
S
of
Ða
Za
fe
ir
Ðd
ou

SofÐa ZafeirÐdou

Genik  TopologÐa II

Shmei¸seic

Tm ma Majhmatik¸n Panepist mio Patr¸n

P�tra 2013



S
of
Ða
Za
fe
ir
Ðd
ou



S
of
Ða
Za
fe
ir
Ðd
ou

Perieqìmena

1 Basikèc ènnoiec. 5

1.1 TopologikoÐ q¸roi. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.2 PerÐblhma kai eswterikì. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3 Upìqwroi topologikoÔ q¸rou. . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.4 SuneqeÐc apeikonÐseic topologik¸n q¸rwn. . . . . . . . . . . . . . . . . . . . 8

1.5 Stajerì shmeÐo miac apeikìnishc. . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.6 Surrikn¸seic kai surrikn¸mata. . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.7 MetrikoÐ q¸roi. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

1.8 SuneqeÐc apeikonÐseic metrik¸n q¸rwn. . . . . . . . . . . . . . . . . . . . . . 14

1.8.1 Omoiìmorfa suneqeÐc apeikonÐseic metrik¸n q¸rwn. . . . . . . . . . . . 14

1.8.2 IsometrÐec. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.9 Pl rwc fragmènoi metrikoÐ q¸roi. . . . . . . . . . . . . . . . . . . . . . . . . 17

1.10 Pl reic metrikoÐ q¸roi. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.10.1 AkoloujÐec tou Cauchy. . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.10.2 Orismìc tou pl rouc metrikoÔ q¸rou. . . . . . . . . . . . . . . . . . . 20

1.10.3 Idiìthtec tou pl rouc metrikoÔ q¸rou. . . . . . . . . . . . . . . . . . 21

1.10.4 Pl rwsh metrikoÔ q¸rou. . . . . . . . . . . . . . . . . . . . . . . . . 22

2 SumpageÐc q¸roi. 23

2.1 H ènnoia tou sumpagoÔc q¸rou. . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.2 Qarakthristikèc idiìthtec sumpagoÔc metrikoÔ q¸rou. . . . . . . . . . . . . . 23

2.3 SumpageÐc upìqwroi. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.4 ApeikonÐseic sumpag¸n q¸rwn. . . . . . . . . . . . . . . . . . . . . . . . . . . 28

2.5 'Enwsh, tom  kai ginìmeno sumpag¸n q¸rwn. . . . . . . . . . . . . . . . . . . 29

2.6 Topik� sumpageÐc q¸roi. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3 SunektikoÐ q¸roi. 33

3.1 H ènnoia tou sunektikoÔ q¸rou. . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.2 Idiìthtec sunektik¸n q¸rwn. . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.3 Sunist¸sec tou q¸rou. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.4 Topik� sunektikoÐ q¸roi. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.5 Kat� tìxo sunektikoÐ q¸roi. . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3



S
of
Ða
Za
fe
ir
Ðd
ou

4

4 Ta suneq . 45
4.1 H ènnoia tou suneqoÔc. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.2 Basikèc idiìthtec twn suneq¸n. . . . . . . . . . . . . . . . . . . . . . . . . . 45
4.3 Topik� sunektik� suneq  kai suneq  tou Peano. . . . . . . . . . . . . . . . . 47

5 Topologok  di�stash enìc q¸rou 49
5.1 Q¸roi di�stashc mhdèn (mhdenodi�statoi q¸roi). . . . . . . . . . . . . . . . . 49
5.2 Orismìc topologik c di�stashc n. . . . . . . . . . . . . . . . . . . . . . . . . 50
5.3 Topologik  di�stash tou Rn. . . . . . . . . . . . . . . . . . . . . . . . . . . 52

6 KampÔlec. 53
6.1 T�xh diakl�dwshc kampÔlhc se shmeÐo. . . . . . . . . . . . . . . . . . . . . . 54
6.2 Topik� sunektikèc kampÔlec. . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

7 Dianusmatikìc q¸roc Rn. 57
7.1 Grammikèc apeikonÐseic. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
7.2 DianusmatikoÐ upìqwroi tou Rn. . . . . . . . . . . . . . . . . . . . . . . . . . 60
7.3 k-di�stata epÐpeda tou Rn. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
7.4 SÔnola se genik  jèsh sto Rn. . . . . . . . . . . . . . . . . . . . . . . . . . 63
7.5 Barukentrikèc suntetagmènec shmeÐwn tou Rn. . . . . . . . . . . . . . . . . . 65
7.6 HmÐqwroi tou Rn wc proc (n− 1)-epÐpedo. . . . . . . . . . . . . . . . . . . . . 67

8 Kurt� uposÔnola tou Rn. 69
8.1 EujeÐec kai eujÔgramma tm mata tou Rn. . . . . . . . . . . . . . . . . . . . . 69
8.2 H ènnoia tou kurtoÔ sunìlou. . . . . . . . . . . . . . . . . . . . . . . . . . . 70
8.3 Kurt  j kh sunìlou. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
8.4 KÔttara tou Rn. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
8.5 Keli� tou Rn. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

9 Monìploka tou Rn. 79
9.1 H ènnoia tou monoplìkou. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
9.2 'Edrec enìc monoplìkou. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
9.3 Monìploko wc kÔttaro tou Rn. . . . . . . . . . . . . . . . . . . . . . . . . . 83
9.4 Monoplektik  upodiaÐresh monoplìkou. . . . . . . . . . . . . . . . . . . . . . 84
9.5 Kèntro b�rouc kai barukentrikì �stro monoplìkou. . . . . . . . . . . . . . . 85
9.6 ApeikonÐseic metaxÔ twn monoplìkwn. . . . . . . . . . . . . . . . . . . . . . . 88

10 SÔmploka kai PolÔedra. 93
10.1 SÔmploka. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
10.2 PolÔedra. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
10.3 Qarakthristik  tou Euler enìc poluèdrou. . . . . . . . . . . . . . . . . . . . 96



S
of
Ða
Za
fe
ir
Ðd
ou

Kef�laio 1

Basikèc ènnoiec.

1.1 TopologikoÐ q¸roi.

Orismìc 1.1.1. Mia oikogèneia uposunìlwn T enìc sunìlou X kaleÐtai topologÐa tou X
an èqei tic akìloujec idiìthtec:

1. ∅, X ∈ T

2. U1, U2 ∈ T =⇒ U1 ∩ U2 ∈ T

3. {Ui}i∈I ⊆ T =⇒
⋃
i∈I Ui ∈ T

An T eÐnai topologÐa tou X, tìte to zeÔgoc (X,T ) kaleÐtai topologikìc q¸roc.

Ta stoiqeÐa thc topologÐac T kaloÔntai anoikt� uposÔnola (wc proc thn T ) tou X.

'Otan h topologÐa tou X eÐnai sugkekrimènh kai den up�rqei kÐndunoc sÔgqushc, antÐ thc
èkfrashc “topologikìc q¸roc (X,T )” qr simopoieÐtai h èkfrash “topologikìc q¸roc X”  
apl� “q¸roc X”.

'Ena uposÔnolo F enìc topologikoÔ q¸rou X kaleÐtai kleistì an to uposÔnolo X \ F
eÐnai anoiktì.

Apì tic idiìthtec 2 kai 3 tou orismoÔ thc topologÐac prokÔptei ìti

(i) H tom  twn stoiqeÐwn opoiasd pote peperasmènhc oikogèneiac {G1, ..., Gn} anoikt¸n
sunìlwn enìc topologikoÔ q¸rou X eÐnai anoiktì sÔnolo.

(ii) H ènwsh twn stoiqeÐwn opoiasd pote oikogèneiac {Gi}i∈I anoikt¸n sunìlwn enìc topologikoÔ
q¸rou X eÐnai anoiktì sÔnolo.

Je¸rhma 1.1.2. H tom  twn stoiqeÐwn opoiasd pote oikogèneiac {Fi}i∈I kleist¸n sunìlwn
enìc topologikoÔ q¸rou X eÐnai kleistì sÔnolo.

Je¸rhma 1.1.3. H ènwsh twn stoiqeÐwn opoiasd pote peperasmènhc oikogèneiac {F1, ..., Fn}
kleist¸n sunìlwn enìc topologikoÔ q¸rou X eÐnai kleistì sÔnolo.

Je¸rhma 1.1.4. AnG eÐnai anoiktì uposÔnolo kai F eÐnai kleistì uposÔnolo enìc topologikoÔ
q¸rou X, tìte

(i) F \G eÐnai kleistì sÔnolo kai

(ii) G \ F eÐnai anoiktì sÔnolo.
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6 KEF�ALAIO 1. BASIK�ES �ENNOIES.

1.2 PerÐblhma kai eswterikì.

'Estw (X,T ) ènac topologikìc q¸roc kai èstw A ⊆ X.

'Ena shmeÐo x ∈ X kaleÐtai

• eswterikì shmeÐo tou A an up�rqei U ∈ T tètoio ¸ste x ∈ U ⊆ A

• shmeÐo epaf c tou A an gia k�je U ∈T tètoio ¸ste x ∈U isqÔei U ∩ A 6= ∅

• oriakì shmeÐo tou A an gia k�je U ∈ T tètoio ¸ste x ∈ U isqÔei

U ∩ (A \ {x}) 6= ∅

• memonwmèno shmeÐo tou A an up�rqei U ∈ T tètoio ¸ste U ∩ A = {x}.

Sto A antistoiqoÔme ta ex c sÔnola:

Int(A) = {x ∈ X : x eswterikì shmeÐo tou A} - eswterikì (interior) tou A

Cl(A) = {x ∈ X : x shmeÐo epaf c tou A} - perÐblhma (closure) tou A

Ad = {x ∈ X : x oriakì shmeÐo tou A} - par�gwgoc (derivative) tou A

Bd(A) = Cl(A) ∩ Cl(X \ A) - sÔnoro (boundary) tou A

Je¸rhma 1.2.1. 'Estw X ènac topologikìc q¸roc kai G ⊆ X.

(i) G eÐnai anoiktì an kai mìnon an G = Int(G).

(ii) G eÐnai kleistì an kai mìnon an G = Cl(G).

Je¸rhma 1.2.2. 'Estw X ènac metrikìc q¸roc kai G ⊆ X. Tìte sto X

(i) Cl(G) eÐnai kleistì, (ii) Int(G) eÐnai anoiktì, (iii) Bd(G) eÐnai kleistì.

Je¸rhma 1.2.2. An X eÐnai ènac topologikìc q¸roc kai A ⊆ X, tìte

(i) Cl(Cl(A)) = Cl(A)

(ii) Int(Int(A)) = Int(A)

(iii) Int(A) ⊆ A ⊆ Cl(A)

(iv) X \ Cl(A) = Int(X \ A)

(v) X \ Int(A) = Cl(X \ A)

(vi) Bd(A) = Cl(A) \ Int(A)

(vii) Cl(A) = A ∪ Ad.
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1.3. UP�OQWROI TOPOLOGIKO�U Q�WROU. 7

Je¸rhma 1.2.3. An X eÐnai ènac topologikoÔ q¸roc kai A ⊆ B ⊆ X, tìte

Int(A) ⊆ Int(B), Cl(A) ⊆ Cl(B), Ad ⊆ Bd

Je¸rhma 1.2.4. An X eÐnai ènac topologikoÔ q¸roc kai A,B ⊆ X, tìte

(a) Cl(A ∪B) = Cl(A) ∪ Cl(B)

(b) Int(A ∩B) = Int(A) ∩ Int(B)

Orismìc 1.2.5. MÐa oikogèneia B anoikt¸n uposunìlwn enìc topologikoÔ q¸rou X kaleÐ-
tai b�sh tou X an k�je mh kenì anoiktì uposÔnolo tou X eÐnai ènwsh k�poiwn stoiqeÐwn thc
B.

Je¸rhma 1.2.6. Mia oikogèneia anoikt¸n sunìlwn B = {Oi}i∈I enìc topologikoÔ q¸rou
X eÐnai b�sh tou X an kai mìnon an gia k�je anoiktì uposÔnolo G tou X kai gia k�je x ∈ G
up�rqei Oi ∈ B tètoio ¸ste

x ∈ Oi ⊆ G

Orismìc 1.2.7. 'Ena uposÔnolo A enìc topologikoÔ q¸rou X kaleÐtai pantoÔ puknì sto
X an Cl(A) = X.

Orismìc 1.2.8. 'Enac topologikìc q¸roc X kaleÐtai diaqwrÐsimoc an perièqei èna pantoÔ
puknì kai arijm simo uposÔnolo.

1.3 Upìqwroi topologikoÔ q¸rou.

Orismìc 1.3.1. 'Estw (X,T ) ènac topologikìc q¸roc kai Y ⊆ X. ApodeiknÔetai ìti h
oikogèneia

T |Y = {U ∩ Y : U ∈ T}
eÐnai topologÐa tou Y . H T |Y kaleÐtai sqetik  topologÐa tou uposunìlou Y tou X wc proc
thn topologÐa T tou X.

O topologikìc q¸roc (Y, T |Y ) kaleÐtai topologikìc upìqwroc   apl� upìqwroc tou (X,T ).

'Otan h topologÐa enìc sunìlou X eÐnai sugkekrimènh kai den up�rqei kÐndunoc sÔgqushc,
antÐ thc èkfrashc “upìqwroc (Y, T |Y ) tou (X,T )” qr simopoieÐtai h èkfrash “upìqwroc Y
tou topologikoÔ q¸rou X”   apl� “upìqwroc Y tou q¸rou X”.

'Estw Y upìqwroc enìc topologikoÔ q¸rou X kai G ⊆ Y . Apì ton orismì thc sqetik c
topologÐac prokÔptei ìti

(i) G eÐnai anoiktì ston upìqwro Y an kai mìnon an up�rqei anoiktì uposÔnolo G∗ tou X
tètoio ¸ste G = Y ∩G∗.

(ii) G eÐnai kleistì ston upìqwro Y an kai mìnon an up�rqei kleistì uposÔnolo G∗ tou X
tètoio ¸ste G = Y ∩G∗.

Prìtash 1.3.2. An X eÐnai topologikìc q¸roc kai G ⊆ Y ⊆ X, tìte

1. ClY (G) = Y ∩ ClX(G).

2. BdY (G) = Y ∩ ClX(G) ∩ ClX(Y \G).

3. IntY (G) = G \ ClX(Y \G).
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8 KEF�ALAIO 1. BASIK�ES �ENNOIES.

1.4 SuneqeÐc apeikonÐseic topologik¸n q¸rwn.

'Estw (X,TX) ènac topologikìc q¸roc kai x ∈ X.
KaloÔme anoikt  perioq  tou shmeÐou x ston (X,TX) k�je anoiktì uposÔnolo tou X pou

perièqei to x, dhlad  k�je U ∈ TX tètoio ¸ste x ∈ U .

Orismìc 1.4.1. 'Estw (X,TX) kai (Y, TY ) dÔo topologikoÐ q¸roi.
Mi� apeikìnish f : (X,TX) → (Y, TY ) kaleÐtai suneq c sto shmeÐo x ∈ X an gia k�je

anoikt  perioq  Uf(x) tou f(x) sto Y up�rqei anoikt  perioq  Vx tou x sto X tètoia ¸ste:

f(Vx) ⊆ Uf(x)

Dhlad 
f(x) ∈ Uf(x) ∈ TY =⇒ ∃Vx ∈ TX : x ∈ Vx kai f(Vx) ⊆ Uf(x)

An h f eÐnai suneq c se k�je shmeÐo x ∈ X, tìte h f kaleÐtai suneq c sto X.

ParadeÐgmata 1.4.2.

1. K�je stajer  apeikìnish f : (X,TX)→ (Y, TY ) (f(x) = y0 ∈ Y gia k�je x ∈ X) eÐnai
suneq c.

2. H tautotik  apeikìnish apeikìnish f : (X,TX) → (X,TX) (f(x) = x gia k�je x ∈ X)
eÐnai suneq c.

3. Kaje apeikìnish orismènh se èna diakritikì q¸ro eÐnai suneq c.

Qarakthristikèc idiìthtec suneqoÔc apeikìnishc.

Je¸rhma 1.4.3. Mia apeikìnish f : (X,TX) → (Y, TY ) eÐnai suneq c sto x0 ∈ X an kai
mìnon an

lim
n→∞

xn = x0 =⇒ lim
n→∞

f(xn) = f(x0)

Pìrisma 1.4.4. Mia apeikìnish f : (X,TX) → (Y, TY ) eÐnai suneq c an kai mìnon an gia
k�je sugklÐnousa akoloujÐa {xn}∞n=1 isqÔei

f( lim
n→∞

xn) = lim
n→∞

f(xn)

Je¸rhma 1.4.5. 'Estw f : (X,TX)→ (Y, TY ) mia apeikìnish.
Oi akìloujec sunj kec eÐnai isodÔnamec:

(i) f eÐnai suneq c sto X

(ii) to sÔnolo f−1(G) eÐnai anoiktì sto X gia k�je G anoiktì sto Y

(iii) to sÔnolo f−1(F ) eÐnai kleistì sto X gia k�je F kleistì sto Y

(iv) f(Cl(S)) ⊆ Cl(f(S)) gia k�je S ⊆ X
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1.4. SUNEQE�IS APEIKON�ISEIS TOPOLOGIK�WN Q�WRWN. 9

Anoiktèc kai kleistèc apeikonÐseic.

Orismìc 1.4.6. Mia apeikìnish f : X → Y , apì èna topologikì q¸ro X se èna topologikì
q¸ro Y , kaleÐtai anoikt  an h f eÐnai suneq c kai gia k�je anoiktì uposÔnolo U tou X h
eikìna f(U) tou U eÐnai anoiktì uposÔnolo tou Y .

Orismìc 1.4.7. Mia apeikìnish f : X → Y , apì èna topologikì q¸ro X se èna topologikì
q¸ro Y , kaleÐtai kleist  an h f eÐnai suneq c kai gia k�je kleistì uposÔnolo F tou X h
eikìna f(F ) tou F eÐnai kleistì uposÔnolo tou Y .

Je¸rhma 1.4.8. 'Estw f : (X,TX) → (Y, TY ) mia suneq c apeikìnish. Oi akìloujec
sunj kec eÐnai isodÔnamec:

(i) f eÐnai kleist  apeikìnish, (ii) f(Cl(S)) = Cl(f(S)) gia k�je S ⊆ X.

OmoiomorfismoÐ.

Orismìc 1.4.9. Mi� apeikìnish f : (X,TX)→ (Y, TY ) kaleÐtai omoiomorfismìc an

(i) f eÐnai èna proc èna kai epÐ,

(ii) f eÐnai suneq c,

(iii) f−1 eÐnai suneq c.

DÔo topologikoÐ q¸roi (X,TX) kai (Y, TY ) kaloÔntai omoiomorfikoÐ an up�rqei omoiomorfis-
mìc f : (X,TX)→ (Y, TY ).

Je¸rhma 1.4.10. 'Estw f : (X,TX) → (Y, TY ) mia èna proc èna kai suneq c apeikìnish
tou X epÐ tou Y . Oi akìloujec sunj kec eÐnai isodÔnamec:

(i) f eÐnai omoiomorfismìc

(ii) f eÐnai kleist  apeikìnish

(iii) f eÐnai anoikt  apeikìnish

ParadeÐgmata 1.4.11.

1. H apeikìnish f : (0,∞)→ (0,∞) me f(x) =
1

x
eÐnai omoimorfismìc.

2. H apeikìnish f : R→ [0,∞) me f(x) = x2 den eÐnai omoimorfismìc.

3. H apeikìnish f : Y → R, ìpou Y = [(−∞, 0]× {1}]∪ [(0,∞)× {2}] me f(x, y) = x den
eÐnai omoimorfismìc

Topologikèc idiìthtec.

Mia idiìthta P ènoc topologikoÔ q¸rou kaleÐtai topologik  an metafèretai me omoiomor-
fismoÔc, dhlad  an ènac topologikoc q¸rocX èqei thn idiìthta P , tìte k�je q¸roc omoiomor-
fikìc me ton X èqei thn idiìthta P .

Topologikèc idiìthtec eÐnai: h sumpagìthta, h sunektikìthta, h topik  sunektikìthta, h
di�stash enìc topologikoÔ q¸rou k.t.l..
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10 KEF�ALAIO 1. BASIK�ES �ENNOIES.

1.5 Stajerì shmeÐo miac apeikìnishc.

Orismìc 1.5.1. 'Ena shmeÐo s ∈ X kaleÐtai stajerì shmeÐo miac apeikìnishc f : X → X
an kai mìnon an f(s) = s.

Orismìc 1.5.2. 'Enac q¸roc X lègetai ìti èqei thn idiìthta tou stajeroÔ shmeÐou, ìtan
k�je suneq c apeikìnish f : X → X èqei stajerì shmeÐo.

Je¸rhma 1.5.3. An o q¸roc X èqei thn idiìthta tou stajeroÔ shmeÐou, tìte k�je q¸roc
omoimorfikìc me ton X èqei thn idiìthta tou stajeroÔ shmeÐou.

Apìdeixh. 'Estw ìti ènac q¸roc Y eÐnai omoiomorfikìc me to X kai h : X → Y eÐnai ènac
omoiomorfismìc. JewroÔme mia suneq c apeikìnish f : Y → Y . ArkeÐ na deÐxoume ìti h f
èqei stajerì shmeÐo.

H apeikìnish h−1◦f ◦h : X → X eÐnai suneq c. Epeid  o X èqei thn idiìthta tou stajeroÔ
shmeÐou up�rqei x0 ∈ X tètoio ¸ste h−1(f(h(x0)) = x0. Gia y0 = h(x0) èqoume

h−1(f(y0)) = x0.

Epomènwc f(y0) = h(x0) = y0. 'Ara, y0 eÐnai stajerì shmeÐo thc f .

1.6 Surrikn¸seic kai surrikn¸mata.

Orismìc 1.6.1. 'Estw X ènac topologikìc q¸roc kai èstw ìti S ⊆ X.

Mia suneq c apeikìnish r : X → S kaleÐtai surrÐknwsh an r(s) = s, gia k�je s ∈ S.
SurrÐknwma tou X kaleÐtai k�je S ⊆ X gia to opoÐo up�rqei mÐa surrÐknwsh r : X → S.

An S ⊆ X kai r : X → S eÐnai mÐa surrÐknwsh, tìte r eÐnai epèktash thc tautotik c
apeikìnishc τ : S → S ston X.

Je¸rhma 1.6.2. An o q¸roc X èqei thn idiìthta tou stajeroÔ shmeÐou, tìte k�je sur-
rÐknwma tou X èqei thn idiìthta tou stajeroÔ shmeÐou.

Apìdeixh. Epeid  to S eÐnai surrÐknwma tou X, up�rqei suneq c apeikìnish r : X → S h
opoÐa eÐnai surrÐknwsh tou X sto S, dhlad  r(s) = s gia k�je s ∈ S.

'Estw f : S → S mia suneq c apeikìnish. Tìte h apeikìnish f ◦ r : X → S eÐnai suneq c.
Epeid  h f ◦r apeikonÐzei to X sto X kai epeid  to X èqei thn idiìthta tou stajeroÔ shmeÐou,
up�rqei x0 ∈ X tètoio ¸ste f(r(x0)) = x0.

Gia k�je x ∈ X \ S èqoume f(r(x)) 6= x, afoÔ f(r(x)) ∈ S. Sunep¸c x0 ∈ S. Opìte
r(x0) = x0 kai f(x0) = f(r(x0)) = x0. 'Ara x0 eÐnai stajerì shmeÐo thc f .

Orismìc 1.6.3. 'Enac topologikìc q¸roc X kaleÐtai Hausdorff   T2�q¸roc, ìtan gia
opoiad pote diaforetik� shmeÐa x kai y tou X up�rqoun anoikt� sÔnola Ux kai Uy, tètoia
¸ste

x ∈ Ux, y ∈ Uy, kai Ux ∩ Uy = ∅.

Je¸rhma 1.6.4. K�je surrÐknwma enìc Hausdorff q¸rou eÐnai kleistì uposÔnolì tou.
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Apìdeixh. 'Estw ìti Y eÐnai surrÐknwma tou Hausdorff q¸rou X. kai f : X → Y eÐnai
surrÐknwsh. ArkeÐ na deÐxoume ìti gia k�je a ∈ X \ Y up�rqei anoiktì sÔnolo Wa tetoio
¸ste a ∈ Wa ⊆ X \ Y.

'Estw a ∈ X \ Y . Epeid  f(a) ∈ Y , èpetai ìti a 6= f(a). O X eÐnai Hausdorff, epomènwc
up�rqoun anoikt� sÔnola U(a) kai U(f(a)), tètoia ¸ste

x ∈ U(a), y ∈ U(f(a)), kai U(a) ∩ U(f(a)) = ∅.

Epeid  h f eÐnai suneq c f−1(U(f(a))) eÐnai anoikt  perioq  tou a. Epomènwc

Wa = U(a) ∩ f−1(U(f(a)))

eÐnai anoikt  perioq  tou a.
'Omwc Wa ⊆ U(a) kai f(Wa) ⊆ f(f−1(U(f(a)))) ⊆ U(f(a). Epomènwc Wa ∩ f(Wa) = ∅.

'Ara, Wa ⊆ X \ Y.

1.7 MetrikoÐ q¸roi.

Orismìc 1.7.1. 'Estw X èna mh kenì sÔnolo.
MÐa apeikìnish d : X×X → [0,∞) kaleÐtai metrik  epÐ tou X an ikanopoieÐ tic akìloujec

sunj kec (axi¸mata thc metrik c):

(i) d(x, y) = 0⇐⇒ x = y (axÐwma taÔtishc)

(ii) d(x, y) = d(y, x) gia k�je x, y ∈ X (axÐwma summetrÐac)

(iii) d(x, z) ≤ d(x, y) + d(y, z) gia k�je x, y, z ∈ X (anisìthta tou trig¸nou)

An d eÐnai metrik  epÐ tou X, tìte to zeÔgoc (X, d) kaleÐtai metrikìc q¸roc.
Gia k�je x ∈ X kai gia k�je ε > 0 orÐzoume:

thn anoikt  mp�la B(x, ε) = {y ∈ X : d(x, y) < ε} kai
thn kleist  mp�la B[x, ε] = {y ∈ X : d(x, y) ≤ ε} me kèntro x kai aktÐna ε.

Par�deigma 1.7.2. H sun jhc metrik  tou Rn eÐnai h apeikìnish dn : Rn × Rn → [0,∞),
h opoÐa se x̄ = (x1, ..., xn), ȳ = (y1, ..., yn) ∈ Rn antistoiqeÐ ton arijmì

dn(x̄, ȳ) =

√√√√ n∑
i=1

(yi − xi)2.

Apìstash metaxÔ dÔo sunìlwn sto metrikì q¸ro.

'Apìstash metaxÔ twn dÔo uposunìlwn A kai B enìc metrikoÔ q¸rou (X, d) eÐnai o arijmìc

d(A,B) = inf{d(a, b) : a ∈ A, b ∈ B}

'Apìstash enìc shmeÐou x apì èna sÔnolo A eÐnai o arijmìc

d(x,A) = inf{d(x, a) : a ∈ A}

Prìtash 1.7.3. An x, y ∈ X kai A ⊆ X, tìte d(x,A) ≤ d(x, y) + d(y, A).
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Di�metroc sunìlou.

Orismìc 1.7.4. 'Ena uposÔnolo A enìc metrikoÔ q¸rou X kaleÐtai fragmèno an to sÔnolo
{d(x, y) : x, y ∈ A} eÐnai fragmèno.

An èna uposÔnolo A enìc metrikoÔ q¸rou X eÐnai fragmèno, tìte o arijmìc

diam(A) = sup{d(x, y) : x, y ∈ A}

kaleÐtai di�metroc tou A.

SÔgklish akoloujÐac shmeÐwn metrikoÔ q¸rou.

Ja lème ìti h akoloujÐa {xn}∞n=0 shmeÐwn enìc metrikoÔ q¸rou (X, d) sugklÐnei sto shmeÐo
x ∈ X kai ja gr�foume lim

n→∞
xn = x, an lim

n→∞
d(x, xn) = 0.

Anoikt� kai kleist� uposÔnola metrikoÔ q¸rou.

'Estw (X, d) ènac metrikìc q¸roc. H oikogèneia

Td = {U ⊆ X : ∀x ∈ U,∃B(x, ε) ⊆ U}

eÐnai topologÐa tou X kai kaleÐtai topologÐa paragìmenh apì thn metrik  d .

DÔo metrikèc d1, d2 enìc sunolou X eÐnai isodÔnamec ìtan par�goun thn Ðdia topologÐa,
dhlad  Td1 = Td2 .

'Ena uposÔnolo G tou metrikoÔ q¸rou X eÐnai anoiktì an kai mìnon an gia k�je x ∈ G
up�rqei ε > 0 tètoio ¸ste B(x, ε) ⊆ G.

'Ena uposÔnolo F tou metrikoÔ X eÐnai kleistì an X \ F eÐnai anoiktì.

Jewr mata 1.7.5. Se k�je metrikì q¸ro X isqÔoun ta akìlouja:

1. K�je anoikt  mp�la B(x, ε) eÐnai anoiktì sÔnolo kai k�je kleist  mp�la B[x, ε] eÐnai
kleistì sÔnolo.

2. 'Estw A ⊆ X. 'Ena shmeÐo x ∈ X eÐnai

• eswterikì shmeÐo tou A an kai mìnon up�rqei ε > 0 tètoio ¸ste B(x, ε) ⊆ A

• shmeÐo epaf c tou A an kai mìnon gia k�je ε > 0 isqÔei B(x, ε) ∩ A 6= ∅
• oriakì shmeÐo (  shmeÐo suss¸reushc) tou A an kai mìnon gia k�je ε > 0 isqÔei

B(x, ε) ∩ (A \ {x}) 6= ∅

• memonwmèno shmeÐo tou A an kai mìnon up�rqei ε > 0 tètoio ¸ste B(x, ε)∩A = {x}

3. To monosÔnolo {x} eÐnai kleistì sto X gia k�je x ∈ X.
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4. Gia opoiad pote kleist� kai xèna uposÔnola F1 kai F2 tou X up�rqoun anoikt� sÔnola
O1 kai O2 tètoia ¸ste

F1 ⊆ O1, F2 ⊆ O2 kai O1 ∩O2 = ∅

Je¸rhma 1.7.6. 'Estw A uposÔnolo enìc metrikoÔ q¸rou X kai x ∈ X.
Ta akìlouja eÐnai isodÔnama:

(i) x eÐnai oriakì shmeÐo tou A (x ∈ Ad),

(ii) gia k�je ε > 0 to sÔnolo B(x, ε) ∩ A eÐnai �peiro.

(iii) x = lim
n→∞

an, ìpou {an}∞n=0 ⊆ A kai ai 6= aj gia i 6= j.

Se k�je metrikì q¸roX isqÔoun ta Jewr mata 1.2.1 � 1.2.4. Epiplèon isqÔei to parak�tw
je¸rhma pou sqetÐzetai me thn metrik  tou X.

Je¸rhma 1.7.7. An X eÐnai ènac metrikìc q¸roc kai A ⊆ X, tìte diam(A) = diam(Cl(A))

MetrikoÐ q¸roi me arijm simh b�sh.

Je¸rhma 1.7.8. 'Enac metrikìc q¸roc X èqei arijm simh b�sh an kai mìnon an o X
perièqei èna arijm simo pantoÔ puknì uposÔnolo.

To arijm simo sÔnolo Qn eÐnai pantou puknì sto Rn me thn metrik 

dn((x1, ..., xn), (y1, ..., yn)) =

√√√√ n∑
i=1

(yi − xi)2

MetrikoÐ upìqwroi.

Orismìc 1.7.9. 'Estw (X, d) ènac metrikìc q¸roc kai Y ⊆ X.
H apeikìnish d|Y×Y : Y × Y → [0,∞) pou orÐzetai wc ex c

d|Y×Y (x, y) = d(x, y), x, y ∈ Y

ikanopoieÐ ta axi¸mata thc metrik c.
O metrikìc q¸roc (Y, d|Y×Y ) kaleÐtai metrikìc upìqwroc tou (X, d).

An y ∈ Y , BY (y, ε) = {x ∈ Y : d(y, x) < ε} eÐnai h anoikt  mp�la tou y sto Y kai
BX(y, ε) = {x ∈ X : d(y, x) < ε} eÐnai h anoikt  mp�la tou y sto X, tìte

BY (y, ε) = Y ∩BX(y, ε)

Je¸rhma 1.7.10. 'Estw (Y, d|Y×Y ) metrikìc upìqwroc enìc metrikoÔ q¸rou (X, d).
H sqetik  topologÐa Td|Y tou Y wc proc thn topologÐa Td tou X isoÔtai me thn topologÐa

Td|Y ×Y
tou Y paragìmenh apì th metrik  d|Y×Y , dhlad  Td|Y = Td|Y ×Y

.
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Metrikì ginìmeno metrik¸n q¸rwn.

'Estw (X1, d1), ..., (Xn, dn), n > 1, eÐnai metrikoÐ q¸roi.
Gia x̄ = (x1, ..., xn), ȳ = (y1, ..., yn) ∈ X1 × ...×Xn orÐzoume

dX1×...×Xn(x̄, ȳ) =

√√√√ n∑
i=1

(di(xi, yi))2.

H dX1×...×Xn eÐnai metrik  epÐ tou X1 × ...×Xn.
O metrikìc q¸roc (X1 × ...×Xn, dX1×...×Xn) sumbolÐzetai me (X1, d1)× ...× (Xn, dn).

Je¸rhma 1.7.11.

(X1, d1)× ...× (Xn, dn)× (Xn+1, dn+1) =
(
(X1, d1)× ...× (Xn, dn)

)
× (Xn+1, dn+1).

Je¸rhma 1.7.12. 'Ena sÔnolo U ⊆ X1 × ... × Xn eÐnai anoiktì sto metrikì ginìmeno
metrik¸n q¸rwn (X1, d1), ..., (Xn, dn) an kai mìnon an gia k�je (x1, ..., xn) ∈ U up�rqoun
anoikta uposÔnola U1, ..., Un twn X1, ..., Xn, antÐstoiqa, tètoia ¸ste

(x1, ..., xn) ∈ U1 × ...× Un ⊆ U.

1.8 SuneqeÐc apeikonÐseic metrik¸n q¸rwn.

Orismìc 1.8.1. 'Estw (X, dX) kai (Y, dY ) dÔo metrikoÐ q¸roi.
Mi� apeikìnish f : (X, dX) → (Y, dY ) kaleÐtai suneq c sto shmeÐo x0 ∈ X an gia k�je

ε > 0 up�rqei δ > 0 tètoio ¸ste:

f(SdX (x0, δ)) ⊆ SdY (f(x0), ε)

Dhlad 

dX(x, x0) < δ =⇒ dY (f(x), f(x0)) < ε

An h f eÐnai suneq c se k�je shmeÐo x ∈ X, tìte h f kaleÐtai suneq c sto X.

1.8.1 Omoiìmorfa suneqeÐc apeikonÐseic metrik¸n q¸rwn.

Orismìc 1.8.2. 'Estw (X, dX) kai (Y, dY ) dÔo metrikoÐ q¸roi.
Mi� apeikìnish f : X → Y kaleÐtai omoiìmorfa suneq c sto X an gia k�je ε > 0 up�rqei

δ > 0 tètoio ¸ste:

dX(x1, x2) < δ =⇒ dY (f(x1), f(x2)) < ε

Prìtash 1.8.3. An f : X → Y omoiìmorfa suneq c, tìte h f eÐnai suneq c.
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ParadeÐgmata 1.8.4.

1. H apeikìnish f : (0,∞) → (0,∞) me f(x) =
1

x
eÐnai suneq c kai den eÐnai omoiìmorfa

suneq c.

Ja deÐxoume ìti h f eÐnai suneq c sto (0,∞).

'Estw x0 ∈ (0,∞) kai lim
n→∞

xn = x0 gia mia akoloujÐa {xn}∞n=1 tou (0,∞). Tìte

lim
n→∞

f(xn) = lim
n→∞

1

xn
=

1

lim
n→∞

xn
=

1

x0

= f(x0)

Ja deÐxoume ìti h f den eÐnai omoiìmorfa suneq c.

'Estw ε = 1. Gia k�je δ > 0 up�rqei 1
n
< δ kai x1 = 1

2n
, x2 = 1

n
tètoia ¸ste

|x1 − x2| =
∣∣∣∣ 1

2n
− 1

n

∣∣∣∣ =
1

2n
<

1

n
< δ

kai
∣∣∣f(x1)− f(x2)

∣∣∣ = |2n− n| = n ≥ 1 = ε.

2. An gia thn apeikìnish f : (X, dX)→ (Y, dY ) up�rqei λ > 0 gia to opoÐo

dY (f(x1), f(x2)) ≤ λ · dX(x1, x2), gia opoiad pote x1, x2 ∈ X,

tìte h f eÐnai omoiìmorfa suneq c.

3. H apeikìnish f : Rn → Rk, n > k me

f(x1, ..., xk, ..., xn) = (x1, ..., xk)

eÐnai omoiìmorfa suneq c.

4. 'Estw (X, d) metrikìc q¸roc kai A ⊆ X. H apeikìnish (X, d)→ (R, ||) me

f(x) = d(x,A), x ∈ X

eÐnai omoiìmorfa suneq c.

Pr�gmati, gia opoiad pote x, y ∈ X isqÔei

d(x,A) ≤ d(x, y) + d(y, A) kai d(y, A) ≤ d(x, y) + d(x,A)

Sunep¸c,
d(x,A)− d(y, A) ≤ d(x, y) kai d(y, A)− d(x,A) ≤ d(x, y).

Epomènwc,
|f(x)− f(y)| = |d(x,A)− d(y, A)| ≤ d(x, y).

'Ara, h f eÐnai omoiìmorfa suneq c.
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5. H apeikìnish f : [1,∞)→ [1,∞) me f(x) =
√
x eÐnai omoiìmorfa suneq c.

Pr�gmati, èstw x, y ∈ [1,∞). Tìte

√
x+
√
y ≥ 2 =⇒ 1√

x+
√
y
≤ 1

2
=⇒

|f(x)− f(y)| = |
√
x−√y| = |x− y|√

x+
√
y
≤ 1

2
|x− y|

Sunep¸c |f(x) − f(y)| ≤ 1
2
|x − y|, gia k�je x, y ∈ [1,∞). 'Ara, h f eÐnai omoiìmorfa

suneq c.

6. An f : (X, dX) → (Y, dY ) eÐnai mia omoimìrfa suneq c kai epÐ apeikìnish kai A ⊆ X,
tìte o periorismìc thc f ston metrikì upìqwro A eÐnai omoiìmorfa suneq c apeikìnish.

1.8.2 IsometrÐec.

Orismìc 1.8.5. Mia apeikìnish f : (X, dX)→ (Y, dY ) kaleÐtai isometrÐa an kai gia opoiad -
pote x1, x2 ∈ X isqÔei

dX(x1, x2) = dY (f(x1), f(x2))

Prìtash 1.8.6. K�je isometrÐa eÐnai omoiìmorfa suneq c apeikìnish.

Prìtash 1.8.7. An f : (X, dX)→ (Y, dY ) eÐnai mia epÐ isometrÐa, tìte h f eÐnai omoiomor-
fismìc.

ParadeÐgmata 1.8.8.

1. H apeikìnish f : Rk → Rn, k < n me f(x1, ..., xk) = (x1, ..., xk, 0, ..., 0) eÐnai isometrÐa.

2. H apeikìnish f : R2 → R2 me f(x, y) = (x,−y) eÐnai isometrÐa.

3. H apeikìnish f : Rn → Rn me f(x1, ..., xn) = (x1 + c1, ..., xk + c2), ìpou (c1, ..., cn) eÐnai
stajerì shmeÐo tou Rn, eÐnai isometrÐa.

4. H apeikìnish f : (0,∞) → (0,∞) me f(x) =
1

x
eÐnai omoimorfismìc kai den eÐnai

isometrÐa.

5. H apeikìnish f : Rn → Rk, n > k me

f(x1, ..., xk, ..., xn) = (x1, ..., xk)

eÐnai omoiìmorfa suneq c kai den eÐnai isometrÐa.
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1.9 Pl rwc fragmènoi metrikoÐ q¸roi.

Orismìc 1.9.1. 'Enac metrikìc q¸roc kaleÐtai pl rwc fragmènoc an gia k�je ε > 0 up�rqei
peperasmèno pl joc shmeÐwn x1, ..., xn ∈ X tètoio ¸ste X = S(x1, ε) ∪ ... ∪ S(xn, ε).

K�je sÔnolo {x1, ..., xn} ⊆ X gia to opoÐo

X = S(x1, ε) ∪ ... ∪ S(xn, ε)

kaleÐtai ε-plègma tou X.

Prìtash 1.9.2. 'Enac metrikìc q¸roc X eÐnai pl rwc fragmènoc an kai mìnon an gia k�je
ε > 0 up�rqei peperasmèno pl joc mh ken¸n sunìlwn A1, ..., An tètoiwn ¸ste

X = A1 ∪ ... ∪ An kai diam(Ai) < ε gia k�je i = 1, ..., n. (1.1)

Apìdeixh. 'Estw ìti oX eÐnai pl rwc fragmènoc kai ε > 0. Tìte up�rqei peperasmèno pl joc
shmeÐwn x1, ..., xn ∈ X tètoio ¸ste

X = S(x1,
ε

2
) ∪ ... ∪ S(xn,

ε

2
).

Gia A1 = S(x1,
ε
2
), ..., An = S(xn,

ε
2
) isqÔoun oi sqèseic (1.1).

Antistrìfwc, èstw gia k�je ε > 0 up�rqei peperasmèno pl joc mh ken¸n sunìlwn
A1, ..., An tètoiwn ¸ste na isqÔoun oi sqèseic (1.1). Gia k�je i = 1, ..., n epilègoume èna
xi ∈ Ai. An x ∈ Ai, tìte d(x, xi) ≤ diam(Ai) < ε, epomènwc x ∈ S(xi, ε). 'Ara,

X = S(x1, 1) ∪ ... ∪ S(xn, 1),

pou shmaÐnei ìti o X eÐnai pl rwc fragmènoc.

Prìtash 1.9.3. K�je metrikìc upìqwroc enìc pl rwc fragmènou metrikoÔ q¸rou eÐnai
pl rwc fragmènoc.

Apìdeixh. 'Estw X ènac pl rwc fragmènoc q¸roc kai Y ⊆ X.
'Estw ε > 0. Epeid  o X eÐnai pl rwc fragmènoc, apì thn Prìtash 1.9.2, èqoume ìti

X = A1 ∪ ... ∪ An kai diam(Ai) < ε gia k�je i = 1, ..., n.

Epomènwc

Y = (A1 ∩ Y ) ∪ ... ∪ (An ∩ Y ) kai diam(Ai ∩ Y )) < ε gia k�je i = 1, ..., n.

'Ara, apì thn Prìtash 1.9.2, o Y eÐnai pl rwc fragmènoc.
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Prìtash 1.9.4. K�je pl rwc fragmènoc metrikìc q¸roc eÐnai fragmènoc.

Apìdeixh. 'Estw ìti o metrikìc q¸roc X eÐnai pl rwc fragmènoc. Tìte up�rqei èna 1-plègma
{x1, ..., xn} tou X, dhlad 

X = S(x1, 1) ∪ ... ∪ S(xn, 1)

'Estw ∆ = max{d(xi, xj) : i, j = 1, ..., n}.
An x, y ∈ X, tìte x ∈ S(xi, 1) kai y ∈ S(xj, 1). Sunep¸c

d(x, y) ≤ d(x, xi) + d(xi, xj) + d(xj, y) ≤ ∆ + 2

'Ara, diam(X) ≤ ∆ + 2, dhlad  o X eÐnai fragmènoc.

ParadeÐgmata 1.9.5.

1. An X eÐnai �peiro sÔnolo kai d eÐnai diakritik  metrik  epÐ tou X, tìte o metrikìc q¸roc
(X, d) eÐnai fragmènoc all� den eÐnai pl rwc fragmènoc.

Pr�gmati, diam(X) = 1 èn¸ den up�rqei ε-plègma tou X gia ε = 1/2.

2. K�je kÔboc [a1, a1+a]×...×[an, an+a] tou Rn me pleur� a > 0 eÐnai pl rwc fragmènoc.

'Estw ε > 0. An qwrÐsoume k�je pleur� [ai, ai+a] tou kÔbou se m Ðsa tm mata m kouc
a
m
< ε√

n
, tìte o n-diastatoc kÔboc ja qwristeÐ se mn mikrìterouc n-diastatouc kÔbouc

me pleur� a
m

kai, �ra, me di�metro a
m
·
√
n < ε. Sunep¸c, apì thn Prìtash 1.9.2, o

kÔboc eÐnai pl rwc fragmènoc.

Prìtash 1.9.6. 'Enac upìqwroc tou Rn eÐnai fragmènoc an kai mìnon an eÐnai pl rwc
fragmènoc.

Apìdeixh. ArkeÐ na deÐxoume ìti k�je fragmènoc upìqwroc tou Rn eÐnai pl rwc fragmènoc.
'Estw A fragmènoc upìqwroc tou Rn kai δ = diam(A).
JewroÔme ā = (a1, ..., an) ∈ A. 'Eqoume dn(ā, x̄) ≤ δ gia k�je x̄ ∈ A, sunep¸c

A ⊆ SRn [ā, δ] ⊆ [a1 − δ, a1 + δ]× [a2 − δ, a2 + δ]× ...× [an − δ, an + δ] = K

O kÔboc K eÐnai pl rwc fragmènoc (Par�deigma 1.9.5(2) ) kai A eÐnai upìqwroc tou K.
Apì thn Prìtash 1.9.3 o A eÐnai pl rwc fragmènoc.

Prìtash 1.9.7. An o (X, dX) eÐnai pl rwc fragmènoc kai f : (X, dX)→ (Y, dY ) eÐnai mia
omoimìrfa suneq c kai epÐ apeikìnish, tìte kai o (Y, dY ) eÐnai pl rwc fragmènoc.

Apìdeixh. 'Estw ε > 0. ArkeÐ na deÐxoume ìti up�rqoun peperasmènou pl jouc sÔnola

B1, ..., Bn ⊆ Y tètoia ¸ste Y =
n⋃
i=1

Bi kai diam(Bi) < ε gia k�je i = 1, ..., n.

Epeid  h f eÐnai omoiìmorfa suneq c, up�rqei δ > 0 tètoio ¸ste

dX(x1, x2) < δ =⇒ dY (f(x1), f(x2)) <
ε

2
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Epeid  o X eÐnai pl rwc fragmènoc, up�rqoun A1, ..., An ⊆ X tètoia ¸ste

X =
n⋃
i=1

Ai kai diam(Ai) < δ gia k�je i = 1, ..., n.

Jètoume Bi = f(Ai) gia k�je i = 1, ..., n. Tìte

Y = f(X) =
n⋃
i=1

f(Ai) =
n⋃
i=1

Bi.

An y1, y2 ∈ Bi, tìte y1 = f(x1) kai y2 = f(x2), ìpou x1, x2 ∈ Ai. Epomènwc dX(x1, x2) <
δ. 'Ara, dY (y1, y2) = dY (f(x1), f(x2)) < ε

2
< ε. Sunep¸c diam(Bi) ≤ ε

2
< ε.

Par�deigma 1.9.8. H apeikìnish f(x) =
1

x
, x ∈ (0, 1], den eÐnai omoiìmorfa suneq c.

Pr�gmati, ac upojèsoume ìti, antÐjeta h f eÐnai omoiìmorfa suneq c.
Epeid  (0, 1] eÐnai fragmèno uposÔnolo tou R kai ta fragmèna uposÔnola tou R eÐnai

pl rwc fragmèna, to (0, 1] eÐnai pl rwc fragmèno. 'Ara, apì to Je¸rhma 1.9.7, to sÔnolo
f [((0, 1]] = (1,∞) eÐnai pl rwc fragmèno, pou eÐnai �topo.

1.10 Pl reic metrikoÐ q¸roi.

1.10.1 AkoloujÐec tou Cauchy.

Orismìc 1.10.1. Mi� akoloujÐa {xn}∞n=1 shmeÐwn metrikoÔ q¸rou (X, d) kaleÐtai akoloujÐa
tou Cauchy an gia k�je ε > 0 up�rqei n0 ∈ N tètoio ¸ste

n,m > n0 =⇒ d(xn, xm) < ε

Prìtash 1.10.2. K�je sugklÐnousa akoloujÐa enìc metrikoÔ q¸rou eÐnai akoloujÐa tou
Cauchy.

Apìdeixh. 'Estw {xn}∞n=0 eÐnai sugklÐnousa akiloujÐa enìc metrikoÔ q¸rou X kai x ∈ X eÐnai
to ìriì thc. Gia k�je ε > 0 up�rqei n0 tètoio ¸ste gia k�je n > n0 na isqÔei: d(x, xn) < ε

2
.

Epomènwc gia k�je n,m > n0 èqoume:

d(xn, xm) ≤ d(xn, x) + d(x, xm) <
ε

2
+
ε

2
= ε

'Ara {xn}∞n=0 eÐnai akoloujÐa tou Cauchy.

Prìtash 1.10.3. Mi� akoloujÐa tou Cauchy sugklÐnei an kai mìnon an aut  perièqei sug-
klÐnousa upakoloujÐa.

Apìdeixh. 'Estw {xn}∞n=0 mi� akoloujÐa tou Cauchy.
An {xn}∞n=0 sugklÐnei, tìte h Ðdia eÐnai sugklÐnousa upakoloujÐa.
'Estw ìti {xn}∞n=0 perièqei mia sugklÐnousa upakoloujÐa {xn(k)}∞k=0 me ìrio x ∈ X. Ja

deÐxoume ìti xn → x. 'Estw ε > 0.
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Epeid  xn(k) → x, up�rqei k0 tètoio ¸ste d(x, xn(k)) <
ε
2
, an k > k0.

Epeid  {xn}∞n=0 eÐnai akoloujÐa tou Cauchy up�rqei n0 tètoio ¸ste

d(xn, xm) <
ε

2
, an n,m > n0

'Estw n1 = max{n0, n(k0)}, tìte gia k�je n > n1 up�rqei n(k) > n. Apì ton orismì tou
n1 èqoume

d(x, xn) ≤ d(x, xn(k)) + d(xn(k), xn) <
ε

2
+
ε

2
= ε

1.10.2 Orismìc tou pl rouc metrikoÔ q¸rou.

Orismìc 1.10.4. 'Enac metrikìc q¸roc (X, d) kaleÐtai pl rhc an k�je akoloujÐa tou
Cauchy tou X sugklÐnei (se k�poio shmeÐo tou X).

ParadeÐgmata 1.10.5.

1. O Rn me thn metrik  dn((x1, ..., xn), (y1, ..., yn)) =

√
n∑
i=1

(yi − xi)2 eÐnai pl rhc gia k�je

n = 1, 2, ...,.

Pr�gmati, èstw {xk}∞k=1 mia akoloujÐa Cauchy tou Rn, ìpou xk = (x1
k, ..., x

n
k). Tìte

gia ε > 0 up�rqei n0 tètoio ¸ste gia k�je m, k ≥ k0

d(xk, xm) =

√√√√ n∑
i=1

(xik − xim)2 < ε

'Ara,
∑n

i=1(xik − xim)2 < ε2. Epomènwc gia k�je i = 1, ..., n kai gia k�je m, k ≥ k0

isqÔei

|xik − xim| =
√

(xik − xim)2 < ε

Sunep¸c gia k�je i = 1, ..., n {xik}∞k=1 eÐnai mia akoloujÐa Cauchy tou R.
Epeid  o R eÐnai pl rhc, lim

k→∞
xik = xi gia k�je i = 1, ..., n.

Jètoume x̄ = (x1, ..., xn). Tìte, epeid  lim
k→∞

(xik − xi) = 0, prokÔptei ìti

lim
k→∞

d(x̄, x̄k) = lim
k→∞

√√√√ n∑
i=1

(xi − xik)2 = 0,

dhlad  h akoloujÐa Cauchy {xk}∞k=1 sugklÐnei sto x̄.

2. O q¸roc C[a,b] = {f : [a, b]→ R : f suneq c } me th metrik 

d(f, g) = max{|f(x)− g(x)| : x ∈ [a, b]}

eÐnai pl rhc.
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3. K�je diakririkìc metrikìc q¸roc X eÐnai pl rhc, epeid  kai oi akoloujÐec tou Cauchy
kai oi sugklÐnousec akoloujÐec tou X sumpÐptoun kai eÐnai oi akoloujÐec thc morf c
x1, ...xn, x, x, ..., x, ..., ìpou x1, ..., xn, x ∈ X.

4. O q¸roc twn rht¸n arijm¸n me th metrik  d(x, y) = |x− y| den eÐnai pl rhc.

1.10.3 Idiìthtec tou pl rouc metrikoÔ q¸rou.

Je¸rhma 1.10.6. 'Enac metrikìc q¸roc eÐnai pl rhc an kai mìnon an gia k�je akoloujÐa
{B[xn, rn]}∞n=1 tètoia ¸ste lim

n→∞
rn = 0 kai

B[x1, r1] ⊇ ... ⊇ B[xn, rn] ⊇ B[xn+1, rn+1] ⊇ ... ,

isqÔei
∞⋂
n=1

B[xn, rn] 6= ∅.

Apìdeixh. 'Estw (X, d) ènac pl rhc metrikìc q¸roc kai

B(x1, r1) ⊇ ... ⊇ B(xn, rn) ⊇ B(xn+1, rn+1) ⊇ ...

mia fjÐnousa akoloujÐa kleist¸n sfair¸n me lim
n→∞

rn = 0.

H {xn}∞n=0 eÐnai akoloujÐa tou Cauchy. Pr�gmti, èstw ε > 0. Up�rqei n0 tètoio ¸ste
gia k�je n > n0 na isqÔei rn < ε. 'Estw n,m > n0 kai m > n, tìte B[xm, rm] ⊆ B[xn, rn].
Epomènwc xm ∈ B[xn, rn], �ra, d(xm, xn) ≤ rn < ε.

'Epeid  O X eÐnai pl rhc, lim
n→∞

xn = x ∈ X.

Gia k�je n isqÔei {xn+1, xn+2, ...} ⊆ B[xn, rn] kai lim
i→∞

xn+i = x, sunep¸c x ∈ B[xn, rn],

epeid  B[xn, rn] eÐnai kleistì sÔnolo. 'Ara, x ∈
⋂∞
n=1B[xn, rn], dhlad 

⋂∞
n=1 B[xn, rn] 6= ∅.

AntÐstrofa, èstw k�je fjÐnousa akoloujÐa kleist¸n sfair¸n

B[x1, r1] ⊇ ... ⊇ B[xn, rn] ⊇ B[xn+1, rn+1] ⊇ ...

tou X me rn → 0 èqei mh ken  tom . 'Estw {xn}∞n=0 eÐnai akoloujÐa tou Cauchy tou X.
'Epagwgik� mporeÐ na kataskeuastei mia aÔxousa akoloujÐa n1 < n2 < ... < nk < nk+1 < ...
tètoia ¸ste: d(xn, xnk

) < 1
2k+1 gia k�je n > nk

Jewroume thn akoloujÐa kleist¸n sfair¸n
{
B[xnk

, 1
2k

]
}∞
k=1

.

'Eqoume lim
k→∞

1

2k
= 0. Ja deÐxoume ìti B[xnk+1

, 1
2k+1 ] ⊆ B[xnk

, 1
2k

].

Pr�gmati, an x ∈ B[xnk+1
, 1

2k+1 ], tìte d(x, xnk+1
) ≤ 1

2k+1 . Epomènwc

d(x, xnk
) ≤ d(x, xnk+1

) + d(xnk+1
, xnk

) <
1

2k+1
+

1

2k+1
=

1

2k
⇒ x ∈ B[xnk

,
1

2k
]

'Estw x ∈
⋂∞
k=1B[xnk

, 1
2k

]. Tìte lim
n→∞

xnk
= x. Epeid  h akoloujÐa tou Cauchy {xn}∞n=0

perièqei sugklÐnousa upakoloujÐa h {xn}∞n=0 sugklÐnei. 'Ara o X eÐnai pl rhc.

Prìtash 1.10.7. K�je pl rhc upìqwroc F enìc metrikoÔ q¸rou X eÐnai kleistìc sto X.
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Apìdeixh. 'Estw x ∈ F ′, tìte x = limn→∞ xn, ìpou xn ∈ F .
Epeid  h {xn}∞n=1 eÐnai sugklÐnousa eÐnai akoloujÐa tou Cauchy tou X. 'Ara h {xn}∞n=1

eÐnai akoloujÐa tou Cauchy tou F . Epeid  o F eÐnai pl rhc, up�rqei x∗ ∈ F tètoio ¸ste
x∗ = limn→∞ xn. Mi� akoloujÐa den mporeÐ na èqei dÔo ìria �ra x = x∗, opìte x ∈ F .
Sunep¸c to sÔnolo F eÐnai kleistì.

Prìtash 1.10.8. K�je kleistìc upìqwroc F enìc pl rouc metrikoÔ q¸rou X eÐnai pl rhc.

Apìdeixh. 'Estw {xn}∞n=1 akoloujÐa tou Cauchy tou F .
Tìte gia k�je ε > 0 up�rqei n0 tètoio ¸ste d(xn, xm) < ε an n,m > n0. 'Ara

{xn}∞n=1 akoloujÐa tou Cauchy tou X. Epeid  o X eÐnai pl rhc up�rqei x ∈ X tètoio
¸ste limn→∞ xn = x. Epeid  to F eÐnai kleistì kai {xn}∞n=1 ⊆ F prokÔptei ìti x ∈ F ′ ⊆ F .
'Ara x ∈ F kai sunep¸c k�je akoloujÐa tou Cauchy tou F sugklÐnei, dhlad  o F eÐnai pl rhc.

1.10.4 Pl rwsh metrikoÔ q¸rou.

Orismìc 1.10.9. 'Enac metrikìc q¸roc (X∗, d∗) kaleÐtai pl rwsh tou metrikoÔ q¸rou
(X, d) an

(i) (X∗, d∗) eÐnai pl rhc
(ii) up�rqei mÐa isometrÐa f : X → f(X) ⊆ X∗

(iii) f(X) = X∗

Je¸rhma 1.10.10. K�je metrikìc q¸roc (X, d) èqei mÐa pl rwsh.

Je¸rhma 1.10.11. Opoiesd pote dÔo plhr¸seic (X∗, d∗) kai x̂ ∈ X̂ enìc metrikoÔ (X, d)
q¸rou eÐnai isometrikèc.
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Kef�laio 2

SumpageÐc q¸roi.

Oi q¸roi stouc opoÐouc anafèretai to kef�laio autì eÐnai oi topologikoÐ q¸roi.

2.1 H ènnoia tou sumpagoÔc q¸rou.

Mi� oikogèneia uposunìlwn {Ot}t∈T enìc q¸rou X kaleÐtai k�lumma tou X an

X =
⋃
t∈T

Ot.

K�je k�lumma tou X pou apoteleÐtai anoikta uposÔnola tou X kaleÐtai anoiktì k�lumma.

K�je upooikogèneia {Ot}t∈T0 enìc kalÔmmatoc {Ot}t∈T tou X, h opoÐa eÐnai epÐshc k�lumma
tou X, kaleÐtai upok�lumma tou kalÔmmatoc {Ot}t∈T .

Orismìc 2.1.1. 'Enac q¸roc kaleÐtai sumpag c an k�je anoiktì k�lumma tou X perièqei
peperasmèno upok�lumma.

'Ena uposÔnolo S enìc q¸rou X kaleÐtai sumpagèc an o upìqwroc S tou X eÐnai sumpag c.

2.2 Qarakthristikèc idiìthtec sumpagoÔc metrikoÔ q¸rou.

Je¸rhma 2.2.1. Gia ènan metrikì q¸ro X oi akìloujec sunj kec eÐnai isodÔnamec:

(α) O X eÐnai sumpag c

(β) K�je �peiro uposÔnolo tou X èqei oriakì shmeÐo,

(γ) K�je akoloujÐa shmeÐwn enìc metrikoÔ q¸rou X èqei sugklÐnousa (sto shmeÐo tou X)
upakoloujÐa.

(δ) O X eÐnai pl rhc kai pl rwc fragmènwc.

23
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Apìdeixh. (α) ⇒ (β) Ac upojèsoume ìti, antÐjeta, up�rqei èna �peiro uposÔnolo A tou
X pou den èqei oriakì shmeÐo. Tìte gia k�je x ∈ X up�rqei anoikt  sfaÐra S(x, εx)
tètoia ¸ste to sÔnolo A ∩ S(x, εx) eÐnai peperasmèno.

'Eqoume X =
⋃
x∈X S(x, εx). Sunep¸c {S(x, εx)}x∈X eÐnai anoiktì k�lumma tou X.

Epeid  o X eÐnai sumpag c to anoiktì autì k�lumma èqei peperasmèno upok�lumma
{S(x1, εx1), ..., S(xn, εxn)}.

Sunep¸c X = S(x1, εx1) ∪ ... ∪ S(xn, εxn). 'Ara

A ⊆ (A ∩ S(x1, εx1)) ∪ ... ∪ (A ∩ S(xn, εxn))

kai sunep¸c to A eÐnai peperasmèno, pou eÐnai �topo.

'Ara, k�je �peiro uposÔnolo tou X èqei oriakì shmeÐo.

(β)⇒ (γ) 'Estw {xn}∞n=1 mia akoloujÐa tou X.

An {xn}∞n=1 up�rqei x ∈ X tètoio ¸ste gia k�je n up�rqei kn > n tètoio ¸ste xkn = x,
tìte h upakoloujÐa {xkn}∞n=1 = {x, x, ...} sugklÐnei sto x.

An gia k�je x ∈ X up�rqei nx tètoi ¸ste x 6= xn gia k�je n > nx, tìte to sÔnolo
A = {xn}∞n=n0

eÐnai �peiro kai apì thn upìjesh up�rqei x ∈ Ad.

Sunep¸c gia k�je k = 1, 2, ... to sÔnolo A ∩ S(x, 1/k) eÐnai �peiro. 'Estw

xn1 ∈ A ∩ S(x, 1) \ {x}

xn2 ∈ A ∩ S(x, 1/2) \ {x, xn1}, n2 > n1

...............................................................

xnk
∈ A ∩ S(x, 1/k) \ {x, xn1 , ..., xnk−1

}, nk > nk−1.

Tìte x = lim
k→∞

xnk
kai {xnk

}∞k=1 eÐnai upakoloujÐa thc {xn}∞n=1.

(γ) ⇒ (δ) 'Estw {xn}∞n=1 mia Cauchy tou X. Tìte, apì thn upìjesh, h {xn}∞n=1 perièqei
sugklinousa upakoloujÐa. 'Ara, apì thn Prìtash 1.10.3, h {xn}∞n=1 sugklÐnei. Sunep¸c
o X eÐnai pl rhc.

Ac upojèsoume ìti o X den eÐnai pl rwc fragmènoc. Tìte up�rqei ε > 0 gia to opoÐo
o X den perièqei kanèna ε-plègma.

'Estw x1 ∈ X, tìte X 6⊆ S(x1, ε).

'Estw x2 ∈ X \ S(x1, ε), tìte X 6⊆ S(x1, ε) ∪ S(x2, ε) kai d(x1, x2) ≥ ε. Epagwgik�
mporoÔme na orÐsoume mia akoloujÐa {xi}∞i=1 tètoia ¸ste gia k�je n:

X 6⊆ S(x1, ε) ∪ ... ∪ S(xn, ε) kai d(x1, x2) ≥ ε, ..., d(xn−1, xn) ≥ ε

'Ara, d(xk, xn) ≥ ε gia k�je k, n = 1, 2, ..., opìte h {xi}∞i=1 den perièqei kamÐa sugklÐ-
nousa upakoloujÐa, pou eÐnai �topo.
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(δ)⇒ (α) Ac upojèsoume ìti ènac pl rhc kai pl rwc fragmènoc q¸rocX den eÐnai sumpag c.
Tìte up�rqei anoikto k�lumma O = {Oi}i∈I tou X pou den perièqei kanèna peperasmèno
upok�lumma.

Epeid  o X eÐnai pl rwc fragmènoc, apì thn Prìtash 1.9.2 up�rqei peperasmèno sÔnolo
P1 ⊆ X tètoio ¸ste

X =
⋃
p∈P1

A(p) kai diam(A(p)) < 1.

Opìte up�rqei p1 ∈ P1 tètoio ¸ste to sÔnolo A(p1) na mhn kalÔptetai apì peperasmèno
pl joc stoiqeÐwn tou kalÔmmatoc O. Apì thn Prìtash 1.9.3 o upìqwroc A(p1) eÐnai
pl rwc fragmènoc. 'Ara, up�rqei peperasmèno sÔnolo P2 ⊆ A(p1) tètoio ¸ste

A(p1) =
⋃
p∈P2

A(p) kai diam(A(p)) <
1

2
.

Opìte up�rqei p2 ∈ P2 tètoio ¸ste to sÔnolo A(p2) na mhn kalÔptetai apì peperasmèno
pl joc stoiqeÐwn tìu kalÔmmatoc O.
Epagwgik� mporoÔme na kataskeu�soume mia fjÐnousa akolojÐa sunìlwn

A(1) ⊇ A(2) ⊇ · · · ⊇ A(n) ⊇ A(n+ 1) ⊇ . . .

tètoia ¸ste diam(A(n)) < 1
n
kai kanèna apì ta A(n) den kalÔptetai apì peperasmèno

pl joc stoiqeÐwn tou kalÔmmatoc O.
Gia k�je n dialègoume èna shmeÐo xn ∈ A(n). Ja deÐxoume ìti {xn}∞n=1 eÐnai akoloujÐa
Cauchy. Pr�gmati, gia k�je ε > 0 up�rqei n0 tètoio ¸ste 1

n0
< ε. An n,m ≥ n0, tìte

A(n), A(m) ⊆ A(n0). Epomènwc xn, xm ∈ A(n0). 'Ara, epeid  diam(A(n0)) < 1
n0
< ε,

èpetai ìti d(xn, xm) < ε.

Epeid  apì thn upìjesh o X eÐnai pl rwc fragmènwc, h akoloujÐa Cauchy {xn}∞n=1

sugklÐnei se èna x ∈ X. Epeid  O eÐnai k�lumma tou X, up�rqei Oi(x) ∈ O me x ∈ Oi(x).
Epeid  Oi(x) eÐnai anoiktì up�rqei m gia to opoÐo

S(x, 1/m) ⊆ Oi(x)

Epeid  limxn = x up�rqei n0 tètoio ¸ste xn ∈ S
(
x, 1

2m

)
gia k�je n ≥ n0.

'Estw n > max{n0, 2m}. Tìte xn ∈ S
(
x, 1

2m

)
kai xn ∈ A(n).

Epeid  xn ∈ A(n) kai diam(A(n)) < 1/n, gia k�je a ∈ A(n) èqoume

d(x, a) ≤ d(x, xn) + d(xn, a) <
1

2m
+

1

n
<

1

2m
+

1

2m
=

1

m
.

'Ara,
A(n) ⊆ S(x, 1/m) ⊆ Oi(x).

Sunep¸c A(n) kalÔptetai apì èna stoiqeÐo Oi(x) tou kalÔmmatoc O, pou eÐnai �topo.

'Ara, o X eÐnai sumpag c.
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Orismìc 2.2.2. 'Enac metrikìc q¸roc X lègetai ìti èqei thn idiìthta Bolzano-Weierstrass
an k�je �peiro uposÔnolo tou X (èqei sto X) oriakì shmeÐo.

Orismìc 2.2.3. 'Enac metrikìc q¸rocX kaleÐtai akoloujiak� sumpag c an k�je akoloujÐa
shmeÐwn X èqei sugklÐnousa (sto shmeÐo tou X) upakoloujÐa.

Apì to Je¸rhma 2.2.1 sunep�getai to akìloujo pìrisma.

Pìrisma 2.2.4. Gia ènan metrikì q¸ro X oi akìloujec sunj kec eÐnai isodÔnamec:

(α) O X eÐnai sumpag c.

(β) O X èqei thn idiìthta Bolzano-Weierstrass.

(γ) O X eÐnai akoloujiak� sumpag c.

ParadeÐgmata 2.2.5.

1. To sÔnolo ìlwn twn pragmatik¸n arijm¸n den èqei thn idiìthta Bolzano-Weierstrass
kai, �ra den eÐnai sumpag c q¸roc.

2. K�je fragmèno kleistì di�sthma [a, b] twn pragmatik¸n arijm¸n èqei thn idiìthta
Bolzano-Weierstrass kai, sunep¸c eÐnai sumpag c upìqwroc tou R.

Orismìc 2.2.6. 'Enac arijmìc ε > 0 kaleÐtai arijmìc tou Lebesgue gia to anoiktì k�lumma
{Oi}i∈I tou metrikoÔ q¸rou X an k�je sfaÐra S(x, ε), x ∈ X, eÐnai uposÔnolo k�poiou
stoiqeÐou tou kalÔmmatoc {Oi}i∈I .

Dhlad , an x, y ∈ X kai d(x, y) < ε, tìte up�rqei i ∈ I tètoio ¸ste x, y ∈ Oi.

Je¸rhma 2.2.7. Gia k�je anoiktì k�lumma enìc sumpagoÔc metrikoÔ q¸rou up�rqei
arijmìc tou Lebesgue.

Apìdeixh. 'Estw O = {Oi}i∈I èna anoiktì k�lumma enìc sumpagoÔc q¸rou X. Gia k�je
x ∈ X up�rqei ix ∈ I tètoio ¸ste x ∈ Oix kai, epeid  Oix eÐnai anoiktì up�rqei εx > 0 gia to
opoÐo x ∈ S(x, εx) ⊆ Oix .

Sunep¸c

X =
⋃
x∈X

S(x, εx).

Epeid  o X eÐnai sumpag c, to anoiktì k�lumma {S(x, εx
2

) : x ∈ X} to X perièqei peperasmèno
upok�lumma, dhlad 

X = S(x1,
εx1
2

) ∪ · · · ∪ S(xn,
εxn
2

)

Jètoume ε = min{ εx1
2
. . . , εxn

2
} 'Estw ìti x ∈ X kai y ∈ S(x, ε). Tìte x ∈ S(xi,

εxi
2

) gia
k�poio i = 1, ..., n. 'Epomènwc

d(y, xi) ≤ d(y, x) + d(x, xi) ≤ ε+
εxi
2
≤ εxi

2
+
εxi
2

= εxi

Epomènwc y ∈ S(xi, εxi). 'Ara, S(x, ε) ⊆ S(xi, εxi) ⊆ Oi. Sunep¸c ε eÐnai arijmìc tou
Lebesgue gia to anoiktì k�lumma O = {Oi}i∈I .
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2.3 SumpageÐc upìqwroi.

Je¸rhma 2.3.1. 'Enac upìqwroc F enìc q¸rou X eÐnai sumpag c an kai mìnon an gia k�je
oikogèneia anoikt¸n sunìlwn {Gi}i∈I tou X tètoia ¸ste F ⊆

⋃
i∈I
Gi up�rqei peperasmènh

upooikogèneia {Gi1 , ..., Gin} tètoia ¸ste F ⊆ Gi1 ∪ ... ∪Gin .

Apìdeixh. 'Estw ìti o upìqwroc F tou X eÐnai sumpag c kai {Gi}i∈I eÐnai mia oikogèneia
anoikt¸n sunìlwn tou X tètoia ¸ste F ⊆

⋃
i∈I
Gi. Tìte

F =
⋃
i∈I

(F ∩Gi)

kai F ∩Gi eÐnai anoiktì sto F gia k�je i ∈ I. Epeid  o F eÐnai sumpag c to anoiktì k�lumma
{F ∩ Gi}i∈I tou F perièqei peperasmèno upok�lumma
{F ∩Gi1 , ..., F ∩Gin}. 'Eqoume F = (F ∩Gi1) ∪ ... ∪ (F ∩Gin), �ra F ⊆ Gi1 ∪ ... ∪Gin .

'Estw gia k�je oikogèneia anoikt¸n sunìlwn {Gi}i∈I tou X tètoia ¸ste F ⊆
⋃
i∈I
Gi

up�rqei peperasmènh upooikogèneia {Gi1 , ..., Gin} tètoia ¸ste F ⊆ Gi1∪...∪Gin . Ja deÐxoume
ìti o F eÐnai sumpag c. 'Estw F =

⋃
i∈I
G′i, ìpou G

′
i eÐnai anoikto sto F gia k�je i ∈ I. Tìte

gia k�je i ∈ I ja up�rqei anoiktì sto X sÔnolo Gi tètoio ¸ste G′i = F ∩ Gi. Sunep¸c
F ⊆

⋃
i∈I
Gi. SÔmfwna me thn upìjesh up�rqoun {Gi1 , ..., Gin} tètoia ¸ste F ⊆ Gi1 ∪ ...∪Gin .

Opìte F = (F ∩Gi1)∪ ...∪ (F ∩Gin). 'Ara F = G′i1 ∪ ...∪G
′
in . Sunep¸c o F eÐnai sumpag c.

Je¸rhma 2.3.2. K�je kleistìc upìqwroc F enìc sumpagoÔc q¸rou X eÐnai sumpag c.

Apìdeixh. 'Estw {Gi}i∈I mia oikogèneia anoikt¸n uposunìlwn tou X tètoia ¸ste F ⊆
⋃
i∈I
Gi.

Epeid  F eÐnai kleistì to X \F eÐnai anoiktì. Epeid  o X eÐnai sumpag c to anoiktì k�lumma
{Gi}i∈I ∪ {X \ F} tou X perièqei peperasmèno upok�lumma Gi1 , ..., Gin , X \ F .

'Eqoume X = Gi1 ∪ ... ∪Gin ∪ (X \ F ), sunep¸c F ⊆ Gi1 ∪ ... ∪Gin . 'Ara o upìqwroc F
eÐnai sumpag c.

Je¸rhma 2.3.3. K�je sumpag c upìqwroc F enìc metrikoÔ q¸rou X eÐnai kleistìc.

Apìdeixh. 'Arkei na deÐxoume ìti Cl(F ) ⊆ F .
'Estw x ∈ Cl(F ), tìte up�rqei {xn}∞n=1 ⊆ F , tètoia ¸ste lim

n→∞
xn = x. K�je upakoloujÐa

thc {xn}∞n=1 pou sugklÐnei èqei ìrio to x.
Epeid  o F eÐnai sumpag c h {xn}∞n=1 perièqei mia upakoloujÐa {xnk

}∞k=1 pou sugklÐnei se
èna shmeÐo tou F . 'Ara x ∈ F .

Prìtash 2.3.4. 'Enac upìqwroc F tou Rn eÐnai sumpag c an kai mìnon an to sÔnolo F
eÐnai fragmèno kai kleistì sto Rn.

Apìdeixh. 'Enac upìqwroc F tou Rn eÐnai sumpag c an kai mìnon an eÐnai pl rhc kai pl rwc
fragmènoc.
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Epeid  o Rn eÐnai pl rhc, ènac upìqwroc F tou Rn eÐnai pl rhc an kai mìno an eÐnai
kleistìc. EpÐshc, ènac upìqwroc F tou Rn eÐnai pl rwc fragmènoc an kai mìnon an eÐnai
fragmènoc.

Sunep¸c ènac upìqwroc F tou Rn eÐnai pl rhc kai pl rwc fragmènoc an kai mìnon an
eÐnai kleistìc kai fragmènoc.

2.4 ApeikonÐseic sumpag¸n q¸rwn.

Je¸rhma 2.4.1. K�je suneq c apeikìnish orismènh se èna sumpag  metrikì q¸ro X eÐnai
omoiìmorfa suneq c.

Apìdeixh. 'Estw ìti f : (X, dX)→ (Y, dY ) eÐnai suneq c kai (X, dX) eÐnai sumpag c.
'Estw ε > 0. Epeid  {SY (f(x), ε/2)}x∈X eÐnai anoiktì k�lumma tou f(X) kai h f eÐnai

suneq c, to K = {f−1[SY (f(x), ε/2)]}x∈X eÐnai anoiktì k�lumma tou X. 'Estw δ > 0 eÐnai
arijmìc tou Lebesgue gia to K.

An x1, x2 ∈ X kai dX(x1, x2) < δ, tìte up�rqei x ∈ X tètoio ¸ste

x1, x2 ∈ f−1[SY (f(x), ε/2)]

Tìte
f(x1), f(x2) ∈ SY (f(x), ε/2)

Sunep¸c

dY (f(x1), f(x2)) ≤ dY (f(x1), f(x)) + dY (f(x), f(x2)) < ε/2 + ε/2 < ε

'Ara h f eÐnai omoiìmorfa suneq c.

Je¸rhma 2.4.2. An h apeikìnish f : X → Y apì èna sumpag  q¸ro X se èna q¸ro Y
eÐnai suneq c, tìte o upìqwroc f(X) tou Y eÐnai sumpag c.

Apìdeixh. 'Estw {Gi}i∈I èna anoiktì k�lumma tou f(X).
Epeid  h f eÐnai suneq c {f−1(Gi)}i∈I eÐnai anoiktì k�lumma tou X.
Epeid  o X eÐnai sumpag c to anoiktì k�lumma {f−1(Gi)}i∈I perièqei peperasmèno up-

ok�lumma {f−1(G1), ..., f−1(Gn)}. Epomènwc

X = f−1(G1) ∪ ... ∪ f−1(Gn)

Epomènwc
f(X) = G1 ∪ ... ∪Gn

'Ara o f(X) eÐnai sumpag c.

Prìtash 2.4.3. K�je pragmatik  suneq c sun�rthsh orismènh se èna sumpag  metrikì
q¸ro eÐnai fragmènh kai èqei mègisth kai el�qisth tim .
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Apìdeixh. 'Estw f : X → R suneq c kai X sumpag c. Tìte o upìqwroc f(X) tou R eÐnai
sumpag c. Sunep¸c to uposÔnolo f(X) tou R eÐnai kleistì kai fragmèno.

'Estw m = inf f(X) kai M = sup f(X).
ArkeÐ na apodeÐxoume ìti m,M ∈ f(X). Pr�gmati, gia k�je ε > 0 isqÔei

[m,m− ε) ∩ f(X) 6= ∅

Sunep¸c m ∈ Cl(f(X)). Epeid  to sÔnolo f(X) eÐnai kleistì, èpetai ìti Cl(f(X)) = f(X).
'Ara, m ∈ f(X). 'Omoia M = max f(X).

Je¸rhma 2.4.4. K�je suneq c apeikìnish f : X → Y apì èna sumpag  q¸ro X se èna
metrikì q¸ro Y eÐnai kleist .

Apìdeixh. 'Estw F èna kleistì uposÔnolo tou X. Apì to Je¸rhma 2.3.2 F eÐnai sumpagèc
uposÔnolo tou X. Epeid  h f eÐnai suneq c, to sÔnolo f(F ) eÐnai sumpagèc uposÔnolo tou
Y apì to Je¸rhma 2.4.2. 'Ara, f(F ) eÐnai kleistì apì to Je¸rhma 2.3.3.

Prìtash 2.4.5. K�je suneq c, èna proc èna kai epÐ apeikìnish f : X → Y apì èna sumpag 
metrikì q¸ro X se èna metrikì q¸ro Y eÐnai omoiomorfismìc.

Apìdeixh. 'ArkeÐ na deÐxoume ìti h apeikìnish f−1 : Y → X eÐnai suneq c. 'Estw F kleistì
uposÔnolo tou X. 'Eqoume ìti (f−1)−1(F ) = f(F ).

Epeid  o X eÐnai sumpag c kai h f eÐnai suneq c, apì to Je¸rhma 2.4.4 èpetai ìti h f
eÐnai kleist . Epomènwc f(F ) eÐnai kleistì sto Y . 'Ara, to (f−1)−1(F ) eÐnai kleistì sto Y .
Sunep¸c, apì to Je¸rhma 1.4.5, h f−1 eÐnai suneq c.

2.5 'Enwsh, tom  kai ginìmeno sumpag¸n q¸rwn.

Je¸rhma 2.5.1. An X = X1∪ ...∪Xn kai X1, ..., Xn eÐnai sumpageÐc upìqwroi tou X, tìte
kai o X eÐnai sumpag c.

Apìdeixh. 'Estw {Gi}i∈I èna anoiktì k�lumma tou X.
Gia k�je j = 1, ..., n h oikogèneia {Xj ∩ Gi}i∈I eÐnai anoiktì k�lumma tou Xj. Epeid 

k�je Xj eÐnai sumpag c, gia k�je j = 1, ..., n to anoiktì k�lumma {Xj ∩ Gi}i∈I tou Xj èqei

peperasmèno upok�lumma {Xj ∩Gj
i}
kj
i=1.

Sunep¸c

X =
n⋃
j=1

Xj ⊆
n⋃
j=1

 kj⋃
i=1

Gj
i

 ⊆ X.

'Ara, h oikogèneia
⋃n
j=1

{
Gj
i : i = 1, ..., kj

}
eÐnai pepersmèno upok�lumma tou {Gi}i∈I .

Je¸rhma 2.5.2. An {Fn}∞n=1 eÐnai mia akoloujÐa mh ken¸n kleist¸n uposunìlwn enìc
sumpagoÔc q¸rou X tètoia ¸ste

F1 ⊇ F2 ⊇ ... ⊇ ...Fn ⊇ Fn+1 ⊇ ...,

tìte o upìqwroc
⋂∞
n=1 Fn eÐnai mh kenìc kai sumpag c.
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Apìdeixh. Ac upojèsoume antÐjeta ìti
⋂∞
n=1 Fn = ∅. Tìte

X = X \
∞⋂
n=1

Fn =
∞⋃
n=1

(X \ Fn)

To anoiktì k�lumma {X \Fn}∞n=1 tou X èqei peperasmèno upok�lumma {X \Fk1 , ..., X \Fkm},
ìpou Fk1 ⊇ Fk2 ⊇ ... ⊇ Fkm . Sunep¸c

m⋂
i=1

Fki = X \ (
m⋃
i=1

(X \ Fki) = X \X = ∅,

pou eÐnai �topo, afoÔ
⋂m
k=i Fki = Fkm 6= ∅. 'Ara,

⋂∞
n=1 Fn 6= ∅.

K�je Fn eÐnai kleistì sto X, sunep¸c o upìqwroc
⋂∞
n=1 Fn eÐnai kleistìc sto X.

'Ara, o upìqwroc
⋂∞
n=1 Fn eÐnai sumpag c.

Je¸rhma 2.5.3. 'Estw X ènac metrikìc q¸roc kai {Xn}∞n=1 mia akoloujÐa mh ken¸n
sumpag¸n uposunìlwn tou X tètoia ¸ste

X1 ⊇ X2 ⊇ ... ⊇ ...Xn ⊇ Xn+1 ⊇ ...

Tìte gia k�je anoiktì sÔnolo U pou perièqei thn tom 
⋂∞
n=1 Xn up�rqei n0 tètoio ¸ste

gia k�je n ≥ n0 na eÐnai Xn ⊆ U .

Apìdeixh. Apì to Je¸rhma 2.3.3 èpetai ìti k�je sÔnolo Xn eÐnai kleistì sto X, epomènwc
k�je sÔnolo Fn = Xn \ U eÐnai kleistì sto X. Epeid  k�je Fn eÐnai kleistì uposÔnolo
sumpagoÔc upoq¸rou X1, k�je Fn eÐnai sumpagèc sÔnolo. EpÐshc

F1 ⊇ F2 ⊇ ... ⊇ ...Fn ⊇ Fn+1 ⊇ ...

ParathroÔme ìti
⋂∞
n=1 Fn ⊆

⋂∞
n=1Xn ⊆ U kai

⋂∞
n=1 Fn ⊆ X \ U . Epomènwc

⋂∞
n=1 Fn = ∅.

Apì to Je¸rhma 2.5.2 prokÔptei ìti up�rqei n0, tètoio ¸ste Fn = ∅ gia k�je n ≥ n0, dhlad 
Xn \ U = ∅. 'Ara Xn ⊆ U gia k�je n ≥ n0.

Je¸rhma 2.5.4. Metrikì ginìmeno peperasmènou pl jouc sumpag¸n metrik¸n q¸rwn eÐnai
sumpag c metrikìc q¸roc.

Apìdeixh. ArkeÐ na deÐxoume ìti to ginìmeno dÔo sumpag¸n metrik¸n q¸rwn eÐnai sumpag c
metrikìc q¸roc. 'Estw ìti (X, dX) kai (Y, dY ) eÐnai sumpageÐc metrikoÐ q¸roi kai {an}∞n=1,
ìpou an = (xn, yn), mia akoloujÐa shmeÐwn tou metrikoÔ q¸rou (X × Y, dX×Y ). ArkeÐ na
deÐxoume ìti h {an}∞n=1 perièqei sugklÐnousa upakoloujÐa.

Epeid  o X eÐnai sumpag c, h akoloujÐa {xn}∞n=1 perièqei mia sugklÐnousa upakoloujÐa
{xnk
}∞k=1. Epeid  o Y eÐnai sumpag c, h akoloujÐa {ynk

}∞k=1 tou Y perièqei sugklÐnousa
upakoloujÐa {ynki

}∞i=1.
'Estw ìti lim

k→∞
xnk

= x kai lim
i→∞
{ynki

}∞i=1 = y. H akoloujÐa {xnki
}∞i=1 eÐnai upakoloujÐa

thc {xnk
}∞k=1, epomènwc èqei to Ðdio ìrio, dhlad  lim

i→∞
{xnki

}∞i=1 = x.

Jètoume a = (x, y). Apì ta parap�nw

lim
i→∞

dX×Y (anki
, a) = lim

i→∞

√
d2
X(xnki

, x) + d2
Y (ynki

, y) =

=
√

lim
i→∞

d2
X(xnki

, x) + lim
i→∞

d2
Y (ynki

, y) = 0 + 0 = 0.

'Ara, lim
i→∞

anki
= a, dhlad  {anki

}∞i=1 eÐnai suklÐnousa upakoloujÐa thc {an}∞n=1.
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2.6 Topik� sumpageÐc q¸roi.

Orismìc 2.6.1. 'Enac q¸roc X kaleÐtai topik� sumpag c sto shmeÐo x ∈ X an up�rqei
anoiktì sÔnolo U tètoio ¸ste x ∈ U kai Cl(U) eÐnai sumpagèc.

O q¸roc X kaleÐtai topik� sumpag c an eÐnai topik� sumpag c se k�je shmeÐo.

ParathroÔme ìti an ènac q¸roc X eÐnai topik� sumpag c se èna shmeÐo x kai U eÐnai anoiktì
sÔnolo pou perièqei to x gia to opoÐo Cl(U) eÐnai sumpag c, tìte o X eÐnai topik� sumpag c
se k�je shmeÐo tou U . Sunep¸c kanènac q¸roc den mporeÐ na eÐnai topik� sumpag c mìno se
èna shmeÐo x, ektìc an to shmeÐo x eÐnai memonwmèno kai to sÔnolo {x} eÐnai kleistì, opìte
{x} = U = Cl(U).

Je¸rhma 2.6.2. K�je sumpag c q¸roc eÐnai topik� sumpag c.

Apìdeixh. 'Estw X ènac sumpag c q¸roc kai x ∈ X. Tìte U = X eÐnai anoiktì sÔnolo pou
perièqei to x kai tou opoÐou to perÐblhma Cl(U) = X eÐnai sumpagèc.

ParadeÐgmata 2.6.3.

1. O Rn, n = 1, 2, ..., eÐnai par�deigma mh sumpagoÔc metrikoÔ q¸rou pou eÐnai topik�
sumpag c. Pr�gmati, k�je anoikt  mp�la B(x, ε) sto Rn èqei sumpagèc perÐblhma
B[x, ε].

2. K�je anoiktìc U upìqwroc tou Rn eÐnai topik� sumpag c. Pr�gmati, gia k�je x ∈ U
up�rqei B(x, ε), to opoÐo eÐnai anoiktì sto U , tètoio ¸ste x ∈ B[x, ε] ⊆ U . Epeid 
B[x, ε] eÐnai sumpagèc, U eÐnai topik� sumpag c sto x.

3. K�je diakritikìc q¸roc eÐnai topik� sumpag c.

4. O q¸roc Q twn rht¸n arijm¸n den eÐnai topik� sumpag c.

Je¸rhma 2.6.4. K�je kleistìc upìqwroc enìc topik� sumpagoÔc q¸rou eÐnai topik�
sumpag c.

Apìdeixh. 'Estw X ènac topik� sumpag c q¸roc kai F kleistìc upìqwroc tou X. An x ∈ F
kai x ∈ U , ìpou U eÐnai to anoiktì uposÔnolo tou X me sumpagèc perÐblhma ClX(U), tìte
U ∩ F eÐnai anoikto uposÔnolo tou F pou perièqei to x kai ClF (U ∩ F ) = F ∩ ClX(U ∩ F )
eÐnai kleistì uposÔnolo tou sumpagoÔc ClX(U) kai gi� autì ClF (U ∩ F ) eÐnai sumpagèc.

Je¸rhma 2.6.5. K�je anoiktìc upìqwroc enìc topik� sumpagoÔc metrikoÔ q¸rou eÐnai
topik� sumpag c.

Apìdeixh. 'Estw X ènac topik� sumpag c q¸roc kai Y anoiktìc upìqwroc tou X.
'Estw y ∈ Y . Tìte o X eÐnai topik� sumpag c sto y. Epomènwc up�rqei up�rqei U ⊆ X

tètoio ¸ste y ∈ U , U eÐnai anoiktì sto X kai to sÔnolo ClX(U) eÐnai sumpagèc.
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To sÔnolo Y ∩ U eÐnai anoiktì sto X (wc tom  anoikt¸n sunìlwn) kai y ∈ Y ∩ U . 'Ara,
up�rqei ε > 0 tètoio ¸ste B(y, ε) ⊆ Y ∩ U . Tìte B

(
y, ε

2

)
= B

(
y, ε

2

)
∩ Y eÐnai anoiktì sto

Y . EpÐshc ClX
(
B
(
y, ε

2

))
⊆ B

[
y, ε

2

]
⊆ B(y, ε) ⊆ Y ∩ U. Epomènwc

ClY (B
(
y,
ε

2

)
) = Y ∩ ClX(B

(
y,
ε

2

)
) = ClX(B

(
y,
ε

2

)
) ⊆ ClX(U)

'Ara, to sÔnolo ClY (B
(
y, ε

2

)
) eÐnai sumpagèc wc kleistì uposÔnolo sumpagoÔc ClX(U).

Je¸rhma 2.6.6. An f : X → Y = f(X) eÐnai anoikt  apeikìnish enìc topik� sumpagoÔc
q¸rou X epÐ enìc metrikoÔ q¸rou Y , tìte o Y eÐnai topik� sumpag c.

Apìdeixh. 'Estw y ∈ Y kai x ∈ f−1(y). Epeid  o X eÐnai topik� sumpag c, up�rqei anoiktì
sÔnolo U ⊆ X me sumpagèc perÐblhma ClX(U) tètoio ¸ste x ∈ U .

Jètoume Uy = f(U). Tìte y ∈ Uy. Epeid  h f eÐnai anoikt  to sÔnolo Uy = f(U) eÐnai
anoiktì sto Y . Epeid  h f eÐnai suneq c kai to sÔnolo ClX(U) eÐnai sumpagèc, to sÔnolo
f(ClX(U)) eÐnai sumpagèc uposÔnolo tou metrikoÔ q¸rou Y . 'Ara, to sÔnolo f(ClX(U))
eÐnai kleistì sto Y . Sunep¸c

ClY (Uy) = ClY (f(U)) ⊆ ClY (f(ClX(U)) = f(ClX(U))

'Ara, to sÔnolo ClY (Uy), wc kleistì uposÔnolo sumpagoÔc upoq¸rou f(ClX(U)) eÐnai sumpagèc.
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Kef�laio 3

SunektikoÐ q¸roi.

Oi q¸roi stouc opoÐouc anafèretai to kef�laio autì eÐnai oi topologikoÐ q¸roi.

3.1 H ènnoia tou sunektikoÔ q¸rou.

Orismìc 3.1.1. 'Enac q¸roc X kaleÐtai sunektikìc an ta mìna uposÔnola tou X ta opoÐa
eÐnai sugqrìnwc anoikt� kai kleist� sto X eÐnai o X kai ∅. 'Ena uposÔnolo S enìc q¸rou
X kaleÐtai sunektikì an o upìqwroc S tou X eÐnai sunektikìc.

Je¸rhma 3.1.2. Gia k�je metrikì q¸ro X ta akìlouja eÐnai isodÔnama:

(i) O X eÐnai mh sunektikìc.

(ii) X = F1 ∪ F2, ìpou F1 kai F2 eÐnai mh ken�, kleist� sto X kai F1 ∩ F2 = ∅.

(iii) X = U1 ∪ U2, ìpou U1 kai U2 eÐnai mh ken�, anoikt� sto X kai U1 ∩ U2 = ∅.

Apìdeixh. (i)⇒ (ii) 'Estw ìti o X eÐnai mh sunektikìc. Tìte up�rqei èna anoiktì kai kleistì
uposÔnolo F tou X tètoio ¸ste F 6= ∅ kai F 6= X. Jètoume F1 = F kai F2 = X \ F .

(ii)⇒ (iii) Jètoume U1 = X \ F1 kai U2 = X \ F2.
(iii) ⇔ (i) 'Eqoume U2 = X \ U1. 'Ara, to anoiktì U2 eÐnai kleistì ¸c sumpl rwma

anoiktoÔ sunìlou. O X eÐnai mh sunektikìc, afoÔ up�rqei anoiktì kai kleistì uposÔnolo U2

tou X, tètoio ¸ste U2 6= X kai U2 6= ∅.

Je¸rhma 3.1.3. 'Ena uposÔnolo F enìc q¸rou X eÐnai anoiktì kai kleistì sto X an kai
mìno an Bd(F ) = ∅.

Apìdeixh. An F eÐnai anoiktì kai kleistì, tìte F = Int(F ) = Cl(F ). 'Ara, Bd(F ) =
Cl(F ) \ Int(F ) = ∅.

An Bd(F ) = ∅, tìte Cl(F ) \ Int(F ) = ∅. Epomènwc Cl(F ) ⊆ Int(F ). Sunep¸c

Cl(F ) ⊆ Int(F ) ⊆ F ⊆ Cl(F ).

Epomènwc F = Int(F ) = Cl(F ). 'Ara, F = Int(F ) = Cl(F ), pou shmaÐnei ìti F eÐnai anoiktì
kai kleistì.

33
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34 KEF�ALAIO 3. SUNEKTIKO�I Q�WROI.

Pìrisma 3.1.4. 'Enac q¸roe eÐnai mh sunektikìc an kai mìnon an up�rqei F ⊆ X tètoio
¸ste F 6= ∅, F 6= X kai Bd(F ) = ∅.

Je¸rhma 3.1.4. An S eÐnai sunektikì uposÔnolo enìc q¸rou X kai X = U1 ∪ U2, ìpou
U1, U2 eÐnai mh kena anoikt� sto X kai U1 ∩ U2 = ∅, tìte S ⊆ U1   S ⊆ U2.

Apìdeixh. Epeid  S = S ∩X = (S ∩U1)∪ (S ∩U2) kai S eÐnai sunektikì sÔnolo, èna apì ta
anoikt� uposÔnola S ∩ U1, S ∩ U2 tou S eÐnai kenì. Epomènwc, S = S ∩ U1   S = S ∩ U2.
'Ara, S ⊆ U2   S ⊆ U1.

Je¸rhma 3.1.5. An S eÐnai sunektikì uposÔnolo enìc q¸rou X kai

S ⊆M ⊆ Cl(S),

tìte to sÔnolo M eÐnai sunektikì.

Apìdeixh. Ac upojèsoume ìti oM eÐnai mh sunektikìc. TìteM = U1∪U2, ìpou U1, U2 eÐnai
mh kena anoikt� sto M kai U1 ∩ U2 = ∅. Tìte S = S ∩M = (S ∩ U1) ∪ (S ∩ U2), ìpou ta
sÔnola S ∩ U1, S ∩ U2 eÐnai anoikta sto S kai den tèmnontai.

Apì thn sqèsh S ⊆ M ⊆ Cl(S) sunep�getai ìti ClM(S) = M ∩ Cl(S) = M . 'Ara, S
eÐnai pantoÔ puknì sto M . Epomènwc ta sÔnola S ∩ U1, S ∩ U2 eÐnai mh ken�.

Apì ta parap�nw to sÔnolo S den eÐnai sunektikì, pou eÐnai �topo.

ParadeÐgmata 3.1.6.

1. K�je di�sthma tou R eÐnai sunektikì.

Ja deÐxoume pr¸ta ìti k�je fragmèno di�sthma thc morf c (a, b) eÐnai sunektikì.

Ac upojèsoume ìti to (a, b) eÐnai mh sunektikì. Tìte up�rqoun anoikta mh kena up-
osÔnola U kai U∗ tou (a, b), tètoia ¸ste (a, b) = U ∪ U∗. 'Estw x ∈ U .
'Estw (x, b) ∩ U∗ 6= ∅ kai c = inf{y : y ∈ U∗ ∩ (x, b)}. Tìte c an kei se èna akrib¸c
apì ta sÔnola U , U∗. Epeid  ta sÔnola U kai U∗ eÐnai anoikta,   (c− ε, c + ε) ⊆ U  
(c − ε, c + ε) ⊆ U∗ gia k�poio ε > 0. Epomènwc c 6= inf{y : y ∈ U∗ ∩ (x, b)}, pou eÐnai
�topo. 'Ara, U∗ ∩ (x, b) = ∅. 'Omoia apodeiknÔetai ìti U∗ ∩ (a, x) = ∅. 'Ara, U∗ = ∅.
Apì to Je¸rhma 3.1.5, epeid  to di�sthma (a, b) eÐnai sunektikì,

(a, b) ⊆ (a, b] ⊆ Cl((a, b)) = [a, b], kai (a, b) ⊆ [a, b) ⊆ Cl((a, b)) = [a, b],

ta diast mata (a, b], [a, b) kai [a, b] eÐnai sunektik�.

An ∆ eÐnai èna apì ta dias mata thc morf c [c,∞), (c,∞), (−∞, c), (−∞, c], tìte gia
k�je a, b ∈ ∆ to sunektikì sÔnolo [a, b] ⊆ ∆, �ra, apì to Je¸rhma 3.2.2, ∆ eÐnai
sunektikì.

2. An A sunektikì uposÔnolo tou R kai a, b ∈ A, tìte [a, b] ⊆ A.

Pr�gmati, an c ∈ [a, b] \ A, tìte to sunektikì A eÐnai ènwsh anoikt¸n, mh kenwn upo-
sunìlwn tou A ∩ (−∞, c) kai A ∩ (c,∞)) pou den tèmnontai, pou eÐnai �topo.
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3. K�je sunektikì uposÔnolo tou R pou perièqei toul�qiston dÔo shmeÐa eÐnai di�sthma.

'Estw A eÐnai sunektikì uposÔnolo tou R pou perièqei toul�qiston dÔo shmeÐa.

'Estw A eÐnai �nw kai k�tw fragmèno, m = inf(A) kai M = sup(A). Epeid  to A
perièqei toul�qiston dÔo shmeÐa, prokÔptei ìti M 6= m. 'Estw a ∈ (m,M). Up�rqoun
m∗,M∗ ∈ A, tètoia ¸ste m < m∗ ≤ a ≤ M∗ < M . Sunep¸c a ∈ [m∗,M∗] ⊆ A.
Apì ta parap�nw (m,M) ⊆ A ⊆ [m,M ]. 'Ara, A eÐnai èna apì ta diast mata (m,M),
[m,M), (m,M ], [m,M ].

'Omoia apodeiknÔetai ìti A eÐnai di�sthma stic peript¸seic pou eÐnai mìno �nw fragmèno,
  mìno k�tw fragmèno,   den eÐnai oÔte �nw, oÔte k�tw fragmèno.

4. 'Ena mh kenì uposÔnolo A tou R eÐnai sunektikì an kai mìnon an to A   eÐnai monosÔnolo
  eÐnai di�sthma.

ProkÔptei apì ta prohgoÔmena paradeÐgmata.

3.2 Idiìthtec sunektik¸n q¸rwn.

Je¸rhma 3.2.1. An X =
⋃
t∈T Xt kai {Xt}t∈T eÐnai oikogèneia sunektik¸n upoq¸rwn tou

q¸rou X me
⋂
t∈T Xt 6= ∅, tìte o X eÐnai sunektikìc.

Apìdeixh. 'Estw X = F1∪F2, ìpou F1 kai F2 eÐnai kleist� uposÔnola tou X kai F1∩F2 = ∅.
'Estw t ∈ T . Epeid  o q¸roc Xt eÐnai sunektikìc, prokÔptei ìti : Xt ⊆ F1   Xt ⊆ F2.
'Estw ìti up�rqoun t1, t2 ∈ T , tètoia ¸ste Xt1 ⊆ F1 kai Xt2 ⊆ F2. Tìte⋂

t∈T

Xt ⊆ Xt ⊆ F1 kai
⋂
t∈T

Xt ⊆ Xt2 ⊆ F2,

pou eÐnai �topo. Epomènwc,   Xt ⊆ F1 gia k�je t,   Xt ⊆ F2 gia k�je t.
Tìte ìmwc X ⊆ F1   X ⊆ F2. 'Ara, F2 = ∅,   F1 = ∅. Sunep¸c o X eÐnai sunektikìc.

Je¸rhma 3.2.2. An opoiad pote dÔo shmeÐa enìc q¸rou X perièqontai se èna sunektikì
upìqwro tou X, tìte o X eÐnai sunektikìc.

Apìdeixh. 'Estw x0 ∈ X. Gia k�je x ∈ X up�rqei sunektikìc upìqwroc Ax tou X pou
perièqei ta shmeÐa x kai x0. Epomènwc X =

⋃
x∈X Ax kai

⋂
x∈X Ax ⊇ {x0} 6= ∅. Apì to

Je¸rhma 3.2.1 o q¸roc X eÐnai sunektikìc.

Je¸rhma 3.2.3. An (X, dX) kai (Y, dY ) eÐnai sunektikoÐ metrikoÐ q¸roi, tìte to metrikì
ginìmeno touc (X, dX)× (Y, dY ) eÐnai sunektikìc metrikìc q¸roc.

Apìdeixh. 'Estw (ax, ay), (bx, by) ∈ X × Y . Jètoume

ΣX = {(x, by) ∈ X × Y : x ∈ X},

ΣY = {(ax, y) ∈ X × Y : y ∈ Y }.
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ParathroÔme ìti (bx, by) ∈ ΣX kai (ax, ay) ∈ ΣY . SÔmfwna me to Je¸rhma 3.2.2, arkeÐ na
apodeÐxoume ìti o upìqwroc ΣX ∪ ΣY tou X × Y eÐnai sunektikìc.

An (x1, by), (x2, by) ∈ ΣX , tìte

dX×Y ((x1, by), (x2, by)) =
√

(dX(x1, x2))2 + (dY (by, by))2 = dX(x1, x2).

'Ara, h epÐ apeikìnish i : X → ΣX pou orÐzetai apì ton tÔpo i(x) = (x, by) eÐnai isometrÐa.
Epeid  o X eÐnai sunektikìc kai k�je isometrÐa eÐnai suneq c apeikìnish, apì to Je¸rhma
3.2.6 prokÔptei ìti o upìqwroc ΣX tou X × Y eÐnai sunektikìc. 'Omoia apodeiknÔetai ìti o
upìqwroc ΣY tou X × Y eÐnai sunektikìc. Epeid  (ax, by) ∈ ΣX ∩ΣY , apì to Je¸rhma 3.2.2
prokÔptei ìti o upìqwroc ΣX ∪ ΣY eÐnai sunektikìc.

Je¸rhma 3.2.4. An (X1, d1), ..., (Xn, dn) eÐnai sunektikoÐ metrikoÐ q¸roi, tìte to metrikì
ginìmeno touc (X1, d1)× ...× (Xn, dn) eÐnai sunektikìc metrikìc q¸roc.

Apìdeixh. To Jewrhma apodeknÔetai me epagwg  wc proc n = 2, 3, ..., qrhsimopoi¸ntac to
Je¸rhma 3.2.3 kai thn sqèsh (bl. Je¸rhma 1.7.11):

(X1, d1)× ...× (Xn, dn)× (Xn+1, dn+1) =
(
(X1, d1)× ...× (Xn, dn)

)
× (Xn+1, dn+1)

Par�deigma 3.2.5. O n-di�statoc kÔboc

[0, 1]n = [0, 1]× ...× [0, 1]︸ ︷︷ ︸
n forec

eÐnai sunektikìc upìqwroc tou Rn, epeid  to di�sthma [0, 1] eÐnai sunektikìc q¸roc.

Je¸rhma 3.2.6. An f : X → Y eÐnai mia suneq c apeikìnish apì èna sunektikì q¸ro X
epÐ enìc q¸rou Y , tìte o Y eÐnai sunektikìc q¸roc.

Apìdeixh. 'Estw antÐjeta ìti o Y eÐnai mh sunektikìc. Tìte o Y perièqei mh kenì anoiktì
kai kleistì sÔnolo F 6= Y . Epeid  h f eÐnai suneq c kai epÐ tou Y , to sÔnolo f−1(F ) eÐnai
mh kenì, anoiktì kai kleistì sto X kai f−1(F ) 6= X. Sunep¸c o X eÐnai mh sunektikìc, pou
eÐnai �topo.

Je¸rhma 3.2.7. An o q¸roc X eÐnai sunektikìc kai f : X → R eÐnai suneq c, tìte gia
k�je x1, x2 ∈ X me f(x1) < f(x2) kai gia k�je c ∈ [f(x1), f(x2)], up�rqei x ∈ X tètoio ¸ste
f(x) = c.

Apìdeixh. Epeid  o X eÐnai sunektikìc kai h f eÐnai suneq c, to sÔnolo f(X) eÐnai sunektikì
uposÔnolo tou R. To sÔnolo f(X) perièqei toul�qiston ta dÔo shmeÐa f(x1) kai f(x2).
Sunep¸c to f(X) eÐnai di�sthma kai [f(x1), f(x2)] ⊆ f(X). 'Ara gia k�je c ∈ [f(x1), f(x2)]
up�rqei x ∈ X tètoio ¸ste f(x) = c.
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Je¸rhma 3.2.8. 'Estw ∆ èna di�sthma tou R.
An f : ∆→ R eÐnai suneq c apeikìnish, tìte to gr�fhma Γf = {(x, f(x)) ∈ R2 : x ∈ ∆}

thc f eÐnai sunektikìc upìqwroc tou R2.

Apìdeixh. JewroÔme thn apeikìnish fΓ : ∆→ Γf pou orÐzetai apì ton tÔpo

fΓ(x) = (x, f(x)), x ∈ ∆.

Tìte Γf = fΓ(∆) kai to ∆ eÐnai sunektikì. ArkeÐ na deÐxoume ìti h fΓ eÐnai suneq c.
'Estw x0 ∈ ∆ kai ε > 0. 'Epeid  h f eÐnai suneq c, up�rqei δ > 0 tètoio ¸ste

|x− x0| < δ =⇒ |f(x)− f(x0)| < ε√
2
.

'Estw δ∗ < min{δ, ε√
2
}. An |x − x0| < δ∗, tìte |x − x0| < ε√

2
kai |f(x) − f(x0)| < ε√

2
.

Epomènwc

d2((x, f(x)), (x0, f(x0))) =
√

(x− x0)2 + (f(x)− f(x0))2 <

√(
ε√
2

)2

+

(
ε√
2

)2

= ε.

'Ara h fΓ eÐnai suneq c.

Parat rhsh 3.2.8. Den isqÔei to antÐstrofo tou Jewr matoc 3.2.8.
Ja deÐxoume ìti h mh suneq c sto x = 0 sun�rthsh f : [0, 1] → R pou orÐzetai apì tic

sqèseic

f(x) =

{
0, x = 0
sin 1

x
, x ∈ (0, 1]

èqei sunektikì gr�fhma. Pr�gmati, ac sumbolÐsoume me Γf to gr�fhma thc f . Jètoume

S = {(x, sin 1

x
) : x ∈ (0, 1]}

Tìte Γf = S ∪ {(0, 0) kai Cl(S) = S ∪ ({0} × [−1, 1]).
Epeid  S eÐnai sunektikì sÔnolo kai S ⊆ Γf ⊆ Cl(S).
Apì to Je¸rhma 3.1.5 to gr�fhma Γf eÐnai sunektikì.

Orismìc 3.2.9. Mia oikogèneia U1, ..., Un uposunìlwn en¸c q¸rou X kaleÐtai apl  alusÐda
apì a ∈ X èwc b ∈ X an a ∈ U1, b ∈ Un, kai Ui ∩ Uj 6= ∅ an kai mìnon an |i− j| ≤ 1.

Je¸rhma 3.2.10. An a kai b eÐnai dÔo shmeÐa enìc sunektikoÔ q¸rou X kai K = {Ut}t∈T
eÐnai èna anoiktì k�lumma tou X, tìte up�rqei apl  alusÐda U1, ..., Un ∈ K tètoia ¸ste a ∈ U1

kai b ∈ Un.

Apìdeixh. 'Estw ìti A eÐnai to sÔnolo ìlwn twn shmeÐwn x ∈ X, gia ta opoÐa up�rqei mia
apl  alusÐda stoiqeÐwn tou K apì to a èwc to x. ArkeÐ na deÐxoume ìti A = X.

To A eÐnai anoiktì sto X. Pr�gmati, èstw x ∈ A. Tìte up�rqei apl  alusÐda U1, ..., Un ∈
K, tètoia ¸ste a ∈ U1 kai x ∈ Un. Gia k�je y ∈ Un h oikogèneia U1, ..., Un eÐnai apl  alusÐda
apì a èwc y, �ra x ∈ Un ⊆ A.
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To A eÐnai kleistì sto X. Pr�gmati, èstw y ∈ Cl(A). Epeid  X =
⋃
t∈T Ut, up�rqei

Uty ∈ {Ut}t∈T tètoio ¸ste y ∈ Uty . Epeid  y eÐnai shmeÐo epaf c tou A kai Uty eÐnai anoiktì
sÔnolo pou perièqei to y, up�rqei x ∈ A ∩ Utx . Efìson x ∈ A, up�rqei apl  alusÐda
U1, ..., Un ∈ K, tètoia ¸ste a ∈ U1 kai x ∈ Un. 'Estw k eÐnai o mikrìteroc apì touc arijmoÔc
1, 2, ..., n gia ton opoÐo isqÔei Uk ∩ Uty 6= ∅. Tìte U1, ..., Uk, Uty eÐnai apl  alusÐda stoiqeÐwn
tou K apì a èwc y. 'Ara, y ∈ A.

Epeid  A sugqrìnwc anoiktì kai kleistì uposÔnolo sunektikoÔ q¸rou X, sunep�getai
ìti A = X.

Je¸rhma 3.2.11. DÔo opoiad pote shmeÐa enìc anoiktoÔ kai sunektikoÔ sunìlou U ⊆ Rn
mporoÔn na sundejoÔn me mia tejlasmènh gramm  pou perièqetai sto U .

Apìdeixh. 'Eqoume U =
⋃
x∈U B(x, εx). 'Estw a, b ∈ U . Epeid  K = {B(x, εx)}x∈U eÐnai

anoiktì k�lumma tou sunektikoÔ q¸rou U , up�rqei apl  alusÐda B(x1, ε1), ..., B(xn, εn) ∈ K
tètoia ¸ste a ∈ B(x1, ε1) kai b ∈ B(xn, εn).

QwrÐc bl�bh thc genikìthtac mporoÔme na upojèsoume ìti a 6= x1 kai b 6= x2.
H ènwsh twn eujÔgrammwn tmhm�twn ax1, x1x2, ..., xn−1xn, xnb perièqei tejlasmènh gramm 

apì a èwc b.

3.3 Sunist¸sec tou q¸rou.

K�je monosÔnolo {x} enìc q¸rou eÐnai sunektikì sÔnolo. Epomenwc k�je shmeÐo x enìc
q¸rou X an kei se èna toul�qiston sunektikì uposÔnolo tou X. Apì to Je¸rhma 3.2.1
prokÔptei ìti h ènwsh ìlwn twn sunektik¸n uposunìlwn tou X pou perièqoun to shmeÐo x
eÐnai sunektikì sÔnolo.

Orismìc 3.3.1. 'Estw X ènac q¸roc kai x ∈ X. H ènwsh Sx ìlwn twn sunektik¸n
uposunìlwn tou X pou perièqoun to shmeÐo x kaleÐtai sunektik  sunist¸sa tou x sto X.

Apì ton orismì thc sunektik c sunist¸sac Sx enìc shmeÐou x èpetai ìti Sx eÐnai mh kenì
sunektikì sÔnolo kai ìti eÐnai to ”meg�lÔtero” sunektikì sÔnolo pou perièqei to shmeÐo x.
Dhlad , an x ∈ S ⊆ X kai to S eÐnai sunektikì, tìte S ⊆ Sx.

Je¸rhma 3.3.2. Se k�je q¸ro X isqÔoun ta ex c:

1. An x, y ∈ X, tìte   Sx = Sy   Sx ∩ Sy = ∅.

2. O X eÐnai ènwsh twn sunektik¸n sunistws¸n twn shmeÐwn tou.

3. Gia k�je x ∈ X h sunektik  sunist¸sa Sx eÐnai kleistì uposÔnolo tou X.

Apìdeixh. 1. An Sx ∩ Sy 6= ∅, tìte Sx ∪ Sy eÐnai sunektikì uposÔnolo tou X pou perièqei
ta shmeÐa x kai y. Sunep¸c Sx∪Sy ⊆ Sx kai Sx∪Sy ⊆ Sy. Opìte Sy ⊆ Sx kai Sx ⊆ Sy.
'Ara, Sy = Sx.

2. 'Estw x ∈ X. Tìte {x} eÐnai sunektikì sÔnolo pou perièqei to x. 'Ara {x} ⊆ Sx,
dhlad  Sx 6= ∅.
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3. Epeid  to sÔnolo Sx eÐnai sunektikì kai perièqei k�je sunektikì sÔnolo pou perièqei
to x, prokÔptei ìti Cl(Sx) eÐnai sunektikì kai Cl(Sx) ⊆ Sx. 'Ara, to sÔnolo Sx eÐnai
kleistì.

Apì to Je¸rhma 3.3.2 prokÔptei ìti h oikogèneia {Sx : x ∈ X} apoteloÔmenh apì sunektikèc
sunist¸sec shmeÐwn tou X eÐnai diamèrish tou X se kleist� kai sunektik� uposÔnola. H Ðdia
diamèrish prokÔptei an orÐsoume th sqèsh isodunamÐac ∼ sto X wc ex c:

x ∼ y ⇐⇒ x kai y an koun se èna sunektikì uposÔnolo tou X.

K�je kl�sh isodunamÐac wc proc thn sqèsh ∼ kaleÐtai sunektik  sunist¸sa tou X.
Profan¸c ènac q¸roc X eÐnai sunektikìc an kai mìnon an o X èqei monadik  sunektik 

sunist¸sa (to Ðdio to X).

Orismìc 3.3.3. 'Enac q¸roc X pou perièqei toul�qiston dÔo shmeÐa kaleÐtai olik� mh
sunektikìc ìtan k�je sunektik  sunist¸sa tou X eÐnai monosÔnolo.

ParadeÐgmata 3.3.4.

1. Oi sunektikèc sunist¸sec tou sunìlou twn rht¸n arijm¸n Q eÐnai ta monosÔnola {q},
q ∈ Q. 'Ara, o Q eÐnai olik� mh sunektikìc.

2. Oi sunektikèc sunist¸sec tou X = [0, 1]∪ [2, 3]∪ ...∪ [2n, 2n+ 1]∪ ..., n = 0, 1, ..., eÐnai
ta diast mata Sn = [2n, 2n+ 1].

3. Oi sunektikèc sunist¸sec thc uperbol c Y = {(x, y) ∈ R2 :
x2

a2
− y2

b2
= 1} eÐnai

S1 = {(x, y) ∈ Y : x < 0}, S2 = {(x, y) ∈ Y : x > 0}

4. Oi sunektikèc sunist¸sec tou upìqwrou X = { 1
n
}∞n=1 ∪{0} tou R eÐnai ta monosÔnola.

H sunektik  sunist¸sa {0} den eÐnai anoikt  sto X.

5. Oi sunektikèc sunist¸sec opoioud pote diakritikoÔ q¸rou eÐnai ta monosÔnola. Ta
monosÔnola se èna diakritikì q¸ro eÐnai anoikt�. 'Ara oi sunektikèc sunist¸sec k�je
diakritikoÔ q¸rou eÐnai anoiktèc.

3.4 Topik� sunektikoÐ q¸roi.

Orismìc 3.4.1. 'Enac q¸roc X kaleÐtai topik� sunektikìc sto shmeÐo x ∈ X an gia k�je
anoikt  perioq  U tou x sto X up�rqei anoikt  kai sunektik  perioq  V tou x tètoia ¸ste
x ∈ V ⊆ U .

'Enac q¸roc X kaleÐtai topik� sunektikìc ìtan eÐnai topik� sunektikìc se k�je shmeÐo.

Je¸rhma 3.4.2. 'Enac q¸roc X eÐnai topik� sunektikìc an kai mìnon an o X èqei b�sh
apoteloÔmenh apì anoikt� kai sunektik� sugqrìnwc sÔnola.

Apìdeixh. ProkÔptei apì ton orismì thc topik c sunektikìthtac enìc q¸rou kai apì to
Je¸rhma 1.2.6.
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ParadeÐgmata 3.4.3.

1. O R eÐnai topik� sunektikìc epeid  ta anoikt� kai sunektik� sÔnola (x − ε, x + ε)
apoteloÔn mÐa b�sh tou.

2. K�je diakritikìc q¸roc eÐnai topik� sunektikìc.

3. O upìqwroc X =
{

(x, sin 1
x
) : 0 < x ≤ 1

}
∪ {(0, 0)} tou R2 eÐnai sunektikìc kai topik�

sunektikìc se k�je shmeÐo ektìc tou shmeÐou (0, 0).

Je¸rhma 3.4.3. Metrikì ginìmeno peperasmènou pl jouc metrik¸n topik� sunektik¸n
q¸rwn eÐnai topik� sunektikìc q¸roc.

Apìdeixh. ArkeÐ na apodeÐxoume to je¸rhma gia dÔo topik� sunektikoÔc q¸rouc X kai Y .
'Estw (x, y) ∈ U ìpou U anoiktì sto X × Y . SÔmfwna me to Je¸rhma 1.7.12 up�rqeÐ Ux

anoiktì sto X kai Uy anoiktì sto Y , tètoia ¸ste (x, y) ⊆ Ux × Uy ⊆ U . Epeid  oi q¸roi
X kai Y eÐnai topik� sunektikoÐ up�rqei anoikt  kai sunektik  perioq  Vx tou x sto X kai
anoikt  kai sunektik  perioq  Vy tou y sto Y , ètsi ¸ste x ∈ Vx ⊆ Ux kai y ∈ Vy ⊆ Uy.
Epeid  Vx kai Vy eÐnai sunektik�, to anoiktì sto X × Y sÔnolo V = Vx × Vy eÐnai sunektikì
kai

(x, y) ∈ V = Vx × Vy ⊆ Ux × Uy ⊆ U.

'Ara, o X eÐnai topik� sunektikìc se k�je shmeÐo (x, y) tou X × Y .

Je¸rhma 3.4.4. Gia ènan q¸ro X ta ex c eÐnai isodÔnama

(i) o X eÐnai topik� sunektikìc,

(ii) gia k�je x ∈ X an gia k�je anoikt  perioq  G tou x up�rqei sunektikì uposÔnolo V
tou X tètoio ¸ste x ∈ Int(V ) ⊆ V ⊆ G,

(iii) oi sunektikèc sunist¸sec k�je anoiktoÔ uposunìlouG touX eÐnai anoikt� stoX sÔnola,

(iv) k�je anoiktìc upìqwroc U tou X eÐnai topik� sunektikìc.

Apìdeixh. (i)⇒ (ii) An o X èqei thn idiìthta (i), tìte gia k�je x ∈ X kai gia k�je anoikt 
perioq  G tou x up�rqei anoikt  kai sunektik  perioq  V tou x tètoia ¸ste x ∈ V ⊆ G.
Epeid  to sÔnolo V eÐnai anoiktì, V = Int(V ). 'Ara, x ∈ Int(V ) ⊆ V ⊆ G.

(ii) ⇒ (iii) 'Estw ìti o X èqei thn idiìthta (ii) kai G eÐnai anoiktì uposÔnolo tou X. An
S eÐnai mia sunektik  sunist¸sa tou G, tìte gia k�je s ∈ S h G eÐnai anoikt  perioq 
tou s. Epomènwc, gia k�je s ∈ S up�rqei sunektikì uposÔnolo Vs tou X tètoio ¸ste
s ∈ Int(Vs) ⊆ Vs ⊆ G. Epeid  gia k�je s ∈ S to S eÐnai ènwsh ìlwn twn sunektik¸n
uposunìlwn tou G pou perièqoun to s prokÔptei ìti k�je Vs ⊆ S. 'Ara S eÐnai anoiktì
sto X wc ènwsh anoikt¸n sto X sunìlwn Int(Vs), s ∈ S.

(iii) ⇒ (iv) 'Estw ìti o X èqei thn idiìthta (iii) kai U eÐnai anoiktìc upìqwroc tou X.
An x ∈ U kai G eÐnai anoikt  perioq  tou x sto U , tìte G eÐnai anoiktì uposÔnolo
tou X kai, sunep¸c, oi sunektikèc sunist¸sec tou G eÐnai anoikt� uposunìla tou X.
Epomènwc h sunektik  sunist¸sa Sx tou x sto G eÐnai anoiktì kai sunektikì uposÔnolo
tou U tètoio ¸ste x ∈ Sx ⊆ G. 'Ara o U eÐnai topik� sunektikìc.
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(iv) ⇒ (i) An o X èqei thn idiìthta (iv), tìte o X eÐnai topik� sunektikìc wc anoiktìc
upìqwroc tou eautoÔ tou.

ParadeÐgmata 3.4.5.

1. 'Epeid  o R eÐnai topik� sunektikìc, o Rn, n = 2, 3, ..., eÐnai topik� sunektikìc wc
ginìmeno topik� sunektik¸n q¸rwn (apì to Je¸rhma 3.4.3). K�je anoiktìc upìqwroc
tou Rn eÐnai topik� sunektikìc (apì to Je¸rhma 3.4.4).

2. H sumpuknwmènh hmitonoeid c S =
{

(x, sin 1
x
) : 0 < x ≤ 1

}
∪ {(0, y) : −1 < y ≤ 1}

perièqei ènan anoiktì upoq¸ro U = {(x, y) ∈ S : −1 ≤ y < 1
2
}, o opoÐoc èqei mh

anoikt  sunektik  sunist¸sa {(0, y) ∈ U : −1 ≤ y < 1
2
}.

'Ara, h sumpuknwmènh hminotonoeid c den eÐnai topik� sunektik . O S eÐnai topik� sunek-
tikìc se k�je (x, y) ∈ S \ {(0, y) : −1 < y ≤ 1} kai den eÐnai topik� sunektikìc sta
shmeÐa (x, y) ∈ {(0, y) : −1 < y ≤ 1}.

Je¸rhma 3.4.5. An o q¸roc X eÐnai topik� sunektikìc kai f : X → Y = f(X) eÐnai
kleist  apeikìnish tou X epÐ tou q¸rou Y , tìte o Y eÐnai topik� sunektikìc.

Apìdeixh. 'Estw U anoiktì uposÔnolo tou Y kai S mia sunektik  sunist¸sa tou U . SÔmfwna
me to Je¸rhma 3.4.4 arkeÐ na apodeiqjeÐ ìti S eÐnai anoiktì sto Y .

ParathroÔme ìti S = Y \ f(X \ f−1(S)). Epeid  h f eÐnai kleist , arkeÐ na deÐxoume ìti
f−1(S) eÐnai anoiktì.

'Estw ìti x ∈ f−1(S). Tìte x ∈ f−1(U). Efìson h f eÐnai suneq c, f−1(U) eÐnai anoiktì
sto X. Epeid  o X eÐnai topik� sunektikìc, h sunektik  sunist¸sa Sx tou f−1(U) pou
perièqei to x eÐnai anoiktì uposÔnolo tou X. Epeid  Sx eÐnai sunektikì kai h f eÐnai suneq c,
to sÔnolo f(Sx) eÐnai sunektikì.

'Eqoume f(x) ∈ f(Sx) ∩ S, ìpou f(Sx) eÐnai sunektikì uposÔnolo tou U kai S eÐnai
sunektik  sunist¸sa tou U . Epomènwc f(Sx) ⊆ S. 'Ara

x ∈ Sx ⊆ f−1(S).

Apì ta parap�nw to sÔnolo f−1(S) eÐnai anoiktì wc ènwsh anoikt¸n sunìlwn Sx.

Je¸rhma 3.4.6. An o q¸roc X eÐnai topik� sunektikìc kai f : X → Y = f(X) eÐnai
anoikt  apeikìnish tou X epÐ tou q¸rou Y , tìte o Y eÐnai topik� sunektikìc.

Apìdeixh. 'Estw y = f(x) ∈ Y kai U anoiktì sÔnolo me y ∈ U . Tìte x ∈ f−1(U) kai,
epeid  h f eÐnai suneq c, f−1(U) eÐnai anoiktì sto X. Apì thn topik  sunektikìthta tou X
èpetai ìti up�rqei anoiktì kai sunektikì uposÔnolo V tou X tètoio ¸ste x ∈ V ⊆ f−1(U).
'Ara, y = f(x) ∈ f(V ) ⊆ f(f−1(U)) = U . Epeid  h f eÐnai anoikt  kai V eÐnai anoiktì kai
sunektikì, to sÔnolo f(V ) anoiktì kai sunektikì.

'Ara, o Y eÐnai topikik� sunektikìc sto y.
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3.5 Kat� tìxo sunektikoÐ q¸roi.

Orismìc 3.5.1. 'Enac q¸roc X kaleÐtai tìxo an up�rqei (epÐ) omoiomorfismìc

h : [0, 1]→ X.

Ta shmeÐa h(0) kai h(1) kaloÔntai �kra tou tìxou X.

Apì to Je¸rhmata 2.4.2, 3.2.6 kai 3.4.6 prokÔptei ìti

Prìtash 3.5.2. K�je tìxo eÐnai sumpag c, sunektikìc kai topik� sunektikìc q¸roc.

ParathroÔme ìti ta diast mata [0, 1] \ {0} kai [0, 1] \ {1} eÐnai sunektika uposÔnola tou
[0, 1] kai gia k�je x ∈ [0, 1] \ {0, 1}, to sÔnolo [0, 1] \ {x} eÐnai mh sunektikì.

Epomènwc se k�je tìxo X up�rqoun dÔo shmeÐa a kai b ({a, b} = {h(0), h(1)}) tètoia
¸ste ta sÔnola X \ {a} kai X \ {b} eÐnai sunektik� kai gia k�je k�je x ∈ X \ {a, b} to
sÔnolo X \ {x} eÐnai mh sunektikì. ApodeiknÔetai ìti aut  h idiìthta eÐnai qarakthristik 
idiìthta twn tìxwn, dhlad  isqÔei to parak�tw je¸rhma.

Je¸rhma 3.5.2. 'Enac metrikìc, sunektikìc kai sumpag c q¸roc X eÐnai tìxo an kai mìnon
an up�rqoun akrib¸c dÔo shmeÐa a, b ∈ X, tètoia ¸ste X \ {a} kai X \ {b} na eÐnai sunektik�
sÔnola.

Orismìc 3.5.3. 'Enac q¸roc X kaleÐtai kat� tìxo sunektikìc an opoiad pote dÔo shmeÐa
a, b ∈ X eÐnai �kra enìc tìxou tou X, dhlad  up�rqei omoiomorfismìc

h : [0, 1]→ h([0, 1]) ⊆ X

tètoioc ¸ste h(0) = a kai h(1) = b.

Je¸rhma 3.5.4. K�je kat� tìxo sunektikìc q¸roc eÐnai sunektikìc.

Apìdeixh. Opoiad pote dÔo shmeÐa a kai b enìc kat� tìxo sunektikoÔ q¸rou X an koun se
èna sunektikì uposÔnolo tou X: to tìxo me �kra a kai b. 'Ara, o X eÐnai sunektikìc apì to
Je¸rhma 3.2.2.

ParadeÐgmata 3.5.5.

1. O upìqwroc T =
{

(x, x sin 1
x
) : 0 < x ≤ 1

}
∪ {(0, 0)} tou R2 eÐnai tìxo.

Pr�gmati, o omoiomorfismìc h : [0, 1] → T orÐzetai apì tic sqèseic: h(0) = (0, 0) kai
h(x) = (x, x sin 1

x
) gia x ∈ [0, 1] \ {0}.

2. O R eÐnai kat� tìxo sunektikìc, epeid  opoiad pote dÔo shmeÐa a, b ∈ R eÐnai �kra tou
eujÔgrammou tm matoc [a, b]. O omoiomorfismìc h : [0, 1]→ [a, b] tètoioc wste h(0) = a
kai h(1) = b orÐzetai apì ton tÔpo h(x) = (b− a)x+ a.



S
of
Ða
Za
fe
ir
Ðd
ou

3.5. KAT�A T�OXO SUNEKTIKO�I Q�WROI. 43

3. O sunektikìc upìqwroc X =
{

(x, sin 1
x
) : 0 < x ≤ 1

}
∪ {(0, 0)} tou R2 den eÐnai kat�

tìxo sunektikìc.

Ac upojèsoume ìti up�rqei suneq c apeikìnish f : [0, 1]→ X gia thn opoÐa f(0) = (0, 0)
kai f(1) = (1, sin 1). To monadikìc sunektikìc upoq¸roc tou X pou perièqei ta shmeÐa
(0, 0) kai (1, sin 1) eÐnai o X. Epomènwc f([0, 1]) = X eÐnai sumpag c q¸roc, pou eÐnai
�topo. 'Ara, to antÐstrofo tou Jewr matoc 3.5.4 den eÐnai alhjèc.

To parak�tw Je¸rhma prosfèrei tic ikanèc sunj kec gia na eÐnai ènac q¸roc kat� tìxo
sunektikìc.

Je¸rhma 3.5.6. K�je pl rhc, sunektikìc kai topik� sunektikìc metrikìc q¸roc eÐnai kat�
tìxo sunektikìc.

Pìrisma 3.5.7. K�je sumpag c, sunektikìc kai topik� sunektikìc metrikìc q¸roc eÐnai
kat� tìxo sunektikìc.

Apìdeixh. Sunep�getai apì to Je¸rhma 3.5.6, afoÔ k�je sumpag c metrikìc q¸roc einai
pl rhc.

ParadeÐgmata 3.5.8.

1. O Rn wc pl rhc, sunektikìc kai topik� sunektikìc metrikìc q¸roc eÐnai kat� tìx-
o sunektikìc. Epeid  dÔo opoiad pote shmeÐa enìc anoiktoÔ kai sunektikoÔ sunìlou
U ⊆ Rn mporoÔn na sundejoÔn me mia tejlasmènh gramm  pou perièqetai sto U kai h
tejlasmènh gramm  eÐnai tìxo, èpetai ìti k�je anoikto kai sunektikì uposÔnolo tou Rn
eÐnai kat� tìxo sunektikì.

2. To di�sthma (a, b) eÐnai par�deigma kat� tìxo sunektikoÔ q¸rou, o opoÐoc en¸ eÐnai
sunektikìc kai topik� sunektikìc, den eÐnai pl rhc. 'Ara, to antÐstrofo tou Jewr matoc
3.5.6 den eÐnai alhjèc.

3. JewroÔme to uposÔnolo tou epipèdou

E = ([0, 1]× {0}) ∪

(
∞⋃
n=1

({
1

n

}
× [0, 1]

))
∪ ({0} × [0, 1]) .

O upìqwroc S eÐnai par�deigma kat� tìxo sunektikoÔ q¸rou, o opoÐoc en¸ eÐnai pl rhc
kai sunektikìc, den eÐnai topik� sunektikìc sta shmeÐa tou sunìlou {0} × (0, 1].

Orismìc 3.5.9. 'Enac q¸roc X kaleÐtai drìmoc (  monop�ti) an up�rqei suneq c kai epÐ
apeikìnish h : [0, 1]→ X. Ta shmeÐa h(0) kai h(1) kaloÔntai �kra tou drìmou X.

Orismìc 3.5.10. 'Enac q¸roc X kaleÐtai kat� drìmo sunektikìc an opoiad pote shmeÐa
a, b ∈ X eÐnai �kra enìc drìmou tou X, dhlad  up�rqei mia suneq c apeikìnish f : [0, 1]→ X
tètoia ¸ste f(0) = a kai f(1) = b.
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Apì ta Jewr mata 2.4.2, 3.2.2, 3.2.6, 3.4.6 kai Pìrisma 3.5.7 sunep�getai ìti:

(i) K�je tìxo eÐnai drìmoc.

(ii) K�je kat� tìxo sunektikìc q¸roc eÐnai kat� drìmo sunektikìc.

(iii) K�je metrikìc q¸roc pou eÐnai drìmoc eÐnai topik� sunektikìc, sumpag c kai sunektikìc
q¸roc.

(iv) K�je kat� drìmo sunektikìc q¸roc eÐnai sunektikìc.

(v) K�je kat� drìmo sunektikìc metrikìc q¸roc eÐnai kat� tìxo sunektikìc.

Apì tic prot�seic (ii) kai (v) sunep�getai ìti:

(vi) 'Enac metrikìc q¸roc eÐnai kat� tìxo sunektikìc an kai mìnon an eÐnai kat� drìmo
sunektikìc.
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Kef�laio 4

Ta suneq .

Oi q¸roi stouc opoÐouc anafèretai to kef�laio autì eÐnai oi topologikoÐ q¸roi.

4.1 H ènnoia tou suneqoÔc.

Orismìc 4.1.1. K�je (mh kenìc) q¸roc pou eÐnai sumpag c kai sunektikìc kaleÐtai suneqèc.

'Enac metrikìc q¸roc (X, d) eÐnai suneqèc ìtan o q¸roc (X,Td) eÐnai suneqèc.

ParadeÐgmata 4.1.2.

1. K�je klestì kai fragmèno di�sthma [a, b] thc eujeÐac twn pragmatik¸n arijm¸n eÐnai
suneqèc.

2. K�je kleist  mp�la B[x, ε] tou Rn eÐnai suneqèc.

Je¸rhma 4.1.3. Oi sunektikèc sunist¸sec k�je sumpagoÔc q¸rou eÐnai suneq .

4.2 Basikèc idiìthtec twn suneq¸n.

Je¸rhma 4.2.1. An oi upìqwroi X1, ..., Xn enìc q¸rou X eÐnai suneq , X = X1 ∪ ...∪Xn

kai X1 ∩ ... ∩Xn 6= ∅, tìte o X eÐnai suneqèc.

Apìdeixh. Sunep�getai apì ta Jewr mata 2.5.1 kai 3.2.1.

Je¸rhma 4.2.2. An h f : X → Y eÐnai suneq c apeikìnish enìc suneqoÔc X epÐ enìc
q¸rou Y , tìte o Y eÐnai suneqèc.

Apìdeixh. Epeid  h f eÐnai suneq c, o Y = f(X) eÐnai sunektikìc kai sumpag c, �ra o Y eÐnai
suneqèc.

Je¸rhma 4.2.3. To ginìmeno peperasmènou pl jouc metrik¸n suneq¸n eÐnai metrikì suneqèc.

Apìdeixh. ProkÔptei apì ta Jewr mata 2.5.4 kai 3.2.4.
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Je¸rhma 4.2.4. 'Estw {Xn}∞n=1 mia akoloujÐa mh ken¸n metrik¸n suneq¸n tètoia ¸ste

X1 ⊇ X2 ⊇ ... ⊇ ...Xn ⊇ Xn+1 ⊇ ...,

tìte o upoq¸roc
⋂∞
n=1Xn tou X1 eÐnai suneqèc.

Apìdeixh. Epeid  k�je Xn eÐnai mh kenìc sumpag c q¸roc, k�je upìqwroc Xn eÐnai kleistìc
sto X1. 'Ara,

⋂∞
n=1 Xn eÐnai (mh kenìc) sumpag c upoq¸roc (apì to Je¸rhma 2.5.2). ArkeÐ

na deÐxoume ìti o upoq¸roc
⋂∞
n=1Xn eÐnai sunektikìc.

Ac upojèsoume ìti antÐjeta o
⋂∞
n=1Xn eÐnai mh sunektikìc. Tìte

⋂∞
n=1Xn = F1∪F2, ìpou

F1 kai F2 eÐnai mh ken�, kleist� uposÔnola tou
⋂∞
n=1Xn kai F1 ∩ F2 = ∅. Epeid 

⋂∞
n=1Xn

eÐnai kleistì sto X1, ta F1 kai F2 eÐnai kleist� sto X1. Up�rqoun anoikt� uposÔnola U1 kai
U2 tou X1, tètoia ¸ste F1 ⊆ U1, F2 ⊆ U2 kai U1 ∩ U2 = ∅.

To anoiktì sÔnolo U1∪U2 perièqei thn tom 
⋂∞
n=1Xn. Epomènwc (apì to Je¸rhma 2.5.3)

up�rqei n0 tètoio ¸ste gia k�je n ≥ n0 na eÐnai Xn ⊆ U1 ∪ U2. 'Ara

Xn0 = (Xn0 ∩ U1) ∪ (Xn0 ∩ U2).

Epeid  o
⋂∞
n=1Xn ⊆ Xn0 kai to sÔnolo

⋂∞
n=1 Xn tèmnei to kajèna apì ta U1 kai U2, ta sÔnola

Xn0 ∩ U1, Xn0 ∩ U2 eÐnai mh ken�. 'Ara, o Xn0 eÐnai mh sunektikìc pou eÐnai �topo.

ParadeÐgmata 4.2.1.

1. To trÐgwno tou Sierpinski eÐnai èna uposÔnolo tou epipèdou pou orÐzetai wc ex c:

1 b ma. 'Ena isìpleuro trÐgwno T0 qwrÐzoume me eujÔgramma tm mata pou en¸noun ta
mèsa twn pleur¸n tou se 4 isìpleura trÐgwna.

2 b ma AfairoÔme to eswterikì tou mesaÐou trig¸nou apì to T0 kai paÐrnoume èna
suneqèc T1 ⊆ T0.

Epanalamb�nontac ta b mata 1 kai 2 sto kajèna apì ta 3 trÐgwna apì ta opoÐa apoteleÐ-
tai to T1, paÐrnoume to suneqèc T2 ⊆ T1. Epagwgik� epanalamb�nontac ta b mata 1 kai
2 sta trÐgwna tou Tn paÐrnoume to suneqèc Tn+1 ⊆ Tn. To sÔnolo T =

⋂∞
n=0 Tn eÐnai

èna suneqèc pou kaleÐtai trÐgwno tou Sierpinski.

2. To qalÐ tou Sierpinski (Sierpinski carpet) eÐnai èna uposÔnolo tou epipèdou pou orÐzetai
wc ex c:

1 b ma. 'Ena tetr�gwno S0 qwrÐzoume se 9 isa tetr�gwna.

2 b ma AfairoÔme to eswterikì tou mesaÐou tetrag¸nou apì to S0 kai paÐrnoume èna
suneqèc S1 ⊆ S0.

Epanalamb�nontac ta b mata 1 kai 2 sto kajèna apì ta 8 tetr�gwna apì ta opoÐa
apoteleÐtai to S1, paÐrnoume to suneqèc S2 ⊆ S1. Epagwgik� epanalamb�nontac ta
b mata 1 kai 2 sta tetr�gwna tou Sn paÐrnoume to suneqèc Sn+1 ⊆ Sn. To sÔnolo
S =

⋂∞
n=0 Sn eÐnai èna suneqèc pou kaleÐtai qalÐ tou Sierpinski.



S
of
Ða
Za
fe
ir
Ðd
ou

4.3. TOPIK�A SUNEKTIK�A SUNEQ�H KAI SUNEQ�H TOU PEANO. 47

3. O spìggoc tou Menger ( Menger sponge) eÐnai èna uposÔnolo tou trisdi�statou euk-
leÐdeiou q¸rou pou orÐzetai wc ex c:

1 b ma. 'Enan kÔbo M0 qwrÐzoume se 27 Ðsouc kÔbouc (kÔboc Rubik).

2 b ma AfairoÔme apì to M0 ta eswterik� ekeÐnwn twn kÔbwn pou den tèmnoun kamÐa
akm  tou M0 kai paÐrnoume èna suneqèc M1 ⊆M0.

Epanalamb�nontac ta b mata 1 kai 2 sto kajèna apì ta 20 kÔbouc apì ta opoÐa apoteleÐ-
tai to M1, paÐrnoume to suneqèc M2 ⊆ M1. Epagwgik� epanalamb�nontac ta b -
mata 1 kai 2 stouc kÔbouc tou Mn paÐrnoume to suneqèc Mn+1 ⊆ Mn. To sÔnolo
M =

⋂∞
n=0Mn eÐnai èna suneqèc pou kaleÐtai spìggoc tou Menger.

4.3 Topik� sunektik� suneq  kai suneq  tou Peano.

Je¸rhma 4.3.1. An gia ènan q¸roX up�rqei mia suneq c kai epÐ apeikìnish f : [0, 1]→ X,
tìte o X eÐnai topik� sunektikì suneqèc.

Apìdeixh. O q¸roc [0, 1] eÐnai topik� sunektikìc, sumpag c kai sunektikìc. Epeid  k�je
suneq c apeikìnish orismènh se èna sumpag  q¸ro eÐnai kleist , h f eÐnai kleist . Apì ta
Jewr mata 3.4.6 ,2.4.2 kai 3.2.6 o X eÐnai topik� sunektikìc, sumpag c kai sunektikìc q¸roc.

Orismìc 4.3.2. 'Enac metrikìc q¸roc pou eÐnai topik� sunektikì suneqèc kaleÐtai suneqèc
tou Peano.

To parak�tw Je¸rhma prosfèrei mia qarakthristik  idiìthta enìc suneqoÔc tou Peano.

Je¸rhma 4.3.3. (Hahn-Mazurkiewicz) 'Enac metrikìc q¸roc X eÐnai suneqèc tou
Peano an kai mìnon an up�rqei suneq c apeikìnish f : [0, 1]→ f([0, 1]) = X.

Je¸rhma 4.3.4. K�je suneqèc tou Peano eÐnai kat� tìxo sunektikìc q¸roc.

Apìdeixh. To Je¸rhma èpetai apì to Je¸rhma 3.5.6, �foÔ k�je suneqèc tou Peano eÐnai
metrikìc, pl rhc, sunektikìc kai topik� sunektikìc q¸roc.

ApodeiknÔetai ìti isqÔei to parak�tw genikìtero Je¸rhma.

Je¸rhma 4.3.5. K�je anoiktìc kai sunektikìc upìqwroc enìc suneqoÔc tou Peano eÐnai
kat� tìxo sunektikìc.

Je¸rhma 4.3.6. 'Enac metrikìc q¸roc Y pou eÐnai suneq c eikìna enìc suneqoÔc tou Peano
eÐnai suneqèc tou Peano.

Apìdeixh. 'Estw X èna suneqèc tou Peano kai f : X → Y = f(X). Epeid  o X eÐnai
sumpag c q¸roc, k�je suneq c apeikìnish eÐnai kleist . H suneq c eikìna enìc sumpagoÔc
kai sunektikoÔ q¸rou eÐnai sumpag c kai sunektikìc q¸roc kai h kleist  eikìna enìc topik�
sunektikoÔ q¸rou eÐnai topik� sunektikìc q¸roc, �ra f(X) eÐnai suneqèc tou Peano.

Je¸rhma 4.3.7. Metrikì ginìneno peperasmènou pl jouc suneq¸n tou Peano eÐnai suneqèc
tou Peano.
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Apìdeixh. Metrikì ginìmeno peperasmènou pl jouc metrik¸n, sumpag¸n, sunektik¸n kai
topik� sunektik¸n q¸rwn eÐnai metrikìc sumpag c, sunektikìc kai topik� sunektikìc q¸roc.

Je¸rhma 4.3.8. (Sierpinski) Gia èna metrikì kai sumpag  q¸roX ta ex c eÐnai isodÔnama

(i) o X eÐnai topik� sunektikìc

(ii) gia k�je ε > 0 up�rqoun suneq  X1, ..., Xn ⊆ X tètoia ¸ste X = X1 ∪ ... ∪ Xn kai
diam(Xi) < ε gia k�je i = 1, ..., n.

Apìdeixh. (i) ⇒ (ii) Epeid  o X eÐnai topik� sunektikìc, gia k�je x ∈ X up�rqei anoikt 
kai sunektik  perioq  Ox tou x tètoia ¸ste Ox ⊆ S(x, ε

2
). Epeid  o X eÐnai sumpag c, to

anoiktì k�lumma {Ox}x∈X tou X perièqei peperasmèno upok�lumma {Ox1 , ..., Oxn}.
Jètoume Xi = Cl(Oxi), i = 1, ..., n. K�je Xi eÐnai sunektikì wc perÐblhma sunektikoÔ

sunìlou kai sumpagèc wc kleistì uposÔnolo sumpagoÔc metrikoÔ q¸rou. Epomènwc k�je Xi

eÐnai suneqèc. EpÐshc

diam(Xi) = diam(Ox) < diam(S(x, ε/2)) ≤ ε.

(ii) ⇒ (i) 'Estw x ∈ X kai Ux anoikt  perioq  tou x sto X. Tìte up�rqei ε > 0 tètoio
¸ste B(x, ε) ⊆ Ux. Epomènwc up�rqoun suneq  X1, ..., Xn ⊆ X tètoia ¸ste X = X1∪...∪Xn

kai diam(Xi) <
ε
2
gia k�je i = 1, ..., n. 'Estw ìti Xk1 , ..., Xkx eÐnai ta stoiqeÐa tou kalÔmmatoc

{X1, ..., Xn} tou X pou perièqoun to shmeÐo x. Epeid  x ∈ Xk1 ∩ ... ∩ Xkx , to sÔnolo
A = Xk1 ∪ ... ∪Xkx eÐnai suneqèc. EpÐshc x ∈ A ⊆ B(x, ε).

'Estw Xm1 , ..., Xmx eÐnai ta stoiqeÐa tou kalÔmmatoc {X1, ..., Xn} tou X pou den perièqoun
to shmeÐo x kai G = X \ (Xm1 ∪ ... ∪Xmx). Tìte to G eÐnai anoiktì kai x ∈ G ⊆ A. 'Ara,
x ∈ Int(A).

Apì ta parap�nw prokÔptei ìti gia k�je x ∈ X gia k�je anoikt  perioq  Ux tou x sto
X, up�rqei sunektikì sÔnolo A, tètoio ¸ste x ∈ Int(A) ⊆ A ⊆ Ux. Pou shmaÐnei ìti o X
eÐnai topik� sunektikìc.

Je¸rhma 4.3.9. 'Ena metrikì suneqèc X eÐnai suneqèc tou Peano an kai mìnon an gia k�je
ε > 0 up�rqoun suneq  X1, ..., Xn ⊆ X tètoia ¸ste X = X1 ∪ ... ∪Xn kai diam(Xi) < ε gia
k�je i = 1, ..., n.

Apìdeixh. Sunep�getai apì to Je¸rhma 4.3.8.

ParadeÐgmata 4.3.9.

1. Apì to Je¸rhma 4.3.9 prokÔptei ìti to kajèna apì ta akìlouja sÔnola eÐnai suneqèc
tou Peano:

(aþ) to trÐgwno tou Sierpinski

(bþ) to qalÐ tou Sierpinski

(gþ) o spìggoc tou Menger

2. H sumpuknwmènh hminotonoeid c den eÐnai suneqèc tou Peano, epeid  den eÐnai topik�
sunektik  se k�je shmeÐo.
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Kef�laio 5

Topologok  di�stash enìc q¸rou

Oi q¸roi stouc opoÐouc anafèretai to kef�laio autì eÐnai metrikoÐ me arijm simh b�sh.

5.1 Q¸roi di�stashc mhdèn (mhdenodi�statoi q¸roi).

Orismìc 5.1.1. 'Enac mh kenìc q¸roc X kaleÐtai mhdenodi�statoc (0-di�statoc) an gia
k�je shmeÐo x ∈ X kai gia k�je anoikt  perioq  U tou x up�rqei anoikt  perioq  V tou x
tètoia ¸ste

x ∈ V ⊆ U kai Bd(V ) = ∅.
Dhlad , ènac q¸roc eÐnai 0-di�statoc an èqei b�sh pou apoteleÐtai apì sÔnola me ken� sÔnora.

'Ena uposÔnolo A èqei kenì sÔnoro, dhlad  Bd(A) = Cl(A) \ Int(A) = ∅ an kai mìnon
an A = Int(A) = Cl(A), dhlad  an kai mìnon an to A eÐnai sugqrìnwc anoiktì kai kleistì.
Sunep¸c

• 'Enac mh kenìc q¸roc X eÐnai 0-di�statoc an kai mìnon an gia k�je x ∈ X kai gia k�je
anoikt  perioq  U tou x up�rqei sugqrìnwc anoiktì kai kleisto sÔnolo V tètoio ¸ste

x ∈ V ⊆ U.

• 'Enac mh kenìc q¸roc eÐnai 0-di�statoc an kai mìnon an èqei b�sh pou apoteleÐtai apì
anoikt� kai kleist� sugqrìnwc sÔnola.

• K�je 0-di�statoc q¸roc X pou perièqei toul�qiston dÔo shmeÐa eÐnai mh sunektikìc.

ParadeÐgmata 5.1.1.

1. K�je mh kenìc arijm simoc q¸roc eÐnai 0-di�statoc.

Pr�gmati, èstw A = {a1, a2, ..., an, ...} (  A = {a1, a2, ..., an}) ènac arijm simoc q¸roc
kai d metrik  tou A. An a ∈ A kai U eÐnai anoikt  perioq  tou a sto A, tìte up�rqei
ε > 0 tètoio ¸ste B(a, ε) ⊆ U . Epeid  to A eÐnai arijm simo, up�rqei pragmatikìc
arijmìc r ∈ (0, ε) diaforetikìc apì k�je d(a, an), n = 1, 2, .... Tìte

a ∈ B(a, r) ⊆ B(a, ε) ⊆ U

kai Bd(B(a, r)) = ∅, epeid  d(a, an) 6= r gia k�je an ∈ A.

49
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50 KEF�ALAIO 5. TOPOLOGOK�H DI�ASTASH EN�OS Q�WROU

2. K�je upìqwroc tou R pou den perièqei kanèna anoiktì di�sthma eÐnai 0-di�statoc.

Pr�gmati, èstw A ⊆ R kai A den perièqei kanèna anoiktì di�sthma. An a ∈ A kai U
eÐnai anoikt  perioq  tou a sto A, tìte up�rqei ε > 0 tètoio ¸ste

BA(a, ε) = (a− ε, a+ ε) ∩ A ⊆ U.

Epeid  to A den perièqei kanèna anoiktì di�sthma, up�rqoun r1, r2 6∈ A tètoia ¸ste
a− ε < r1 < a kai a < r2 < a+ ε. Tìte to sÔnolo V = [r1, r2] ∩A = (r1, r2) ∩A eÐnai
anoikto kai kleistì sto A kai a ∈ V ⊆ (a− ε, a+ ε) ∩ A ⊆ U.

3. To sÔnolo twn rht¸n arijm¸n eÐnai 0-di�stato.

4. To sÔnolo twn �rrhtwn arijm¸n eÐnai 0-di�stato.

5. To sÔnolo tou Cantor eÐnai 0-di�stato.

Je¸rhma 5.1.1. K�je 0-di�statoc q¸roc pou perièqei toul�qiston dÔo shmeÐa eÐnai olik�
mh sunektikìc.

Apìdeixh. Ac upojèsoume ìti up�rqei ènac 0-di�statoc q¸roc X pou den eÐnai olik� sunek-
tikìc. Tìte up�rqei x ∈ X, tou opoÐou h sunektik  sunest¸sa Sx perièqei y 6= x. Epeid  se
èna metrikì q¸ro ta monosÔnola eÐnai kleist�, to sÔnolo U = X \ {y} eÐnai anoiktì. Epeid 
o X eÐnai 0-di�statoc kai x ∈ U , up�rqei anoiktì kai kleistì uposÔnolo V tou X tètoio
¸ste x ∈ V ⊆ U . Tìte to sÔnolo Sx ∩ V eÐnai anoiktì kai kleistì sto sunektikì q¸ro Sx,
Sx ∩ V 6= Sx kai Sx ∩ V 6= ∅, pou eÐnai �topo.

Je¸rhma 5.1.2. K�je olik� mh sunektikìc kai sumpag c q¸roc eÐnai 0-di�statoc.

5.2 Orismìc topologik c di�stashc n.

H topologik  di�stash 1 ind(X) enìc q¸rou X eÐnai ènac akèraioc arijmìc ≥ −1  ∞ kai
orÐzetai epagwgik� wc ex c:

1. ind(X) = −1 an kai mìnon an X = ∅,

2. ind(X) ≤ n, ìpou n = 0, 1, 2, ..., an gia k�je x ∈ X kai gia k�je anoikt  perioq  U tou
x up�rqei anoiktì sÔnolo V tètoio ¸ste

x ∈ V ⊆ U kai ind(Bd(V )) ≤ n− 1.

3. ind(X) = n ≥ 0, an ind(X) ≤ n kai ind(X) � n− 1.

4. ind(X) =∞ an ind(X) � n gia k�je n = 0, 1, ....

Ja gr�foume ind(X) > n tìte kai mìnon tìte ìtan ind(X) � n.

1
Η διάσταση ind καλείται συνήθως μικρή επαγωγική διάσταση.
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ParadeÐgmata 5.2.1.

1. H eujeÐa kai k�je upodi�sthma thc eujeÐac èqoun di�stash 1.

Pragmati, to R wc sunektikìc q¸roc den perièqei kanèna anoiktì sÔnolo me kenì
sÔnoro, �ra ind(R) 
 0. H oikogèneia anoikt¸n diasthm�twn {(a, b) : a, b ∈ R}
eÐnai b�sh tou R kai to sÔnoro Bd((a, b)) = {a, b} k�je anoiktoÔ diast matoc eÐnai
0-di�stato. Epeid  ind(R) ≤ 1 kai ind(R) 
 0 prokÔptei ìti ind(R) = 1.

'Omoia apodeiknÔetai ìti k�je upodi�sthma tou R èqei di�stash 1.

2. O kÔkloc S1 = {(x, y) ∈ R : x2 + y2 = 1} èqei di�stash 1.

Pr�gmati, oi anoiktèc mpalec BS1(x, ε) tou S1 eÐnai ta anoikt� tìxa âb twn opoÐwn

to sÔnoro BdS1(âb) = {a, b} eÐnai 0-di�stato, �ra ind(S1) ≤ 1. Epeid  to S1 eÐnai
sunektikì, ind(S1) 
 0. 'Ara, ind(S1) = 1.

3. H sumpuknwmènh hminotonoeid c èqei di�stash 1.

4. ind(Rn) ≤ n, n = 1, 2, ....

Pr�gmati, oi anoiktoÐ kÔboi

K(x, ε) = (x1 − ε, x1 + ε)× ....× (xn − ε, xn + ε), x = (x1, ..., xn) ∈ Rn, ε > 0,

apoteloÔn b�sh tou Rn. ApodeiknÔetai epagwgik� ìti ind(Bd(K(x, ε))) ≤ n− 1.

Je¸rhma 5.2.1. An ind(X) ≤ n kai A ⊆ X, tìte ind(A) ≤ n.

Apìdeixh. Ja apodeÐxoume to Je¸rhma me epagwg  wc proc n.
Gia n = −1 to je¸rhma profan¸c isqÔei.
Ac upojèsoume ìti to Je¸rhma isqÔei gia n− 1.
'Estw ind(X) ≤ n. An a ∈ A kai U anoikt  perioq  tou a sto A, tìte U = U∗ ∩A, ìpou

U∗ anoiktì sto X. Epeid  ind(X) ≤ n, up�rqei V ∗ anoiktì sto X tètoio ¸ste

a ∈ V ∗ ⊆ U∗ kai ind(Bd(V ∗)) ≤ n− 1.

To sÔnolo V = V ∗ ∩ A eÐnai anoiktì sto A kai a ∈ V ⊆ U .
'Estw BdA(V ) eÐnai to sÔnoro tou V sto A kai ClA(V ) to perÐblhma tou V sto A, tìte

BdA(V ) = ClA(V )\V = (Cl(V )∩A)\V ⊆ (Cl(V ∗)∩A)\(V ∗∩A) ⊆ Cl(V ∗)\V ∗ = Bd(V ∗).

Epeid  BdA(V ) ⊆ Bd(V ∗) kai ind(Bd(V ∗)) ≤ n − 1, apì thn upìjesh thc epagwg c
ind(BdA(V )) ≤ n− 1.
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To Jewr mata pou akoloujoÔn apodeiknÔontai me epagwg .

Je¸rhma 5.2.2. Gia opoiousd pote upoq¸rouc A kai B enìc q¸rou X isqÔei:

ind(A ∪B) ≤ ind(A) + ind(B) + 1.

Je¸rhma 5.2.3. An o q¸roc X eÐnai ènwsh arijm simhc oikogèneiac kleist¸n upoq¸rwn
{Xj}j∈J kai ind(Xj) ≤ n gia k�je j ∈ J , tìte ind(X) ≤ n.

Je¸rhma 5.2.4. An A, B ⊆ X, ind(A) ≤ n, ind(B) ≤ n kai A eÐnai kleistì sto X, tìte
ind(A ∪B) ≤ n.

Je¸rhma 5.2.5. An ind(X) ≤ n, tìte up�rqoun upìqwroi A kai B tou X tètoioi ¸ste
X = A ∪B, ind(A) ≤ n− 1 kai ind(B) ≤ 0.

Je¸rhma 5.2.6. H di�stash enìc q¸rou den aux�netai me thn prosj kh peperasmènou
pl jouc shmeÐwn.

Je¸rhma 5.2.7. 'Enac q¸roc eÐnai di�stashc ≤ n an kai mìnon an eÐnai ènwsh n + 1
upoq¸rwn di�stashc ≤ 0.

Je¸rhma 5.2.8. An toul�qiston ènac apì tou q¸rouc A kai B eÐnai mh kenìc, tìte

ind(A×B) ≤ ind(A) + ind(B).

Je¸rhma 5.2.9. An B èqei di�stash 0, tìte

ind(A×B) = ind(A) + ind(B).

5.3 Topologik  di�stash tou Rn.

Ta trÐa jewr mata pou akoloujoÔn eÐnai apì ta shmantikìtera pou aforoÔn th di�stash
twn uposunìlwn tou Rn. Oi apodeÐxeic twn jewrhm�twn aut¸n eÐnai arket� polÔplokec.

Je¸rhma 5.3.1. ind(Rn) = n, n = 1, 2, ....

K�je upìqwroc tou Rn èqei di�stash ≤ n. To parak�tw je¸rhma prosfèrei thn ikan 
kai anagkaÐa sunj kh èna uposÔnolo tou Rn na èqei di�stash akrib¸c n.

Je¸rhma 5.3.2. 'Enac upìqwroc X tou Rn èÐnai n-di�statoc, dhlad  ind(X) = n, an kai
mìnon an o X perièqei èna mh kenì anoiktì uposÔnolo tou Rn.

Je¸rhma 5.3.3. K�je n-di�statoc q¸roc X, n = 0, 1, ..., eÐnai omoiomorfikìc me ènan
upìqwro tou kÔbou [0, 1]2n+1.

Apì to Je¸rhma 5.3.3 prokÔptei ìti:

K�je 0-di�statoc q¸roc eÐnai omoiomorfikìc me èna upìsÔnolo tou diast matoc [0, 1].

K�je 1-di�statoc q¸roc eÐnai omoiomorfikìc me èna upìsÔnolo tou trisdi�statou kÔbou [0, 1]3.

Sunep¸c mporoÔme na ´́ blèpoumé´ k�je 0-di�stato q¸ro wc uposÔnolo tou R kai k�je
1-di�stato q¸ro wc uposÔnolo tou R3.
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Kef�laio 6

KampÔlec.

Oi q¸roi stouc opoÐouc anafèretai to kef�laio autì eÐnai metrikoÐ me arijm simh b�sh.

Orismìc 6.0.1. K�je metrikì 1-di�stato suneqèc kaleÐtai kampÔlh.

H pio apl  kampÔlh eÐnai to eujÔgrammo tm ma. H eujeÐa ìmwc, an kai eÐnai monodi�statoc
q¸roc, den eÐnai kampÔlh, epeid  den eÐnai sumpag c q¸roc.

H sumpagìthta, h sunektikìthta kai h di�stash eÐnai topologikèc idiìthtec, �ra

(i) H idiìthta enìc q¸rou na eÐnai kampÔlh eÐnai topologik .

(ii) K�je tìxo eÐnai kampÔlh.

'Enac q¸roc pou eÐnai ènwsh peperasmènou pl jouc sumpag¸n 1-di�statwn sunìlwn eÐnai
sumpag c kai 1-di�statoc. Epomènwc:

(iii) K�je sunektikìc q¸roc pou eÐnai ènwsh peperasmènou pl jouc kampul¸n eÐnai kampÔlh.

Orismìc 6.0.2. 'Ena suneqèc kaleÐtai gr�fhma, an mporeÐ na grafeÐ wc ènwsh peperasmènou
pl jouc tìxwn, ta opoÐa an� dÔo eÐte den tèmnontai, eÐte tèmnontai se èna apì ta �kra touc,
eÐte tèmnontai sta duì touc �kra.

Apo ton orismì tou graf matoc kai apì thn prìtash (iii) èpetai ìti

(iv) K�je gr�fhma eÐnai kampÔlh.

H perifèreia tou kÔklou eÐnai gr�fhma, afoÔ eÐnai ènwsh dÔo tìxwn pou tèmnontai mìno
sta �kra touc.

Orismìc 6.0.3. Mia kampÔlh pou eÐnai omoiomorfik  me thn perifèreia tou kÔklou kaleÐtai
apl  kleist  kampÔlh.

Orismìc 6.0.4. 'Ena graf ma pou den perièqei aplèc kleistèc kampÔlec kaleÐtai dèndro.

Apo ton orismì tou dèntrou kai apì thn prìtash (iv) èpetai ìti

(v) K�je dèntro eÐnai kampÔlh.
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54 KEF�ALAIO 6. KAMP�ULES.

6.1 T�xh diakl�dwshc kampÔlhc se shmeÐo.

K�je shmeÐo x enìc graf matoc G eÐnai koinì �kro peperasmènou pl jouc tìxwn tou G
pou den èqoun �llo koinì shmeÐo ektìc apì to x. To mègisto pl joc n twn tìxwn aut¸n
sumbolÐzetai me ord(x,G) kai kaleÐtai t�xh diakl�dwshc tou G sto x.

ParadeÐgmata 6.1.1.

1. Ta �kra enìc eujÔgrammou tm matoc AB eÐnai t�xhc 1, en¸ ta eswterik� tou shmeÐa
AB eÐnai t�xhc 2.

2. K�je shmeÐo enìc kÔklou eÐnai t�xhc 2.

3. 'Estw G eÐnai ènwsh n eujÔgrammwn tm matwn BA1, ..., BAn enìc epipèdou pou èqoun
mìno èna koinì shmeÐo B. Tìte ord(B,G) = n, ord(Ai) = 1 gia k�je i = 1, ..., n kai
ord(M,G) = 2 gia k�je M ∈ G \ {B,A1, ..., An}.

Up�rqoun ìmwc kampÔlec pou den perièqoun kanèna tìxo, opìte h t�xh diakl�dwshc miac
kampÔlhc K se èna shmeÐo x ∈ K den mporeÐ na oristeÐ wc to mègisto pl joc tìxwn me koinì
�kro to shmeÐo x.

Parat roume ìti an h t�xh diakl�dwshc enìc graf matoc G sto shmeÐo x eÐnai n kai τ1, ..., τn
eÐnai tìxa tou G me monadikì koinì shmeÐo to �kro touc x, tìte gia k�je ε > 0 up�rqei
èna anoiktì sÔnolo U tou G tètoio ¸ste x ∈ U ⊆ B(x, ε) kai Bd(U) = {x1, ..., xn}, ìpou
{xi} = Bd(U)∩τi gia k�je i = 1, ..., n. SumbolÐzontac me |Bd(U)| ton plhj�rijmo tou Bd(U),
èqoume |Bd(U)| = n.

Epeid  to sÔnoro Bd(U) enìc anoiktoÔ uposunìlou U miac kampÔlhcK eÐnai sumpagèc, mporeÐ
na èqei wc plhj�rijmo:   èna fusikì arijmì,   ton plhj�rijmo N0 tou sunìlou twn fusik¸n
arijm¸n   ton plhj�rijmo c tou suneqoÔc.

SumbolÐzoume me ω ton diataktikì tÔpo tou sunìlou twn fusik¸n arijm¸n. Tìte n < ω
gia k�je fusikì arijmì n.

Orismìc 6.1.1. 'Estw ìti n eÐnai   ènac fusikìc arijmìc,   N0,   c,   ω.

Ja lème ìti h t�xh diakl�dwshc thc kampÔlhc K sto shmeÐo x ∈ K eÐnai ≤ n kai ja
gr�foume ord(x,K) ≤ n an gia k�je ε > 0 up�rqei èna anoiktì sÔnolo U tou K tètoio ¸ste

x ∈ U ⊆ B(x, ε) kai |Bd(U)| ≤ n.

OrÐzoume ord(x,K) > n an den isqÔei h anisìthta ord(x,K) ≤ n.

OrÐzoume ord(x,K) = n an ord(x,K) ≤ n kai gia k�je m < n isqÔei ord(x,K) > m.
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6.2. TOPIK�A SUNEKTIK�ES KAMP�ULES. 55

Ta shmeÐa x miac kampÔlhc K taxinomoÔntai wc proc thn t�xh diakl�dwshc wc ex c:

1. ShmeÐa x peperasmènhc t�xhc diakl�dwshc n ∈ {1, 2, ...}.
ord(x,K) = n an ord(x,K) ≤ n kai ord(x,K) > n− 1.

2. ShmeÐa x mh fragmènhc t�xhc diakl�dwshc ω.

ord(x,K) = ω an gia k�je ε > 0 up�rqei mÐa anoikt  perioq  tou x diamètrou < ε me
peperasmèno sÔnoro kai ord(x,K) > n gia k�je fusikì arijmì n.

3. ShmeÐa x arijm simhc t�xhc diakl�dwshc N0.

ord(x,K) = N0 an gia k�je ε > 0 up�rqei mÐa anoikt  perioq  tou x diamètrou < ε me
arijm simo sÔnoro kai ord(x,K) > n gia k�je fusikì arijmì n.

4. ShmeÐa x mh arijm simhc t�xhc diakl�dwshc c.

ord(x,K) = c an up�rqei ε > 0 gia to opoÐo k�je anoikt  perioq  tou x diamètrou < ε
èqei mh arijm simo sÔnoro.

ParadeÐgmata 6.1.2.

1. H sumpuknwmènh hminotonoeid c S =
{

(x, sin 1
x
) : 0 < x ≤ 1

}
∪ {(0, y) : −1 < y ≤ 1}

èqei tax  diakl�dwshc N0 se k�je shmeÐo tou diast matoc {(0, y) : −1 < y ≤ 1} kai
t�xh diakl�dwshc 2 se k�je shmeÐo tou sunìlou

{
(x, sin 1

x
) : 0 < x ≤ 1

}
.

2. To trÐgwno tou Sierpinski stic korufèc tou arqikoÔ trig¸nou èqei t�xh diakl�dwshc
2, stic korufèc twn trig¸nwn pou afairoÔntai èqei t�xh diakl�dwshc 4, sta upìloipa
shmeÐa èqei t�xh diakl�dwshc 3.

3. To qalÐ tou Sierpinski eÐnai kampÔlh, h opoÐa èqei t�xh diakl�dwshc c se k�je shmeÐo.

4. O spìggoc tou Menger eÐnai kampÔlh, h opoÐa èqei t�xh diakl�dwshc c se k�je shmeÐo.

6.2 Topik� sunektikèc kampÔlec.

K�je topik� sunektikì suneqèc eÐnai kat� tìxo sunektikì. Epomènwc opoiad pote dÔo
shmeÐa miac topik� sunektik c kampÔlhc K mporoÔn na sundejoÔn me èna tìxo thc K.

Topik� sunektikèc kampÔlec eÐnai: ta tìxa, ta graf mata, ta dèndra, to qalÐ tou Sierpinski,
to trÐgwno tou Sierpinski, o spìggoc tou Menger.

H sumpuknwmènh hminotonoeid c den eÐnai kat� tìxo sunektik , an kai perièqei tìxa. 'Ara, h
sumpuknwmènh hminotonoeid c eÐnai mh topik� sunektik  kampÔlh.

Je¸rhma 6.2.1. Mia kampÔlh h opoÐa èqei t�xh diakl�dwshc ≤ ω se k�je shmeÐo, eÐnai
topik� sunektik .
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56 KEF�ALAIO 6. KAMP�ULES.

Je¸rhma 6.2.2. (Menger “n-Beinsatz” ) An ord(x,K) ≥ n se èna shmeÐo x miac
topik� sunektik c kampÔlhc K, tìte up�rqoun n tìxa (arijm simou pl jouc tìxa an n = ω)
thc K me koinì �kro to shmeÐo x kai ta opoÐa an� dÔo ektìc apì to x den èqoun �llo koinì
shmeÐo.

Ta dÔo jewr mata pou akoloujoÔn eÐnai polÔ shmantik� sthn taxinìmhsh twn kampul¸n.

Je¸rhma 6.2.3. To qalÐ tou Sierpinski eÐnai kajolik  epÐpedh kampÔlh, dhlad  k�je
epÐpedh kamp lh eÐnai omoiomorfik  me èna uposÔnolo tou qalioÔ tou Sierpinski.

Je¸rhma 6.2.4. O spìggoc tou Menger eÐnai kajolik  kampÔlh, dhlad  k�je kampÔlh
eÐnai omoiomorfik  me èna uposÔnolo tou spìgkou tou Menger.
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Kef�laio 7

Dianusmatikìc q¸roc Rn.

JewroÔme to sÔnolo Rn ìlwn twn diatetagmènwn n-adwn

x = (x1, x2..., xn)

pragmatik¸n arijm¸n. SumbolÐzoume

0n = (0, 0, ..., 0) ∈ Rn.

OrÐzoume thn prìsjesh sto Rn, jètontac gia a = (a1, a2, ..., an),b = (b1, b2, ..., bn) ∈ Rn:

a + b = (a1 + b1, a2 + b2, ..., an + bn)

OrÐzoume ton pollaplasiasmì stoiqeÐou tou Rn epÐ pragmatikì arijmì, jètontac gia
a = (a1, a2, ..., an) ∈ Rn kai λ ∈ R

λ · a = λa = (λa1, λa2, ..., λan)

H tri�da (Rn,+, ·) eÐnai dianusmatikìc q¸roc p�nw sto R.
To sÔnolo {p1, ...,pm} ⊆ Rn eÐnai grammik¸c anex�rthto an kai mìnon an h isìthta

λ1p1 + ...+ λmpm = 0n

ikanopoieÐtai mìno gia λ1 = ... = λm = 0.
Sto Rn, ìpwc kai se k�je dianusmatikì q¸ro, isqÔoun ta akìlouja:

1. To sÔnolo {p1, ...,pm} ⊆ Rn eÐnai grammik¸c exarthmèno an kai mìnon an èna apì ta
shmeÐa p1, ...,pm eÐnai grammikìc sunduasmìc twn �lllwn.

2. An to sÔnolo {p1, ...,pm} ⊆ Rn eÐnai grammik¸c anex�rthto, tìte k�je mh kenì upo-
sÔnolì tou eÐnai grammik¸c anex�rthto.

3. An to sÔnolo {p1, ...,pm} ⊆ Rn eÐnai grammik¸c anex�rthto kai to sÔnolo {p1, ...,pm,p} ⊆
Rn eÐnai grammik¸c exarthmèno, tìte p eÐnai grammikìc sunduasmìc twn p1, ...,pm.
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58 KEF�ALAIO 7. DIANUSMATIK�OS Q�WROS RN .

To mègisto pl joc twn grammik¸c anex�rthtwn shmeÐwn tou Rn eÐnai n. Ta grammik¸c
anex�rthta shmeÐa

e1 = (1, 0, ..., 0), e2 = (0, 1, ..., 0), ..., en = (0, 0, ..., 1)

apoteloun mÐa b�sh tou Rn. Gia k�je x = (x1, x2..., xn) ∈ Rn isqÔei:

x = x1e1 + x2e2 + ...+ xnen.

An x, y ∈ Rn, x = (x1, x2..., xn) kai y = (y1, y2..., yn), tìte h apìstash dn(x,y) metaxÔ
twn x kai y upologÐzetai apì ton tÔpo

dn(x,y) =
√

(x1 − y1)2 + (x2 − y2)2 + ...+ (xn − yn)2.

H apeikìnish dn : Rn × Rn → R eÐnai metrik .
ParathroÔme ìti

dn(x,y) = dn(x− y,0n).

Gia k�je x = (x1, x2, ..., xn) ∈ Rn sumbolÐzoume

|x|n = dn(x,0n).

Tìte

|x|n =
√
x2

1 + x2
2 + ...+ x2

n.

Gia opoiad pote x,y ∈ Rn èqoume

|x− y|n = dn(x,y).

Sunep¸c
|x− y|n = dn(x,y) ≤ dn(x,0n) + dn(0n,y) = |x|n + |y|n

|x + y|n = dn(x + y,0n) ≤ dn(x + y,y) + dn(y,0n) = |x|n + |y|n
'Ara,

|x− y|n ≤ |x|n + |y|n
|x + y|n ≤ |x|n + |y|n

Mia apeikìnish f : Rk → Rn eÐnai suneq c sto x0 ∈ Rk an kai mìnon an gia k�je ε > 0
up�rqei δ > 0 ètsi ¸ste

x ∈ Rk kai |x− x0|k < δ =⇒ |f(x)− f(x0)|n < ε.

Mia apeikìnish f : Rk → Rn eÐnai omoiìmorfa suneq c sto Rk an kai mìnon an gia k�je
ε > 0 up�rqei δ > 0 ètsi ¸ste

x,y ∈ Rk kai |x− y|k < δ =⇒ |f(x)− f(y)|n < ε.
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7.1. GRAMMIK�ES APEIKON�ISEIS. 59

7.1 Grammikèc apeikonÐseic.

Orismìc 7.1.1. 'Estw V1 kai V2 dianusmatikoÐ q¸roi p�nw sto R.
Mia apeikìnish f : V1 → V2 kaleÐtai grammik  ìtan gia k�je a, b ∈ R kai gia k�je

x,y ∈ V1 isqÔei

f(ax + by) = af(x) + bf(y)

Je¸rhma 7.1.1. K�je grammik  apeikìnish f : Rk → Rn eÐnai omoiìmorfa suneq c (kai
�ra suneq c).

Apìdeixh. JewroÔme thn b�sh tou Rk pou apoteleÐtai apì ta shmeÐa

d1 = (1, 0, ..., 0),d2 = (0, 1, ..., 0), ...,dk = (0, 0, ..., 1).

'Estw p1 = f(d1),p2 = f(d2), ...,pk = f(dk).
JewroÔme thn b�sh tou Rn pou apoteleÐtai apì ta shmeÐa

e1 = (1, 0, ..., 0), e2 = (0, 1, ..., 0), ..., en = (0, 0, ..., 1)

Tìte pi =
∑n

j=1 p
j
iej gia i = 1, ..., k.

Epeid  h f eÐnai grammik  gia k�je x = x1d1 + ....+ xkdk ∈ Rk èqoume

|f(x)|n = |f(x1d1 + ....+ xkdk)|n = |x1p1 + ...+ xkpk|n = (7.1)

=

∣∣∣∣∣x1

n∑
j=1

pj1ej + ...+ xk

n∑
j=1

pjkej

∣∣∣∣∣
n

=

∣∣∣∣∣
n∑
j=1

(
k∑
i=1

xip
j
i

)
ej

∣∣∣∣∣
n

=

=

√√√√ n∑
j=1

(
k∑
i=1

xip
j
i

)2

≤

√√√√ n∑
j=1

((
k∑
i=1

x2
i

)(
k∑
i=1

(pji )
2

))
=

=

√√√√( k∑
i=1

x2
i

)(
n∑
j=1

(
k∑
i=1

(pji )
2

))
= |x|k

√√√√ n∑
j=1

(
k∑
i=1

(pji )
2

)

Jètontac p =

√∑n
j=1

(∑k
i=1(pji )

2
)
paÐrnoume

|f(x)|n ≤ p|x|k.

Epomènwc kai gia k�je x,y ∈ Rk:

|f(x)− f(y)|n = |f(x− y)|n ≤ p |x− y|k.

'Ara, h f eÐnai omoiìmorfa suneq c.
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60 KEF�ALAIO 7. DIANUSMATIK�OS Q�WROS RN .

7.2 DianusmatikoÐ upìqwroi tou Rn.

'Ena uposÔnolo V tou Rn eÐnai dianusmatikìc upìqwroc tou Rn an kai mìnon an èqei thn
ex c idiìthta

a,b ∈ V kai λ, µ ∈ R =⇒ λa + µb ∈ V

'Estw V ènac dianusmatikìc upìqwroc Rn.
An a,b ∈ V, tìte 0 · a + 0 · b = 0n. 'Ara, 0n = (0, 0, ..., 0) ∈ V.
H di�stash enìc upoq¸rou V tou Rn isoÔtai me to mègisto pl joc grammik¸c anex�rthtwn

stoiqeÐwn tou V. Epeid  to mègisto pl joc twn grammik¸c anex�rthtwn shmeÐwn tou Rn eÐnai
n, h di�stash tou V eÐnai ≤ n.

O monadikìc 0-diastatoc upìqwroc tou Rn eÐnai o {0n}.
Gia k�je k = 1, ..., n, opoiad pote k grammik¸c anex�rthta shmeÐa p1, ...,pk tou Rn orÐzoun

èna monadikì k-di�stato upìqwro Vk pou ta perièqei:

Vk = {x ∈ Rn : x = λ1p1 + ...+ λkpk, λ1, ..., λk ∈ R.}
Gia k = n paÐrnoume ton monadikì n-di�stato upìqwro Rn.

Je¸rhma 7.2.1. An Vk eÐnai k-di�statoc upìqwroc tou Rn kai k < n, tìte gia k�je b�sh
p1, ...,pk tou Vk up�rqoun pk+1, ...,pn ∈ Rn tètoia ¸ste to sÔnolo p1, ...,pk,pk+1, ...,pn ∈ Rn
na eÐnai b�sh tou Rn.
Je¸rhma 7.2.2. 'Estw ìti Vk eÐnai ènac k-di�statoc upìqwroc tou Rn kai {p1,p2, ...,pk}
eÐnai mia b�sh tou V k, k = 1, ..., n. H apeikìnish f : Vk → Rk pou orÐzetai apì ton tÔpo

f(x1p1 + x2p2 + ...+ xkpk) = (x1, ..., xk)

eÐnai omoiomorfismìc.

Apìdeixh. 'Estw ìti k < n. Epeid  {p1,p2, ...,pk} eÐnai mia b�sh tou V k, gia k�je x ∈ V k

up�rqei monadik  sullog  arijm¸n (x1, x2, ..., xk) tètoia ¸ste x = x1p1 + x2p2 + ... + xkpk.
'Ara h f eÐnai èna-proc-èna kai f(Vk) = Rk.

Ja deÐxoume ìti h f eÐnai suneq c. Epeid  ta stoiqeÐa p1,p2, ...,pk ∈ Rn eÐnai grammik¸c
anex�rthta, up�rqoun pk+1, ...,pn ∈ Rn tètoia ¸ste to sÔnolo {p1,p2, ...,pk,pk+1, ...,pn} na
eÐnai mia b�sh tou Rn. Opìte k�je x ∈ Rn gr�fetai

x = x1p1 + x2p2 + ...+ xkpk + xk+1pk+1 + ...+ xnpn.

JewroÔme thn apeikìnish F : Rn → Rk pou orÐzetai apì ton tÔpo

F (x1p1 + x2p2 + ...+ xkpk + xk+1pk+1 + ...+ xnpn) = (x1, x2, ..., xk)

ApodeiknÔetai aÔkola ìti h F eÐnai grammik . 'Ara, apì to Je¸rhma 7.3.1, h F eÐnai suneq c.
O periorismìc F |Vk thc F ston upìqwro Vk eÐnai h f . Pr�gmati, an x ∈ Vk, tìte

x = x1p1 + x2p2 + ...+ xkpk + 0 · pk+1 + ...+ 0 · pn.
Epomènwc F (x) = (x1, ..., xk) = f(x). 'Ara, h f eÐnai suneq c.

H apeikìnish f−1 : Rk → Vk ⊆ Rn orÐzetai apì ton tÔpo

f−1(x1, ..., xk) = x1p1 + x2p2 + ...+ xkpk.

ParathroÔme ìti h f−1 eÐnai grammik , �ra eÐnai suneq c.
Gia k = n ìmoia apodeiknÔetai ìti h f eÐnai omoiomorfismìc.
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7.3 k-di�stata epÐpeda tou Rn.

Ta k-di�stata epÐpeda (  apl� k-epÐpeda) tou Rn, k = 0, 1, ..., n, eÐnai ta sÔnola

Πk = Vk + v0 = {v + v0 : v ∈ Vk},

ìpou Vk eÐnai ènac k-di�statoc upìqwroc tou Rn kai v0 ∈ Rn.
Ta 0-epÐpeda tou Rn eÐnai ta monosÔnola {v} ⊆ Rn. Ta 1-epÐpeda tou Rn kaloÔntai

eujeÐec. O Rn eÐnai to monadikì n-epÐpedo tou Rn.
'Ena k-epÐpedo Πk eÐnai k-di�statoc upìqwroc tou Rn an kai mìnon an 0n ∈ Πk.

Je¸rhma 7.3.1. Gia k�je k-epÐpedo Πk = Vk + v0 tou Rn, h apeikìnish i : Πk → Vk pou
orÐzetai apì ton tÔpo h(v + v0) = v eÐnai isometrÐa.

Apìdeixh. An x,y ∈ Πk, tìte x = vx + v0 kai y = vy + v0, ìpou vx,vy ∈ Vk. Tìte
i(x) = vx kai i(y) = vy, epomènwc

|x− y|n = |(vx + v0)− (vy + v0)|n = |vx − vy|n = |i(x)− i(y)|n.

'Ara h h eÐnai isometrÐa.

Apì ta Jewr mata 7.3.1 kai 7.2.2 prokÔptei to akìloujo pìrisma.

Pìrisma 7.3.2. An {p1,p2, ...,pk} ⊆ Rn, k ≤ n, eÐnai èna grammik¸c anex�rthto sÔnolo,
tìte gia k�je k-epÐpedo

Πk = {x ∈ Rn : x = v0 + λ1p1 + ...+ λkpk, λ1, ..., λk ∈ R}

tou Rn, h apeikìnish h : Πk → Rk pou orÐzetai apì ton tÔpo

h(v0 + λ1p1 + ...+ λkpk) = (λ1, ..., λk)

eÐnai omoiomorfismìc.

Poiì eÐnai to el�qisto pl joc shmeÐwn tou Rn pou orÐzoun èna k-di�stato epÐpedo;

An v0,v1, ...,vk ∈ Rn eÐnai k+1 shmeÐa tètoia ¸ste to sÔnolo {v1−v0,v2−v0, ...,vk−v0}
eÐnai grammik¸c anex�rthto, tìte o k-di�statoc upìqwroc

Vk = {x ∈ Rn : x = λ1(v1 − v0) + ...+ λk(vk − v0), λ1, ..., λk ∈ R}

eÐnai to k-epÐpedo dierqìmeno apì ta k + 1 shmeÐa

0n,v1 − v0,v2 − v0, ...,vk − v0.

To k-epÐpedo

Πk = Vk + v0 = {x ∈ Rn : x = v0 + λ1(v1 − v0) + ...+ λk(vk − v0), λ1, ..., λk ∈ R}

perièqei ta shmeÐa v0,v1, ...,vk. ApodeiknÔetai epiplèon ìti to Πk eÐnai monadikì, dhlad 
isqÔei to patak�tw Je¸rhma.
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Je¸rhma 7.3.3. An v0,v1, ...,vk ∈ Rn kai to sÔnolo {v1 − v0,v2 − v0, ...,vk − v0}
eÐnai grammik¸c anex�rthto, tìte up�rqei monadikì k-epÐpedo Πk pou perièqei ta shmeÐa
v0,v1, ...,vk.

Je¸rhma 7.3.4. Opoiod pote k-epÐpedo Πk tou Rn perièqei k+1 shmeÐa v0,v1, ...,vk tètoia
¸ste to sÔnolo {v1 − v0,v2 − v0, ...,vk − v0} eÐnai grammik¸c anex�rthto.

Apìdeixh. Πk = Vk + v0, ìpou Vk eÐnai k-di�statoc dianusmatikìc upìqwroc tou Rn.
'Estw {p1, ...,pk} mia b�sh tou Vk. Profan¸c v1 = v0 + p1, ...,vk = v0 + pk ∈ Πk

kai {v1 − v0,v2 − v0, ...,vk − v0} eÐnai grammik¸c anex�rthto.

Parat rhsh 7.3.5. Opoiad pote k + 1 shmeÐa tou Rn (k = 0, 1..., n):

v0 = (v0
1, v

0
2, ..., v

0
n), v1 = (v1

1, v
1
2, ..., v

1
n), . . . , vk = (vk1 , v

k
2 , ..., v

k
n)

tètoia ¸ste ta k shmeÐa v1 − v0,v2 − v0, ...,vk − v0 eÐnai grammik¸c anex�rthta, orÐzoun èna
k-epÐpedo me parametrikèc exis¸seic

x1 = v0
1 + λ1(v1

1 − v0
1) + ...+ λk(v

k
1 − v0

1)
x2 = v0

2 + λ1(v1
2 − v0

2) + ...+ λk(v
k
2 − v0

2)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
xn = v0

n + λ1(v1
n − v0

n) + ...+ λk(v
k
n − v0

n)

 , λ1, ..., λk ∈ R.

Gia k = n− 1 oi parap�nw exis¸seic orÐzoun èna (n− 1)-epÐpedo Πn−1.

Profan¸c x = (x1, x2..., xn) ∈ Πn−1 an kai mìnon an x− v0,v1 − v0,v2 − v0, ...,vn − v0

eÐnai grammik¸c exarthmèna, isodÔnama

∣∣∣∣∣∣∣∣
x1 − v0

1 x2 − v0
2 . . . xn − v0

n

v1
1 − v0

1 v1
2 − v0

2 . . . v1
n − v0

n

. . . . . . . . . . . .
vn−1

1 − v0
1 vn−1

2 − v0
2 . . . vn−1

n − v0
n

∣∣∣∣∣∣∣∣ = 0.

'Ara k�je (n− 1)-epÐpedo Πn−1 tou Rn èqei exÐswsh thc morf c

anxn + ...+ a1x+ a0 = 0,

ìpou |an|+ |an−1|+ ...+ |a1| 6= 0.
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7.4 SÔnola se genik  jèsh sto Rn.

Orismìc 7.4.1. Ja lème ìti èna uposÔnolo S tou Rn eÐnai se genik  jèsh sto Rn ìtan
gia k�je k < n k�je k-epÐpedo tou Rn perièqei to polÔ k + 1 shmeÐa tou S (isodÔnama,
opoiad pote k + 2 shmeÐa tou S den perièqontai se kanèna k-di�stato epÐpedo).

ParadeÐgmata 7.4.2.

1. DÔo shmeÐa v0,v1 ∈ Rn eÐnai se genik  jèsh an kai mìnon an v0 6= v1.

Sto R dÔo shmeÐa eÐnai se genik  jèsh an −−→v0v1 6=
−→
0 .

2. TrÐa shmeÐa v0,v1,v2 ∈ Rn eÐnai se genik  jèsh an kai mìnon an ta shmeÐa v0,v1,v2 den
an koun se kamÐa eujeÐa (1-epÐpedo) tou Rn.
Sto R2 trÐa shmeÐa v0,v1,v2 eÐnai se genik  jèsh an kai mìnon an −−→v0v1 ∦ −−→v0v2.

3. Sto R3 tèssera shmeÐa v0,v1,v2,v3 eÐnai se genik  jèsh sto an kai mìnon an den
perièqontai se kanèna epÐpedo, dhlad  ta dianÔsmata−−→v0v1,

−−→v0v2 kai
−−→v0v3 eÐnai grammik¸c

anex�rthta.

Orismìc 7.4.3. To sÔnolo {v0,v1, ...,vm} ⊆ Rn, m ≥ 1, kaleÐtai gewmetrik¸c anex�rthto
ìtan ta shmeÐa v1 − v0, ...,vm − v0 eÐnai grammik¸c anex�rthta.

Je¸rhma 7.4.4. An k = 1, ..., n, tìte gia ta shmeÐa v0,v1, ...,vk ∈ Rn ta akìlouja eÐnai
isodÔnama:

(i) To sÔnolo {v0,v1, ...,vk} eÐnai se genik  jèsh sto Rn.

(ii) To sÔnolo {v0,v1, ...,vk} eÐnai eÐnai gewmetrik¸c anex�rthto.

(iii) Gia opoiad pote sullog  pragmatik¸n arijmwn λ0, λ1, . . . λk tètoia, ¸ste

λ0v0 + λ1v1 + · · ·+ λkvk = 0n kai λ0 + λ1 + · · ·+ λk = 0

isqÔei λ0 = λ1 = · · · = λk = 0.

Apìdeixh. (i) ⇒ (ii) 'Estw ìti to sÔnolo {v0,v1, ...,vk} ⊆ Rn, 1 ≤ k ≤ n, eÐnai se genik 
jèsh sto Rn. Ac upojèsoume ìti, antÐjeta, to sÔnolo {v1−v0, . . . ,vk−v0} eÐnai grammik¸c
exarthmèno.

Epeid  ta shmeÐa v0,v1, ...,vk eÐnai se genik  jèsh, eÐnai diaforetik� an� dÔo. Epomènwc
v1 − v0 6= 0n. 'Ara, {v1 − v0} eÐnai grammik¸c anex�rthto.

'Estw r eÐnai o megalÔteroc apì touc arijmìuc 1, ..., k gia ton opoÐo to sÔnolo
{v1 − v0, ...,vr − v0} eÐnai grammik¸c anex�rthto. Apì thn upìjesh r < k. To sÔnolo
{v1 − v0, ...,vr − v0} eÐnai b�sh tou r-di�statou upoq¸rou

Vr = {x ∈ Rn : x = λ1(v1 − v0) + ...+ λr(vr − v0), λ1, ..., λk ∈ R}.

Apì ton orismì tou r èpetai ìti to sÔnolo {v1 − v0, . . . ,vr − v0,vr+1 − v0} eÐnai grammik¸c
exarthmèno. 'Ara, vr+1 − v0 eÐnai grammikìc sunduasmìc twn stoiqeÐwn v1 − v0, ...,vr − v0
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kai, sunep¸c, vr+1 − v0 ∈ Vr. Apì ta parap�nw prokÔptei ìti r < n kai ta r + 2 shmeÐa
v0,v1, ...,vr,vr+1 an koun sto r-epÐpedo Vr + v0. 'Ara, to sÔnolo {v0,v1, ...,vk} den eÐnai
se genik  jèsh sto Rn, pou eÐnai �topo.

(ii)⇒ (i) 'Estw ìti to sÔnolo {v1−v0,v2−v0, ...,vk −v0} eÐnai grammik¸c anex�rthto.
Ac upojèsoume ìti antÐjeta to sÔnolo {v0,v1, ...,vk} den eÐnai se genik  jèsh sto Rn. Tìte
up�rqei r < n kai èna r-epÐpedo Vr + p pou perièqei ta r + 2 apì ta shmeÐa v0,v1, ...,vk.
MporoÔme na upojèsoume ìti v0,v1, ...,vr,vr+1 ∈ Vr + p. Opìte

{v0 − p,v1 − p, ...,vr − p,vr+1 − p} ⊆ Vr,

�ra {v1−v0, ...,vr−v0,vr+1−v0} ⊆ Vr. Epeid  to sÔnolo {v1−v0, ...,vr−v0,vr+1−v0}
apoteleÐtai apo r + 1 grammik¸c anex�rthta stoiqeÐa, h di�stash tou Vr eÐnai ≥ r + 1, pou
eÐnai �topo.

(ii) ⇒ (iii) 'Estw ìti to sÔnolo {v1 − v0, ...,vk − v0} eÐnai grammik¸c anex�rthto. Ac
upojèsoume ìti

λ0v0 + λ1v1 + · · ·+ λkvk = 0n kai λ0 + λ1 + · · ·+ λk = 0.

Tìte (−λ1 − λ2 − · · · − λk)v0 + λ1v1 + · · ·+ λkvk = 0n.
Sunep¸c λ1(v1 − v0) + · · · + λk(vk − v0) = 0n. Omwc to sÔnolo {v1 − v0, ...,vk − v0}

eÐnai grammik¸c anex�rthto. 'Ara, λ1 = · · · = λk = 0. Opìte kai λ0 = −λ1 − ...− λk = 0.

(iii)⇒ (ii) Ac upojèsoume ìti ta shmeÐa v0,v1, ...,vk èqoun thn idiìthta (iii). 'Estw

λ1(v1 − v0) + · · ·+ λk(vk − v0) = 0n.

Tìte (−λ1 − · · · − λk)v0 + λ1v1 + · · ·+ λkvk = 0n. Gia λ0 = −λ1 − · · · − λk, paÐrnoume

λ0v0 + λ1v1 + · · ·+ λkvk = 0n kai λ0 + λ1 + · · ·+ λk = 0.

SÔmfwna me thn upìjesh λ0 = λ1 = · · · = λk = 0. 'Ara, to {v1 − v0, ...,vk − v0} eÐnai
grammik¸c anex�rthto.

EÔkola apodeiknÔontai oi akìloujec prot�seic:

Prìtash 7.4.5. K�je grammik¸c anex�rthto sÔnolo {v0,v1, ...,vk}, k = 1, ..., n, tou Rn
eÐnai gewmetrik¸c anex�rthto.

Prìtash 7.4.6. K�je uposÔnolo enìc gewmetrik¸c anex�rthtou sunìlou {v0,v1, ...,vk},
k = 1, ..., n, tou Rn eÐnai gewmetrik¸c anex�rthto.

Je¸rhma 7.4.7. An to sÔnolo {v0,v1, ...,vk} ⊆ Rn, 1 ≤ k ≤ n, eÐnai se genik  jèsh sto
Rn, tìte h exÐswsh

x = v0 + λ1(v1 − v0) + ...+ λk(vk − v0), λ1, ..., λk ∈ R (7.2)

orÐzei èna k-epÐpedo tou Rn pou perièqei ta shmeÐa v0,v1, ...,vk.

Apìdeixh. An to sÔnolo {v0,v1, ...,vk} ⊆ Rn, 1 ≤ k ≤ n, eÐnai se genik  jèsh sto Rn, tìte
to sÔnolo {v1 − v0,v2 − v0, ...,vk − v0} eÐnai grammik¸c anex�rthto. 'Ara, h exÐswsh (7.2)
orÐzei èna k-epÐpedo tou Rn pou perièqei ta shmeÐa v0,v1, ...,vk.
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7.5 Barukentrikèc suntetagmènec shmeÐwn tou Rn.

Je¸rhma 7.5.1. 'Ena shmeÐo x an kei sto k-epÐpedo pou orÐzoun ta shmeÐa v0,v1, ...,vk,
1 ≤ k ≤ n, pou eÐnai se genik  jèsh sto Rn an kai mìnon an

x = λ0v0 + λ1v1 + ...+ λkvk kai λ0 + λ1 + ...+ λk = 1, (7.3)

ìpou oi arijmoÐ λ0, λ1 . . . , λk eÐnai monos manta orismènoi.

Apìdeixh. Ta shmeÐa v0,v1, ...,vk orÐzoun èna k-epÐpedo Πk me exÐswsh (7.2), h opoÐa gr�fetai

x = (1− λ1 − ...− λk)v0 + λ1v1 + ...+ λkvk, λ1, ..., λk ∈ R (7.4)

Jètontac 1− λ1 − ...− λk = λ0 sthn (7.4), paÐrnoume tic sqèseic (7.3).
Ac upojèsoume ìti x ∈ Πk,

x = λ0v0 + λ1v1 + · · ·+ λkvk kai λ0 + λ1 + · · ·+ λk = 1 kai

x = λ′0v0 + λ′1v1 + · · ·+ λ′kvk kai λ′0 + λ′1 + · · ·+ λ′k = 1.

Tìte
(λ0 − λ′0)v0 + (λ1 − λ′1)v1 + · · ·+ (λk − λ′k)vk = 0n kai

(λ0 − λ′0) + (λ1 − λ′1) + · · ·+ (λk − λ′k) = 1− 1 = 0

Epeid  to sÔnolo {v0,v1, ...,vk} eÐnai se genik  jèsh sto Rn, apì to Je¸rhma 7.4.4 prokÔptei
ìti λ0 − λ′0 = λ1 − λ′1 = · · · = λk − λ′k = 0 'Ara,

λ0 = λ′0, λ1 = λ′1, . . . , λk = λ′k.

Orismìc 7.5.2. 'Estw ìti Πk, k = 1, ..., n, eÐnai to k-epÐpedo pou orÐzetai apì to sÔnolo
{v0,v1, ...,vk}, pou eÐnai se genik  jèsh sto Rn.

To sÔnolo {v0,v1, ...,vk} kaileÐtai barukentrikì sÔsthma suntetagmènwn tou Πk.
Gia k�je x ∈ Πk oi monos manta orismènoi arijmoÐ λ0, λ1 . . . , λk gia touc opoÐouc isqÔoun oi

sqèseic (7.3) kaloÔntai barukentrikèc suntetagmènec tou x wc proc to barukentrikì sÔsthma
suntetagmènwn {v0,v1, ...,vk} tou Πk.

'Estw λi : Πk → R, i = 1, ..., k h apeikìnish h opoÐa se k�je x ∈ Πk antistoiqeÐ thn
i-ost  barukentrik  suntetagmènh tou x wc proc to {v0,v1, ...,vk}. Tìte oi sqèseic (7.3)
gr�fontai

x = λ0(x)v0 + λ1(x)v1 + · · ·+ λk(x)vk kai λ0(x) + λ1(x) + · · ·+ λk(x) = 1

Pìrisma 7.5.3. An Πk eÐnai èna k-epÐpedo pou orÐzetai apì ta shmeÐa v0,v1, ...,vk, ta opoÐa
eÐnai se genik  jèsh sto Rn, tìte gia k�je sullog  k+ 1 arijm¸n (λ0, λ1, ..., λk) tètoia ¸ste
λ0 + λ1 + ...+ λk = 1 up�rqei shmeÐo tou Πk me barukentrikèc suntetagmènec (λ0, λ1, ..., λk)
wc proc {v0,v1, ...,vk}.
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Apìdeixh. Πk = {x ∈ Rn : x = v0 + λ1(v1 − v0) + ...+ λk(vk − v0), λ1, ..., λk ∈ R}.
Apì to Pìrisma 7.3.2 h apeikìnish f : Πk → Rk me

f(v0 + λ1(v1 − v0) + ...+ λk(vk − v0)) = (λ1, ..., λk)

eÐnai omoiomorfismìc. 'Ara, h f eÐnai epÐ.
Gia k�je sullog  k+ 1 arijm¸n (λ0, λ1, ..., λk) tètoia ¸ste λ0 +λ1 + ...+λk = 1, up�rqei

monadikì x ∈ Πk tètoio ¸ste f(x) = (λ1, ..., λk) kai λ1 + ... + λk = 1 − λ0. 'Ara, up�rqei
monadikì x ∈ Πk gia to opoÐo x = λ0v0 + λ1v1 + ...+ λkvk kai λ0 + λ1 + ...+ λk = 1.

Je¸rhma 7.5.4. An Πk, k = 1, ..., n, èna k-epÐpedo pou orÐzetai apì ta shmeÐa v0,v1, ...,vk,
ta opoi� eÐnai se genik  jèsh sto Rn, tìte gia k�je i = 0, 1, ..., k h apeikìnish λi : Πk → R,
h opoÐa se k�je x ∈ Πk antistoiqeÐ thn i-ost  barukentrik  suntetagmènh tou x wc proc to
{v0,v1, ...,vk} eÐnai anoikt  kai epÐ tou R.

Apìdeixh. An x ∈ Πk, tìte

x = λ0(x)v0 + λ1(x)v1 + · · ·+ λk(x)vk kai λ0(x) + λ1(x) + · · ·+ λk(x) = 1

Epomènwc

x = v0 + λ1(x)(v1 − v0) + ...+ λk(x)(vk − v0), ìpou λ1(x), ..., λk(x) ∈ R.
Apì to Pìrisma 7.3.2 h apeikìnish f : Πk → Rk me

f(v0 + λ1(x)(v1 − v0) + ...+ λk(x)(vk − v0)) = (λ1(x), ..., λk(x))

eÐnai omoiomorfismìc. 'Ara, h f eÐnai anoikt  kai epÐ.
H probol  pi : Rk → R, i = 1, ..., k, pou orÐzontai apì thn sqèsh pi((λ1, ..., λk)) = λi.

eÐnai anoikt  kai epÐ. 'Ara, h λi(x) = pi(f(x)) eÐnai anoikt  kai epÐ tou R .
Gia na deÐxoume ìti h λ0 eÐnai anoikt  kai epÐ tou R, jètoume
λ′0 = λk, λ′1 = λ0, ...,λ′k = λk−1 kai v′0 = vk, v′1 = v0, ...,v′k = vk−1.
Tìte

Πk = {x ∈ Rn : x = v′0 + λ′1(v′1 − v′0) + ...+ λ′k(v
′
k − v′0)}.

'Ara, ìpwc apodeÐxame poio p�nw, λ0 = λ′1 eÐnai anoikt  kai epÐ tou R.

Pìrisma 7.5.5. An to sÔnolo {v0,v1, ...,vn} ⊆ Rn eÐnai se genik  jèsh sto Rn, tìte

1. Gia k�je x ∈ Rn up�rqei monadik  sullogh arijm¸n λ0, λ1 . . . , λn tètoia ¸ste

x = λ0v0 + λ1v1 + · · ·+ λnvn kai λ0 + λ1 + · · ·+ λn = 1. (7.5)

Gia k�je x ∈ Rn oi barukentrikèc suntetagmènec tou x wc proc {v0,v1, ...,vn} eÐnai oi
arijmoÐ λ0, λ1 . . . , λn pou ikanopoioÔn tic sqèseic (7.5).

2. Gia k�je sullog  arijm¸n (λ0, λ1, ..., λn) tètoia ¸ste λ0 + λ1 + ... + λn = 1 up�rqei
shmeÐo tou Rn me barukentrikèc suntetagmènec (λ0, λ1, ..., λn) wc proc {v0,v1, ...,vn}.

3. Gia k�je i = 0, 1, ..., n h apeikìnish λi : Rn → R, h opoÐa se k�je x ∈ Rn antistoiqeÐ
thn i-ost  barukentrik  suntetagmènh tou x wc proc to {v0,v1, ...,vn} eÐnai anoikt 
kai epÐ tou R.
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7.6 HmÐqwroi tou Rn wc proc (n− 1)-epÐpedo.

Je¸rhma 7.6.1. An Π eÐnai èna (n− 1)-epÐpedo tou Rn, tìte up�rqoun anoikt� uposÔnola
Υ1, Υ2 kai kleist� uposÔnola H1, H2 tou Rn tètoia ¸ste

(i) Rn \ Π = Υ1 ∪Υ2, H1 = Υ1 ∪ Π kai H2 = Υ2 ∪ Π
(ii) Υ1 ∩Υ2 = ∅
(iii) Int(H1) = Υ1 kai Int(H2) = Υ2

(iv) Cl(Υ1) = H1 kai Cl(Υ2) = H2

(v) Bd(Υ1) = Bd(Υ2) = Bd(H1) = Bd(H2) = Π

Apìdeixh. 'Estw Π èna (n − 1)-epÐpedo pou perièqei ta shmeÐa v0,v1, ...,vn−1, ta opoi� eÐnai
se genik  jèsh sto Rn. Tìte

Π = {x ∈ Rn : x = λ0v0 + λ1v1 + ...+ λn−1vn−1, λ0 + λ1 + ...+ λn−1 = 1}

Up�rqei vn ∈ Rn tètoio ¸ste ta shmeÐa v0,v1, ...,vn−1,vn na eÐnai se genik  jèsh sto Rn.
Opìte k�je x ∈ Rn gr�fetai

x = λ0v0 + ...+ λn−1vn−1 + ...+ λnvn, λ0 + λ1 + ...+ λn−1 + λn = 1.

Profan¸c Π = λ−1
n (0). Ta sÔnola

H1 = λ−1
n ((−∞, 0]), H2 = λ−1

n ([0,∞)),

Υ1 = λ−1
n ((−∞, 0)),Υ2 = λ−1

n ((0,∞))

èqoun tic idiìthtec (i) kai (ii).
Apì to Je¸rhma 7.5.2 h apeikìnish λn : Rn → R eÐnai suneq c. Sunep¸c ta sÔnola H1,

H2 eÐnai kleist� kai ta sÔnola Υ1, Υ2 eÐnai anoikt�. Epeid  h λn eÐnai kai anoikt , èqoume

Int(H1) = Int(λ−1
n (−∞, 0]) = λ−1

n (Int(−∞, 0]) = λ−1
n ((−∞, 0)) = Υ1

Cl(Υ1) = Cl(λ−1
n ((−∞, 0))) = λ−1

n (Cl((−∞, 0))) = λ−1
n ((−∞, 0]) = H1

'Omoia apodeiknÔetai ìti Int(H2) = Υ2 kai Cl(Υ2) = H2.
Apì ta parap�nw

Bd(Υ1) = Cl(Υ1) \Υ1 = H1 \Υ1 = Π

Bd(Υ2) = Cl(Υ2) \Υ2 = H2 \Υ2 = Π

Bd(H1) = H1 \ Int(H1) = H1 \Υ1 = Π

Bd(H2) = H2 \ Int(H2) = H2 \Υ2 = Π

Orismìc 7.6.2. Estw ìti λ0(x), λ1(x), ..., λn(x) eÐnai oi barukentrikèc suntetagmènec tou
x ∈ Rn wc proc to sÔnolo {v0,v1, ...,vn} pou eÐnai se genik  jèsh sto Rn kai èstw ìti

Π = {x ∈ Rn : λn(x) = 0}

eÐnai to (n− 1)-di�stato epÐpedo pou perièqei ta shmeÐa v0,v1, ...,vn−1.
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Ta sÔnola

Υ1 = {x ∈ Rn : λn(x) > 0}
Υ2 = {x ∈ Rn : λn(x) < 0}

kaloÔntai n-di�statoi anoiktoÐ hmÐqwroi tou Rn wc proc to epÐpedo Π kai ta sÔnola

H1 = {x ∈ Rn : λn(x) ≥ 0}
H2 = {x ∈ Rn : λn(x) ≤ 0}

kaloÔntai n-di�statoi kleistoÐ hmÐqwroi tou Rn wc proc to epÐpedo Π.

ShmeÐwsh 7.6.3. ApodeiknÔetai ìti o orismìc twn hmiq¸rwn wc proc èna
(n − 1)-epÐpedo Π tou Rn eÐnai anex�rthtoc apì thn epilog  twn gewmetrik¸c anex�rthtwn
shmeÐwn v0,v1, ...,vn−1 ∈ Π kai tou shmeÐou vn ∈ Rn \ Π.

ShmeÐwsh 7.6.4. K�je (n− 1)-di�stato epÐpedo Π tou Rn èqei exÐswsh

anxn + ...+ a1x1 + a0 = 0.

JewroÔme th suneq  sun�rthsh f : Rn → R pou orÐzetai apì ton tÔpo

f(x1, ..., xn) = anxn + an−1 + ...+ a1x1 + a0.

ApodeiknÔetai ìti ta kleist� sÔnola

H+ = f−1([0,∞)) = {(x1, ..., xn) ∈ Rn : anxn + ..+ a1x1 + a0 ≥ 0},
H− = f−1((−∞, 0]) = {(x1, ..., xn) ∈ Rn : anxn + ...+ a1x1 + a0 ≤ 0},

eÐnai oi n-di�statoi kleistoÐ hmÐqwroi tou Rn wc proc to epÐpedo Π. 'Enw ta anoikt� sÔnola

Υ+ = f−1((0,∞)) = {(x1, ..., xn) ∈ Rn : anxn + ...+ a1x1 + a0 > 0},
Υ− = f−1((−∞, 0)) = {(x1, ..., xn) ∈ Rn : anxn + ...+ a1x1 + a0 < 0},

eÐnai oi n-di�statoi anoiktoÐ hmÐqwroi tou Rn wc proc to epÐpedo Π.
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Kef�laio 8

Kurt� uposÔnola tou Rn.

8.1 EujeÐec kai eujÔgramma tm mata tou Rn.

'Estw p = (p1, ..., pn) kai q = (q1, ..., qn) dÔo diaforetik� shmeÐa tou Rn.
EujeÐa tou Rn dierqìmenh apì ta shmeÐa p kai q eÐnai to sÔnolo ìlwn twn s meÐwn

x = (x1, ..., xn) ∈ Rn gia ta opoÐa x = p + (q− p)t, ìpou t ∈ R.
Oi parametrikèc exis¸seic thc eujeÐac dierqìmenhc apì ta shmeÐa p kai q eÐnai

x1 = p1 + (q1 − p1)t
x2 = p2 + (q2 − p2)t
. . . . . . . . . . . . . . . . . .
xn = pn + (qn − pn)t

 , t ∈ R.

Sto t = 0 antistoiqeÐ to p kai sto t = 1 antistoiqeÐ to q.
To sÔnolo ìlwn twn shmeÐwn thc parap�nw eujeÐac pou antistoiqoÔn sta t ∈ [0, 1] kaleÐtai

eujÔgrammo tm ma me �kra p kai q kai sumbolÐzetai me pq. Dhlad 

pq = {x ∈ Rn : x = p + t(q− p), t ∈ [0, 1]}

HmieujeÐa tou Rn me arq  to p dierqìmenh apì to q eÐnai to sÔnolo ìlwn twn s meÐwn x ∈ Rn
gia ta opoÐa x = p + (q− p)t, ìpou t ∈ R kai t ≥ 0.

Prìtash 8.1.1. K�je eujÔgrammo tm ma pq tou Rn eÐnai omoiomorfikì me to kleistì
di�sthma [0, 1] thc eujeÐac pragmatik¸n arijm¸n R.

Apìdeixh. ApodeiknÔetai eÔkola ìti h apeikìnish h : [0, 1]→ pq pou orÐzetai apì thn sqèsh
h(t) = p + t(q− p) eÐnai omoimorfismìc.

H exÐswsh thc eujeÐac dierqìmenhc apì ta shmeÐa p kai q mporeÐ na grafeÐ se morf 

x = (1− t)p + tq, t ∈ R.

Jètontac λ1 = 1− t kai λ2 = t paÐrnoume

pq = {x ∈ Rn : x = λ1p + λ2q, λ1 ≥ 0, λ2 ≥ 0, λ1 + λ2 = 1}

69
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8.2 H ènnoia tou kurtoÔ sunìlou.

Orismìc 8.2.1. 'Ena uposÔnolo K tou Rn kaleÐtai kurtì ìtan to K mazÐ me opoiad pote
dÔo shmeÐa tou perièqei kai to eujÔgrammo tm ma pou ta en¸nei. Dhl�d 

p,q ∈ K =⇒ pq ⊆ K.

ParadeÐgmata 8.2.2.

1. To Rn eÐnai kurtì sÔnolo.

2. K�je monosÔnolo {x} ⊆ Rn eÐnai kurtì sÔnolo.

3. Gia k�je x ∈ Rn kai gia k�je ε > 0 oi mp�lec B(x, ε) kai B[x, ε] eÐnai kurt� sunola.
Pr�gmati, èstw a,b ∈ B(x, ε) kai c ∈ ab. Tìte c = λ1a + λ2b, ìpou λ1, λ2 ≥ 0 kai
λ1 + λ2 = 1. 'Ara

|c− x|n = |λ1a + λ2b− x|n = |λ1a + λ2b− λ1x− λ2x|n =

= |λ1(a− x) + λ2(b− x)|n ≤ λ1|a− x|n + λ2|b− x|n <
< ε(λ1 + λ2) = ε =⇒ c ∈ B(x, ε)

Sunep¸c ab ⊆ B(x, ε). 'Ara, B(x, ε) eÐnai kurtì sÔnolo. 'Omoia apodeiknÔetai ìti
B[x, ε] eÐnai kurtì sÔnolo.

4. Kurt� uposÔnola tou epipèdou eÐnai: h eujeÐa y = ax+ b, to tetr�gwno

{(x, y) ∈ R2 : 0 ≤ x, y ≤ 1}

o kÔkloc {(x, y) ∈ R2 : x2 + y2 ≤ 1} to eswterikì enìc kÔklou

{(x, y) ∈ R2 : x2 + y2 < 1}.

Mh kurt� uposÔnola tou epipèdou eÐnai : h perifèreia tou kÔklou

{(x, y) ∈ R2 : x2 + y2 = 1},

h èlleiyh, h uperbol , h parabol , afoÔ kammÐa apì tic kampÔlec autèc den prièqei
kanèna eujÔgrammo tm ma.

5. K�je k-epÐpedo eÐnai kurtì.

Pr�gmati, èstw ìti

p = λov0 + ...+ λkvk ∈ Πk, λ0 + ...+ λk = 1

q = µov0 + ...+ µkvk ∈ Πk, µ0 + ...+ µk = 1

An x ∈ pq, tìte

x = (1− t)p + tq, t ∈ [0, 1] =⇒ x = [(1− t)λ0 + tµ0]v0 + ...+ [(1− t)λk + tµk]vk

ìpou

[(1− t)λ0 + tµ0] + ...+ [(1− t)λk + tµk] = (1− t)(λ0 + ...+ λk) + t(µ0 + ...+ µk) = 1.

'Ara, x ∈ Πk.
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Orismìc 8.2.3. To sÔnolo

In = {(x1, x2, ..., xn) ∈ Rn : 0 ≤ xi ≤ 1, i = 1, 2, ..., n}, n ≥ 1,

kaleÐtai n-di�statoc monadiaÐoc kÔboc   monadiaÐoc n-kÔboc.

To sÔnolo

Bn = {x = (x1, x2, ..., xn) ∈ Rn : |x|n =
√
x2

1 + x2
2 + ...+ x2

n ≤ 1}, n ≥ 1,

kaleÐtai n-di�stath monadiaÐa mp�la   monadiaÐa n-mp�la.

To sÔnolo

Sn−1 = {x = (x1, x2, ..., xn) ∈ Rn : |x|n =
√
x2

1 + x2
2 + ...+ x2

n = 1}, n ≥ 1,

kaleÐtai (n− 1)-di�stath monadiaÐa sfaÐra   monadiaÐa (n− 1)-sfaÐra.

Je¸rhma 8.2.4. O kÔboc In kai h mp�la Bn eÐnai kurt� sÔnola, èn¸ h sfaÐra Sn−1 den
eÐnai kurtì sÔnolo.

Apìdeixh. Sto Par�deigma 8.2.1(3) èqei apodeiqjeÐ ìti k�je mp�la eÐnai kurtì sÔnolo.
Ja deÐxoume ìti o kÔboc In eÐnai kurtì sÔnolo.
'Estw x = (x1, ..., xn), y = (y1, ..., yn) ∈ In kai z = (z1, ..., zn) ∈ xy. Tìte xi, yi ∈ [0, 1]

gia k�je i = 1, ..., n kai z = tx + (1 − t)y, ìpou t ∈ [0, 1]. Epomènwc gia k�je i = 1, ..., n
èqoume

zi = txi + (1− t)yi, xi, yi, t ∈ [0, 1],

Epomènwc zi ∈ [0, 1], dhlad  z ∈ In. Sunep¸c xy ⊆ In kai, �ra, In eÐnai kurtì sÔnolo.
Ja deÐxoume ìti h sfaÐra Sn−1 den eÐnai kurtì sÔnolo.
JewroÔme ta shmeÐa

p = (1, 0, ..., 0, 0),q = (0, 0, ..., 0, 1),x = (
1

2
, 0, ..., 0,

1

2
) ∈ Rn.

Tìte p,q ∈ Sn−1 kai x = 1
2
p + 1

2
q ∈ pq. 'Omwc |x|n =

√
2

2
< 1, dhlad  x 6∈ Sn−1. Sunep¸c

pq  Sn−1. 'Ara, h sfaÐra Sn−1 den eÐnai kurtì sÔnolo.

Je¸rhma 8.2.5. K�je kurtì sÔnolo eÐnai sunektikì.

Apìdeixh. 'Estw K èna kurtì sÔnolo. Tìte gia opoiad pote dÔo shmeÐa p,q ∈ K isqÔei
p,q ∈ pq ⊆ K. To eujÔgrammo tm ma pq, wc omoiomrfikì me to di�sthma [0, 1], eÐnai
sunektikì.

Epeid  opoiad pote dÔo shmeÐa tou K perièqontai se èna sunektikì uposÔnolì tou, to
sÔnolo K eÐnai sunektikì.
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Je¸rhma 8.2.6. To perÐblhma k�je kurtoÔ sunìlou eÐnai kurtì sÔnolo.

Apìdeixh. 'Estw ìti K eÐnai èna kurtì sÔnolo kai p,q ∈ Cl(K). ArkeÐ na deÐxoume ìti
pq ⊆ Cl(K) Ac upojèsoume ìti, antÐjeta, up�rqei x ∈ pq \ Cl(K). Tìte up�rqei ε > 0
tètoio ¸ste B(x, ε) ⊆ Rn \ Cl(K). EpÐshc

x = λ1p + λ2q, ìpou λ1 + λ2 = 1, λ1 > 0, λ2 > 0.

Apì thn �llh meri� up�rqoun p1 ∈ B(p, ε
3
) ∩K kai q1 ∈ B(q, ε

3
) ∩K.

Epeid  K eÐnai kurtì x1 = λ1p1 + λ2q1 ∈ p1q1 ⊆ K.
Apì ta parap�nw

|x− x1|n = |λ1(p− p1) + λ2(q− q1)|n ≤ λ1 |(p− p1)|n + λ2 |(q− q1)|n <

< λ1
ε

3
+ λ2

ε

3
= (λ1 + λ2)

ε

3
=
ε

3
< ε.

Epomènwc, x1 ∈ B(x, ε) ⊆ Rn \ Cl(K). 'Ara, x1 6∈ K, pou eÐnai �topo.

Je¸rhma 8.2.7. H tom  k�je oikogèneiac kurt¸n sunìlwn eÐnai kurtì sÔnolo.

Apìdeixh. 'Estw {Ki}i∈I mia oikogèneia kurt¸n sunìlwn kai
⋂
i∈I Ki 6= ∅ (to kenì sÔnolo

eÐnai kurtì apì ton orismì tou kurtoÔ sunìlou).
An
⋂
i∈IKi = {x}, tìte

⋂
i∈I Ki eÐnai kurtì apì ton orismì tou kurtoÔ sunìlou.

An
⋂
i∈I Ki perièqei toul�qiston dÔo shmeÐa, tìte, epeid  k�je Ki eÐnai kurtì sÔnolo,

èqoume

p,q ∈
⋂
i∈I

Ki =⇒ p,q ∈ Ki,∀i ∈ I =⇒ pq ⊆ Ki,∀i ∈ I =⇒ pq ⊆
⋂
i∈I

Ki.

'Ara,
⋂
i∈I Ki eÐnai kurtì sÔnolo.

Parat rhsh 8.2.8. Up�rqoun akoloujÐec kurt¸n uposunìlwn tou epipèdou, tètoiec ¸ste
h tom  k�je peperasmènhc upakoloujÐac eÐnai mh ken  kai ìmwc h tom  ìlwn twn sunìlwn eÐnai
ken . 'Ena par�deigma tètoiac akoloujÐac eÐnai h akoloujÐa anoikt¸n diasthm�twn {(0, 1

n
}∞n=1.

IsqÔei ìmwc to parak�tw gnwstì je¸rhma.

Je¸rhma tou Helly. An K1,K2, ...,Km, m > n, eÐnai kurt� uposÔnola tou Rn, ta opoÐa
ana n+ 1 èqoun mh ken  tom , tìte

K1 ∩K2 ∩ ... ∩Km 6= ∅.

8.3 Kurt  j kh sunìlou.

Gia opoiad pote p,q ∈ Rn, to eujÔgrammo tm ma pq me �kra p kai q eÐnai uposÔnolo
tou Rn . 'Ara, to sÔnolo Rn eÐnai kurtì. Sunep¸c k�je uposÔnolo tou Rn perièqetai se èna
kurtì uposÔnolo tou Rn , to Ðdio to Rn.

Orismìc 8.3.1. H tom  ìlwn twn kurt¸n uposunìlwn tou Rn pou perièqoun èna sÔnolo
V ⊆ Rn kaleÐtai kurt  j kh tou V kai sumbolÐzetai me H(V ).
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ParadeÐgmata 8.3.2.

1. H kurt  j kh tou sunìlou V = {v,w}, v 6= w, eÐnai to eujÔgrammo tm ma vw, dhlad 
H(V ) = H({v,w}) = vw.

2. An ta shmeÐa x,y, z ∈ R2 eÐnai mh suneujeiak�, tìte h kurt  j kh tou sunìlou V =
{x,y, z} eÐnai to trÐgwno xyz (mazÐ me to eswterikì tou).

3. H kurt  j kh miac eujeÐac ε enìc epipèdou eÐnai h eujeÐa ε.

4. An ε1 kai ε2 eÐnai eujeÐec enìc epipèdou Π ⊆ R3, oi opoÐec tèmnontai se èna shmeÐo, tìte

H(ε1 ∪ ε2) = ∪{AB : A ∈ ε1, B ∈ ε2} = Π.

Prìtash 8.3.3. An to sÔnolo V eÐnai kurtì, tìte H(V ) = V .

Prìtash 8.3.4. H kurt  j khH(V ) opoioud pote uposunìlou V tou Rn eÐnai kurtì sÔnolo.

Apìdeixh. An {Ki}i∈I eÐnai h oikogèneia ìlwn twn kurt¸n sunìlwn pou perièqoun to V , tìte⋂
i∈I Ki 6= ∅. 'Ara H(V ) =

⋂
i∈I Ki eÐnai kurtì sÔnolo.

Je¸rhma 8.3.5. H di�metroc thc kurt c j khc k�je fragmènou uposunìlou A tou Rn eÐnai
Ðsh me th di�metro tou A.

Apìdeixh. Epeid  A ⊆ H(A), èqoume diam(A) ≤ diam(H(A)).
Ja deÐxoume ìti diam(H(A)) ≤ diam(A).
'Estw x,y ∈ H(A). Jètoume δ = diam(A).
JewroÔme èna shmeÐo a ∈ A. Epeid  B[a, δ] eÐnai kurtì kai A ⊆ B[a, δ], prokÔptei ìti

H(A) ⊆ B[a, δ]. Epomènwc x ∈ B[a, δ]. 'Ara dn(a,x) ≤ δ, opìte a ∈ B[x, δ]. AfoÔ h
teleutaÐa sqèsh isqÔei gia tuqaÐo a ∈ A, paÐrnoume: A ⊆ B[x, δ]. Epeid  to sÔnolo B[x, δ]
eÐnai kurtì, H(A) ⊆ B[x, δ]. Epomènwc y ∈ B[x, δ]. 'Ara d(x,y) ≤ δ.

Orismìc 8.3.6. 'Estw B ⊆ Rn kai v ∈ Rn. To sÔnolo

K(B,v) = ∪{bv : b ∈ B}

kaleÐtai k¸noc me b�sh B kai koruf  v.

Je¸rhma 8.3.7. An B ⊆ Rn eÐnai kurtì sÔnolo kai v ∈ Rn, tìte

H (B ∪ {v}) = K(B,v).

Apìdeixh. Apì ton orismì tou k¸nou prokÔptei ìti to sÔnolo K(B,v) eÐnai uposÔnolo k�je
kurtoÔ sunìlou pou perièqei to sÔnolo B∪{v}. ArkeÐ na deÐxoume ìti o k¸noc K(B,v) eÐnai
kurtì sÔnolo, dhlad  ìti

p,q ∈ K(B,v) =⇒ pq ⊆ K(B,v).

An p,q ∈ B, tìte, epeid  to B eÐnai kurtì, pq ⊆ B ⊆ K(B,v).
An p,q ∈ bv, ìpou b ∈ B, tìte pq ⊆ bv ⊆ K(B,v).
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'Estw ìti p ∈ b1v kai q ∈ b2v, ìpou b1,b2 ∈ B, kai èstw ìti x ∈ pq. Tìte

p = κ1b1 + κ2v, κ1 + κ2 = 1, κ1 ≥ 0, κ2 ≥ 0

q = λ1b2 + λ2v, λ1 + λ2 = 1, λ1 ≥ 0, λ2 ≥ 0 (8.1)

x = µ1p + µ2q, µ1 + µ2 = 1, µ1 ≥ 0, µ2 ≥ 0

Opìte

x = µ1(κ1b1 + κ2v) + µ2(λ1b2 + λ2v) =

= (µ1κ1b1 + µ2λ1b2) + (µ1κ2 + µ2λ2)v =

= (µ1κ1 + µ2λ1)

(
µ1κ1

µ1κ1 + µ2λ1

b1 +
µ2λ1

µ1κ1 + µ2λ1

b2

)
+ (µ1κ2 + µ2λ2)v.

Jètontac sthn parap�nw isìthta

µ1κ1

µ1κ1 + µ2λ1

b1 +
µ2λ1

µ1κ1 + µ2λ1

b2 = b, (8.2)

paÐrnoume

x = (µ1κ1 + µ2λ1)b + (µ1κ2 + µ2λ2)v (8.3)

Apì thn (8.2), epeid 
µ1κ1

µ1κ1 + µ2λ1

+
µ2λ1

µ1κ1 + µ2λ1

= 1, èpetai ìti b ∈ b1b2. 'Omwc ta shmeÐa

b1 kai b2 an koun sto kurtì sÔnolo B. Epomènwc b1b2 ⊆ B. 'Ara, b ∈ B. Apì thn (8.3),
epeid 

(µ1κ1 + µ2λ1) + (µ1κ2 + µ2λ2) = µ1(κ1 + κ2) + µ2(λ1 + λ2)

= µ1 · 1 + µ2 · 1 = 1

prokÔptei ìti x ∈ bv ⊆ K(B,v). 'Ara, pq ⊆ K(B,v).

8.4 KÔttara tou Rn.

Je¸rhma 8.4.1. K�je (n− 1)-epÐpedo Π tou Rn kai oi hmÐqwroi tou Rn wc proc to Π eÐnai
kurt� sÔnola.

Apìdeixh. 'Estw Π èna (n − 1)-epÐpedo pou perièqei ta shmeÐa v0,v1, ...,vn−1, ta opoÐa eÐnai
se genik  jèsh sto Rn. Tìte up�rqei vn ∈ Rn tètoio ¸ste ta shmeÐa v0,v1, ...,vn−1,vn na
eÐnai se genik  jèsh sto Rn. Opìte

Π = {x ∈ Rn : λn(x) = 0}
Υ1 = {x ∈ Rn : λn(x) > 0}, Υ2 = {x ∈ Rn : λn(x) < 0}
H1 = {x ∈ Rn : λn(x) ≥ 0}, H2 = {x ∈ Rn : λn(x) ≤ 0}
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An p,q ∈ Π kai x ∈ pq, tìte

λn(p) = 0, λn(q) = 0 kai x = µ1p + µ2q, ìpou µ1, µ2 ≥ 0.

Opìte λn(x) = µ1λn(p) +µ2λn(q) = 0, dhlad  x ∈ Π. Sunep¸c pq ⊆ Π. 'Ara, Π eÐnai kurtì
sÔnolo.

'Omoia apodeiknÔetai ìti oi hmÐqwroi Υ1,Υ2, H1, H2 eÐnai kurt� sÔnola.

Orismìc 8.4.2. 'Ena uposÔnolo K tou Rn kaleÐtai n-di�stato kÔttaro   n-kÔttaro an kai
mìnon an

(i) K eÐnai fragmèno,

(ii) K eÐnai tom  peperasmènou pl jouc n-di�statwn kleist¸n hmiq¸rwn,

(iii) IntRn(K) 6= ∅.

ParadeÐgmata 8.4.3.

1. H tom  twn kleist¸n hmiq¸rwn (hmiepipèdwn):

H0
1 = {(x1, x2) ∈ R2 : x1 ≥ 0}, H1

1{(x1, x2) ∈ R2 : x1 ≤ 1}
H0

2 = {(x1, x2) ∈ R2 : x2 ≥ 0}, H1
2 = {(x1, x2) ∈ R2 : x2 ≤ 1}

eÐnai to tetr�gwno

I2 = {(x1, x2) ∈ Rn : 0 ≤ x1 ≤ 1 kai 0 ≤ x1 ≤ 1},

to opoÐo eÐnai fragmèno kai èqei mh kenì eswterikì.

'Ara to tetr�gwno I2 eÐnai 2-di�stato kÔttaro.

2. H tom  twn kleist¸n hmiq¸rwn:

H0
1 = {(x1, ..., xn) ∈ Rn : x1 ≥ 0}, H1

1{(x1, ..., xn) ∈ Rn : x1 ≤ 1}
H0

2 = {(x1, ..., xn) ∈ Rn : x2 ≥ 0}, H1
2 = {(x1, ..., xn) ∈ Rn : x2 ≤ 1}

........................................................................................................,

H0
n = {(x1, ..., xn) ∈ Rn : xn ≥ 0}, H1

n = {(x1, ..., xn) ∈ Rn : xn ≤ 1}

eÐnai o kÔboc

In = {(x1, x2, ..., xn) ∈ Rn : 0 ≤ xi ≤ 1, i = 1, 2, ..., n},

o opoÐoc eÐnai fragmènoc kai èqei mh kenì eswterikì.

'Ara o kÔboc In eÐnai n-di�stato kÔttaro.

Je¸rhma 8.4.4. K�je n-kÔttaro K tou Rn eÐnai kurtì kai sumpagèc.

Apìdeixh. Apì ton orismì tou kutt�rou prokÔptei ìti to kÔttaro K eÐnai fragmèno kai
K = H1 ∩ · · · ∩ Hm, ìpou H1, ..., Hm eÐnai kleistoÐ hmÐqwroi tou Rn. Epeid  ta sÔnola
H1, ..., Hm eÐnai kurt� kai kleist� sto Rn, to K eÐnai kleistì kai kurtì. Epeid  k�je kleistì
kai fragmèno uposÔnolo tou Rn eÐnai sumpagèc, to K eÐnai sumpagèc.
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8.5 Keli� tou Rn.

Orismìc 8.5.1. K�je sÔnolo omoiomorfikì me th monadiaÐa n-mp�la Bn, n = 1, 2, ...,
kaleÐtai n-di�stato kelÐ   n-kelÐ.

L mma 8.5.1. 'Estw ìti K eÐnai kurtì, sumpagèc uposÔnolo tou Rn kai Int(K) 6= ∅.
An p ∈ Int(K), tìte k�je hmieujeÐa E me arq  to p tèmnei to sÔnoro tou K akrib¸c se

èna shmeÐo.

Apìdeixh. Ja deÐxoume pr¸ta ìti E ∩Bd(K) 6= ∅.
ArkeÐ na deÐxoume ìti BdE(E ∩K) ⊆ E ∩Bd(K) kai ìti BdE(E ∩K) 6= ∅.
Pr�gmati, apì thn Prìtash 1.3.2, èpetai ìti

BdE(E ∩K) = E ∩ ClRn(E ∩K) ∩ ClRn(E \K) ⊆ E ∩ Cl(K) ∩ Cl(Rn \K) = E ∩Bd(K).

Ja deÐxoume ìti BdE(E ∩K) 6= ∅.
Profan¸c p ∈ E ∩K. Ac upojèsoume ìti p eÐnai to monadikì shmeÐo tou sunìlou E ∩K.

Tìte E1 = Int(K)∩E = {p} kai E2 = E \K eÐnai xèna kai anoikt� uposÔnola tou upoq¸rou
E kai E = E1 ∪ E2. Dhlad , E eÐnai mh sunektikì sÔnolo, pou eÐnai �topo.

Epeid  to sÔnolo E eÐnai kurtì kai kleistì kai to sÔnolo K eÐnai kurtì kai sumpagèc, to
E∩K eÐnai kurtì kai sumpagèc uposÔnolo thc hmieujeÐac E. Sunep¸c E∩K eÐnai kleistì kai
sunektikì uposÔnolo thc E, to opoÐo perièqei kai �lla shmeÐa ektìc apì to p. 'Ara, E ∩K
eÐnai eujÔgrammo tm ma pq, ìpou q ∈ E∩K. Sunep¸c BdE(E∩K) = BdE(pq) = {q}. Apì
ta parap�nw q ∈ E ∩Bd(K).

Ac upojèsoume ìti to shmeÐo q den eÐnai monadikì shmeÐo tom c thc hmieujaÐac E me to
sÔnoro touK. Tìte up�rqei s ∈ E∩Bd(K), s 6= q. Epeid  toK eÐnai kleistì kai p 6∈ Bd(K),
paÐrnoume s ∈ E ∩Cl(K) = E ∩K = pq kai s 6= p. 'Ara, s = (1− r)p + rq, ìpou r ∈ (0, 1).
Epeid  s ∈ Cl(Rn \ K), èpetai ìti s = lim

n→∞
sn, ìpou {sn}∞n=1 ⊆ Rn \ K. Tìte gia thn

akoloujÐa

pn =
1

1− r
sn +

−r
1− r

q

èqoume

lim
n→∞

pn =
1

1− r
s +

−r
1− r

q =
1

1− r
((1− r)p + rq) +

−r
1− r

q = p.

Epeid  p ∈ B(p, ε) ⊆ K, up�rqei fusikìc n0 tètoioc ¸ste pn ∈ K gia k�je n > n0. 'Omwc

sn = (1− r)pn + rq.

Epeid  to K eÐnai kurtì, prokÔptei ìti sn ∈ K gia k�je n > n0, pou eÐnai �topo.

Orismìc 8.5.2. 'Ena uposÔnolo S enìc metrikoÔ q¸rou X kaleÐtai sunoriakì an kai mìnon
an Int(S) = ∅ (to eswterikì tou S wc proc to X eÐnai kenì).

Je¸rhma 8.5.3. K�je kurtì, sumpagèc kai mh sunoriakì uposÔnolo K tou Rn eÐnai o-
moiomorfikì me mia kleist  mp�la tou Rn.
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Apìdeixh. Epeid  to sÔnolo K eÐnai mh sunoriakì, Int(K) 6= ∅. 'Ara, up�rqei c ∈ K kai
ε > 0 tètoia, ¸ste

B(c, ε) ⊆ B[c, ε] ⊆ Int(K).

To sÔnolo B[c, ε] eÐnai omoiomorfikì me th monadiaÐa n-mp�la Bn.
Apì to L mma 8.5.1 k�je hmieujeÐa me arq  to shmeÐo c tèmnei to sÔnoro tou K akrib¸c

se èna shmeÐo. 'Eqoume
K = ∪{ck : k ∈ Bd(K )}.

Gia k�je k ∈ Bd(K) sumbolÐzoume me ck to monadikì shmeÐo tom c tou eujÔgrammou
tm matoc ck me to sÔnoro Bd(B[c, ε]) tou B[c, ε].

OrÐzoume ton omoiomorfismì h : K → B[c, ε] wc ex c:

h(c) = c

h(k) = ck an k ∈ Bd(K)

kai an x ∈ ck \ {c,k}, ìpou k ∈ Bd(K ), tìte

dn(c,x)

dn(x,k)
=

dn(c, h(x))

dn(h(x), ck)
.

Pìrisma 8.5.4. K�jekleist  mp�latou Rn eÐnai omoiomorfik  me thmonadiaÐa n-mp�la Bn.

Pìrisma 8.5.5. K�je n-kÔttaro tou Rn eÐnai omoiomorfikì me th monadiaÐa n-mp�la Bn.

Apìdeixh. Apì ton orismì tou kutt�rou kai apì to Je¸rhma 8.4.4 prokÔptei ìti k�je n-
di�stato kÔttaro eÐnai kurtì, sumpagèc kai mh sunoriakì sÔnolo. Apì to Je¸rhma 8.5.3
kai to Pìrisma 8.5.4, k�je n-di�stato kÔttaro eÐnai omoiomorfikì me th monadiaÐa n-mp�la
Bn.

Pìrisma 8.5.6. O kÔboc In eÐnai omoiomorfikìc me th monadiaÐa n-mp�la Bn.

Pìrisma 8.5.7. K�je kurtì, sumpagèc kai mh sunoriakì uposÔnolo tou Rn eÐnai n-kelÐ.

Pìrisma 8.5.8. K�je n-kÔttaro eÐnai n-kelÐ.

Pìrisma 8.5.9. O kÔboc In eÐnai n-kelÐ.

Epeid  Bd(Bn) = Sn−1 sto Rn, to sÔnoro k�je n-di�statou kelioÔ tou Rn eÐnai omoiomor-
fikì me th monadiaÐa (n− 1)-sfaÐra Sn−1.

ShmeÐwsh 8.5.10. Up�rqoun n-keli� tou Rn pou den eÐnai n-kÔttara kai n-keli� pou den
eÐnai kurt�.

ShmeÐwsh 8.5.11. Epeid  k�je n-di�statoc kleistìc hmÐqwroc eÐnai kurtì uposÔnolo tou
Rn me sÔnoro èna (n−1)-di�stato epÐpedo tou Rn, to sÔnoro enìc n-di�statou kutt�rou eÐnai
ènwsh peperasmènou pl jouc sumpag¸n kai kurt¸n (n−1)-di�statwn sunìlwn−“edr¸n” tou
kutt�rou.

An èna kÔttaro K eÐnai tom  twn m kleist¸n hmiq¸rwn H1, ..., Hm, tìte to pl joc twn
(n− 1)-di�statwn “edr¸n” tou K eÐnai m.

Ta n-monìploka pou ja orÐsoume sto epìmeno kef�laio eÐnai ta n-di�stata kÔttara sto
Rn me tic ligìterec (n− 1)-di�statec “èdrec”.
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Kef�laio 9

Monìploka tou Rn.

9.1 H ènnoia tou monoplìkou.

Orismìc 9.1.1. Gia k�je n = 1, 2, ... kai gia k�je k = 0, 1, ..., n, h kurt  j kh twn
k + 1 shmeÐwn v0,v1, ...,vk ∈ Rn, ta opoÐa eÐnai se genik  jèsh sto Rn, kaleÐtai k-di�stato
monìploko   k-monìploko tou Rn me korufèc v0,v1, ...,vk kai sumbolÐzetai me v0v1...vk.

ParadeÐgmata 9.1.1.

1. Ta 0-di�stata monìploka (0-monoplìka) eÐnai ta monosÔnola {v0}.

2. Ta 1-di�stata monìploka ta eujÔgramma tm mata v0v1.

3. Ta 2-di�stata monìploka eÐnai ta trÐgwna v0v1v2.

4. Ta 3-di�stata monìploka eÐnai ta tetr�edra v0v1v2v3.

Prìtash 9.1.1. K�je monìploko eÐnai kurtì sÔnolo.

Apìdeixh. Epeid  h kurt  j kh opoioud pote sunìlou eÐnai kurtì sÔnolo,

v0v1...vk = H({v0,v1, ...,vk})

eÐnai kurtì sÔnolo.

Prìtash 9.1.2. K�je monìploko eÐnai fragmèno sÔnolo.

Apìdeixh. Epeid  h di�metroc thc kurt c j khc k�je fragmènou sunìlou isoÔtai me th di�metro
tou sunìlou (Je¸rhma 8.3.1), prokÔptei ìti

diam(v0v1...vk) = diam(H({v0,v1, ...,vk})) = diam({v0,v1, ...,vk}).

79
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Prìtash 9.1.3. Gia k�je k ≥ 1 isqÔei

v0v1...vk = ∪{vvk : v ∈ v0v1...vk−1}.

Apìdeixh. Jètoume σ = ∪{vvk : v ∈ v0v1...vk−1}. Tìte σ eÐnai o k¸noc me b�sh to kurtì
sÔnolo v0v1...vk−1 kai koruf  to vk. Apì to Je¸rhma 8.3.2 prokÔptei ìti

σ = H (v0v1...vk−1 ∪ {vk}) .

Epeid  to sÔnolo σ eÐnai kurtì kai {v0,v1, ...,vk} ⊆ σ, paÐrnoume

v0v1...vk = H({v0,v1, ...,vk}) ⊆ σ

Ja deÐxoume ìti σ ⊆ v0v1...vk.
An x ∈ σ, tìte x ∈ vvk, ìpou

v ∈ v0v1...vk−1 = H({v0,v1, ...,vk−1}) ⊆
⊆ H({v0,v1, ...,vk−1,vk}) = v0v1...vk.

AfoÔ v,vk ∈ v0v1...vk kai to monìploko v0v1...vk eÐnai kurtì, èpetai ìti vvk ⊆ v0v1...vk
kai, �ra, x ∈ v0v1...vk.

Je¸rhma 9.1.1. An to sÔnolo V = {v0,v1, ...,vk}, 1 ≤ k ≤ n, eÐnai se genik  jèsh sto
Rn, tìte

v0v1...vk = {v ∈ Rn : v =
k∑
i=0

λivi, λi ≥ 0,
k∑
i=0

λi = 1}

Apìdeixh. Ja apodeÐxoume to Je¸rhma me epagwg  wc proc k.
An k = 1, tìte V = {v0,v1}. Sunep¸c h kurt  j kh tou V eÐnai to eujÔgrammo tm ma me

�kra ta shmeÐa v0 kai v1. Opìte

v0v1 = {v : v = λ0v0 + λ1v1, λ0 ≥ 0, λ1 ≥ 0, λ0 + λ1 = 1}

Ac upojèsoume ìti to je¸rhma isqÔei gia k = k0 < n kai ìti V = {v0,v1, ...,vk0 ,vk0+1}
eÐnai se genik  jèsh sto genik  jèsh sto Rn. Tìte {v0,v1, ...,vk0} eÐnai se genik  jèsh,
opìte mporoÔme na jewr soume to monìploko v0v1...vk0 . Apì thn upìjesh thc epagwg c

v0v1...vk0 = {v : v =

k0∑
i=0

λ′ivi, λ
′
i ≥ 0,

k0∑
i=0

λ′i = 1}.

Epeid  v0v1...vk0vk0+1 = ∪{vvk0+1 : v ∈ v0v1...vk0}, èqoume

v0v1...vk0vk0+1 = {x : x = (1− λ)v + λvk0+1, v ∈ v0v1...vk0 , λ ∈ [0, 1]}

'Ara,

v0v1...vk0vk0+1 = {x : x = (1− λ)

k0∑
i=0

λ′ivi + λvk0+1, λ ∈ [0, 1], λ′i ≥ 0,

k0∑
i=0

λ′i = 1}
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Jètontac (1− λ)λ′i = λi gia k�je i = 1, ..., k0 kai λ = λk0+1 paÐrnoume

v0v1...vk0vk0+1 = {x : x =

k0+1∑
i=0

λivi, λi ≥ 0}

Epeid 
k0∑
i=0

λ′i = 1 èqoume

k0+1∑
i=0

λi =

k0∑
i=0

(1− λ)λ′i + λ = (1− λ)

k0∑
i=0

λ′i + λ = (1− λ) · 1− λ = 1

'Ara, to je¸rhma isqÔei gia k = k0 + 1.

Gia k�je v ∈ v0v1 . . .vk oi arijmoÐ λ0, λ1 . . . , λk gia touc opoÐouc

v = λ0v0 + λ1v1 + · · ·+ λkvk kai λ0 + λ1 + · · ·+ λk = 1

eÐnai oi barukentrikèc suntetagmènec tou v wc proc to sÔnolo {v0,v1, ...,vk}.
Oi barukentrikèc suntetagmènec tou v sumbolÐzontai epÐshc me

λ0(v), λ1(v) . . . , λk(v).

Pìrisma 9.1.1. 'Estw v0v1...vk, 0 ≤ k ≤ n, èna monìploko tou Rn.
Gia k�je i = 0, 1, ..., k h apeikìnish

λi : v0v1 . . .vk → [0, 1],

h opoÐa se k�je v ∈ v0v1 . . .vk antistoiqeÐ thn i-ost  barukentrik  suntetagmènh tou v wc
proc to {v0,v1, ...,vk} eÐnai suneq c kai epÐ tou [0, 1].

Apìdeixh. H sunèqeia thc λi prokÔptei apì to Je¸rhma 7.5.4. Epeid  to monìploko wc kurtì
sÔnolo eÐnai sunektikì, to uposÔnolo λi(v0v1...vk) tou [0, 1] eÐnai sunektikì. Epomènwc
λi(v0v1...vk) eÐte eÐnai di�sthma eÐte eÐnai shmeÐo.

ParathroÔme ìti λi(vi) = 1 kai λi(vj) = 0 gia j 6= i, dhlad  {0, 1} ⊆ λi(v0v1...vk). 'Ara,
λi(v0v1...vk) = [0, 1].
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9.2 'Edrec enìc monoplìkou.

Orismìc 9.2.1. JewroÔme èna k-monìploko σk = v0v1...vk tou Rn, k = 0, 1, ..., n.
'Estw 0 ≤ r ≤ k kai {vi0 ,vi1 , ...,vir} ⊆ {v0,v1, ...,vk}.
Tìte ta shmeÐa vi0 ,vi1 , ...,vir eÐnai se genik  jèsh sto Rn kai, sunep¸c, orÐzoun èna

r-monìploko vi0vi1 ...vir .
To monìploko vi0vi1 ...vir kaleÐtai r-di�stath èdra tou σk.

Oi 0-di�statec èdrec tou σk = v0v1...vk eÐnai ta shmeÐa v0,v1, ...,vk.

To Ðdio to σk eÐnai h monadik  k-di�stath èdra tou eautoÔ tou.

Oi èdrec tou σk di�stashc < k kaloÔntai gn siec.

H ènwsh ìlwn twn gn siwn edr¸n tou σk kaleÐtai sÔnoro tou σk.

Prìtash 9.2.1. K�je monìploko perièqei ìlec tic èdrec tou.

Apìdeixh. 'Estw vi0vi1 ...vir mÐa èdra tou monìplokou v0v1...vk. Tìte

{vi0 ,vi1 , ...,vir} ⊆ {v0,v1, ...,vk}.

'Ara,
vi0vi1 ...vir = H({vi0 ,vi1 , ...,vir}) ⊆ H({v0,v1, ...,vk}) = v0v1...vk.

Je¸rhma 9.2.1. K�je èdra vi0vi1 ...vir enìc monoplìkou σk = v0v1...vk eÐnai to sÔnolo
ìlwn twn shmeÐwn v = λ0v0 + λ1v1 + ... + λkvk tou σk gia ta opoÐa λi = 0 gia k�je
i ∈ {0, 1, ..., k} \ {i0, i1, ..., ir}.

Apìdeixh. 'Estw ìti v eÐnai èna shmeÐo tou v0v1...vk me barukentrikèc suntetagmènec λ0, λ1, ..., λk
wc proc to sÔnolo {v0,v1, ...,vk}. Tìte

λ0 + λ1 + ....+ λk = 1, kai λi ≥ 0 gia k�je i = 0, 1, ..., k.

An λi = 0 gia k�je i ∈ {0, 1, ..., k} \ {i0, i1, ..., ir}, tìte

v = λi0vi0 + λi1vi1 + ...+ λikvir , λi0 + λi1 + ...+ λir = 1

kai λij ≥ 0 gia k�je j = 0, 1, ..., r. 'Ara, v ∈ vi0vi1 ...vir .
An v ∈ vi0vi1 ...vir , tìte

v = λi0vi0 + λi1vi1 + ...+ λikvir , λi0 + λi1 + ...+ λir = 1

kai λij ≥ 0 gia k�je j = 0, 1, ..., r.
Jètontac λi = 0 gia k�je i ∈ {0, 1, ..., k} \ {i0, i1, ..., ir}, paÐrnoume

v = λ0v0 + λ1v1 + ...+ λkvk, λ0 + λ1 + ...+ λk = 1,

ìpou λi ≥ 0 gia k�je i = 0, 1, ..., k.
Sunep¸c v ∈ v0v1...vk kai oi barukentrikèc suntetagmènec tou v wc proc to sÔnolo

{v0,v1, ...,vk} eÐnai oi λ0, λ1, ..., λk, ìpou λi = 0 gia k�je i ∈ {0, 1, ..., k} \ {i0, i1, ..., ir}.
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ShmeÐwsh 9.2.1. To pl joc twn r-di�statwn edr¸n enìc k-monoplìkou isoÔtai me
(
k+1
r+1

)
,

dhlad  me ton suntelest  tou tr+1 sto diwnumikì an�ptugma tou (t+ 1)k+1

(t+ 1)k+1 =
k+1∑
r=0

(
k + 1

r

)
tr,

(
k + 1

r

)
=

(k + 1)!

r!(k + 1− r)!

Gia k = 3 paÐrnoume
(t+ 1)4 = 1 + 4t+ 6t2 + 4t3 + t4

Pr�gmati, to trisdi�stato monìploko, dhlad  to tetr�edro, èqei 4 korufèc (mhdendi�statec
èdrec), 6 akmèc (monodi�statec èdrec), 4 èdrec (disdi�statec èdrec) kai to Ðdio to tetr�edro
eÐnai h monadik  trisdi�stath èdra.

9.3 Monìploko wc kÔttaro tou Rn.

Je¸rhma 9.3.1. K�je n-monìploko σn tou Rn eÐnai n-di�stato kÔttaro.

Apìdeixh. 'Estw σn = v0v1...vn èna n-monìploko tou Rn.
Tìte ta shmeÐa v0,v1, ...,vn ∈ Rn eÐnai se genik  jèsh. 'Ara gia k�je x ∈ Rn up�rqei

monadik  sullog  arijm¸n λ0(x), λ1(x), ..., λn(x) tètoia ¸ste (bl. Pìrisma 7.5.2)

x = λ0v0 + λ1v1 + ...+ λnvn kai λ0(x) + λ1(x) + ..λn(x) = 1.

Gia k�je i = 0, 1, ..., n to sÔnolo

{v0,v1, ...,vi, ...,vn} \ {vi}

eÐnai se genik  jèsh kai, sunep¸c orÐzei èna (n−1)-di�stato epÐpedo Πi, to opoÐo den perièqei
to shmeÐo vi. Epomènwc vi an kei sto eswterikì enìc n-di�statou kleistoÔ hmiq¸rou Hi wc
proc Πi. Epeid  λi(vi) = 1 > 0, prokÔptei ìti

Hi = {x ∈ Rn : λi(x) ≥ 0} kai Int(Hi) = {x ∈ Rn : λi(x) > 0}

Apì ta parap�nw

H0 ∩ .... ∩Hn = {x ∈ Rn : x =
n∑
i=0

λi(x)vi, λi(x) ≥ 0,
n∑
i=0

λi(x) = 1} = σn.

'Ara,

Int(σn) = Int(H0 ∩ .... ∩Hn) = Int(H0) ∩ ... ∩ Int(Hn) =

= {x ∈ Rn : x =
n∑
i=0

λi(x)vi,
n∑
i=0

λi(x) = 1, λ0(x) > 0, ..., λn(x) > 0}.

To teleutaÐo sÔnolo eÐnai mh kenì apì to Pìrisma 7.5.3 Apì ton orismì tou n-di�statou
kutt�rou prokÔptei ìti to σn eÐnai n-di�stato kÔttaro.
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Pìrisma 9.3.2. K�je n-monìploko σn tou Rn eÐnai sumpagèc.

Apìdeixh. ProkÔptei apì to Jewr mata 8.4.4 kai 9.3.1.

Pìrisma 9.3.3. K�je n-monìploko σn tou Rn eÐnai omoiomorfikì me th monadiaÐa n-di�stath
mp�la Bn.

Apìdeixh. ProkÔptei apì to Pìrisma 8.5.5.

Pìrisma 9.3.4. K�je n-monìploko σn tou Rn eÐnai n-di�stato kelÐ.

9.4 Monoplektik  upodiaÐresh monoplìkou.

Orismìc 9.4.1. Mia peperasmènh oikogèneia D = {σn1 , σn2 , ..., σnm} apoteloÔmenh apì n-
monìploka kaleÐtai monoplektik  upodiaÐresh tou n-monoplìkou σn an èqei tic akìloujec
idiìthtec:

(i) σn1 ∪ σn2 ∪ ... ∪ σnm = σn

(ii) opoiad pote dÔo stoiqeÐa thc D   den tèmnontai   tèmnontai kat� mÐa koin  touc èdra.

An D = {σn1 , σn2 , ..., σnm} eÐnai mia monoplektik  upodiaÐresh enìc monoplìkou σn, tìte o
arijmìc

mesh(D) = max{diam(σn1 ), diam(σn2 ), ..., diam(σnm)}
kaleÐtai leptìthta thc D.

Gia k�je σni ∈ D, i = 1, ...,m, sumbolÐzoume me V (σni ) to sÔnolo ìlwn twn koruf¸n
tou monoplìkou σni . Ta stoiqeÐa tou sunìlou V (D) =

⋃m
i=1 V (σni ) kaloÔntai korufèc thc

monoplektik c upodiaÐresh D.

Orismìc 9.4.2. 'Estw D mia monoplektik  upodiaÐresh enìc n-monoplìkou σn = v0v1...vn.
K�je apeikìnish α : V (D)→ {0, 1, ..., n} tètoia ¸ste

v ∈ V (D) kai v ∈ vi0vi1 ...vir , ìpou {i0, i1, ..., ir} ⊆ {0, 1, ..., n} =⇒ α(v) ∈ {i0, i1..., ir}
kaleÐtai arÐjmhsh twn koruf¸n thc monoplektik c upodiaÐreshc D.

Apì ton orismì 9.4.2 prokÔptei ìti an α eÐnai mia arÐjmhsh koruf¸n miac monoplektik c
upodiaÐreshc D enìc monoplìkou v0v1...vn, tìte α(vi) = i gia k�je koruf  vi tou v0v1...vn
(vi ∈ σ0 = H({vi}) ⇒ α(vi) ∈ {i}). An mia koruf  v thc D an kei sthn èdra vi0vi1 ...vir
tou v0v1...vn, tìte α(v) prèpei na isoÔtai me thn tim  thc α se mia apì tic korufèc thc èdrac
vi0vi1 ...vik .

ParathroÔme ìti an σni eÐnai èna stoiqeÐo thc monoplektik c upodiaÐreshc D kai α eÐnai
mia arÐjmhsh tou V (D), tìte h α antistoiqeÐ se k�je koruf  tou σni ènan apì touc arijmoÔc
0, 1, ..., n. O periorismìc autìc thc α sto sÔnolo twn koruf¸n tou σni mporeÐ se dÔo diafore-
tikèc korufèc tou σni na antistoiqeÐ ton Ðdio arijmì, opìte na mhn antistoiqeÐ se kamÐa koruf 
tou σni k�poion apì touc arijmoÔc 0, 1, ..., n. IsqÔei ìmwc to akìloujo l mma, to opoÐo ja
qrhsimopoihjeÐ sthn apìdeixh tou Jewr matoc tou Brouwer.

L mma tou Sperner. Gia k�je arÐjmhsh α twn koruf¸n miac monoplektik c upodiaÐreshc
D = {σn1 , σn2 , ..., σnm} enìc n-monoplìkou σn up�rqei toul�qiston èna monìploko σni ∈ D oi
korufèc tou opoÐou na èqoun arijmhjeÐ apì ìlouc touc arijmoÔc 0, 1, ..., n, dhlad 

α(V (σni )) = {0, 1, ..., n}.
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9.5 Kèntro b�rouc kai barukentrikì �stro monoplìkou.

Orismìc 9.5.1. Kèntro b�rouc enìc monoplìkou σk = v0v1...vk eÐnai to shmeÐo

b(σk) =
v0 + v1 + · · ·+ vk

k + 1

An b(σk) eÐnai kèntro b�rouc tou σk = v0v1...vk ⊆ Rn,

v0 = (v0
1, v

0
2, ..., v

0
n), v1 = (v1

1, v
1
2, ..., v

1
n), . . . , vk = (vk1 , v

k
2 , ..., v

k
n)

kai b(σk) = (b1, b2..., bn), tìte

b1 =
v0

1 + v1
1 + ...+ vk1
k + 1

, b2 =
v0

2 + v1
2 + ...+ vk2
k + 1

, . . . , bn =
v0
n + v1

n + ...+ vkn
k + 1

,

Dhlad  h i-sth suntetagmènh tou b(σk) eÐnai o mèsoc ìroc twn i-stwn suntetagmènwn
twn koruf¸n v0,v1, ...,vk tou σk.

ParadeÐgmata 9.5.1.

1. To kèntro b�rouc enìc 0-monoplìkou σ0 = {v0} eÐnai to shmeÐo v0.

2. K�je 1-monoplìko σ1 tou R3 eÐnai eujÔgrammo tm ma kai to kèntro b�rouc tou eÐnai to
mèso tou tm matoc.

3. K�je 2-monoplìko σ2 tou R3 eÐnai trÐgwno kai to kèntro b�rouc tou eÐnai to shmeÐo
tom c twn diamèswn tou σ2.

4. K�je 3-monoplìko σ3 = v0v1v2v3 tou R3 eÐnai tetr�edro kai to kèntro b�rouc tou eÐnai
to shmeÐo tom c twn eujÔgrammwn tmhm�twn viv

′
i, i = 0, 1, 2, 3, ìpou v′i eÐnai to shmeÐo

tom c twn diamèswn thc èdrac pou brÐsketai apènanti apì thn koruf  vi.

Prìtash 9.5.1. 'Estw σk = v0v1...vk èna k-monìploko.
Gia k�je fjÐnousa akoloujÐa edr¸n tou σk

σk ⊃ σk−1 ⊃ · · · ⊃ σ0

(gia k�je r = 1, ..., k to monìploko σr−1 eÐnai (r − 1)-di�stath èdra tou monoplìkou σr) ta
shmeÐa

b(σk),b(σk−1), . . . ,b(σ0)

eÐnai se genik  jèsh kai, sunep¸c, orÐzoun èna k-monìploko b(σk)b(σk−1) . . .b(σ0).
H oikogèneia ìlwn twn k-monoplìkwn b(σk)b(σk−1) . . .b(σ0) pou orÐzontai me ton parap�nw

trìpo eÐnai mia monoplektik  upodiaÐresh tou σk.

Orismìc 9.5.2. To barukentrikì �stro enìc k-monoplìkou σk = v0v1...vk eÐnai h mono-
plektik  upodiaÐresh B(σk) tou σk apoteloÔmenh ap

,
ìla ta k-monìploka thc morf c

b(σk)b(σk−1) . . .b(σ0), to kajèna apì ta opoÐa antistoiqeÐ se mia fjÐnousa akoloujÐa edr¸n
tou σk ⊃ σk−1 ⊃ · · · ⊃ σ0 tou σk.
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ParadeÐgmata 9.5.2.

1. To barukentrikì �stro tou eujÔgrammou tm matoc AB me mèso to shmeÐoM apoteleÐtai
apì eujÔgramma tm mata AM kai MB, dhlad  B(AB) = {AM,MB}

2. To barukentrikì �stro tou trig¸nou ABC me kèntro b�rouc to shmeÐo M , mèso tou
AB to shmeÐo C ′, mèso tou BC to shmeÐo A′ kai mèso tou AC to shmeÐo B′, apoteleÐtai
apì 6 trÐgwna me ènwsh to ABC, dhlad 

B(ABC) = {AMB′, AMC ′, BMA′, BMC ′, CMA′, CMB′}.

Prìtash 9.5.2. Gia k�je x ∈ Rn kai gia k�je v ∈ v0v1...vk isqÔei

dn(x,v) ≤ max{dn(x,vj) : j = 0, 1, ..., k}.

Apìdeixh. 'Estw ìti v = λ0v0 + λ1v1 + · · ·+ λkvk, ìpou λ0 + λ1 + · · ·+ λk = 1. Epeid 

x = 1 · x = (λ0 + λ1 + · · ·+ λk)x

paÐrnoume diadoqik�

dn(x,v) = |x− v|n =

∣∣∣∣∣
k∑
j=0

λjx−
k∑
j=0

λjvj

∣∣∣∣∣
n

=

∣∣∣∣∣
k∑
j=0

λj(x− vj)

∣∣∣∣∣
n

≤

≤
k∑
j=0

λj |x− vj|n ≤
k∑
j=0

λj max
0≤j≤k

|x− vj|n = max
0≤j≤k

|x− vj|n ·
k∑
j=0

λj =

= max{dn(x,vj) : j = 0, 1, ..., k}.

Prìtash 9.5.3. Gia k�je monìploko σk = v0v1...vk isqÔei

mesh(B(σk)) ≤ k

k + 1
diam(σk).

Apìdeixh. 'Estw σ = b(σk)b(σk−1) . . .b(σ0) ∈ B(σk), ìpou

σk ⊃ σk−1 ⊃ · · · ⊃ σ0

eÐnai mia fjÐnousa akoloujÐa edr¸n tou σk tètoia ¸ste gia k�je r = 1, ..., k to σr−1 eÐnai mia
(r − 1)-di�stath èdra tou σr. Tìte

diam(σ) = diam({b(σk),b(σk−1), . . . ,b(σ0)}).

ArkeÐ na deÐxoume ìti d(b(σr),b(σs) ≤ k
k+1

diam(σk), gia k�je s, r ∈ {0, 1, ..., k}.
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'Estw s < r ≤ k. Tìte σs eÐnai mÐa èdra tou σr kai σr eÐnai mia èdra tou σk. Epomènwc
up�rqoun vi0 ,vi1 , ...,vis , ...,vir ∈ {v0,v1, ...,vk} tètoia ¸ste

σr = vi0vi1 ...vis ...vir ,

σs = vi0vi1 ...vis .

Epeid  b(σs) ∈ σs = vi0vi1 ...vis , apì thn Prìtash 9.5.2 èqoume

d(b(σr),b(σs) ≤ max{dn(b(σr),vi0), ..., d(b(σr),vis)}
= d(b(σr),vij), vij ∈ {vi0 , ...,vis} ⊆ {vi0 , ...,vis , ...,vir}.

Opìte

dn(b(σr),vij) =

∣∣∣∣vi0 + vi1 + ...+ vir
r + 1

− vij

∣∣∣∣
n

≤ 1

r + 1

∣∣∣∣∣
r∑

k=0

(vik − vij)

∣∣∣∣∣
n

≤

≤ 1

r + 1

∣∣∣∣∣
r−1∑
k=0

(diam(σk))

∣∣∣∣∣
n

≤ r

r + 1
diam(σk) ≤ k

k + 1
diam(σk).

'Ara

dn(b(σr),b(σs) ≤ dn(b(σr),v) ≤ k

k + 1
diam(σk).

Pìrisma 9.5.1. Gia k�je monìploko σk kai gia k�je x ∈ σk isqÔei

dn(x,b(σk)) ≤ k

k + 1
diam(σk).

Orismìc 9.5.3. Gia k�je i = 1, 2, ..., h i-ost  barukentrik  upodiaÐresh Bi(σ
k) tou mono-

plìkou σk orÐzetai epagwgik� wc ex c:

B1(σk) = B(σk),

B2(σk) = ∪{B(σ) : σ ∈ B1(σk)}, . . . ,
Bi+1(σk) = ∪{B(σ) : σ ∈ Bi(σ

k)}, . . .

K�je i-ost  barukentrik  upodiaÐresh Bi(σ
k) eÐnai monoplektik  kai

mesh(Bi(σ
k)) ≤

(
k

k + 1

)i
diam(σk).

Pìrisma 9.5.2. Gia k�je monìploko σk kai gia k�je ε > 0 up�rqei fusikìc arijmìc i
tètoioc, ¸ste h leptìthta thc i-ost c barukentrik c upodiaÐreshc na eÐnai < ε, dhlad 

mesh(Bi(σ
k)) < ε.
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9.6 ApeikonÐseic metaxÔ twn monoplìkwn.

Je¸rhma 9.6.1. Opoiad pote dÔo k-monìploka eÐnai omoiomorfik�.

Apìdeixh. JewroÔme ta shmeÐa

d0 = (1, 0, 0, ..., 0), d1 = (0, 1, 0, ..., 0), ..., dk = (0, ..., 0, 1)

tou Rk+1. Dhlad  ìlec oi suntetagmènec tou dj eÐnai Ðsec me 0 ektìc apì thn (j + 1)-
suntetagmènh, h opoÐa isoÔtai me 1. Ta shmeÐa d0,d1, ...,dk eÐnai se genik  jèsh kai, sunep¸c,
orÐzoun èna k-monìploko σ = d0d1...dk. ParathroÔme ìti ta shmeÐa d0,d1, ...,dk apoteloÔn
b�sh tou Rk+1, �ra oi barukentrikèc suntetagmènec opoioud pote d ∈ d0d1...dk sumpÐptoun
me tic suntetagmènec tou d sto Rk+1. 'Ara,

d0d1...dk = {x0d0 + x1d1 + ...+ xkdk ∈ Rk+1 : x0, ..., xk ∈ [0,∞), x0 + · · ·+ xk = 1}.

To σ eÐnai kleistì wc tom  tom  k-epipèdou pou orÐzetai apì ta shmeÐa d0,d1, ...,dk kai
tou kleistoÔ upìqwrou {x0d0 + x1d1 + ... + xkdk ∈ Rk+1 : x0, x1, ..., xk ∈ [0,∞)}. Epeid 
k�je monìploko eÐnai fragmèno, prokÔptei ìti σ eÐnai sumpagèc.

ArkeÐ na apodeÐxoume ìti k�je k-monìploko eÐnai omoiomorfikì me to σ.
'Estw σk = v0v1...vk, 0 ≤ k ≤ n, èna k-monìploko tou Rn.
'Estw f : Rk+1 → Rn orÐzetai apì ton tÔpo

f(x0d0 + x1d1 + ...+ xkdk) = x0v0 + x1v1 + ...+ xkvk.

Profan¸c h f eÐnai grammik , epomènwc h f eÐnai suneq c.
Epeid  f(dj) = vj gia j = 1, ..., k+1 kai epeid  oi barukentrikèc suntetagmènec opoioud -

pote shmeÐou eÐnai monos manta orismènec, prokÔptei ìti o periorismìc thc f sto monìploko
σ = d0d1...dk eÐnai mia èna-proc-èna apeikìnish epÐ tou monoplìkou σk = v0v1...vk.

Epeid  k�je suneq c, èna-proc-èna kai epÐ apeikìnish orismènh se èna sumpag  q¸ro eÐnai
omoiomorfismìc, èpetai ìti o periorismìc f |σ thc f sto sumpagèc σ eÐnai omoiomorfismìc tou
σ epÐ tou f(σ) = σk.

Pìrisma 9.6.1. K�je monìploko eÐnai sumpagèc.

Pìrisma 9.6.2. Gia k�je 1 ≤ k ≤ n k�je k-monìploko tou Rn eÐnai k-di�stato kelÐ.

Je¸rhma 9.6.3. 'Estw {Fi}ki=0 mia oikogèneia k+ 1 kleist¸n uposunìlwn tou monoplìkou
σk = v0v1...vk.

An gia k�je èdra vi0vi1 ...vir , 0 ≤ r ≤ k tou σk isqÔei ìti

vi0vi1 ...vir ⊆ Fi0 ∪ Fi1 ∪ ... ∪ Fir ,

tìte
F0 ∩ F1 ∩ ... ∩ Fk 6= ∅.
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Apìdeixh. Ac upojèsoume ìti
F0 ∩ F1 ∩ ... ∩ Fk = ∅.

Tìte h oikogèneia {Ui}ki=0, ìpou Ui = σk \ Fi eÐnai mia anoikt  k�luyh tou σk. Epeid  to
σk sumpag c q¸roc, gia thn anoikt  k�luyh {Ui}ki=0 up�rqei arijmìc ε > 0 (arijmìc tou
Lebesgue) tètoioc ¸ste k�je uposÔnolo tou σk diamètrou < ε perièqetai se èna apì ta
U0, ..., Uk, dhlad  den tèmnei èna apì ta F0, ..., Fk.

'Estw ìti l ènac fusikìc arijmìc gia ton opoÐo h leptìthta thc l-ost c barukentrik c
upodiaÐreshc Bl(σ

k) tou σk na eÐnai < ε. 'Estw W to sÔnolo ìlwn twn koruf¸n thc Bl(σ
k).

Gia k�je w ∈ W h tom  ìlwn twn edr¸n tou σk pou perièqoun to w eÐnai mÐa èdra
vi0vi1 ...vir tou σk. Apì thn upìjesh tou jewr matoc

w ∈ vi0vi1 ...vir ⊆ Fi0 ∪ Fi1 ∪ ... ∪ Fir .

Sunep¸c w ∈ Fij ìpou 0 ≤ j ≤ r. Jètoume h(w) = ij.
Me ton trìpo autì gia thn monoplektik  upodiaÐresh Bl(σ

k) orÐzoume mÐa apeikìnish
h : W → {0, 1, ..., k} pou ikanopoieÐ thn sunj kh tou L mmatoc Sperner :

w ∈ vi0vi1 ...vir =⇒ h(w) ∈ {i0, i1, ..., ir}.

'Ara up�rqei σ = w0w1...wk ∈ Bl(σ
k) tètoio, ¸ste h(wi) = i gia k�je i = 0, 1, ..., k. Epeid 

diam(σ) < ε, σ ⊆ Ui = σk \ Fi gia k�poio i. 'Omwc, apì ton orismì thc h èqoume wi ∈ Fi gia
k�je i = 0, 1, ..., k. 'Ara, σ ∩ Fi 6= ∅ gia k�je i = 0, 1, ..., k, pou eÐnai �topo.

Je¸rhma 9.6.4. (Brouwer)Gia k�je k = 1, 2, ... k�je k-monìploko σk èqei thn idiìthta
tou stajeroÔ shmeÐou.

Dhlad , gia k�je suneq c apeikìnish

f : σk → σk

up�rqei x ∈ σk gia to opoÐo f(x) = x.

Apìdeixh. 'Estw σk = v0v1...vk kai x ∈ σk. Tìte

x = λ0(x)v0 + λ1(x)v1 + ...+ λk(x)vk, (9.1)

λ0(x) + λ1(x) + ...+ λk(x) = 1 kai λj(x) ≥ 0 gia k�je j = 0, 1, ...k. (9.2)

Epeid  f(x) ∈ σk, èqoume epÐshc

f(x) = λ0(f(x))v0 + λ1(f(x))v1 + ...+ λk(f(x))vk, (9.3)

λ0(f(x)) + λ1(f(x)) + ...+ λk(f(x)) = 1 kai λj(f(x)) ≥ 0 gia k�je j = 0, 1, ...k. (9.4)

Ja deÐxoume ìti gia k�je i = 0, 1, ..., k to sÔnolo

Fi = {x ∈ σk : λi(f(x)) ≤ λi(x)}

eÐnai kleistì, dhlad  perièqei ta shmeÐa suss¸reushc tou.
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Pr�gmati, an x eÐnai shmeÐo suss¸reushc tou Fi, tìte up�rqei akoloujÐa {xn}∞n=1 ∈ Fi
gia thn opoÐa x = lim

n→∞
xn. Epeid  h sunart seic λi kai f eÐnai suneq c, h sun�rthsh λi ◦ f

eÐnai suneq c. Opìte λi(x) = lim
n→∞

λi(xn) kai λi(f(x)) = lim
n→∞

λi(f(xn)). Epeid  λi(f(xn)) ≤
λi(xn) gia k�je n, èqoume

lim
n→∞

λi(f(xn)) ≤ lim
n→∞

λi(xn).

'Ara, λi(f(x)) ≤ λi(x)}, dhlad  x ∈ Fi.
Ja deÐxoume ìti h oikogèneia {Fi}ki=0 ikanopoieÐ tic proupojèseic tou Jewr matoc 9.6.3.
'Estw x ∈ vi0vi1 ...vir , 0 ≤ r ≤ k. Tìte

λi0(x) + λi1(x) + ...+ λir(x) = 1 (9.5)

Apì thn sqèseic (9.4) kai (9.5) prokÔptei ìti

λi0(f(x)) + λi1(f(x)) + ...+ λir(f(x)) ≤ 1 = λi0(x) + λi1(x) + ...+ λir(x).

Epomènwc λij(f(x)) ≤ λij(x) gia k�poio j ∈ {0, 1, ..., r}, opìte x ∈ Fij . 'Ara

vi0vi1 ...vir ⊆ Fi0 ∪ Fi1 ∪ ... ∪ Fir .

SÔmfwna me to Je¸rhma 9.6.3 up�rqei x ∈ F0 ∩ F1 ∩ ... ∩ Fk. Apì ton orismì twn sunìlwn
Fi èqoume

λ0(f(x)) ≤ λ0(x), λ1(f(x)) ≤ λ1(x), ..., λk(f(x)) ≤ λk(x). (9.6)

Apì tic sqèseic (9.2), (9.4) kai (9.6) prokÔptei ìti h austhr  anisìthta λj(f(x)) < λj(x)
den mporeÐ na isqÔei gia kanèna j = 0, 1, ..., k. 'Ara,

λ0(f(x)) = λ0(x), λ1(f(x)) = λ1(x), ..., λk(f(x)) = λk(x),

dhlad  f(x) = x.

Je¸rhma 9.6.5. To sÔnoro tou monoplìkou σn, n = 1, 2, ..., den eÐnai surrÐknwma tou.
Dhlad , den up�rqei suneq c apeikìnish r : σn → Bd(σn) enìc monoplìkou sto sÔnorì tou
tètoia ¸ste r(x) = x gia k�je x ∈ Bd(σn).

Apìdeixh. SÔmfwna me to Je¸rhma tou Brouwer k�je monìploko σn èqei thn idiìthta tou
stajeroÔ shmeÐou. Epomènwc (apì to Je¸rhma 1.6.2) k�je surrÐknwma tou σn èqei thn
idiìthta tou stajeroÔ shmeÐou. ArkeÐ na deÐxoume ìti to sÔnolo Bd(σn) den èqei thn idiìthta
tou stajeroÔ shmeÐou. Na broÔme dhlad  mia suneq c apeikìnish tou Bd(σn) sto Bd(σn) pou
na mhn èqei stajerì shmeÐo.

'Estw s ∈ Int(σn). K�je eujeÐa pou dièrqetai apì èna eswterikì shmeÐo s tou monoplìkou
tèmnei to sÔnoro tou monoplìkou akrib¸c se dÔo shmeÐa.

JewroÔme thn suneq  apeikìnish g : Bd(σn) → Bd(σn), h opoÐa se k�je b ∈ Bd(σn)
antistoiqeÐ to shmeÐo g(b) ∈ Bd(σn) pou eÐnai to shmeÐo tom c thc eujeÐac pou dièrqetai apì
ta shmeÐa b kai s me to sÔnoro Bd(σn) kai to opoÐo eÐnai diaforetikì apì to b. Epeid 
g(b) 6= b gia k�je b ∈ Bd(σn), h g den èqei stajerì shmeÐo.
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Je¸rhma 9.6.6. Den up�rqei suneq c apeikìnish enìc n-monoplìkou σn sto sÔnorì tou
pou na apeikonÐzei k�je (n− 1)-di�stath èdra tou σn ston eautì thc.

Apìdeixh. Ac upojèsoume ìti antÐjeta up�rqei mia suneq c apeikìnish r : σn → Bd(σn) pou
apeikonÐzei k�je (n− 1)-di�stath èdra tou σn na apeikonÐzetai ston eautì thc.

'Estw ìti g : Bd(σn) → Bd(σn) eÐnai h suneq c apeikìnish pou orÐsthke sthn apìdeixh
tou Jewr matoc 9.6.5 kai f = g ◦ r : σn → Bd(σn) ⊆ σn.

Epeid  h f eÐnai suneq c, apì to Je¸rhma tou Brouwer prokÔptei ìti up�rqei b ∈ σn

tètoio ¸ste f(b) = b. Epeid  h f apeikonÐzei to σn sto Bd(σn), prokÔptei ìti b ∈ Bd(σn).
Apì tic idiìthtèc thc g prokÔptei ìti ta shmeÐa r(b) kai g(r(b)) = b an koun se diaforetikèc
(n − 1)-di�statec èdrec tou σn. 'Ara, r(b) kai b an koun se diaforetikèc (n − 1)-di�statec
èdrec tou σn, pou eÐnai �topo.

Orismìc 9.6.3. 'Estw ìti f : S → Z eÐnai mia apeikìnish kai S ⊆ X.
Mia apeikìnish f̄ : X → Z kaleÐtai epèktash thc f sto sÔnolo X an kai mìnon an

f̄(s) = f(s) gia k�je s ∈ S.

Mia apeikìnish r : X → S, ìpou S ⊆ X eÐnai surrÐknwsh an kai mìnon an r eÐnai epèktash
thc tautotik c apeikìnishc τ : S → S ston X.

Je¸rhma 9.6.7. Den up�rqei epèktash thc tautotik c apeikìnishc

i : Bd(σn)→ Bd(σn)

tou sunìrou tou σn se ìlo to σn.

Apìdeixh. Ac upojèsoume ìti antÐjeta up�rqei mia suneq c epèktash

i : σn → Bd(σn)

sto σn thc tautotik c apeikìnishc i : Bd(σn)→ Bd(σn). Tìte gia k�je x ∈ Bd(σn) ja isqÔei

i(x) = i(x) = x.

Opìte i eÐnai surrÐknwsh tou σn sto Bd(σn), pou eÐnai �topo afoÔ to sÔnoro kanenìc mono-
plìkou den eÐnai surrÐknwma tou (bl. Je¸rhma 9.6.5).

Je¸rhma 9.6.8. Gia k�je suneq c apeikìnish f : Bd(σn) → σm up�rqei mia suneq c
epèktash f̄ : σn → σm.

Apìdeixh. Epeid  gia k�je k = 0, 1, ... opoiad pote dÔo k-monìploka eÐnai omoiomorfik�,
mporoÔme na upojèsoume ìti σn ⊆ Rn kai σm ⊆ Rm.

'Estw p ∈ Int(σn). Tìte
σn = ∪{pb : b ∈ Bd(σn)

'Estw q èna tuqaÐo shmeÐo tou σm.
An x ∈ σn, tìte x ∈ pb gia k�poio b ∈ Bd(σn).
An x = λp + (1− λ)b, ìpou λ ∈ [0, 1], tìte orÐzoume f̄(x) = λq + (1− λ)f(b).
H apeikìnish f̄ : σn → σm eÐnai suneq c epèktash thc f .



S
of
Ða
Za
fe
ir
Ðd
ou

92 KEF�ALAIO 9. MON�OPLOKA TOU RN .



S
of
Ða
Za
fe
ir
Ðd
ou

Kef�laio 10

SÔmploka kai PolÔedra.

10.1 SÔmploka.

Orismìc 10.1.1. 'Ena peperasmèno sÔnolo T apoteloÔmeno apì monìploka tou Rm kaleÐtai
sÔmploko an kai mìnon an èqei tic akìloujec idiìthtec:

(i) T perièqei ìlec tic èdrec ìlwn twn stoiqeÐwn tou.

(ii) An σ, σ′ ∈ T kai σ ∩ σ′ 6= ∅, tìte σ ∩ σ′ eÐnai mia koin  èdra kai tou σ kai tou σ′.

H ènwsh ìlwn twn stoiqeÐwn enìc sumplìkou T kaleÐtai stereì tou T kai sumbolÐzetai
me |T|.

O fusikìc arijmìc n kaleÐtai di�stash tou sumplìkou T an eÐnai o mikrìteroc fusikìc
arijmìc gia ton opoÐon k�je stoiqeÐo tou sumplìkou T èqei di�stash ≤ n.

'Ena sÔmploko T di�stashc n perièqei monìploka ìlwn twn diast�sewn apì 0 èwc n.

Orismìc 10.1.2. Ta 0-monìploka tou sumplìkou T kaloÔntai korufèc tou T. To sÔnolo
ìlwn twn koruf¸n tou T sumbolÐzetai me T0.

Orismìc 10.1.3. Gia k�je i = 0, 1, ..., n, to sÔnolo ìlwn twn i-monoplìkwn tou T kaleÐtai
i-skeletìc tou T kai sumbolÐzetai me Ti.

ParadeÐgmata 10.1.1.

1. To sÔnolo pou apoteleÐtai apì èna monìploko σn kai ìlec tic èdrec tou eÐnai èna
sÔmploko, to stereì tou opoÐou eÐnai to σn.

2. 'Estw D mia monoplektik  upodiaÐresh enìc trig¸nou σ2 = v0v1v2.

H D apoteleÐtai apì trÐgwna, ta opoÐa an� dÔo eÐte den tèmnontai, eÐte tèmnontai kat�
mÐa koruf , eÐte tèmnontai kat� mÐa pleur�.

'Estw ìti T eÐnai to sÔnolo ìlwn twn trig¸nwn thc D, ìlwn twn pleur¸n twn trig¸nwn
thc D kai ìlwn twn koruf¸n twn trig¸nwn thc D. Tìte T eÐnai èna sÔmploko gia to
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opoÐo

T0 = V (D)

T1 =
⋃
{vw : vw eÐnai pleur� k�poiou trig¸nou thc D}

T2 =
⋃
{vwz : vwz eÐnai trig¸nou-stoiqeÐo thc D}

|T| = v0v1v2

3. JewroÔme ta shmeÐa O = (0, 0), A = (1, 0), B = (1, 0), C = (1, 1) tou R2. 'Ena
sÔmploko tou R2 eÐnai to sÔnolo

T = {OA,OB,OC,BC,O,A,B,C}.

'Eqoume

T0 = {O,A,B,C}
T1 = {OA,OB,OC,BC}
|T| = OA ∪OB ∪OC ∪BC

4. 'Estw abcd èna orjog¸nio me pleurèc ab, bc, cd kai da.

An qwrÐsoume to abcd me diag¸nio ac se dÔo trÐgwna abc kai adc, tìte to sÔnolo

T1 = {abc, adc, ab, bc, ca, cd, da, a, b, c, d},

pou apoteleÐtai apì ta trÐgwna aut�, tic pleurèc touc kai tic korufèc touc, eÐnai èna
sÔmploko kai |T1| = abcd.

'Estw o eÐnai shmeÐo tom c twn diagwnÐwn ac kai bd tou abcd. To sÔnolo

T2 = {aob, aod, doc, cob, ab, bc, cd, da, ao, bo, co, do, a, b, c, d}

eÐnai èna sÔmploko kai |T2| = abcd.

10.2 PolÔedra.

Orismìc 10.2.1. 'Ena uposÔnolo P tou Rn kaleÐtai polÔedro an up�rqei èna sÔmploko T
tou Rn tètoio ¸ste to P = |T|.

An T eÐnai èna sÔmploko kai P = |T|, tìte to sÔmploko T kaleÐtai trigwnismìc tou
poluèdrou P.

'Ena polÔedro mporeÐ na èqei polloÔc trigwnismoÔc.

'Ena polÔedro mporeÐ na mhn eÐnai sunektikì.

'Ena polÔedro mporeÐ na kataskeuasteÐ apì monìploka diaforetik¸n diast�sewn.

An to sÔmploko T eÐnai ènac trigwnismìc enìc poluèdrou P, tìte h (topologik ) di�stash
tou poluèdrou P isoÔtai me thn di�stash tou T.
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ParadeÐgmata 10.2.1.

1. K�je monìploko eÐnai polÔedro.

2. To orjog¸nio abcd pou perigr�yame parap�nw eÐnai èna polÔedro, epeid  eÐnai ènwsh
twn stoiqeÐwn enìc sumplìkou T1. To sÔmploko T1 eÐnai ènac trigwnismìc tou abcd.

QwrÐzontac to abcd se tèssera trÐgwna me dÔo diag¸niouc ac kai bd pou tèmnontai sto
shmeÐo o, paÐrnoume ènan �llo trigwnismì

T2 = {aob, boa, cod, doa, ab, bc, cd, da, oa, ob, oc, od, a, b, c, d, o}.

3. Ta trisdi�stata polÔedra tic gewmetrÐac eÐnai polÔedra me thn ènnoia pou orÐsame. Gia
na broÔme èna trigwnismì enìc tètoiou poluèdrou P, arkeÐ na qwrÐsoume tic èdrec tou
se trÐgwna kai na qwrÐsoume to P se tetr�edra me epÐpeda pou perièqoun èna epilegmèno
shmeÐo p sto eswterikì tou poluèdrou kai tic pleurèc twn trig¸nwn.

4. K�je monoplektik  upodiaÐresh D enìc monoplìkou σ orÐzei ènan
trigwnismì tou σ, o trigwnismìc autìc apoteleÐtai apì ta stoiqeÐa thc D kai ìlec
tic èdrec ìlwn twn stoiqeÐwn thc D.

5. To barukentrikì �stro kai k�je i-ost  (i = 2, 3, ...) barukentrik 
upodiaÐresh enìc monoplìkou σ orÐzoun ènan trigwnismì tou σ.

ShmeÐwsh 10.2.1. Gia k�je monìploko σ kai gia k�je ε > 0 up�rqei barukentrik  upodi-
aÐresh Bi(σ) tou σ ta stoiqeÐa thc opoÐac èqoun di�metro < ε.

Epomènwc gia k�je polÔedro up�rqoun osod pote leptoÐ trigwnismoÐ, dhlad  gia k�je
polÔedro P kai gia k�je ε > 0 up�rqei ènac trigwnismìc T tou P tètoioc ¸ste T apoteleÐtai
apì monìploka me diamètrouc < ε.

Prìtash 10.2.1. K�je polÔedro eÐnai sumpagèc.

Apìdeixh. K�je polÔedro eÐnai ènwsh miac peperasmènhc oikogèneiac monoplìkwn. Epeid 
k�je monìploko eÐnai sumpagèc kai epeid  h ènwsh k�je peperasmènhc oikogèneiac sumpag¸n
sunìlwn eÐnai sumpagèc sÔnolo, prokÔptei ìti k�je polÔedro eÐnai sumpagèc.

Orismìc 10.2.2. K�je sÔnolo omoiomorfikì me èna polÔedro kaleÐtai
trigwnopoi simo sÔnolo.

Ta trigwnopoi sima sÔnola kaloÔntai kampulìgramma polÔedra.

An èna sÔnolo A eÐnai trigwnopoi simo, tìte up�rqei èna polÔedro P kai ènac omoiomor-
fismìc h : P→ A. An T eÐnai ènac trigwnismìc tou P, tìte o omoiomorfismìc h apeikonÐzei
ta monìploka tou T se uposÔnola tou A. To sÔnolo

{h(σ) : σ ∈ T}

kaleÐtai kampulìgrammoc trigwnismìc tou A.
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ParadeÐgmata 10.2.2.

1. H mp�la Bn eÐnai omoiomorfik  me to n-di�stato monìploko σn. Epeid  k�je monì-
ploko eÐnai polÔedro, h Bn eÐnai èna kampulìgrammo polÔedro, dhlad  h mp�la Bn eÐnai
trigwnopoi simh.

2. An h : σn → Bn, tìte h(Bd(σn)) = Bd(Bn)) = Sn−1. Epeid  to sÔnoro k�je mono-
plìkou eÐnai trigwnopoi simo, èpetai ìti h sfaÐra Sn−1 eÐnai trigwnopoi simh gia k�je
n = 1, 2, ....

3. K�je kurtì, sumpagèc kai mh sunoriakì uposÔnolo tou Rn eÐnai trigwnopoi simo, epeid 
eÐnai omoimorfikì me to σn.

4. Up�rqoun trigwnopoi sima sÔnola, ta opoÐa eÐnai mh kurt�. Gia par�deigma h n-di�stath
sfaÐra Sn eÐnai trigwnopoi simh kai mh kurt .

10.3 Qarakthristik  tou Euler enìc poluèdrou.

Orismìc 10.3.1. 'Estw P èna n-di�stato polÔedro kai T ènac trigwnismìc tou P. Gia
k�je i = 0, 1, ... sumbolÐzoume me ti to pl joc twn i-di�statwn monoplìkwn tou T. O arijmìc

χ(P) =
n∑
i=0

(−1)iti

kaleÐtai qarakthristik  tou Euler tou P.

ApodeiknÔetai ìti:

1. O arijmìc χ(P) enìc poluèdrou P eÐnai anex�rthtoc apì ton trigwnismì T tou P.

2. An ta polÔedra P1 kai P2 eÐnai omoiomorfik�, tìte χ(P1) = χ(P2).

ParadeÐgmata 10.3.1.

1. Gia èna trÐgwno abc èqoume: t0 = 3, t1 = 3 kai t2 = 1. 'Ara,

χ(abc) =
2∑
i=0

(−1)iti = 3− 3 + 1 = 1.

2. Gia touc trigwnismoÔc T1 kai T2 enìc orjogwnÐou abcd (Par�deigma 10.1.1(4)) èqoume:

χ(T1) =
2∑
i=0

(−1)iti = 4− 5 + 2 = 1,

χ(T2) =
2∑
i=0

(−1)iti = 5− 8 + 4 = 1.



S
of
Ða
Za
fe
ir
Ðd
ou

10.3. QARAKTHRISTIK�H TOU EULER EN�OS POLU�EDROU. 97

3. Gia èna tetr�edro σ3 èqoume: t0 = 4, t1 = 6, t2 = 4 kai t3 = 1. 'Ara,

χ(σ3) =
3∑
i=0

(−1)iti = 4− 6 + 4− 1 = 1.

Gia k�je kampulìgrammo polÔedro A up�rqei èna polÔedro P kai ènac
omoiomorfismìc h : P → A. H qarakthristik  tou Euler mporeÐ na oristeÐ gia to A wc
ex c:

χ(A) = χ(P).

Gia par�deigma
χ(B2) = χ(σ2) = 1 kai χ(B3) = χ(σ3) = 1.

An dÔo kampulìgramma polÔedra A kai B eÐnai omoiomorfik�, tìte

χ(A) = χ(B).

MporeÐ ìmwc kai dÔo mh omoimorfik� kampulìgramma polÔedra na èqoun thn Ðdia qarak-
thristik  tou Euler, p.q. χ(B2) = χ(B3) = 1, ìmwc o kÔkloc kai h mp�la den eÐnai omoiomor-
fik�.



S
of
Ða
Za
fe
ir
Ðd
ou

98 KEF�ALAIO 10. S�UMPLOKA KAI POL�UEDRA.



S
of
Ða
Za
fe
ir
Ðd
ou

BibliografÐa

[1] R. Engelking, General Topology, Heldermann Verlag, Berlin, 1989.

[2] J. G. Hocking and G. S. Young, Topology, Addison-Wesley Publishing Company, Inc.,
1961.

[3] W. Hurewicz and H. Wallman, Dimension Theory, Princeton Mathematical Series, v. 4.
Princeton University Press, Princeton, N. J., 1941.

[4] A. Lelek, Zbiory, Biblioteczka Matematyczna, Tom 26 Państwowe Zaklady Wydawnictw
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