi| : 1 ≤ i ≤ n}

(dþ) d(x, y) =

(
n∑
i=1

|yi − xi|p
) 1

p

, p ≥ 1

17
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Apì thn anisìthta tou Minkowsky:(
n∑
i=1

|ai + bi|p
) 1

p

≤

(
n∑
i=1

|ai|p
) 1

p

+

(
n∑
i=1

|bi|p
) 1

p

, ai, bi ∈ R p ≥ 1

4. X = {x̄ = {xn}∞n=1 : {xn}∞n=1 akoloujÐa tou R tetoia ¸ste
∞∑
i=1

x2 <∞} kai

d(x̄, ȳ) =

√√√√ ∞∑
i=1

(yi − xi)2

O (X, d) kaleÐtai q¸roc Hilbert kai sumbololÐzetai `2.

5. X = {{xn}∞n=1 : {xn}∞n=1 fragmènh akoloujÐa tou R}

d(x, y) = sup{|yi − xi| : i = 1, 2, ...}

6. X = C[a,b] = {f : [a, b]→ R : f suneq c }

(aþ) d(f, g) = max{|f(x)− g(x)| : x ∈ [a, b]}

(bþ) d(f, g) =
∫ 1

0
|f(x)− g(x)|dx

(gþ) d(f, g) =
∣∣∣∫ ba |f(x)− g(x)|2dx

∣∣∣ 12
7. 'Estw A èna sÔnolo kai X = {{an}∞n=1 : {an}∞n=1 akoloujÐa tou A}.

'Estw {an}∞n=1, {bn}∞n=1 ∈ X

An {an}∞n=1 = {bn}∞n=1, tìte orÐzoume d({an}∞n=1, {bn}∞n=1) = 0.

An {an}∞n=1 6= {bn}∞n=1, tìte orÐzoume

d({an}∞n=1, {bn}∞n=1) =
1

m
,

ìpou m = min{k : ak 6= bk}.

O metrikìc q¸roc (X, d) kaleÐtai q¸roc tou Baire kai sumbolÐzetai me BA.

Prìtash 3.1.3. MÐa apeikìnish d : X ×X → R eÐnai metrik  an kai mìnon an ikanopoieÐ
tic akìloujec sunj kec:

(i) d(x, y) = 0⇐⇒ x = y

(ii) d(x, z) ≤ d(y, x) + d(y, z) gia k�je x, y, z ∈ X
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3.2 YeudometrikoÐ q¸roi.

Orismìc 3.2.1. 'Estw X èna mh kenì sÔnolo.
MÐa apeikìnish d : X ×X → R+ ∪ {0} kaleÐtai yeudometrik  epÐ tou X an ikanopoieÐ tic

akìloujec sunj kec (axi¸mata thc metrik c):
(i) d(x, x) = 0 gia k�je x ∈ X,
(ii) d(x, y) = d(y, x) gia k�je x, y ∈ X (axÐwma summetrÐac),
(iii) d(x, z) ≤ d(x, y) + d(y, z) gia k�je x, y, z ∈ X (anisìthta tou trig¸nou).

An d eÐnai yeudometrik  epÐ tou X, tìte to zeÔgoc (X, d) kaleÐtai yeudometrikìc q¸roc.

Prìtash 3.2.2. K�je metrik  eÐnai yeudometrik .

Par�deigma 3.2.3.

'Estw X = {{xn}∞n=1 : {xn}∞n=1 sugklÐnousa akoloujÐa tou R} kai

d(x, y) = lim
n→∞

|yn − xn|.

H d eÐnai yeudometrik  kai den eÐnai metrik .

3.3 Apìstash metaxÔ dÔo sunìlwn sto metrikì q¸ro.

Orismìc 3.3.1. 'Apìstash metaxÔ twn dÔo uposunìlwn A kai B enìc metrikoÔ q¸rou (X, d)
eÐnai o arijmìc

d(A,B) = inf{d(a, b) : a ∈ A, b ∈ B}
Apìstash enìc shmeÐou x apì èna sÔnolo A eÐnai o arijmìc

d(x,A) = inf{d(x, a) : a ∈ A}

Prìtash 3.3.2. An X metrikìc q¸roc x, y ∈ X kai A ⊆ X, tìte

d(x,A) ≤ d(x, y) + d(y, A)

Apìdeixh. 'Estw a ∈ A. Apì ton orismì thc apìstashc d(x,A)

d(x,A) ≤ d(x, a) (3.1)

Apì thn trigwnik  idiìthta thc metrik c

d(x, a) ≤ d(x, y) + d(y, a) (3.2)

Apì tic sqèseic (3.1) kai (3.2) èpetai ìti gia k�je a ∈ A

d(x,A) ≤ d(x, y) + d(y, a) (3.3)

Epomènwc gia k�je a ∈ A
d(x,A)− d(x, y) ≤ d(y, a)

Sunep¸c
d(x,A)− d(x, y) ≤ inf{d(y, a) : a ∈ A} = d(y, A)

'Ara,
d(x,A) ≤ d(x, y) + d(y, A)
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3.4 SfaÐrec metrikoÔ q¸rou

'Estw (X, d) ènac metrikìc q¸roc. Gia k�je x ∈ X kai gia k�je ε > 0 orÐzoume thn
anoikth sfaÐra (ε-geitoni�) me kèntro x kai aktÐna ε

S(x, ε) = {y ∈ X : d(x, y) < ε}

kai thn kleist  sfaÐra me kèntro x kai aktÐna ε

S[x, ε] = {y ∈ X : d(x, y) ≤ ε}

Epeid  d(x, x) = 0 < ε gia k�je ε > 0 isqÔei: x ∈ S(x, ε) kai x ∈ S[x, ε].
An ε1 < ε2, tìte S(x, ε1) ⊆ S(x, ε2)

ParadeÐgmata 3.4.1.

1. JewroÔme epÐ tou R2 tic ex c metrikèc:

σ(M,N) = |xM − xN |+ |yM − yN |
d(M,N) =

√
(xM − xN)2 + (yM − yN)2

µ(M,N) = max{|xM − xN |, |yM − yN |}, ìpou M = (xM , yM) kai N = (xN , yN).

Gia k�je M ∈ R2 kai gia k�je ε > 0: Sσ(M, ε) ⊆ Sd(M, ε) ⊆ Sµ(M, ε)

2. 'Estw (X, d) metrikìc q¸roc me diakrit  metrik  d kai x ∈ X.

An ε ≤ 1, tìte S(x, ε) = {x}.
An ε > 1, tìte S(x, ε) = X.

3. 'Estw (X, d) metrikìc q¸roc, x ∈ X kai ε > 0.

Gia k�je a ∈ S(x, ε) up�rqei εa > 0 tètoio ¸ste S(a, εa) ⊆ S(x, ε).

Prìtash 3.4.2. Gia opoiad pote dÔo diaforetik� shmeÐa x kai y enìc metrikoÔ q¸rou X
up�rqoun sfaÐrec S(x, ε) kai S(y, ε) tètoiec ¸ste S(x, ε) ∩ S(y, ε) = ∅.

3.5 Anoikta kai kleist� sÔnola.

Orismìc 3.5.1. 'Estw X ènac metrikìc q¸roc kai G ⊆ X èna uposÔnolo.

G kaleÐtai an gia k�je x ∈ G up�rqei ε > 0 tètoio ¸ste S(x, ε) ⊆ G.

G kaleÐtai kleistì an to sumpl rwma tou X \G eÐnai anoiktì.

ParadeÐgmata 3.5.2.

1. Se k�je metrikì q¸ro X ta sÔnola X kai ∅ eÐnai anoikta kai kleist� sugqrìnwc.

2. Se k�je metrikì q¸ro oi anoiktèc sfaÐrec S(x, ε) eÐnai anoikta sÔnola kai oi kleistèc
sfaÐrec S[x, ε] eÐnai kleista sÔnola.

3. An d eÐnai diakrit  metrik  epÐ tou sunìlou X, tìte k�je uposÔnolo tou (X, d) eÐnai
anoiktì kai kleistì.
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4. An (X, d) metrikìc q¸roc, A ⊆ X kai ε > 0, tìte to sÔnolo

S(A, ε) = {x ∈ X : d(x,A) < ε} eÐnai anoiktì.

5. To monosÔnolo {x} eÐnai kleistì sto metrikì q¸ro X gia k�je x ∈ X.

6. Gia k�je kleistì uposÔnolo F enìc metrikoÔ q¸rou X kai gia k�je x ∈ X \F up�rqoun
anoikt� sÔnola Ox kai OF tètoia ¸ste

x ∈ Ox, F ⊆ OF kai Ox ∩OF = ∅

Je¸rhma 3.5.3. H ènwsh twn stoiqeÐwn opoiasd pote oikogèneiac {Ga}a∈A anoikt¸n sunìl-
wn enìc metrikoÔ q¸rou X eÐnai anoiktì sÔnolo.

Apìdeixh. To Je¸rhma isqÔei sthn perÐptwsh pou
⋃
a∈AGa = ∅, afoÔ to kenì eÐnai anoiktì

sÔnolo.
'Estw ìti

⋃
a∈AGa 6= ∅ kai x ∈

⋃
a∈AGa. Tìte x ∈ Ga gia k�poio a ∈ A.

Epeid  Ga eÐnai anoiktì up�rqei εx > 0 tètoio ¸ste S(x, εx) ⊆ Ga. 'Omwc Ga ⊆
⋃
a∈AGa.

Epomènwc S(x, εx) ⊆
⋃
a∈AGa.

Sunep¸c to sÔnolo
⋃
a∈AGa eÐnai anoiktì.

Je¸rhma 3.5.4. H tom  twn stoiqeÐwn opoiasd pote peperasmènhc oikogèneiac {G1, ..., Gn}
anoikt¸n sunìlwn enìc metrikoÔ q¸rou X eÐnai anoiktì sÔnolo.

Apìdeixh. To Je¸rhma isqÔei sthn perÐptwsh pou
⋂n
i=1Gn = ∅, afoÔ to kenì eÐnai anoiktì

sÔnolo.
'Estw ìti

⋂n
i=1Gn 6= ∅ kai x ∈

⋂n
i=1Gn. Tìte x ∈ Gi gia k�je i = 1, ..., n.

Epeid  k�je Gi eÐnai anoiktì, gia k�je i = 1, ..., n up�rqei εi > 0 tètoio ¸ste S(x, εi) ⊆ Gi.
'Estw ε = min{ε1, ..., εn}. Tìte

S(x, ε) ⊆ S(x, ε1) ∩ ... ∩ S(x, εn) ⊆ G1 ∩ ... ∩Gn

Sunep¸c to sÔnolo
⋂n
i=1Gn eÐnai anoiktì.

Je¸rhma 3.5.5. H tom  twn stoiqeÐwn opoiasd pote oikogèneiac {Fa}a∈A kleist¸n sunìl-
wn enìc metrikoÔ q¸rou X eÐnai kleistì sÔnolo.

Apìdeixh. ArkeÐ na deÐxoume ìti to sÔnolo X \
⋂
a∈A

Fa eÐnai anoiktì.

'Omwc

X \
⋂
a∈A

Fa =
⋃
a∈A

(X \ Fa)

Epeid  apì thn upìjesh k�je Fa eÐnai kleistì, apì ton orismì tou kleistoÔ sunìlou èpetai
ìti gia k�je a ∈ A to sÔnolo X \ Fa eÐnai anoiktì. Epomènwc, apì to Je¸rhma 3.5.3, to
sÔnolo

⋃
a∈A

(X \ Fa) eÐnai anoiktì wc ènwsh anoikt¸n sunìlwn.

Je¸rhma 3.5.6. H ènwsh twn stoiqeÐwn opoiasd pote peperasmènhc oikogèneiac {F1, ..., Fn}
kleist¸n sunìlwn enìc metrikoÔ q¸rou X eÐnai kleistì sÔnolo.
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Apìdeixh. ArkeÐ na deÐxoume ìti to sÔnolo X \
n⋃
i=1

Fi eÐnai anoiktì.

'Omwc

X \
n⋃
i=1

Fi =
n⋂
i=1

(X \ Fi)

Epeid  apì thn upìjesh k�je Fi eÐnai kleistì, apì ton orismì tou kleistoÔ sunìlou èpetai
ìti gia k�je i to sÔnolo X \ Fi eÐnai anoiktì. Epomènwc, apì to Je¸rhma 3.5.4, to sÔnolo
n⋂
i=1

(X \ Fi) eÐnai anoiktì wc tom  peperasmènou pl jouc anoikt¸n sunìlwn.

Je¸rhma 3.5.7. An to sÔnolo F eÐnai kleistì kai to sÔnolo G eÐnai anoiktì se èna metrikì
q¸ro X, tìte

(i) to sÔnolo G \ F eÐnai anoiktì,

(ii) to sÔnolo F \G eÐnai kleistì.

Apìdeixh. (i) Epeid  to F eÐnai kleistì, to sumplhrwm� tou X \ F eÐnai anoiktì.

Epomènwc G \ F = G ∩ (X \ F ) eÐnai anoiktì wc tom  peperasmènou pl jouc anoikt¸n
sunìlwn apì to Je¸rhma 3.5.4.

(ii) ApodeiknÔetai ìmoia.

Je¸rhma 3.5.8. Gia opoiad pote kleist� kai xèna uposÔnola F1 kai F2 ènoc metrikoÔ q¸rou
(X, d) up�rqoun anoikt� sÔnola O1 kai O2 tètoia ¸ste

F1 ⊆ O1, F2 ⊆ O2 kai O1 ∩O2 = ∅

Apìdeixh. Epeid  F1 eÐnai kleistì kai F1 ∩ F2 = ∅, to sÔnolo X \ F1 eÐnai anoiktì kai
F2 ⊆ X \ F1. Epomènwc gia k�je y ∈ F2 up�rqei εy > 0 tètoio ¸ste S(y, εy) ⊆ X \ F1.

'Omoia apodeiknÔetai ìti to sÔnolo X \ F2 eÐnai anoiktì kai F1 ⊆ X \ F2. Epomènwc gia
k�je x ∈ F1 up�rqei εx > 0 tètoio ¸ste S(x, εx) ⊆ X \ F2.

JewroÔme ta sÔnola

O1 =
⋃
x∈F1

S
(
x,
εx
2

)
, O2 =

⋃
y∈F2

S
(
y,
εy
2

)
.

Profan¸c F1 ⊆ O1 kai F2 ⊆ O2.
Ja deÐxoume ìti O1 ∩O2 = ∅.
'Estw antÐjeta up�rqei z ∈ O1 ∩ O2. Tìte z ∈ S

(
x, εx

2

)
∩ S

(
y, εy

2

)
, ìpou x ∈ F1 kai

y ∈ F2. An εy > εx, tìte apì thn trig¸nik  anisìthta prokÔptei ìti

d(y, x) ≤ d(y, z) + d(z, x) <
εy
2

+
εx
2
< εy.

'Ara, x ∈ S(y, εy) ⊆ X \ F1, pou eÐnai �topo afìu x ∈ F1.
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3.6 DiakritoÐ metrikoÐ q¸roi.

Orismìc 3.6.1. 'Enac metrikìc q¸roc X kaleÐtai diakritìc an gia k�je x ∈ X to sÔnolo
{x} eÐnai anoiktì.

Prìtash 3.6.2. K�je uposÔnolo enìc diakritoÔ metrikoÔ q¸rou eÐnai anoiktì kai kleistì.

ParadeÐgmata 3.6.3.

1. K�je mh kenì sÔnolo X me diakrit  metrik  d(x, y) =

{
0, an x = y
1, an x 6= y

eÐnai dikritikìc metrikìc q¸roc.

2. To sÔnolo N = {1, 2, ...} me thn metrik  d(n,m) = |n − m| eÐnai diakritìc metrikìc
q¸roc.

3.7 SÔgklish akoloujÐac shmeÐwn metrikoÔ q¸rou.

Orismìc 3.7.1. Ja lème ìti h akoloujÐa {xn}∞n=0 shmeÐwn metrikoÔ q¸rou (X, d) sugklÐnei
sto shmeÐo x ∈ X, an gia k�je ε > 0 up�rqei n0 ∈ N tètoioc ¸ste gia k�je n ≥ n0 na isqÔei
d(x, xn) < ε.

Gr�foume tìte lim
n→∞

xn = x.

Profan¸c lim
n→∞

xn = x an kai mìnon an lim
n→∞

d(xn, x) = 0.

Prìtash 3.7.2. MÐa akoloujÐa enìc metrikoÔ q¸rou mporeÐ na sugklÐnei mìno se èna
shmeÐo.

Apìdeixh. 'Estw (X, d) metrikìc q¸roc. AntÐjeta, ac upojèsoume ìti up�rqei akoloujÐa
{xn}∞n=0 tou X, h opoÐa sugklÐnei se dÔo shmeÐa x, y ∈ X. Tìte up�rqei ε > 0 gia to opoÐo
S(x, ε) ∩ S(y, ε) = ∅.

Epeid  lim
n→∞

xn = x, up�rqei nx ∈ N tètoioc ¸ste gia k�je n ≥ nx na isqÔei d(x, xn) < ε,

dhlad  xn ∈ S(x, ε).

Epeid  lim
n→∞

xn = y, up�rqei ny ∈ N tètoioc ¸ste gia k�je n ≥ ny na isqÔei d(y, xn) < ε,

dhlad  xn ∈ S(y, ε).

'Estw n > max{nx, ny}. Tìte xn ∈ S(x, ε) ∩ S(y, ε), pou eÐnai �topo.

Prìtash 3.7.3. An lim
n→∞

xn = x kai {xnk
}∞k=0 eÐnai mi� upakoloujÐa thc {xn}∞n=0, tìte

lim
k→∞

xnk
= x.
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3.8 Oriak� shmeÐa kai memonwmèna shmeÐa enìc sunìlou.
Par�gwgoc sunìlou.

'Estw X ènac metrikìc q¸roc kai èstw A ⊆ X.

Orismìc 3.8.1.

• 'Ena shmeÐo x ∈ X kaleÐtai oriakì shmeÐo (  shmeÐo suss¸reushc) tou A an gia k�je
ε > 0 isqÔei

A ∩ (S(x, ε) \ {x}) 6= ∅.

• To sÔnolo ìlwn twn oriak¸n shmeÐwn enìc sunìlou A kaleÐtai par�gwgoc tou A kai
sumbolÐzetai me Ad, dhlad 

Ad = {x ∈ X : x oriakì shmeÐo tou A} − par�gwgoc tou A

• 'Ena shmeÐo a ∈ A kaleÐtai memonwmèno shmeÐo tou A an up�rqei ε > 0 tètoio ¸ste
S(a, ε) ∩ A = {a}.

• To sÔnolo ìlwn twn memonwmènwn shmeÐwn tou A eÐnai to A \ Ad.

H par�gwgoc tou A ⊆ X sto X sumbolÐzontai epÐshc me AdX .

Prìtash 3.8.2. 'Estw A uposÔnolo enìc metrikoÔ q¸rou X kai x ∈ X.
Ta akìlouja eÐnai isodÔnama:

(i) x eÐnai oriakì shmeÐo tou A (x ∈ Ad),

(ii) gia k�je ε > 0 to sÔnolo S(x, ε) ∩ A eÐnai �peiro.

(iii) x = lim
n→∞

an, ìpou {an}∞n=0 ⊆ A kai ai 6= aj gia i 6= j.

Apìdeixh. (i)⇒ (ii) 'Estw ìti antÐjeta up�rqei ε > 0, tètoio ¸ste S(x, ε)∩A eÐnai peperas-
mèno. Tìte (S(x, ε) \ {x}) ∩ A = {a1, ..., an}. Gia ε∗ = min{d(a1, x), ..., d(an, x)} paÐrnoume:
(S(x, ε∗) \ {x}) ∩ A = ∅, pou eÐnai �topo epeid  x ∈ Ad.

(ii) ⇒ (iii) An gia k�je ε > 0 to sÔnolo S(x, ε) ∩ A eÐnai �peiro, tìte to sÔnolo A ∩
S(x, 1/n) eÐnai �peiro gia k�je n = 1, 2, .... 'Estw
a1 ∈ A ∩ S(x, 1), a1 6= x
a2 ∈ A ∩ S(x, 1/2), a2 6= x, a2 6= a1
...

...
...

an ∈ A ∩ S(x, 1/n), an 6= x, an 6= a1, ..., an 6= an−1.
Tìte x = lim

n→∞
an.

(iii)⇒ (i) 'Estw x = lim
n→∞

an, ìpou {an}∞n=0 akoloujÐa diaforetik¸n shmeÐwn tou A. Tìte

gia k�je ε > 0 up�rqei n0 ∈ N tètoioc ¸ste gia k�je n ≥ n0 na isqÔei d(x, an) < ε kai
x 6= an, dhlad  an ∈ S(x, ε) \ {x}. 'Ara, x oriakì shmeÐo tou A.
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3.9 PerÐblhma, eswterikì kai sÔnoro sunìlou.

'Estw X ènac metrikìc q¸roc kai èstw A ⊆ X. 'Ena shmeÐo x ∈ X kaleÐtai

• eswterikì shmeÐo tou A an up�rqei ε > 0 tètoio ¸ste S(x, ε) ⊆ A

• shmeÐo epaf c tou A an gia k�je ε > 0 isqÔei S(x, ε) ∩ A 6= ∅
Sto A antistoiqoÔme ta ex c sÔnola:

Int(A) = {x ∈ X : x eswterikì shmeÐo tou A} - eswterikì (interior) tou A

Cl(A) = {x ∈ X : x shmeÐo epaf c tou A} - perÐblhma (closure) tou A

Bd(A) = Cl(A) ∩ Cl(X \ A) - sÔnoro (boundary) tou A

To eswterikì, to perÐblhma kai to sÔnoro tou A ⊆ X sto X sumbolÐzontai epÐshc me
IntX(A), ClX(A) kai BdX(A), antÐstoiqa. Gia to perÐblhma tou sunìlou A qrhsimopoieÐtai
kai o sumbolismìc A. Gia to eswterikì tou sunìlou A qrhsimopoieÐtai kai o sumbolismìc A◦.

ParadeÐgmata 3.9.1.

1. Na brejoÔn ta sÔnola Ad, Int(A), Cl(A) kai ta memonwmèna shmeÐa tou A ⊆ R an

(aþ) A eÐnai èna di�sthma tou R
(bþ) A = N
(gþ) A = Q
(dþ) A = {1/n : n = 1, 2, ...} ∪ {0}

2. 'Estw X ènac metrikìc q¸roc x ∈ X kai ε > 0, tìte

(aþ) Cl(S(x, ε)) ⊆ S[x, ε].

(bþ) An X = R, tìte Cl(S(x, ε)) = S[x, ε].

Je¸rhma 3.9.2. Gia opoiod pote uposÔnolo A enìc metrikoÔ q¸rou X isqÔoun ta ex c:

(i) Int(A) ⊆ A ⊆ Cl(A)

(ii) Int(X \ A) = X \ Cl(A)

(iii) Cl(X \ A) = X \ Int(A)

Apìdeixh. Ja deÐxoume ìti Int(A) ⊆ A. Pr�gmati,

a ∈ Int(A) =⇒ ∃ε > 0 : a ∈ S(a, ε) ⊆ A =⇒ a ∈ A.
Ja deÐxoume ìti A ⊆ Cl(A). Pr�gmati,

a ∈ A =⇒ ∀ε > 0 : S(a, ε) ∩ A ⊇ {a} =⇒ ∀ε > 0 : S(a, ε) ∩ A 6= ∅ =⇒ a ∈ Cl(A).

(ii) a ∈ X \ Cl(A) ⇐⇒ a 6∈ Cl(A) ⇐⇒ ∃ε > 0 : S(a, ε) ∩ A = ∅ ⇐⇒ ∃ε > 0 : S(a, ε) ⊆
X \ A⇐⇒ a ∈ Int(X \ A)

(iii) x ∈ X \ Int(A)⇐⇒ x 6∈ Int(A)⇐⇒ ∀ε > 0 : S(x, ε) 6⊆ A⇐⇒
∀ε > 0 : S(x, ε) ∩ (X \ A) 6= ∅ ⇐⇒ x ∈ Cl(X \ A).

Je¸rhma 3.9.3. An X eÐnai ènac metrikìc q¸roc kai A ⊆ B ⊆ X, tìte

Int(A) ⊆ Int(B), Cl(A) ⊆ Cl(B), Ad ⊆ Bd
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3.9.1 Idiìthtec tou eswterikoÔ.

Je¸rhma 3.9.4. An X eÐnai ènac metrikìc q¸roc kai A,B ⊆ X, tìte

(i) Int(A) eÐnai anoiktì,

(ii) A eÐnai anoiktì an kai mìnon an A = Int(A).

(iii) Int(Int(A)) = Int(A)

(iv) Int(A) eÐnai h ènwsh ìlwn twn anoikt¸n uposunìlwn U tou X tètoiwn ¸ste U ⊆ A.

(v) Int(A ∩B) = Int(A) ∩ Int(B)

Apìdeixh. (i) SÔmfwna me ton orismì tou anoiktoÔ sunìlou prèpei na deÐxoume ìti gia k�-
je a ∈ Int(A) up�rqei S(a, εa) ⊆ Int(A). 'Estw a ∈ Int(A), tìte (apì ton orismì
tou eswterikoÔ shmeÐou) up�rqei S(a, εa) ⊆ A. 'Omwc gia k�je x ∈ S(a, εa) up�r-
qei S(x, εx) ⊆ S(a, εa). Sunep¸c gia k�je x ∈ S(a, εa) up�rqei S(x, εx) ⊆ A. 'Ara,
S(a, εa) ⊆ Int(A).

(ii) 'Estw A anoiktì sÔnolo. 'Opwc kai k�je sÔnolo isqÔei ìti Int(A) ⊆ A. ArkeÐ na
deÐxoume ìti A ⊆ Int(A). Pr�gmati, an a ∈ A tìte, epeid  A eÐnai anoiktì, up�rqei
S(a, εa) ⊆ A. 'Ara, a eÐnai eswterikì shmeÐo tou A, dhlad  a ∈ Int(A).

AntÐstrofa, an A = Int(A), tìte A eÐnai anoiktì apì thn prohgoÔmenh idiìthta.

(iii) Apì thn idiìthta (ii) to sÔnolo Int(A) eÐnai anoiktì. 'Ara, apì thn idiìthta (i),
Int(Int(A)) = Int(A).

(iv) 'Estw U(A) = {U ⊆ X : U ⊆ A kai U anoiktì sto X}.
Ja deÐxoume ìti Int(A) =

⋃
U∈U(A)

U .

Epeid  Int(A) eÐnai anoiktì kai Int(A) ⊆ A isqÔei Int(A) ∈ U(A). 'Ara

Int(A) ⊆
⋃

U∈U(A)

U.

K�je U ∈ U(A) eÐnai anoiktì kai U ⊆ A. Epomènwc U = Int(U) ⊆ Int(A).

Sunep¸c
⋃

U∈U(A)
U ⊆ Int(A).

(v) A ∩ B ⊆ A kai A ∩ B ⊆ B =⇒ Int(A ∩ B) ⊆ Int(A) kai Int(A ∩ B) ⊆ Int(B) =⇒
Int(A ∩B) ⊆ Int(A) ∩ Int(B).

ArkeÐ na deÐxoume ìti Int(A) ∩ Int(B) ⊆ Int(A ∩B).

'Estw x ∈ Int(A) ∩ Int(B) =⇒ x ∈ Int(A) kai x ∈ Int(B) =⇒ ∃εA > 0 kai ∃εB > 0
tètoia ¸ste S(x, εA) ⊆ A kai S(x, εB) ⊆ B. 'Estw ìti ε = min{εA, εB}, tìte

S(x, ε) ⊆ S(x, εA) ∩ S(x, εB) ⊆ A ∩B.

'Ara, x ∈ Int(A).
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3.9.2 Idiìthtec tou peribl matoc.

Je¸rhma 3.9.5. An X eÐnai ènac metrikìc q¸roc kai A,B ⊆ X, tìte

(i) A eÐnai kleistì an kai mìnon an A = Cl(A).

(ii) Cl(A) eÐnai kleistì,

(iii) Cl(Cl(A)) = Cl(A)

(iv) Cl(A) eÐnai h tom  ìlwn twn kleist¸n uposunìlwn F tou X tètoiwn ¸ste A ⊆ F .

(v) Cl(A ∪B) = Cl(A) ∪ Cl(B)

(vi) Cl(A) = A ∪ Ad.

(vii) Cl(A) = {x ∈ X : d(x,A) = 0}.

Apìdeixh. (i) A eÐnai kleistì ⇐⇒ X \ A eÐnai anoiktì ⇐⇒ Int(X \ A) = X \ A ⇐⇒
X \ Cl(A) = X \ A⇐⇒ A = Cl(A).

(ii) ArkeÐ na deÐxoume ìti X \ Cl(A) eÐnai anoiktì. Pr�gmati,

X \ Cl(A) = Int(X \ A).

To eswterikì opoioud pote sunìlou eÐnai anoiktì, epomènwc Int(X \ A) kai, �ra to
X \ Cl(A) eÐnai anoiktì.

(iii) Cl(A) eÐnai kleistì apì thn idiìthta (ii). 'Ara, apì thn idiìthta (i), Cl(Cl(A)) = Cl(A).

(iw) 'Estw F(A) = {F ⊆ X : A ⊆ F kai F kleistì sto X}.
Ja deÐxoume ìti Cl(S) =

⋂
F∈F(S)

F .

Epeid  Cl(A) eÐnai kleistì kai A ⊆ Cl(A) isqÔei Cl(A) ∈ F(A). 'Ara
⋂

F∈F(A)
F ⊆ Cl(A).

K�je F ∈ F(A) eÐnai kleistì kai A ⊆ F . Epomènwc Cl(A) ⊆ Cl(F ) = F .

Sunep¸c

Cl(A) ⊆
⋂

F∈F(A)

F.

(v) An x ∈ Cl(A) ∪Cl(B), tìte x ∈ Cl(A)   x ∈ Cl(B). Epomènwc gia k�je ε > 0 isqÔei  
S(x, ε) ∩ A 6= ∅   S(x, ε) ∩B 6= ∅. Dhlad  S(x, ε) ∩ (A ∪B) 6= ∅. 'Ara x ∈ Cl(A ∪B).

An x 6∈ Cl(A) ∪ Cl(B), tìte x 6∈ Cl(A) kai x 6∈ Cl(B). Epomènwc up�rqoun εA, εB > 0
tètoia ¸ste S(x, εA)∩A = ∅ kai S(x, εB)∩B = ∅. Sunep¸c gia ε = min{εA, εB) èqoume

S(x, ε) ∩ (A ∪B) = ∅.

'Ara x 6∈ Cl(A ∪B). 'Apo ta parap�nw Cl(A) ∪ Cl(B) = Cl(A ∪B)

(vi)
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(vii) 'Estw x ∈ X kai A ⊆ X. Tìte

d(x,A) = 0⇐⇒ inf{d(x, y) : y ∈ A} = 0⇐⇒
∀ε > 0,∃y ∈ A tètoio ¸ste d(x, y < ε⇐⇒
∀ε > 0,∃y ∈ A tètoio ¸ste y ∈ S(x, ε) ⇐⇒ ∀ε > 0 isqÔei A ∩ S(x, ε) 6= ∅ ⇐⇒ y ∈
Cl(A).

'Ara, Cl(A) = {x ∈ X : d(x,A) = 0}.

3.9.3 Idiìthtec tou sunìrou.

Je¸rhma 3.9.6. Gia opoiod pote uposÔnolo A enìc metrikoÔ q¸rou X isqÔoun ta ex c:

(i) Bd(A) = Cl(A) \ Int(A)

(ii) Bd(A) eÐnai kleistì.

(iii) X \Bd(A) = Int(X) ∪ Int(X \ A)

(iv) Cl(A) = Int(A) ∪Bd(A)

Apìdeixh. (i) Bd(A) = Cl(A) ∩ Cl(X \ A) = Cl(A) ∩ (X \ Int(A)) = Cl(A) \ Int(A)

(ii) Cl(A) eÐnai kleisto kai Int(A) eÐnai anoiktì. 'Ara, Bd(A) = Cl(A)\Int(A) eÐnai kleistì.

(iii)

X\Bd(A) = X\(Cl(A)∩Cl(X\A)) = (X\Cl(A))∪(X\Cl(X\A)) = Int(X\A)∪Int(A).

(iv) 'Estw x ∈ Cl(A). Tìte   x ∈ Int(A)   x 6∈ Int(A). Epomènwc   x ∈ Int(A)  
x ∈ Cl(A) \ Int(A). 'Ara, x ∈ Int(A) ∪Bd(A).

'Estw x ∈ Int(A)∪Bd(A). Tìte   x ∈ Int(A) ⊆ Cl(A)   x ∈ Bd(A) = Cl(A)∩Cl(X \
A) ⊆ Cl(A). 'Ara, Int(A) ∪Bd(A) ⊆ Cl(A).
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3.10 Upìqwroi metrikoÔ q¸rou.

Orismìc 3.10.1. 'Estw (X, d) ènac metrikìc q¸roc kai Y ⊆ X.
SumbolÐzoume me dY ton periorismì thc apeikìnishc d : X×X → [0,∞) sto sÔnolo Y ×Y .

Dhlad  dY = d
∣∣
Y×Y : Y × Y → [0,∞). Tìte dY eÐnai metrik  epÐ tou Y .

O metrikìc q¸roc (Y, dY ) kaleÐtai upìqwroc tou (X, d).

Prìtash 3.10.2. 'Estw Y ènac upoq¸roc enìc metrikoÔ q¸rou X .

(i) SY (a, ε) = Y ∩ SX(a, ε) gia k�je a ∈ Y ,
ìpou SY (a, ε) = {y ∈ Y : dY (a, x) ≤ ε} kai SX(a, ε) = {x ∈ X : d(a, x) ≤ ε}

(ii) 'Ena uposÔnolo G tou Y eÐnai anoiktì ston upoq¸ro Y an kai mìnon an up�rqei anoiktì
uposÔnolo G∗ tou X tètoio ¸ste G = Y ∩G∗.

(iii) 'Ena uposÔnolo F tou Y eÐnai kleistì ston upoq¸ro Y an kai mìnon an up�rqei kleistì
uposÔnolo F ∗ tou X tètoio ¸ste F = Y ∩ F ∗.

Apìdeixh. (i) y ∈ SY (a, ε) ⇐⇒ y ∈ Y kai dY (y, a) < ε ⇐⇒ y ∈ Y kai d(y, a) < ε
⇐⇒ y ∈ SX(a, ε) ∩ Y

(ii) An G eÐnai anoiktì sto Y , tìte

G =
⋃
y∈G

SY (y, εy) =
⋃
y∈G

(SX(y, εy) ∩ Y ) = Y ∩

(⋃
y∈G

SX(y, εy)

)
= Y ∩G∗,

ìpou G∗ =
⋃
y∈G

SX(y, εy) eÐnai anoiktì sto X wc ènwsh anoikt¸n sfair¸n.

'Estw ìtiG = Y ∩G∗ kaiG∗ eÐnai anoiktì stoX. An y ∈ G, tìte y ∈ G∗. Epeid G∗ eÐnai
anoiktì stoX up�rqei SX(y, εy) ⊆ G∗. Epomènwc SY (a, ε) = Y ∩SX(a, ε) ⊆ Y ∩G∗ = G.
'Ara, G eÐnai anoiktì sto Y .

(iii) An F eÐnai kleistì sto Y , tìte Y \F eÐnai anoiktì sto Y . Epomènwc up�rqei G∗ anoikto
sto X tètoio ¸ste Y \ F = Y ∩G∗. 'Ara, F ∗ = X \G∗ eÐnai kleistì sto X kai

F = Y \ (Y ∩G∗) = Y \G∗ = Y ∩ (X \G∗) = Y ∩ F ∗

'Estw ìti F = Y ∩F ∗ kai F ∗ eÐnai kleistì sto X. Tìte Y \F = Y \F ∗ = Y ∩ (X \F ∗)
kai X \ F ∗ eÐnai anoiktì sto X. 'Ara, apì thn (ii), to Y \ F eÐnai anoiktì sto Y . 'Ara,
F eÐnai kleistì sto Y .

Prìtash 3.10.3. An X eÐnai ènac metrikìc q¸roc kai A ⊆ Y ⊆ X, tìte

AdY = AdX ∩ Y kai ClY (A) = Y ∩ ClX(A).

ParadeÐgmata 3.10.3.

1. An A = {(x, y) ∈ R2 : x2 + y2 ≤ 1}, tìte IntR2(A) = {(x, y) ∈ R2 : x2 + y2 < 1} kai
IntA(A) = A.

2. An M = {(x, y) ∈ R2 : y = 0} kai N = {(x, y) ∈ M : 0 < x < 1}, tìte IntM(N) = N
kai IntR2(N) = ∅.
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3. Ston upoq¸ro X = [0, 1] ∪ {3
2
} tou R eÐnai Cl(S(1, 1/2)) 6= S[1, 1/2].

4. Ston upoq¸ro X = (0, 1)∪ (1, 2) tou R ta sÔnola A = (0, 1) kai B = (1, 2) eÐnai anoikt�
kai kleist� sugqrìnwc, A ∩B = ∅ kai d(A,B) = 0.

5. O upoq¸roc S tou q¸rou Hilbert `2 pou apoteleÐtai apì ta shmeÐa x̄ = (x1, x2, ...) ∈ `2
gia ta opoÐa 0 ≤ xn ≤ 1

2n
kaleÐtai kÔboc tou Hilbert.

3.11 Fragmèna sÔnola kai di�metroc sunìlou.

Orismìc 3.11.1. 'Ena uposÔnolo A enìc metrikoÔ q¸rou X kaleÐtai fragmèno an to sÔno-
lo twn mh arnhtik¸n pragmatik¸n arijm¸n {d(x, y) : x, y ∈ A} eÐnai an¸ fragmèno.

An èna uposÔnolo A enìc metrikoÔ q¸rou X eÐnai fragmèno, tìte o arijmìc

diam(A) = sup{d(x, y) : x, y ∈ A}
kaleÐtai di�metroc tou A.

Prìtash 3.11.2. An èna uposÔnolo B enìc metrikoÔ q¸rou X eÐnai fragmèno kai A ⊆ B,
tìte diam(A) ≤ diam(B).

Prìtash 3.11.3. An èna uposÔnolo A enìc metrikoÔ q¸rou X eÐnai fragmèno, tìte

diam(Cl(A)) = diam(A).

Apìdeixh. 'Estw x, y ∈ Cl(A) kai d(x, y) > diam(A).
Tìte d(x, y) = diam(A) + ε, ìpou ε > 0. 'Estw x, y ∈ Cl(A). Tìte up�rqoun a1 ∈

S(x1,
ε
3
) ∩ A kai a1 ∈ S(x1,

ε
3
) ∩ A.

Sunep¸c

d(x, y) ≤ d(x, a1) + d(a1, a2) + d(a2, y) = d(a1, a2) +
2ε

3
Opìte

d(a1, a2) ≥ d(x.y)− 2ε

3
= diam(A) +

ε

3
> diam(A),

pou eÐnai �topo.
Epomènwc d(x, y) ≤ diam(A) gia k�je x, y ∈ Cl(A). 'Ara diam(Cl(A)) ≤ diam(A).
Epeod  A ⊆ Cl(A), èqoume diam(A) ≤ diam(Cl(A)). 'Ara diam(Cl(A)) = diam(A).

ParadeÐgmata 3.11.4.

1. Sto R ta di�sthmata thc morf c [a, b], (a, b),[a, b], (a, b] eÐnai fragmèna, ènw ta diast mata
(−∞, a), (a,∞), (−∞,∞) tou R den eÐnai fragmèna.

2. H di�metroc tou n-di�statou kÔbou K = [a1, a1 + a]× ...× [an, an + a] tou Rn me pleur�
a > 0 isoÔtai me a

√
n (diam([a1, a1 + a]× ...× [an, an + a]) = a

√
n).

Pr�gmati, èstw (y1, ..., yn), (z1, ...zn) ∈ K. Tìte yi, zi ∈ [ai, ai + a] gia k�je i = 1, ..., n.
'Ara |yi − zi| ≤ a gia k�je i = 1, ..., n. Epomènwc

dn((y1, ..., yn), (z1, ...zn)) =

√√√√ n∑
i=1

(yi − zi)2 ≤

√√√√ n∑
i=1

a2 = a
√
n

'Omwc (a1, ..., an), (a1 + a, ..., an + a) ∈ K kai dn((a1, ..., an), (a1 + a, ..., an + a)) = a
√
n.
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3.12 Pl rwc fragmènoi metrikoÐ q¸roi.

Orismìc 3.12.1. 'Enac metrikìc q¸roc X kaleÐtai pl rwc fragmènoc an gia k�je ε > 0
up�rqei peperasmèno pl joc shmeÐwn x1, ..., xn ∈ X tètoio ¸ste

X = S(x1, ε) ∪ ... ∪ S(xn, ε).

K�je sÔnolo {x1, ..., xn} ⊆ X gia to opoÐo X = S(x1, ε)∪ ...∪ S(xn, ε) kaleÐtai ε-plègma
tou X.

Prìtash 3.12.2. 'Enac metrikìc q¸roc X eÐnai pl rwc fragmènoc an kai mìnon an gia
k�je ε > 0 up�rqei peperasmèno pl joc mh ken¸n sunìlwn A1, ..., An tètoiwn ¸ste

X = A1 ∪ ... ∪ An kai diam(Ai) < ε gia k�je i = 1, ..., n. (3.4)

Apìdeixh. Pr�gmati, an X eÐnai pl rwc fragmènoc kai ε > 0, tìte up�rqei peperasmèno
pl joc shmeÐwn x1, ..., xn ∈ X tètoio ¸ste X = S(x1,

ε
2
) ∪ ... ∪ S(xn,

ε
2
).

Gia A1 = S(x1,
ε
2
), ..., An = S(xn,

ε
2
) isqÔoun oi sqèseic (3.4).

Antistrìfwc, èstw gia k�je ε > 0 up�rqei peperasmèno pl joc mh ken¸n sunìlwn
A1, ..., An tètoiwn ¸ste na isqÔoun oi sqèseic (3.4). Gia k�je i = 1, ..., n epilègoume èna
xi ∈ Ai. An x ∈ Ai, tìte d(x, xi) ≤ diam(Ai) < ε, epomènwc x ∈ S(xi, ε). 'Ara,

X = S(x1, 1) ∪ ... ∪ S(xn, 1),

pou shmaÐnei ìti o X eÐnai pl rwc fragmènoc.

Prìtash 3.12.3. K�je metrikìc upoq¸roc enìc pl rwc fragmènou metrikoÔ q¸rou eÐnai
pl rwc fragmènoc.

Apìdeixh. 'Estw X ènac pl rwc fragmènoc q¸roc kai Y ⊆ X.
'Estw ε > 0. Epeid  o X eÐnai pl rwc fragmènoc, apì thn Prìtash 3.12.2, èqoume ìti

X = A1 ∪ ... ∪ An kai diam(Ai) < ε gia k�je i = 1, ..., n.

Epomènwc

Y = (A1 ∩ Y ) ∪ ... ∪ (An ∩ Y ) kai diam(Ai ∩ Y )) < ε gia k�je i = 1, ..., n.

'Ara, apì thn Prìtash 3.12.2, o Y eÐnai pl rwc fragmènoc.

Prìtash 3.12.4. K�je pl rwc fragmènoc metrikìc q¸roc eÐnai fragmènoc.

Apìdeixh. 'Estw ìti o metrikìc q¸roc X eÐnai pl rwc fragmènoc. Tìte up�rqei èna 1-plègma
{x1, ..., xn} tou X, dhlad 

X = S(x1, 1) ∪ ... ∪ S(xn, 1)

'Estw ∆ = max{d(xi, xj) : i, j = 1, ..., n}.
An x, y ∈ X, tìte x ∈ S(xi, 1) kai y ∈ S(xj, 1). Sunep¸c

d(x, y) ≤ d(x, xi) + d(xi) + d(xi, xj) + d(xj, y) ≤ ∆ + 2

'Ara, diam(X) < ∆ + 2, dhlad  o X eÐnai fragmènoc.
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ParadeÐgmata 3.12.5.

1. An X eÐnai �peiro sÔnolo kai d eÐnai diakrit  metrik  epÐ tou X, tìte o metrikìc q¸roc
(X, d) eÐnai fragmènoc all� den eÐnai pl rwc fragmènoc.

Pr�gmati, diam(X) = 1 èn¸ den up�rqei ε-plègma tou X gia ε = 1
2
.

2. K�je kÔboc [a1, a1+a]× ...× [an, an+a] tou Rn me pleur� a > 0 eÐnai pl rwc fragmènoc.

'Estw ε > 0. An qwrÐsoume k�je pleur� [ai, ai + a] tou kÔbou se m Ðsa tm mata m kouc
a
m
< ε√

n
, tìte o n-diastatoc kÔboc ja qwristeÐ se mn mikrìterouc n-diastatouc kÔbouc

me pleur� a
m

kai, �ra, me di�metro a
m
·
√
n < ε. Sunep¸c, apì thn Prìtash 3.12.2, o

kÔboc eÐnai pl rwc fragmènoc.

Prìtash 3.12.6. 'Enac upoq¸roc tou Rn eÐnai fragmènoc an kai mìnon an eÐnai pl rwc
fragmènoc.

Apìdeixh. ArkeÐ na deÐxoume ìti k�je fragmènoc upoq¸roc tou Rn eÐnai pl rwc fragmènoc.

'Estw A fragmènoc upoq¸roc tou Rn kai δ = diam(A).

JewroÔme ā = (a1, ..., an) ∈ A. 'Eqoume dn(ā, x̄) ≤ δ gia k�je x̄ ∈ A, sunep¸c

A ⊆ SRn [ā, δ] ⊆ [a1 − δ, a1 + δ]× [a2 − δ, a2 + δ]× ...× [an − δ, an + δ] = K

O kÔboc K eÐnai pl rwc fragmènoc (Par�deigma 3.12.5(2) ) kai A eÐnai upoq¸roc tou K.

Apì thn Prìtash 3.12.3 o A eÐnai pl rwc fragmènoc.
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3.13 B�sh metrikoÔ q¸rou.

Orismìc 3.13.1. MÐa oikogèneia B anoikt¸n uposunìlwn enìc metrikoÔ q¸rou X kaleÐtai
b�sh tou X an k�je mh kenì anoiktì uposÔnolo tou X eÐnai ènwsh k�poiwn stoiqeÐwn thc B.

Je¸rhma 3.13.2. MÐa oikogèneia anoikt¸n sunìlwn B = {Oi}i∈I enìc metrikoÔ q¸rou X
eÐnai b�sh tou X an kai mìnon an gia k�je anoiktì uposÔnolo G tou X kai gia k�je x ∈ G
up�rqei Oi ∈ B tètoio ¸ste

x ∈ Oi ⊆ G

Apìdeixh. Mia oikogèneia B = {Oi}i∈I eÐnai b�sh tou X ⇐⇒
gia k�je G anoiktì sto X up�rqei IG ⊆ I tètoio ¸ste G =

⋃
i∈IG

Oi ⇐⇒

gia k�je G anoiktì sto X up�rqei IG ⊆ I kai gia k�je x ∈ G up�rqei ix ∈ IG tètoio ¸ste
x ∈ Oix ⊆ G⇐⇒

gia k�je G anoiktì sto X kai gia k�je x ∈ G up�rqei Oi ∈ B tètoio ¸ste x ∈ Oi ⊆ G.

Pìrisma 3.13.3. To sÔnolo ìlwn twn anoikt¸n sfair¸n ènìc metrikoÔ q¸rou X eÐnai
b�sh.

Apìdeixh. 'Estw
B = {S(x, ε) : x ∈ X kai ε > 0}

'Estw G èna anoiktì uposÔnolo tou X kai x ∈ G. Tìte x ∈ G◦, epomènwc up�rqei ε > 0,
tètoio ¸ste x ∈ S(x, ε) ⊆ G 'Ara, B eÐnai b�sh tou X.

Pìrisma 3.13.4. To sÔnolo ìlwn twn anoikt¸n sfair¸n ènìc metrikoÔ q¸rou X me aktÐna
rhtì arijmì eÐnai b�sh.

Apìdeixh. 'Estw

B = {S(x, ε) : x ∈ X kai ε > 0}, B∗ = {S(x, q) : x ∈ X kai q ∈ Q}

'Estw G èna anoiktì uposÔnolo tou X kai x ∈ G. Epeid  B eÐnai b�sh, up�rqei ε > 0,
tètoio ¸ste x ∈ S(x, ε) ⊆ G.

'Estw q ∈ Q kai 0 < q < ε, tìte x ∈ S(x, q) ∈ S(x, ε) ⊆ G
'Ara, B∗ eÐnai b�sh tou X.

3.14 MetrikoÐ q¸roi me arijm simh b�sh.

Orismìc 3.14.1.

• 'Ena uposÔnolo A enìc metrikoÔ q¸rou X kaleÐtai pantoÔ puknì sto X an X = Cl(A)

• 'Enac metrikìc q¸roc X kaleÐtai diaqwrÐsimoc an perièqei èna arijm simo pantoÔ puknì
uposÔnolo A.

• 'Enac metrikìc q¸roc X lègetai ìti ikanopoieÐ to 2o axÐwma arijmhsimìthtac an o X èqei
arijm simh b�sh.
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Orismìc 3.14.2. 'Ena uposÔnolo A enìc metrikoÔ q¸rou X kaleÐtai poujen� puknì sto
X ìtan

Int(Cl(A)) = ∅.

Je¸rhma 3.14.3. 'Enac metrikìc q¸roc X èqei arijm simh b�sh an kai mìnon an perièqei
èna arijm simo uposÔnolo pantoÔ puknì sto X.

Apìdeixh. 'Estw {Gn}∞n=1 mia arijm sÐmh b�sh tou X kai xn ∈ Gn.
Ja deÐxoume ìti to sÔnolo P = {x1, x2, ..., xn, ...} eÐnai pantoÔ puknì sto X. ArkeÐ na

deÐxoume ìti X ⊆ Cl(P ).
'Estw x ∈ X. Epeid  {Gn}∞n=1 eÐnai b�sh tou X gia k�je ε > 0 up�rqei Gn tètoio ¸ste

x ∈ Gn ⊆ S(x, ε). Epeid  xn ∈ Gn, prokÔptei ìti xn ∈ S(x, ε). 'Ara P ∩S(x, ε) 6= ∅ gia k�je
ε > 0, pou shmaÐnei ìti x ∈ Cl(P ).

AntÐstrofa, èstw P = {x1, x2, ..., xn, ...} eÐnai pantoÔ puknì sto X.
Ja deÐxoume ìti h arijm simh oikogèneia {S(xn,

1
m

)}∞n,m=1 eÐnai b�sh tou X.
'Estw G anoiktì sto X kai x ∈ G. Up�rqei ε > 0 tètoio ¸ste S(x, ε) ⊆ G. 'Estw 1

m
< ε.

Epeid  P eÐnai pantoÔ puknì up�rqei xn ∈ P ∩ S(x, 1
2m

).
'Ara x ∈ S(xn,

1
2m

) ⊆ S(x, ε) ⊆ G.

Pìrisma 3.14.4. 'Enac metrikìc q¸roc X eÐnai diaqwrÐsimoc an kai mìnon an o X ikanopoieÐ
to 2o axÐwma arijmhsimìthtac.

ParadeÐgmata 3.14.5.

1. To arijm simo sÔnolo Qn eÐnai pantou puknì sto Rn me thn metrik 

dn((x1, ..., xn), (y1, ..., yn)) =

√√√√ n∑
i=1

(yi − xi)2

ArkeÐ na deÐxoume ìti S(x, ε) ∩ Qn 6= ∅, gia k�je ε > 0 kai gia k�je x ∈ Rn. Tìte
Rn ⊆ Cl(Qn). Opìte, afoÔ Cl(Qn) ⊆ Rn, prokÔptei ìti Cl(Qn) = Rn, dhlad  Qn eÐnai
pantou puknì sto Rn.

'Estw x = (x1, ..., xn) ∈ Rn kai ε > 0. Epeid  to sÔnolo Q twn rht¸n arijm¸n eÐnai

puknì sto R gia k�je i = 1, ..., n up�rqei ri ∈ Q ∩
(
xi − ε√

n
, xi + ε√

n

)
.

Gia to shmeÐo r = (r1, ..., rn) ∈ Qn èqoume

dn(r, x) =

√√√√ n∑
i=1

(ri − xi)2 <

√√√√ n∑
i=1

(
ε√
n

)2 = ε.

Epomènwc r ∈ S(x, ε) ∩Qn. ;Ara, S(x, ε) ∩Qn 6= ∅.

2. 'Enac mh arijm simoc diakritikìc metrikìc q¸roc den eÐnai diaqwrÐsimoc.

3. To arijm simo sÔnolo Qn eÐnai pantou puknì sto Rn me thn metrik 

d((x1, ..., xn), (y1, ..., yn)) = max{|yi − xi| : 1 ≤ i ≤ n}
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4. O metrikìc q¸roc (X, d), ìpou

X = {{xn}∞n=1 : {xn}∞n=1 fragmènh akoloujÐa tou R} kai

d(x, y) = sup{|yi − xi| : i = 1, 2, ...} den èqei arijm simh b�sh.

5. Ston q¸ro tou Hilbert `2 = (X, d), ìpou

X = {{xn}∞n=1 : {xn}∞n=1 ⊆ R tetoia ¸ste
∞∑
i=1

x2 <∞} kai d(x, y) =

√ ∞∑
i=1

(yi − xi)2, to

arijm simo sÔnolo A = {(r1, ..., rn, 0, 0, ...) : r1, ..., rn ∈ Q} eÐnai pantoÔ puknì.

6. O metrikìc q¸roc (C[a,b], d), ìpou C = {f : [a, b] → R : f suneq c } kai d(f, g) =
max{|f(x)− g(x)| : x ∈ [a, b]} eÐnai diaqwrÐsimoc.

Je¸rhma 3.14.6. K�je anoiktì uposÔnolo tou R eÐnai ènwsh twn stoiqeÐwn mi�c arijm -
simhc oikogèneia anoikt¸n diasthm�twn tou R pou den tèmnontai an� dÔo.

Apìdeixh. 'Estw G èna anoiktì uposÔnolo tou R.
Gia k�je x ∈ G jètoume

mx =

{
sup{z ∈ R \G : z < x}, an to sÔnolo {z ∈ R \G : z < x} eÐnai k�tw fragmèno;
−∞, an to sÔnolo {z ∈ R \G : z < x} den eÐnai k�tw fragmèno.

kai

Mx =

{
inf{z ∈ R \G : z > x}, an to sÔnolo {z ∈ R \G : z > x} eÐnai �nw fragmèno;
∞, an to sÔnolo {z ∈ R \G : z > x} den eÐnai �nw fragmèno.

Tìte mx ≤ x ≤Mx kai (mx,Mx) eÐnai anoiktì uposÔnolo tou G.

Epeid  to R \G eÐnai kleistì, mx,Mx ∈ R \G, 'Ara, x ∈ (mx,Mx).

'Estw x, y ∈ G kai x < y.

An (x, y) ⊆ G, tìte mx = my kai Mx = My, �ra (mx,Mx) = (my,My).

An (x, y) * G, tìte up�rqei z ∈ R \G 6= ∅, tètoio ¸ste x < z < y.

Epomènwc x < Mx ≤ z ≤ my < y. 'Ara, (mx,Mx) ∩ (my,My) = ∅.
Sunep¸c G =

⋃
x∈G(mx,Mx), ìpou {(mx,Mx)}x∈G eÐnai oikogèneia anoikt¸n diasthm�twn

tou R pou an� dÔo den tèmnontai eÐte sumpÐptoun. An h {(mx,Mx)}x∈G  tan mh arijm simh,
tìte epilègontac apì k�je (mx,Mx) ènan rhtì, ja paÐrname èna mh arijm simo sÔnolo rht¸n
arijm¸n, pou eÐnai �topo.
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Orismìc 3.14.7.

• Mi� oikogèneia uposunìlwn {Oi}i∈I enìc metrikoÔ q¸rou X kaleÐtai k�lumma tou X an
X =

⋃
i∈I Oi.

• K�je k�lumma tou metrikoÔ q¸rou X pou apoteleÐtai anoikta uposÔnola tou X kaleÐtai
anoiktì k�lumma.

• K�je upooikogèneia dojèntoc kalÔmmatoc tou X h opoÐa eÐnai epÐshc k�lÔmma tou X
kaleÐtai upok�lumma tou dojèntoc kalÔmmatoc.

Je¸rhma 3.14.8. K�je anoiktì k�lumma enìc metrikoÔ q¸rou me arijm simh b�sh perièqei
arijm simo upok�lumma.

Apìdeixh. 'Estw O = {Oi}i∈I èna anoikto k�lumma tou X kai èstw B = {Gn}∞n=1 mia arijm -
simh b�sh tou X.

Tìte gia k�je x ∈ X up�rqei Oi kai up�rqei G ∈ B tètoio ¸ste

x ∈ G ⊆ Oi

Jètoume
B∗ = {G ∈ B : G ⊆ Oi ∈ O}

Tìte to sÔnolo B∗ eÐnai arijm simo wc uposÔnolo arijm simou sunìlou B.
Gia k�je G ∈ B∗ epilègoume èna Oi(G) ∈ O tètoio ¸ste G ⊆ Oi(G).
Gia k�je x ∈ X up�rqei G ∈ B∗ tètoio ¸ste x ∈ G.
Epomènwc

X =
⋃
x∈X

{x} ⊆
⋃
G∈B∗

G ⊆
⋃
G∈B∗

Oi(G) = X

'Ara, {Oi(G)}G∈B∗ eÐnai arijm simo upok�lumma tou O = {Oi}i∈I .

3.15 TopologikoÐ q¸roi.

Orismìc 3.15.1. Mia oikogèneia uposÔnìlown T enìc sunìlou X kaleÐtai topologÐa an
èqei tic akìloujec idiìthtec:

1. ∅, X ∈ T

2. U1, U2 ∈ T =⇒ U1 ∩ U2 ∈ T

3. {Ui}i∈I ⊆ T =⇒
⋃
i∈I Ui ∈ T

An T eÐnai topologÐa tou X, tìte to zeÔgoc (X,T ) kaleÐtai topologikìc q¸roc.
Ta stoiqeÐa thc topologÐac kaloÔntai anoikt� sÔnola.

ParadeÐgmata 3.15.2.

1. T ′ = {∅, X} eÐnai topologÐa epÐ tou X, h opoÐa kaleÐtai tetrimmènh.

2. T ′′ = {S : S ⊆ X} eÐnai topologÐa epÐ tou X h opoÐa kaleÐtai diakrit .

3. Gia k�je topologÐa T enìc sunìlou X isqÔei T ′ ⊆ T ⊆ T ′′.

4. Gia k�je metrikì q¸ro X h oikogèneia T = {U ⊆ X : ∀x ∈ U,∃S(x, ε) ⊆ U} eÐnai
topologÐa.
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Kef�laio 4

SuneqeÐc apeikonÐseic.

4.1 Orismìc thc suneqoÔc apeikìnishc.

Orismìc 4.1.1. 'Estw (X, dX) kai (Y, dY ) dÔo metrikoÐ q¸roi.
Mi� apeikìnish f : (X, dX) → (Y, dY ) kaleÐtai suneq c sto shmeÐo x0 ∈ X an gia k�je

ε > 0 up�rqei δ > 0 tètoio ¸ste:

f(SdX (x0, δ)) ⊆ SdY (f(x0), ε)

Dhlad 
dX(x, x0) < δ =⇒ dY (f(x), f(x0)) < ε

An h f eÐnai suneq c se k�je shmeÐo x ∈ X, tìte h f kaleÐtai suneq c sto X.

ParadeÐgmata 4.1.2.

1. K�je stajer  apeikìnish f : (X, dX) → (Y, dY ) (f(x) = y0 ∈ Y gia k�je x ∈ X) eÐnai
suneq c.

2. H tautotik  apeikìnish apeikìnish f : (X, dX) → (X, dX) (f(x) = x gia k�je x ∈ X)
eÐnai suneq c.

3. Kaje apeikìnish orismènh se èna diakritikì metrikì q¸ro eÐnai suneq c.

4.2 Qarakthristikèc idiìthtec thc suneqoÔc apeikìnishc.

Je¸rhma 4.2.1. f : X → Y eÐnai suneq c sto x0 an kai mìnon an

lim
n→∞

xn = x0 =⇒ lim
n→∞

f(xn) = f(x0)

Apìdeixh. 'Estw ìti f : X → Y eÐnai suneq c sto x0 kai lim
n→∞

xn = x0. Tìte gia k�je ε > 0

upèrqei δ > 0 tètoio ¸ste f(SdX (x0, δ)) ⊆ SdY (f(x0), ε). An n0 eÐnai tètoio ¸ste gia k�je
n > n0 isqÔei xn ∈ SdX (x0, δ), tìte gia k�je n > n0 isqÔei f(xn) ∈ SdY (f(x0), ε). 'Ara,
lim
n→∞

f(xn) = f(x0).

'Estw oti lim
n→∞

f(xn) = f(x0) gia k�je xn → x0 kai h f den eÐnai suneq c sto x0. Tìte

up�rqei ε > 0, tètoio ¸ste gia k�je δ > 0 na eÐnai f(SdX (x0, δ)) 6⊆ SdY (f(x0), ε). 'Estw xn ∈
SdX (x0, 1/n)) eÐnai tètoio ¸ste f(xn) 6∈ SdY (f(x0), ε). Tìte lim

n→∞
xn = x0 en¸ lim

n→∞
f(xn) 6=

f(x0), pou eÐnai �topo.
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Pìrisma 4.2.2. f : X → Y eÐnai suneq c sto X an kai mìnon an gia k�je sugklÐnousa
akoloujÐa {xn}∞n=1 isqÔei

f( lim
n→∞

xn) = lim
n→∞

f(xn)

Je¸rhma 4.2.3. 'Estw f : (X, dX)→ (Y, dY ) mi� apeikìnish.
Oi akìloujec sunj kec eÐnai isodÔnamec:

(i) f eÐnai suneq c sto X

(ii) to sÔnolo f−1(G) eÐnai anoikto sto X gia k�je G anoiktì sto Y

(iii) to sÔnolo f−1(F ) eÐnai kleistì sto X gia k�je F kleistì sto Y

(iv) f(Cl(S)) ⊆ Cl(f(S)) gia k�je S ⊆ X

Apìdeixh. (i)⇔ (ii).

'Estw f eÐnai suneq c sto X kai G anoiktì sto Y .

Gia k�je x ∈ f−1(G) up�rqei εx > 0 tètoio ¸ste SY (f(x), εx) ⊆ G. Up�rqei δx > 0
tètoio ¸ste f(SX(x, δx)) ⊆ SY (f(x), εx) ⊆ G. 'Ara SX(x, δx) ⊆ f−1(G), epomènwc
f−1(G) eÐnai anoiktì.

'Estw to sÔnolo f−1(G) eÐnai anoikto sto X gia k�je G anoiktì sto Y . Tìte gia k�je
x ∈ X to f−1(SY (f(x), ε)) eÐnai anoikto sto X kai perièqeo to x. Epomènwc up�rqei
δ > 0 tètoi ¸ste SX(x, δ) ⊆ f−1(SY (f(x), ε)). 'Ara f(SX(x, δ)) ⊆ SY (f(x), ε), dhlad 
h f eÐnai suneq c sto X.

(ii)⇔ (iii). Ac upojlesoume ìti to sÔnolo f−1(G) eÐnai anoikto sto X gia k�je G anoiktì
sto Y .

'Estw F kleistì uposÔnolo tou Y . Tìte to sÔnolo Y \F eÐnai anoiktì sto Y . Epomènwc
f−1(Y \ F ) = X \ f−1(F ) eÐnai anoiktì sto X. 'Ara, f−1(F ) eÐnai kleistì sto X.

Ac upojlesoume ìti to sÔnolo f−1(F ) eÐnai kleistì sto X gia k�je F kleistì sto Y
'Estw G anoiktì uposÔnolo tou Y . Tìte to sÔnolo Y \G eÐnai kleistì sto Y . Epomènwc
f−1(Y \G) = X \ f−1(G) eÐnai kleistì sto X. 'Ara, f−1(G) eÐnai anoiktì sto X.

(i)⇔ (iv).

'Estw f eÐnai suneq c sto X, S ⊆ X kai y ∈ f(Cl(S)) =⇒

y = f(x), x ∈ Cl(S) =⇒ y = f(x), x = lim
n→∞

sn, sn ∈ S =⇒

y = lim
n→∞

f(sn), f(sn) ∈ f(S) =⇒ y ∈ Cl(f(S)).

An, antistrìfwc isqÔei h (iv) kai f den eÐnai suneq c sto X, tìte up�rqei x ∈ X
sto opoÐo h f den eÐnai suneq c. Epomènwc up�rqei akoloujÐa xn → x tètoia ¸ste
f(xn) 6→ f(x). Gia S = {xn}∞n=0, èqoume ìti x ∈ Cl(S), en¸ f(x) 6∈ Cl(f(S)), pou eÐnai
�topo.
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4.3 Omoiìmorfa suneqeÐc apeikonÐseic.

Orismìc 4.3.1. 'Estw (X, dX) kai (Y, dY ) dÔo metrikoÐ q¸roi.
Mi� apeikìnish f : X → Y kaleÐtai omoiìmorfa suneq c sto X an gia k�je ε > 0 up�rqei

δ > 0 tètoio ¸ste:
dX(x1, x2) < δ =⇒ dY (f(x1), f(x2)) < ε

Prìtash 4.3.2. An f : X → Y omoiìmorfa suneq c, tìte h f eÐnai suneq c.

ParadeÐgmata 4.3.3.

1. H apeikìnish f : (0,∞) → (0,∞) me f(x) =
1

x
eÐnai suneq c kai den eÐnai omoiìmorfa

suneq c.

Ja deÐxoume ìti h f eÐnai suneq c sto (0,∞).

'Estw x0 ∈ (0,∞) kai lim
n→∞

xn = x0 gia mia akoloujÐa {xn}∞n=1 tou (0,∞). Tìte

lim
n→∞

f(xn) = lim
n→∞

1

xn
=

1

lim
n→∞

xn
=

1

x0
= f(x0)

Ja deÐxoume ìti h f den eÐnai omoiìmorfa suneq c.

'Estw ε = 1. Gia k�je δ > 0 up�rqei 1
n
< δ kai x1 = 1

2n
, x2 = 1

n
tètoia ¸ste

|x1 − x2| =
∣∣∣∣ 1

2n
− 1

n

∣∣∣∣ =
1

2n
<

1

n
< δ

kai
∣∣∣f(x1)− f(x2)

∣∣∣ = |2n− n| = n ≥ 1 = ε.

2. An gia thn apeikìnish f : (X, dX)→ (Y, dY ) up�rqei λ > 0 gia to opoÐo

dY (f(x1), f(x2)) ≤ λ · dX(x1, x2), gia opoiad pote x1, x2 ∈ X,
tìte h f eÐnai omoiìmorfa suneq c.

3. H apeikìnish f : Rn → Rk, n > k me

f(x1, ..., xk, ..., xn) = (x1, ..., xk)

eÐnai omoiìmorfa suneq c.

4. 'Estw (X, d) metrikìc q¸roc kai A ⊆ X. H apeikìnish (X, d)→ (R, ||) me
f(x) = d(x,A), x ∈ X

eÐnai omoiìmorfa suneq c.

Pr�gmati, gia opoiad pote x, y ∈ X isqÔei

d(x,A) ≤ d(x, y) + d(y, A) kai d(y, A) ≤ d(x, y) + d(x,A)

Sunep¸c,
d(x,A)− d(y, A) ≤ d(x, y) kai d(y, A)− d(x,A) ≤ d(x, y).

Epomènwc,
|f(x)− f(y)| = |d(x,A)− d(y, A)| ≤ d(x, y).

'Ara, h f eÐnai omoiìmorfa suneq c.
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5. H apeikìnish f : [1,∞)→ [1,∞) me f(x) =
√
x eÐnai omoiìmorfa suneq c.

Pr�gmati, èstw x, y ∈ [1,∞). Tìte

√
x+
√
y ≥ 2 =⇒ 1√

x+
√
y
≤ 1

2
=⇒

|f(x)− f(y)| = |
√
x−√y| = |x− y|√

x+
√
y
≤ 1

2
|x− y|

Sunep¸c |f(x) − f(y)| ≤ 1
2
|x − y|, gia k�je x, y ∈ [1,∞). 'Ara, h f eÐnai omoiìmorfa

suneq c.

6. An f : (X, dX) → (Y, dY ) eÐnai mia omoimìrfa suneq c kai epÐ apeikìnish kai A ⊆ X,
tìte o periorismìc thc f ston metrikì upìqwro A eÐnai omoiìmorfa suneq c apeikìnish.

Prìtash 4.3.4. An o (X, dX) eÐnai pl rwc fragmènoc kai f : (X, dX)→ (Y, dY ) eÐnai mia
omoimìrfa suneq c kai epÐ apeikìnish, tìte kai o (Y, dY ) eÐnai pl rwc fragmènoc.

Apìdeixh. 'Estw ε > 0. ArkeÐ na deÐxoume ìti up�rqoun peperasmènou pl jouc sÔnola

B1, ..., Bn ⊆ Y tètoia ¸ste Y =
n⋃
i=1

Bi kai diam(Bi) < ε gia k�je i = 1, ..., n.

Epeid  h f eÐnai omoiìmorfa suneq c, up�rqei δ > 0 tètoio ¸ste

dX(x1, x2) < δ =⇒ dY (f(x1), f(x2)) <
ε

2

Epeid  o X eÐnai pl rwc fragmènoc, up�rqoun A1, ..., An ⊆ X tètoia ¸ste

X =
n⋃
i=1

Ai kai diam(Ai) < δ gia k�je i = 1, ..., n.

Jètoume Bi = f(Ai) gia k�je i = 1, ..., n. Tìte

Y = f(X) =
n⋃
i=1

f(Ai) =
n⋃
i=1

Bi.

An y1, y2 ∈ Bi, tìte y1 = f(x1) kai y2 = f(x2), ìpou x1, x2 ∈ Ai. Epomènwc dX(x1, x2) < δ.
'Ara, dY (y1, y2) = dY (f(x1), f(x2)) <

ε
2
< ε. Sunep¸c diam(Bi) ≤ ε

2
< ε.

Par�deigma 4.3.5. H apeikìnish f(x) =
1

x
, x ∈ (0, 1], den eÐnai omoiìmorfa suneq c.

Pragmati, ac upojèsoume ìti, antÐjeta h f eÐnai omoiìmorfa suneq c.
Epeid  (0, 1] eÐnai fragmèno uposÔnolo tou R kai ta fragmèna uposÔnola tou R eÐnai

pl rwc fragmèna, to (0, 1] eÐnai pl rwc fragmèno. 'Ara, apì to Je¸hma 4.3.4, to sÔnolo
f [((0, 1]] = (1,∞) eÐnai pl rwc fragmèno, pou eÐnai �topo.
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4.4 OmoiomorfismoÐ.

Orismìc 4.4.1. Mi� apeikìnish f : X → Y kaleÐtai omoiomorfismìc tou X epÐ tou Y an
(i) f eÐnai èna proc èna kai epÐ
(ii) f eÐnai suneq c
(iii) f−1 eÐnai suneq c

Je¸rhma 4.4.2. 'Estw f : (X, dX)→ (Y, dY ) mÐa èna proc èna kai suneq c apeikìnish tou
X epÐ tou Y .

Oi akìloujec sunj kec eÐnai isodÔnamec:

(i) f eÐnai omoiomorfismìc

(ii) to sÔnolo f(F ) eÐnai kleistì sto Y gia k�je F kleistì sto X

(iii) to sÔnolo f(G) eÐnai anoikto sto Y gia k�je G anoiktì sto X

(iv) f(S) = f(S) gia k�je S ⊆ X

Apìdeixh. (i)⇒ (ii) 'Estw f eÐnai omoiomorfismìc tou X epÐ tou Y kai F eÐnai kleistì sto
X. Epeid  h f−1 : Y → X eÐnai suneq c (f−1)−1(F ) = f(F ) eÐnai kleistì sto Y .

(ii)⇒ (iii) 'Estw to sÔnolo f(F ) eÐnai kleistì sto Y gia k�je F kleistì sto X. Gia k�je
G anoiktì sto X to sÔnolo X \G eÐnai kleistì, epomènwc f(X \G) eÐnai kleistì, �ra
f(G) = Y \ f(X \G) eÐnai anoiktì.

(iii)⇒ (iv) 'Estw to sÔnolo f(G) eÐnai anoikto sto Y gia k�je G anoiktì sto X kai S ⊆ X.

Epeid  to S eÐnai kleistì, X \ S eÐnai anoiktì, epomènwc kai afoÔ h f eÐnai èna proc èna
kai epÐ, èqoume f(X \ S) = Y \ f(S) eÐnai anoiktì. 'Ara f(S) eÐnai kleistì. Epeid  h f
eÐnai suneq c f(S) ⊆ f(S) ⊆ f(S). Epeid  f(S) eÐnai to mikrìtero kleisto pou perièqei
to f(S) prokÔptei ìti f(S) = f(S).

(iv) ⇒ (i) 'Estw ìti f(S) = f(S) gia k�je S ⊆ X. ArkeÐ na deÐxoume ìti h f−1 : Y → X

eÐnai suneq c. 'Estw F kleistì sto X, tìte F = F kai sunep¸c f(F ) = f(F ) = f(F ),
�ra f(F ) eÐnai kleistì sto Y . 'Omwc f(F ) = (f−1)−1(F ). 'Ara h f−1 eÐnai suneq c afoÔ
h antÐstrofh eikìna k�je kleistoÔ sto X sunìlou eÐnai sÔnolo kleistì sto Y .

ParadeÐgmata 4.4.3.

1. H apeikìnish f : (0,∞)→ (0,∞) me f(x) =
1

x
eÐnai omoimorfismìc.

2. H apeikìnish f : R→ [0,∞) me f(x) = x2 den eÐnai omoimorfismìc.

3. H apeikìnish f : Y → R, ìpou Y = [(−∞, 0]× {1}] ∪ [(0,∞)× {2}] me f(x, y) = x den
eÐnai omoimorfismìc
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4.5 IsometrÐec.

Orismìc 4.5.1. Mia apeikìnish f : (X, dX)→ (Y, dY ) kaleÐtai isometria an kai gia opoiad -
pote x1, x2 ∈ X isqÔei

dX(x1, x2) = dY (f(x1), f(x2))

Prìtash 4.5.2. K�je isometrÐa eÐnai omoiìmorfa suneq c apeikìnish.

Prìtash 4.5.3. An h f : (X, dX)→ (Y, dY ) eÐnai mia epÐ isometrÐa, tìte h f eÐnai omoiomor-
fismìc.

Par�deigma 4.5.4.

1. H apeikìnish f : Rk → Rn, k < n me f(x1, ..., xk) = (x1, ..., xk, 0, ..., 0) eÐnai isometrÐa.

2. H apeikìnish f : R2 → R2 me f(x, y) = (x,−y) eÐnai isometrÐa.

3. H apeikìnish f : Rn → Rn me f(x1, ..., xn) = (x1 + c1, ..., xk + c2), ìpou (c1, ..., cn) eÐnai
stajerì shmeÐo tou Rn, eÐnai isometrÐa.

4. H apeikìnish f : (0,∞)→ (0,∞) me f(x) =
1

x
eÐnai omoimorfismìc kai den eÐnai isometrÐa.

5. H apeikìnish f : Rn → Rk, n > k me

f(x1, ..., xk, ..., xn) = (x1, ..., xk)

eÐnai omoiìmorfa suneq c kai den eÐnai isometrÐa.
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Kef�laio 5

Pl reic metrikoÐ q¸roi.

5.1 AkoloujÐec tou Cauchy.

Orismìc 5.1.1. Mi� akoloujÐa {xn}∞n=1 shmeÐwn metrikoÔ q¸rou (X, d) kaleÐtai akoloujÐa
tou Cauchy an gia k�je ε > 0 up�rqei n0 ∈ N tètoio ¸ste

n,m > n0 =⇒ d(xn, xm) < ε

Prìtash 5.1.2. K�je sugklÐnousa akoloujÐa enìc metrikoÔ q¸rou eÐnai akoloujÐa tou
Cauchy.

Apìdeixh. 'Estw {xn}∞n=0 eÐnai sugklÐnousa akiloujÐa enìc metrikoÔ q¸rou X kai x ∈ X eÐnai
to ìriì thc. Gia k�je ε > 0 up�rqei n0 tètoio ¸ste gia k�je n > n0 na isqÔei: d(x, xn) < ε

2
.

Epomènwc gia k�je n,m > n0 èqoume:

d(xn, xm) ≤ d(xn, x) + d(x, xm) <
ε

2
+
ε

2
= ε

'Ara {xn}∞n=0 eÐnai akoloujÐa tou Cauchy.

Prìtash 5.1.3. Mi� akoloujÐa tou Cauchy sugklÐnei an kai mìnon an aut  perièqei sugk-
lÐnousa upakoloujÐa.

Apìdeixh. 'Estw {xn}∞n=0 mi� akoloujÐa tou Cauchy.
An {xn}∞n=0 sugklÐnei, tìte h Ðdia eÐnai sugklÐnousa upakoloujÐa.
'Estw ìti {xn}∞n=0 perièqei mia sugklÐnousa upakoloujÐa {xn(k)}∞k=0 me ìrio x ∈ X. Ja

deÐxoume ìti xn → x. 'Estw ε > 0.
Epeid  xn(k) → x, up�rqei k0 tètoio ¸ste d(x, xn(k)) <

ε
2
, an k > k0.

Epeid  {xn}∞n=0 eÐnai akoloujÐa tou Cauchy up�rqei n0 tètoio ¸ste

d(xn, xm) <
ε

2
, an n,m > n0

'Estw n1 = max{n0, n(k0)}, tìte gia k�je n > n1 up�rqei n(k) > n. Apì ton orismì tou
n1 èqoume

d(x, xn) ≤ d(x, xn(k)) + d(xn(k), xn) <
ε

2
+
ε

2
= ε

43
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5.2 Orismìc tou pl rouc q¸rou.

Orismìc 5.2.1. 'Enac metrikìc q¸roc (X, d) kaleÐtai pl rhc an k�je akoloujÐa tou Cauchy
tou X sugklÐnei (se k�poio shmeÐo tou X).

ParadeÐgmata 5.2.2.

1. K�je diakririkìc metrikìc q¸roc X eÐnai pl rhc, epeid  kai oi akoloujÐec tou Cauchy
kai oi sugklÐnousec akoloujÐec tou X sumpÐptoun kai eÐnai oi akoloujÐec thc morf c
x1, ...xn, x, x, ..., x, ..., ìpou x1, ..., xn, x ∈ X.

2. O Rn me thn metrik  dn((x1, ..., xn), (y1, ..., yn)) =

√
n∑
i=1

(yi − xi)2 eÐnai pl rhc gia k�je

n = 1, 2, ...,.

Pr�gmati, èstw {xk}∞k=1 mia akoloujÐa Cauchy tou Rn, ìpou xk = (x1k, ..., x
n
k). ArkeÐ na

deÐxoume ìti h {xk}∞k=1 sugklÐnei,

Tìte gia ε > 0 up�rqei n0 tètoio ¸ste gia k�je m, k ≥ k0

d(xk, xm) =

√√√√ n∑
i=1

(xik − xim)2 < ε

'Ara,
∑n

i=1(x
i
k−xim)2 < ε2. Epomènwc gia k�je i = 1, ..., n kai gia k�je m, k ≥ k0 isqÔei

|xik − xim| =
√

(xik − xim)2 < ε

Sunep¸c gia k�je i = 1, ..., n {xik}∞k=1 eÐnai mia akoloujÐa Cauchy tou R.
Epeid  o R eÐnai pl rhc, lim

k→∞
xik = xi gia k�je i = 1, ..., n.

Jètoume x̄ = (x1, ..., xn). Tìte, epeid  lim
k→∞

(xik − xi) = 0, prokÔptei ìti

lim
k→∞

d(x̄, x̄k) = lim
k→∞

√√√√ n∑
i=1

(xi − xik)2 = 0,

dhlad  h akoloujÐa Cauchy {xk}∞k=1 sugklÐnei sto x̄.

3. O Rn me thn metrik  dn((x1, ..., xn), (y1, ..., yn)) = max
1≤i≤n

{|yi − xi|} eÐnai pl rhc gia k�je

n = 1, 2, ...,.

4. O q¸roc C[a,b] = {f : [a, b]→ R : f suneq c } me th metrik  d(f, g) = max{|f(x)−g(x)| :
x ∈ [a, b]} eÐnai pl rhc.

5. To sÔnolo twn fusik¸n arijm¸n N me th metrik  d(n,m) = |n−m| eÐnai pl rhc q¸roc.

6. To sÔnolo X = { 1
n
}∞n=1 me th metrik  apì to R den eÐnai pl rhc.

7. O q¸roc X = {{xn}∞n=1 : {xn}∞n=1 fragmènh akoloujÐa tou R} me th metrik  d(x, y) =
sup{|yi − xi| : i = 1, 2, ...} eÐnai pl rhc.
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8. O q¸roc twn rht¸n arijm¸n me th metrik  d(x, y) = |x− y| den eÐnai pl rhc.

9. O q¸roc tou Hilbert `2 = (X, d), ìpou

X = {{xn}∞n=1 : {xn}∞n=1 akoloujÐa tou R tetoia ¸ste
∞∑
i=1

x2 < ∞} kai d(x, y) =√ ∞∑
i=1

(yi − xi)2 den eÐnai pl rhc.

5.3 Idiìthtec tou pl rouc q¸rou.

Prìtash 5.3.1. K�je pl rhc upìqwroc F enìc metrikoÔ q¸rou X eÐnai kleistìc sto X.

Apìdeixh. 'Estw x ∈ F ′, tìte x = limn→∞ xn, ìpou xn ∈ F .
Epeid  h {xn}∞n=1 eÐnai sugklÐnousa eÐnai akoloujÐa tou Cauchy tou X. 'Ara h {xn}∞n=1

eÐnai akoloujÐa tou Cauchy tou F . Epeid  o F eÐnai pl rhc, up�rqei x∗ ∈ F tètoio ¸ste
x∗ = limn→∞ xn. Mi� akoloujÐa den mporeÐ na èqei dÔo ìria �ra x = x∗, opìte x ∈ F .
Sunep¸c to sÔnolo F eÐnai kleistì.

Prìtash 5.3.2. K�je kleistìc upìqwroc F enìc pl rouc metrikoÔ q¸rou X eÐnai pl rhc.

Apìdeixh. 'Estw {xn}∞n=1 akoloujÐa tou Cauchy tou F .
Tìte gia k�je ε > 0 up�rqei n0 tètoio ¸ste d(xn, xm) < ε an n,m > n0. 'Ara {xn}∞n=1

akoloujÐa tou Cauchy touX. Epeid  oX eÐnai pl rhc up�rqei x ∈ X tètoio ¸ste limn→∞ xn =
x. Epeid  to F eÐnai kleistì kai {xn}∞n=1 ⊆ F prokÔptei ìti x ∈ F ′ ⊆ F . 'Ara x ∈ F kai
sunep¸c k�je akoloujÐa tou Cauchy tou F sugklÐnei, dhlad  o F eÐnai pl rhc.

Je¸rhma 5.3.3. 'Enac metrikìc q¸roc eÐnai pl rhc an kai mìnon an gia k�je fjÐnousa
akoloujÐa kleist¸n sfair¸n

S[x1, r1] ⊇ ... ⊇ S[xn, rn] ⊇ S[xn+1, rn+1] ⊇ ...

tètoia ¸ste lim
n→∞

rn = 0 isqÔei
∞⋂
n=1

S[xn, rn] 6= ∅.

Apìdeixh. 'Estw (X, d) ènac pl rhc metrikìc q¸roc kai

S[x1, r1] ⊇ ... ⊇ S[xn, rn] ⊇ S[xn+1, rn+1] ⊇ ...

mia fjÐnousa akoloujÐa kleist¸n sfair¸n me lim
n→∞

rn = 0.

H {xn}∞n=0 eÐnai akoloujÐa tou Cauchy. Pr�gmati, èstw ε > 0. Up�rqei n0 tètoio ¸ste
gia k�je n > n0 na isqÔei rn < ε. 'Estw n,m > n0 kai m > n, tìte S[xm, rm] ⊆ S[xn, rn].
Epomènwc xm ∈ S[xn, rn], �ra, d(xm, xn) ≤ rn < ε.

'Epeid  O X eÐnai pl rhc, lim
n→∞

xn = x ∈ X.

Gia k�je n isqÔei {xn+1, xn+2, ...} ⊆ S[xn, rn] kai lim
i→∞

xn+i = x, sunep¸c x ∈ S[xn, rn],

epeid  S[xn, rn] eÐnai kleistì sÔnolo. 'Ara, x ∈
⋂∞
n=1 S[xn, rn], dhlad 

⋂∞
n=1 S[xn, rn] 6= ∅.

AntÐstrofa, èstw k�je fjÐnousa akoloujÐa kleist¸n sfair¸n

S[x1, r1] ⊇ ... ⊇ S[xn, rn] ⊇ S[xn+1, rn+1] ⊇ ...
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tou X me rn → 0 èqei mh ken  tom .
'Estw {xn}∞n=0 eÐnai akoloujÐa tou Cauchy tou X. 'Epagwgik� mporeÐ na kataskeuastei

mia aÔxousa akoloujÐa n1 < n2 < ... < nk < nk+1 < ... tètoia ¸ste: d(xn, xnk
) < 1

2k+1 gia
k�je n > nk

Jewroume thn akoloujÐa kleist¸n sfair¸n
{
S[xnk

, 1
2k

]
}∞
k=1

.

'Eqoume lim
k→∞

1

2k
= 0. Ja deÐxoume ìti S[xnk+1

, 1
2k+1 ] ⊆ S[xnk

, 1
2k

].

Pr�gmati, an x ∈ S[xnk+1
, 1
2k+1 ], tìte d(x, xnk+1

) ≤ 1
2k+1 . Epomènwc

d(x, xnk
) ≤ d(x, xnk+1

) + d(xnk+1
, xnk

) <
1

2k+1
+

1

2k+1
=

1

2k
⇒ x ∈ S[xnk

,
1

2k
]

'Estw x ∈
⋂∞
k=1 S[xnk

, 1
2k

]. Tìte lim
n→∞

xnk
= x. Epeid  h akoloujÐa tou Cauchy {xn}∞n=0

perièqei sugklÐnousa upakoloujÐa, h {xn}∞n=0 sugklÐnei. 'Ara o X eÐnai pl rhc.

5.4 Pl rwsh metrikoÔ q¸rou.

Orismìc 5.4.1. 'Enac metrikìc q¸roc (X∗, d∗) kaleÐtai pl rwsh tou metrikoÔ q¸rou (X, d)
an

(i) (X∗, d∗) eÐnai pl rhc
(ii) up�rqei mÐa isometrÐa f : X → f(X) ⊆ X∗

(iii) f(X) = X∗

Je¸rhma 5.4.2. K�je metrikìc q¸roc (X, d) èqei mi� pl rwsh.

Apìdeixh. Ja lème ìti dÔo akoloujÐec tou Cauchy {xn}∞n=1 kai {yn}∞n=1 touX eÐnai isodÔnamec
an lim

n→∞
d(xn, yn) = 0. 'Estw X∗ to sÔnolo twn kl�sewn isodunamÐac twn akolouji¸n tou

Cauchy tou X. Gia x, y ∈ X∗ orÐzoume

d∗(x, y) = lim
n→∞

d(xn, yn), ìpou {xn}∞n=1 ∈ x kai {yn}∞n=1 ∈ y

Ja apodeÐxoume ìti h d∗ : X∗ ×X∗ → R+ ∪ {0} eÐnai kal� orismènh.
Pr�gmati, an {xn}∞n=1 kai {yn}∞n=1, eÐnai akoloujÐec tou Cauchy, tìte gia k�je ε > 0

up�rqei n0 tètoio ¸ste gia k�je n,m > n0 isqÔei

d(xn, xm) < ε/2 kai d(yn, ym) < ε/2

Apì tic
d(xm, ym) ≤ d(xm, xn) + d(xn, yn) + d(yn, ym)
d(xn, yn) ≤ d(xn, xm) + d(xm, ym) + d(ym, yn) prokÔptei ìti
|d(xn, yn)− d(xm, ym)| ≤ d(yn, ym) + d(xn, xm) < ε/2 + ε/2 = ε.
Dhlad  h {d(xn, yn)}∞n=1 eÐnai akoloujÐa tou Cauchy tou R kai �ra up�rqei to ìrio

lim
n→∞

d(xn, yn).

O arijmìc d∗(x, y) den ja all�xei an epilèxoume �llec akoloujÐec {x′n}∞n=1 ∈ x kai {y′n}∞n=1 ∈
y. Pr�gmati, epeid  d(x′n, y

′
n) ≤ d(x′n, xn)+d(xn, yn)+d(yn, y

′
n) prokÔptei ìti lim

n→∞
d(x′n, y

′
n) =

lim
n→∞

d(xn, yn).
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Epeid  h d eÐnai metrik , apodeiknÔetai eÔkola ìti kai h d∗ eÐnai metrik .
OrÐzoume f : X → X∗ wc ex c: f(x) = {x, x, ..., x, ...}. An x, y ∈ X, tìte

d∗(f(x), f(y)) = d∗({x, x, ...}, {y, y, ...}) = lim
n→∞

d(x, y) = d(x, y)

�ra h f eÐnai isometrÐa.
'Estw ε > 0 kai x = {xn}∞n=1 ∈ X∗. Epeid  x eÐnai akoloujÐa tou Cauchy up�rqei n0

tètoio ¸ste gia k�je n ≥ n0 isqÔei d(xn, xn0) < ε. Jètoume y = {xn0 , xn0 , ..., xn0 , ...}, tìte
y ∈ f(X) kai d∗(x, y) = lim

n→∞
d(xn, xn0) < ε. 'Ara, f(X) = X∗.

Ja deÐxoume ìti o X∗ eÐnai pl rhc.
'Estw x1, x2, ..., xn, ... mi� akoloujÐa tou Cauchy tou X∗.
'Estw {x′n} ∈ X∗ eÐnai mi� stajer  akoloujÐa tètoia ¸ste d∗(xn, {x′n}) < 1

n
.

Ja deÐxoume ìti x′ = {x′1, ..., x′n, ...} ∈ X∗ kai lim
n→∞

xn = x′.

'Estw ε > 0 kai n0 eÐnai tètoio ¸ste
1
n0
< ε

6
kai gia k�je n,m > n0 na èqoume d∗(xm, xn) <

ε
6
. Tìte gia k�je n,m > n0 isqÔei:
d(x′m, x

′
n) = d∗({x′m}, {x′n}) ≤ d∗({x′m}, xm) + d∗(xm, xn) + d∗(xn, {x′n}) <

< 1
m

+ ε
6

+ 1
n
< ε

2
Sunep¸c x′ = {x′1, ..., x′n, ...} eÐnai akoloujÐa tou Cauchy tou X.
'Ara x′ = {x′1, ..., x′n, ...} ∈ X∗.

Gia k�je n > n0 isqÔei: d∗({x′n}, x′) = lim
n→∞

d(x′n, x
′
m) <

ε

2
.

'Ara, d∗(xn, x′) ≤ d∗(xn, {x′n}) + d∗({x′n}, x′) < 1
n

+ ε
2
< ε.

Je¸rhma 5.4.3. Opoiesd pote dÔo plhr¸seic (X∗, d∗) kai x̂ ∈ X̂ enìc metrikoÔ (X, d)
q¸rou eÐnai isometrikèc.

Apìdeixh. 'Estw
î : X → X̂, i∗ : X → X∗

oi antÐstoiqec isometrÐec. OrÐzoume i : X̂ → X∗ wc ex c:

An x̂ ∈ X̂, tìte x̂ ∈ î(X), sunep¸c x̂ = lim x̂n, ìpou {x̂n}∞n=1 eÐnai akoloujÐa tou Cauchy

tou î(X). Epeid  {x̂n}∞n=1 = {̂i(xn)}∞n=1 kai î eÐnai isometrÐa, h {xn}∞n=1 eÐnai akoloujÐa tou
Cauchy tou X. Jètoume i(x̂) = x∗ = lim i∗(xn)

An x∗ ∈ X∗ kai x∗ = lim i∗(xn), ìpou xn ∈ X, tìte x∗ = i(x̂), ìpou i(x̂) = lim î(xn).
An x∗ = lim i∗(xn) kai x∗ = lim i∗(yn), tìte

0 = d∗(x∗, x∗) = lim d∗(i∗(xn), i∗(yn)) = lim d((xn, yn)) = lim d̂(̂i(xn), î(yn))

'Ara lim î(xn) = lim î(yn), dhlad  h i eÐnai kal� orismènh.
An x̂, ŷ ∈ X̂, tìte x̂ = lim x̂n = lim î(xn) kai ŷ = lim ŷn = lim î(xn),
i(x̂) = x∗ = lim i∗(xn) kai i(ŷ) = y∗ = lim i∗(yn)

Epeid  î kai i∗ eÐnai isometrÐec diadoqik� paÐrnoume:

d̂(x̂, ŷ) = lim
n→∞

d̂(x̂n, ŷn) = lim
n→∞

d(̂i(xn), î(yn)) = lim
n→∞

d(xn, yn) =

= lim
n→∞

d∗(i∗(xn), i∗(yn)) = d∗(x∗, y∗) = d∗(i(x̂), i(ŷ))

Sunep¸c i eÐnai isometrÐa.
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5.5 Je¸rhma tou Baire.

Orismìc 5.5.1. 'Ena uposÔnolo S metrikoÔ q¸rou X kaleÐtai poujen� puknì an (S)◦ = ∅,
ìpou (S)◦ eÐnai to eswterikì tou S.

Prìtash 5.5.2. Oi akìloujèc sunj kec eÐnai isodÔmamec:

(i) S eÐnai poujen� puknì sto X

(ii) X \ S = X

(iii) Gia k�je anoiktì G ⊆ X up�rqei mÐa sfaÐra S(x, ε) ⊆ G \ S

Apìdeixh. (i)⇐⇒ (ii) 'Epeid  X \ (S)◦ = X \ S sumperaÐnoume diadoqik�:

S eÐnai poujen� puknì sto X ⇐⇒ (S)◦ = ∅ ⇐⇒

X \ (S)◦ = X ⇐⇒ X \ S = X

(i) ⇐⇒ (iii) 'Estw (S)◦ = ∅ kai G anoiktì uposÔnolo tou X. Tìte G 6⊆ V , afoÔ se
antÐjeth perÐptwsh G ⊆ (S)◦ = ∅, pou eÐnai �topo.

Sunep¸c G \ S eÐnai mh kenì anoiktì sÔnolo, opìte gia k�je x ∈ G \ S up�rqei mÐa
sfaÐra tètoia ¸ste S(x, ε) ⊆ G \ S ⊆ G \ S.
'Estw (S)◦ 6= ∅, tìte (S)◦ eÐnai mh kenì anoiktì sÔnolo, �ra Ôp�rqei S(x, ε) ⊆ (S)◦ \ S.
Opìte èqoume:

S(x, ε) ⊆ (S)◦ ⊆ S kai S(x, ε) ∩ S = ∅.
'Ara apì thn mÐa èqoume x ∈ S(x, ε) ⊆ S apì thn �llh x 6∈ S, pou eÐnai �topo. 'Ara
(S)◦ = ∅

Je¸rhma 5.5.3. (Baire) An {Sn}∞n=1 eÐnai mi� akoloujÐa poujena pukn¸n uposunìlwn enìc
pl rouc metrikoÔ q¸rou X, tìte X \

⋃∞
n=1 Sn 6= ∅.

Apìdeixh. Epeid  to S1 eÐnai poujen� puknì to anoiktì sÔnoloX perièqei mÐa sfaÐra S(x1, r1) ⊆
X \ S1 me 0 < r1 <

1
2
.

'Estw ìti èqoun kataskeuasteÐ k kleistèc sfaÐrec

S[x1,
r1
2

] ⊇ S[x2,
r2
2

] ⊇ ... ⊇ S[xk,
rk
2

]

ìpou S[xi,
ri
2

] ⊆ S(xi, ri) ⊆ X \ Si kai 0 < ri <
1
2i
gia k�je i = 1, ..., n.

'Epeid  Sk+1 eÐnai poujen� puknì sto X kai S(xk, ,
rk
2

) eÐnai anoiktì sto X up�rqei sfaÐra
S(xk+1, rk+1) ⊆ S(xk, ,

rk
2

) \ Sk+1, ìpou 0 < rk+1 <
1

2k+1 .
Sunep¸c

S[xk+1,
rk+1

2
] ⊆ S(xk+1, rk+1) ⊆ S(xk, ,

rk
2

) \ Sk+1 ⊆ S[xk, ,
rk
2

] \ Sk+1.

Ara, S[xk+1,
rk+1

2
] ⊆ S[xk,

rk
2

] kai S[xk+1,
rk+1

2
] ⊆ X \ Sk+1.

H {S[xn,
rn
2

]}∞n=1 eÐnai fjÐnousa akoloujÐa kleist¸n sfair¸n pl rouc q¸rou X me aktÐnec

rn
2
tètoiec ¸ste lim

n→∞
rn
2

= 0, sunep¸c
∞⋂
n=1

S[xn, rn] 6= ∅.
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Epeid 
∞⋂
n=1

S[xn, rn] ⊆
∞⋂
n=1

(X \ Sn) = X \
∞⋃
n=1

Sn

prokÔptei ìti X \
⋃∞
n=1 Sn 6= ∅.

Je¸rhma 5.5.4. (Baire) An {Sn}∞n=1 eÐnai mi� akoloujÐa uposunìlwn enìc pl rouc metrikoÔ
q¸rou X tètoia ¸ste X =

⋃∞
n=1 Sn, tìte up�rqei n tètoio ¸ste (Sn)◦ 6= ∅.

Orismìc 5.5.5. 'Ena uposÔnolo A metrikoÔ q¸rou X kaleÐtai sÔnolo 1hc kathgorÐac an
A =

⋃∞
n=1An kai An eÐnai poujen� puknì sto X gia k�je n.

'Ena uposÔnolo A metrikoÔ q¸rou X pou den mporeÐ na parastajeÐ wc
ènwsh arijmhsÐmou pl jouc poujen� pukn¸n sto X sunìlwn kaleÐtai sÔnolo 2hc kathgorÐac.
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Kef�laio 6

SumpageÐc metrikoÐ q¸roi.

6.1 Orismìc tou sumpagoÔc q¸rou.

Orismìc 6.1.1.

• Mi� oikogèneia uposunìlwn {Oi}i∈I enìc metrikoÔ q¸rou X kaleÐtai k�lumma tou X an
X =

⋃
i∈I Oi.

• K�je k�lumma tou metrikoÔ q¸rou X pou apoteleÐtai anoikta uposÔnola tou X kaleÐtai
anoiktì k�lumma.

• K�je upooikogèneia dojèntoc kalÔmmatoc tou X h opoÐa eÐnai epÐshc k�lÔmma tou X
kaleÐtai upok�lumma tou dojèntoc kalÔmmatoc.

Orismìc 6.1.2. 'Enac metrikìc q¸roc kaleÐtai sumpag c an k�je anoktì k�lumma tou X
perièqei peperasmèno upok�lumma.

ParadeÐgmata 6.1.3.

1. K�je peperasmènoc metrikìc q¸roc eÐnai sumpag c.

2. K�je �peiroc diakritikìc metrikìc q¸roc den eÐnai sumpag c.

Prìtash 6.1.4. K�je sumpag c q¸roc eÐnai pl rwc fragmènwc (�ra, fragmènwc).

Apìdeixh. 'Estw ε > 0. Epeid  X =
⋃
x∈X S(x, ε), h oikogèneia {S(x, ε)}x∈X eÐnai anoiktì

k�lumma tou X. Apì thn sumpagìthta tou X èpetai ìti to anoiktì k�lumma {S(x, ε)}x∈X
èqei peperasmèno upok�lumma, dhlad  up�rqei peperasmènou pl jouc shmeÐa x1, ..., xn ∈ X
gia ta opoÐa

X = S(x1, ε) ∪ · · · ∪ S(xn, ε).

'Ara, o X eÐnai pl rwc fragmènoc.

Pìrisma 6.1.4. O q¸roc Rn, n = 1, 2, ..., me thn metrik 

dn((x1, ..., xn), (y1, ..., yn)) =

√√√√ n∑
i=1

(yi − xi)2

den eÐnai fragmènwc.

51



S
of
Ða
Za
fe
ir
Ðd
ou

52

Orismìc 6.1.4. 'Enac arijmìc λ > 0 kaleÐtai arijmìc tou Lebesgue gia to anoiktì k�lumma
{Oi}i∈I tou metrikoÔ q¸rou X an gia k�je x ∈ X h anoikt  sfaÐra S(x, λ) eÐnai uposÔnolo
k�poiou stoiqeÐou tou kalÔmmatoc {Oi}i∈I .

Dhlad , ènac arijmìc λ > 0 eÐnai arijmìc tou Lebesgue gia to anoiktì k�lumma {Oi}i∈I
tou metrikoÔ q¸rou X ìtan gia opoiad pote x, y ∈ X me d(x, y) < λ up�rqei i ∈ I tètoio
¸ste x, y ∈ Oi.

Je¸rhma 6.1.5. Gia k�je anoiktì k�lumma enìc sumpagoÔc metrikoÔ q¸rou up�rqei ari-
jmìc tou Lebesgue.

Apìdeixh. 'Estw O = {Oi}i∈I èna anoiktì k�lumma enìc sumpagoÔc q¸rou X. Gia k�je
x ∈ X up�rqei ix ∈ I tètoio ¸ste x ∈ Oix kai, epeid  Oix eÐnai anoiktì up�rqei εx > 0 gia to
opoÐo x ∈ S(x, εx) ⊆ Oix . Tìte gia k�je x ∈ X isqÔei x ∈ S(x, εx

2
) ⊆ S(x, εx) ⊆ Oix . 'Omwc

X =
⋃
x∈X

S
(
x,
εx
2

)
.

Epeid  o X eÐnai sumpag c, to anoiktì k�lumma {S(x, εx
2

) : x ∈ X} to X perièqei peperas-
mèno upok�lumma, dhlad 

X = S
(
x1,

εx1
2

)
∪ · · · ∪ S

(
xn,

εxn
2

)
Jètoume λ = min{ εx1

2
. . . , εxn

2
} 'Estw ìti x ∈ X kai y ∈ S(x, λ). 'Omwc x ∈ S(xj,

εxj
2

) gia
k�poio j = 1, ..., n. 'Epomènwc

d(y, xj) ≤ d(y, x) + d(x, xj) < λ+
εxj
2
≤
εxj
2

+
εxj
2

= εxj

Epomènwc y ∈ S(xj, εxj). 'Ara, S(x, λ) ⊆ S(xj, εxj) ⊆ Oixj
. Sunep¸c λ eÐnai arijmìc tou

Lebesque gia to anoiktì k�lumma O = {Oi}i∈I .

6.2 Qarakthristikèc idiìthtec tou sumpagoÔc q¸rou.

Je¸rhma 6.2.1. 'Enac upìqwroc F enìc metrikoÔ q¸rou X eÐnai sumpag c an kai mìnon
an gia k�je oikogèneia anoikt¸n sunìlwn {Gi}i∈I tou X tètoia ¸ste F ⊆

⋃
i∈I
Gi up�rqei

peperasmènh upooikogèneia {Gi1 , ..., Gin} tètoia ¸ste F ⊆ Gi1 ∪ ... ∪Gin .

Apìdeixh. 'Estw ìti o upìqwroc F tou X eÐnai sumpag c kai {Gi}i∈I eÐnai mia oikogèneia
anoikt¸n sunìlwn tou X tètoia ¸ste F ⊆

⋃
i∈I
Gi. Tìte F =

⋃
i∈I

(F ∩ Gi) kai F ∩ Gi eÐnai

anoiktì sto F gia k�je i ∈ I. Epeid  o F eÐnai sumpag c to anoiktì k�lumma {F∩Gi}i∈I tou F
perièqei peperasmèno upok�lumma {F∩Gi1 , ..., F∩Gin}. 'Eqoume F = (F∩Gi1)∪...∪(F∩Gin),
�ra F ⊆ Gi1 ∪ ... ∪Gin .

'Estw gia k�je oikogèneia anoikt¸n sunìlwn {Gi}i∈I touX tètoia ¸ste F ⊆
⋃
i∈I
Gi up�rqei

peperasmènh upooikogèneia {Gi1 , ..., Gin} tètoia ¸ste F ⊆ Gi1 ∪ ... ∪ Gin . Ja deÐxoume ìti
o F eÐnai sumpag c. 'Estw F =

⋃
i∈I
G′i, ìpou G

′
i eÐnai anoikto sto F gia k�je i ∈ I. Tìte

gia k�je i ∈ S ja up�rqei anoiktì sto X sÔnolo Gi tètoio ¸ste G′i = F ∩ Gi. Sunep¸c
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F ⊆
⋃
i∈I
Gi. SÔmfwna me upìjesh up�rqoun {Gi1 , ..., Gin} tètoia ¸ste F ⊆ Gi1 ∪ ... ∪ Gin .

Opìte F = (F ∩Gi1)∪ ...∪ (F ∩Gin). 'Ara F = G′i1 ∪ ...∪G
′
in . Sunep¸c o F eÐnai sumpag c.

Je¸rhma 6.2.2. Gia ènan metrikì q¸ro X h akìloujec sunj kec eÐnai isodÔnamec:

(α) O X eÐnai sumpag c

(β) K�je �peiro uposÔnolo tou X èqei oriakì shmeÐo,

(γ) K�je akoloujÐa shmeÐwn enìc metrikoÔ q¸rou X èqei sugklÐnousa (sto shmeÐo tou X)
upakoloujÐa.

(δ) O X eÐnai pl rhc kai pl rwc fragmènwc.

Apìdeixh. (α)⇒ (β) Ac upojèsoume ìti, antÐjeta, up�rqei èna �peiro uposÔnolo A tou X
pou den èqei oriakì shmeÐo. Tìte gia k�je x ∈ X up�rqei anoikt  sfaÐra S(x, εx) tètoia
¸ste to sÔnolo A ∩ S(x, εx) eÐnai peperasmèno.

'Eqoume X =
⋃
x∈X S(x, εx). Sunep¸c {S(x, εx)}x∈X eÐnai anoiktì k�lumma tou X.

Epeid  o X eÐnai sumpag c to anoiktì autì k�lumma èqei peperasmèno upok�lumma
{S(x1, εx1), ..., S(xn, εxn)}. Epomènwc X = S(x1, εx1) ∪ ... ∪ S(xn, εxn). 'Ara,

A = A ∩X = (A ∩ S(x1, εx1)) ∪ ... ∪ (A ∩ S(xn, εxn)).

AfoÔ ta sÔnola A ∩ S(x1, εx1), ..., A ∩ S(xn, εxn) eÐnai peperasmèna, to A � h ènwsh
touc eÐnai peperasmèno, pou eÐnai �topo.

'Ara, k�je �peiro uposÔnolo tou X èqei oriakì shmeÐo.

(β)⇒ (γ) 'Estw {xn}∞n=1 mia akoloujÐa tou X.

Jètoume A = {xn : n = 1, 2, ...}. An A eÐnai peperasmèno, tìte h akoloujÐa {xn}∞n=1

perièqei stajer  upakoloujÐa {xkn}∞n=1 = {x, x, ...} h opoÐa sugklÐnei sto x.

An A eÐnai �peiro, tìte up�rqei x ∈ Ad.
Sunep¸c gia k�je k = 1, 2, ... to sÔnolo A ∩ S(x, 1/k) eÐnai �peiro. 'Estw

xn1 ∈ A ∩ S(x, 1) \ {x}
xn2 ∈ A ∩ S(x, 1/2) \ {x, xn1}, n2 > n1

...............................................................

xnk
∈ A ∩ S(x, 1/k) \ {x, xn1 , ..., xnk−1

}, nk > nk−1.

Tìte x = lim
k→∞

xnk
kai {xnk

}∞k=1 eÐnai upakoloujÐa thc {xn}∞n=1.

(γ)⇒ (δ) 'Estw {xn}∞n=1 mia akoloujÐa Cauchy touX. Tìte, apì thn upìjesh (γ) h {xn}∞n=1

perièqei sugklinousa upakoloujÐa. K�je akoloujÐa Cauchy pou perièqei sugklÐnousa
upakoloujÐa sugklÐnei. 'Ara, h {xn}∞n=1 sugklÐnei. Sunep¸c o X eÐnai pl rhc.

Ac upojèsoume ìti o X den eÐnai pl rwc fragmènoc. Tìte up�rqei ε > 0 gia to opoÐo o
X den perièqei kanèna ε-plègma.

'Estw x1 ∈ X, tìte X 6⊆ S(x1, ε).
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'Estw x2 ∈ X \ S(x1, ε), tìte X 6⊆ S(x1, ε) ∪ S(x2, ε) kai d(x1, x2) ≥ ε. Epagwgik�
mporoÔme na orÐsoume mia akoloujÐa {xi}∞i=1 tètoia ¸ste gia k�je n:

X 6⊆ S(x1, ε) ∪ ... ∪ S(xn, ε) kai d(x1, x2) ≥ ε, ..., d(xn−1, xn) ≥ ε

'Ara, d(xk, xn) ≥ ε gia k�je k, n = 1, 2, ..., opìte h {xi}∞i=1 den perièqei kamÐa akoloujÐa
Cauchy, �ra kai kamÐa sugklÐnousa upakoloujÐa, pou eÐnai �topo.

(δ)⇒ (α) Ac upojèsoume ìti ènac pl rhc kai pl rwc fragmènoc q¸rocX den eÐnai sumpag c.
Tìte up�rqei anoikto k�lumma O = {Oi}i∈I tou X pou den perièqei kanèna peperasmèno
upok�lluma.

Epeid  oX eÐnai pl rwc fragmènoc, apì thn Prìtash 3.12.2 up�rqei peperasmèno sÔnolo
P1 ⊆ X tètoio ¸ste

X =
⋃
p∈P1

A(p) kai diam(A(p)) < 1.

Opìte up�rqei p1 ∈ P1 tètoio ¸ste to sÔnolo A(p1) na mhn kalÔptetai apì peperasmèno
pl joc stoiqeÐwn tìu kalÔmmatoc O. Apì thn Prìtash 3.12.3 o upìqwroc A(p1) eÐnai
pl rwc fragmènoc. 'Ara, up�rqei peperasmèno sÔnolo P2 ⊆ A(p1) tètoio ¸ste

A(p1) =
⋃
p∈P2

A(p) kai diam(A(p)) <
1

2
.

Opìte up�rqei p2 ∈ P2 tètoio ¸ste to sÔnolo A(p2) na mhn kalÔptetai apì peperasmèno
pl joc stoiqeÐwn tìu kalÔmmatoc O.
Epagwgik� mporoÔme na kataskeu�soume mia fjÐnousa akolojÐa sunìlwn

A(p1) ⊇ A(p2) ⊇ · · · ⊇ A(pn) ⊇ A(pn+1) ⊇ . . .

tètoia ¸ste diam(A(pn)) < 1
n
, pn ∈ A(pn) kai kanèna apì ta A(pn) den kalÔptetai apì

peperasmèno pl joc stoiqeÐwn tìu kalÔmmatoc O.
Ja deÐxoume ìti {pn}∞n=1 eÐnai akoloujÐa Cauchy. Pr�gmati, gia k�je ε > 0 up�rqei n0

tètoio ¸ste 1
n0
< ε. An n,m ≥ n0, tìte A(pn), A(pm) ⊆ A(pn0). Epomènwc pn, pm ∈

A(pn0). 'Ara, epeid  diam(A(pn0)) < ε, èpetai ìti d(pn, pm) < ε.

Epeid  apì thn upìjesh o X eÐnai pl rwc , h akoloujÐa Cauchy {pn}∞n=1 sugklÐnei se
èna p ∈ X. Epeid  O eÐnai k�lumma tou X, up�rqei Op ∈ O me p ∈ Op. Epeid  Op eÐnai
anoiktì up�rqei m gia to opoÐo

S(p, 1/m) ⊆ Op.

Epeid  lim pn = p up�rqei n0 tètoio ¸ste pn ∈ S
(
p, 1

2m

)
gia k�je n ≥ n0.

'Estw n > max{n0, 2m}. Tìte pn ∈ S
(
p, 1

2m

)
∩ A(pn).

Gia k�je a ∈ A(pn) èqoume

d(p, a) ≤ d(p, pn) + d(pn, a) <
1

2m
+

1

n
<

1

2m
+

1

2m
=

1

m
.

'Ara, A(pn) ⊆ S(p, 1/m) ⊆ Op. Sunep¸c A(pn) kalÔptetai apì èna stoiqeÐo Op tou
kalÔmmatoc O, pou eÐnai �topo. 'Ara, o X eÐnai sumpag c.
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Orismìc 6.2.3. 'Enac metrikìc q¸roc X lègetai ìti èqei thn idiìthta Bolzano-Weierstrass
an k�je �peiro uposÔnolo tou X (èqei sto X) oriakì shmeÐo.

Orismìc 6.2.4. 'Enac metrikìc q¸rocX kaleÐtai akoloujiak� sumpag c an k�je akoloujÐa
shmeÐwn X èqei sugklÐnousa (sto shmeÐo tou X) upakoloujÐa.

Apì to e¸rhma 6.2.2 sunep�getai to akìloujo pìrisma.

Pìrisma 6.2.5. Gia ènan metrikì q¸ro X h akìloujec sunj kec eÐnai isodÔnamec:

(α) O X eÐnai sumpag c.

(β) O X èqei thn idiìthta Bolzano-Weierstrass.

(γ) O X eÐnai akoloujiak� sumpag c.

ParadeÐgmata 6.2.5.

1. To sÔnolo ìlwn twn rht¸n arijm¸n enìc diast matoc [a, b] den èqei thn idiìthta Bolzano-
Weierstrass kai, �ra [a, b] ∩Q den eÐnai sumpag c q¸roc.

2. K�je fragmèno kleistì di�sthma [a, b] twn pragmatik¸n arijm¸n èqei thn idiìthta Bolzano-
Weierstrass kai, sunep¸c, eÐnai sumpag c upìqwroc tou R.

6.3 Upìqwroi sumpagoÔc q¸rou.

Prìtash 6.3.1. K�je kleistìc upìqwroc F enìc sumpagoÔc metrikoÔ q¸rou X eÐnai
sumpag c.

Apìdeixh. 'Estw {Gi}i∈I mia oikogèneia anoikt¸n uposunìlwn tou X tètoia ¸ste F ⊆
⋃
i∈I
Gi.

Epeid  F eÐnai kleistì to X \F eÐnai anoiktì. Epeid  o X eÐnai sumpag c to anoiktì k�lumma
{Gi}i∈I ∪ {X \ F} tou X perièqei peperasmèno upok�lumma Gi1 , ..., Gin , X \ F .

'Eqoume X = Gi1 ∪ ... ∪ Gin ∪ (X \ F ), sumep¸c F ⊆ Gi1 ∪ ... ∪ Gin . 'Ara o upìqwroc F
eÐnai sumpag c.

Prìtash 6.3.2. K�je sumpag c upìqwroc F enìc metrikoÔ q¸rou X eÐnai kleistìc.

Apìdeixh. 'Arkei na deÐxoume ìti Cl(F ) ⊆ F .
'Estw x ∈ Cl(F ), tìte up�rqei {xn}∞n=1 ⊆ F , tètoia ¸ste lim

n→∞
xn = x. K�je upakoloujÐa

thc {xn}∞n=1 sugklÐnei èqei ìrio to x.
Epeid  o F eÐnai sumpag c h {xn}∞n=1 perièqei mia upakoloujÐa {xnk

}∞k=1 pou sugklÐnei se
èna shmeÐo tou F . 'Ara x ∈ F .

Prìtash 6.3.3. 'Enac upìqwroc F tou Rn eÐnai sumpag c an kai mìnon an to sÔnolo F
eÐnai fragmeno kai kleisto sto Rn.

Apìdeixh. 'Enac upìqwroc F tou Rn eÐnai sumpag c an kai mìnon an eÐnai pl rhc kai pl rwc
fragmènoc.

Epeid  o Rn eÐnai pl rhc, ènac upìqwroc F tou Rn eÐnai pl rhc an kai mìno an eÐnai
kleistìc. EpÐshc, ènac upìqwroc F tou Rn eÐnai pl rwc fragmènoc an kai mìnon an eÐnai
fragmènoc.

Sunep¸c ènac upìqwroc F tou Rn eÐnai pl rhc kai pl rwc fragmènoc an kai mìnon an eÐnai
kleistìc kai fragmènoc.
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6.4 ApeikonÐseic sumpag¸n q¸rwn.

Je¸rhma 6.4.1. K�je suneq c apeikìnish orismènh se èna sumpag  metrikì q¸ro X eÐnai
omoiìmorfa suneq c.

Apìdeixh. 'Estw ìti f : (X, dX)→ (Y, dY ) eÐnai suneq c kai (X, dX) eÐnai sumpag c.
'Estw ε > 0. Epeid  {SY (f(x), ε/2)}x∈X eÐnai anoiktì k�lumma tou f(X) kai h f eÐnai

suneq c, to K = {f−1[SY (f(x), ε/2)]}x∈X eÐnai anoiktì k�lumma tou X. 'Estw δ > 0 eÐnai
arijìc tou Lebesgue gia to K.

An x1, x2 ∈ X kai dX(x1, x2) < δ, tìte up�rqei x ∈ X tètoio ¸ste

x1, x2 ∈ f−1[SY (f(x), ε/2)]

Tìte
f(x1), f(x2) ∈ SY (f(x), ε/2)

Sunep¸c

dY (f(x1), f(x2)) ≤ dY (f(x1), f(x)) + dY (f(x), f(x2)) < ε/2 + ε/2 < ε

'Ara h f eÐnai omoiìmorfa suneq c.

Je¸rhma 6.4.2. An h apeikìnish f : X → Y apì èna sumpag  metrikì q¸ro X se èna
metrikì q¸ro Y eÐnai suneq c, tìte o upìqwroc f(X) tou Y eÐnai sumpag c.

Apìdeixh. 'Estw {Gi}i∈I èna anoiktì k�lumma tou f(X).
Epeid  h f eÐnai suneq c {f−1(Gi)}i∈I eÐnai anoiktì k�lumma tou X.
Epeid  o X eÐnai sumpag c to anoiktì k�lumma {f−1(Gi)}i∈I perièqei peperasmèno up-

ok�lumma {f−1(G1), ..., f
−1(Gn)}. Epomènwc X = f−1(G1) ∪ ... ∪ f−1(Gn). 'Ara, f(X) =

G1 ∪ ... ∪Gn. Sunep¸c o eÐnai X sumpag c.

Prìtash 6.4.3. K�je pragmatik  suneq c sun�rthsh orismènh se èna sumpag  metrikì
q¸ro eÐnai fragmènh kai èqei mègisth kai el�qisth tim .

Apìdeixh. 'Estw f : X → R suneq c kai X sumpag c. Tìte o upìqwroc f(X) tou R eÐnai
sumpag c. Sunep¸c to uposÔnolo f(X) tou R eÐnai kleistì kai fragmèno.

'Estw m = inf f(X) kai M = sup f(X). ArkeÐ na apodeÐxoume ìti m,M ∈ f(X). Pr�g-
mati, gia k�je ε > 0 isqÔei [m,m − ε) ∩ f(X) 6= ∅. Sunep¸c m ∈ Cl(f(X)). Epeid 
to sÔnolo f(X) eÐnai kleistì, èpetai ìti Cl(f(X)) = f(X). 'Ara, m ∈ f(X). 'Omoia
M = max f(X).

Orismìc 6.4.4. Mia suneq c apeikìnish f : X → Y apì èna sumpag  metrikì q¸ro X se
èna metrikì q¸ro Y kaleÐtai kleist  ìtan gia k�je kleistì uposÔnolo F tou X to sÔnolo
f(F ) eÐnai kleistì sto Y .

Prìtash 6.4.5. K�je suneq c apeikìnish f : X → Y apì èna sumpag  metrikì q¸ro X
se èna metrikì q¸ro Y eÐnai kleist .

Apìdeixh. 'Estw F èna kleistì uposÔnolo tou X. Apì thn Prìtash 6.3.1, F eÐnai sumpagèc
uposÔnolo tou X. Epeid  h f eÐnai suneq c, to sÔnolo f(F ) eÐnai sumpagèc uposÔnolo tou
Y apì to Je¸rhma 6.4.2. 'Ara, f(F ) eÐnai kleistì apì thn Prìtash 6.3.2.

Prìtash 6.4.6. K�je suneq c, èna proc èna kai epÐ apeikìnish f : X → Y apì èna sumpag 
metrikì q¸ro X se èna metrikì q¸ro Y eÐnai omoiomorfismìc.


