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Kegpdiato 1

Baocwxéc évvolec.

1.1 Tomroloywxol yweot.

Opglopodg 1.1.1. M owoyéveln untocuvorwy T evog cuvohou X xaheltoan tomodoyia Tou X
av €yel Tig oaxOhoVIES WIOTNTES:

1.0, XeT
2. Ul,UQET:UlmUQGT
3. {Ui}iel CT — Uie[ U,eT

Av T eivar tonoloyio tou X, téte 10 Lebyog (X, T) xaheiton tomodoyikds ypos.
To otoyela tng Tomoroylog T' xohobvtow avoiktd vroovvoda (¢ TEOG TNV T) wou X.

‘Otav 1 totohoyioa Tou X elvar cuyxexpévn xou dev untdpyet xivduvog olyyuorng, avti Tng
Exppaonc “tomohoyixog yopeoc (X, T)" yehotwonoteitan n éxgppacn “tonohoyixdc yheos X7 1
amhd “yopog X7

‘Eva unoalvoho F evéc tomohoyxol yodpou X xoheiton kAeotd av to utoclivoro X \ F
etvor avoLxTo.

Amd Tic 1010TNTES 2 %ot 3 Tou 0plouol TS ToTohoyiag TEOXUTTEL OTL

. / 7 4 4 4 2,
(i) H touR twv otolyeiwy onolodfnote nenepaouévne oxoyévews {G, ..., Gy} avoxtdy
OLYOAWY EVOC ToTohOYX00 YWeou X elvon avowxtd alvolo.
.. Z 4 4 2 7, 4 4 7
(i1) H évwon twv ototyeinv onowasdinote oxoyévelns {G; ficr avoxtédv cUVOAwY EVOC TOTOROYIXOU

yweou X elvan avoixté cOVOro.

Ocshpnpa 1.1.2. H toun wy oroiyeiwy otoiaodrtote oikoyéveas { F }icr kAewotdy ouvidwy
evds tomodoyikol ywpov X efvar kAewoté ovolo.

Ochpnua 1.1.3. H évwon twv otoyeiowr otolagdnrote nenepacpérng oikoyéveias { Fy, ..., F, }
kA€ot owddwy €r6§ Ttomodoyikov ywpou X elvar kAeiotd oUvolo.

Oewepnua 1.1.4. Ay G €ivai avoikté vnoovvodo kat F' efvar kheiotd uroodvolo €vdg tomodoyikot
xpou X, tdre

(1) F'\ G elvar kAewotd odvoro kar

(11) G\ F eivar avoikté ovvolro.
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1.2 IlepiBAnua xou sowtepixd.
‘Eotw (X,T) évac tonohoyixde yweog xat éotw A C X.
‘Eva onuelo x € X xahetton
o cowtepikd onpeio Tou A av undpyet U € T' tétowo wote x € U C A
o onueio emagnis tou A av yio xdde UeT tétoo wote x €U woybet UN A # ()

e opiakd onueio tou A av v xdde U € T tétoto wote x € U oy el
Un(A\{z}) #0

o pepovouérvo onueio 1ou A av undpyer U € T tétoo wote UN A = {z}.

Y10 A avtiototyolue ta €€ olvola:
Int(A) = {x € X : x eowtepxd onuelo tou A} - cowtepikd (interior) Tou A
Cl(A) = {z € X : x onyelo enaghc tou A} - nepiBAnua (closure) tou A
= {z € X : x oplax6 anpeio tou A} - mapdywyos (derivative) Tou A
Bd(A) = CI(A)NCIU(X \ A) - gtvopo (boundary) tou A
Oewepnua 1.2.1. Fotw X évag tonodoyikds yapos ka1 G C X.
(i) G etvar avoiktd av karpdévov av G = Int(G).
(i7) G elvar kAewoté av ka1 uévov av G = Cl(G).
Oewpnua 1.2.2. Foww X évag petpixds ywpos kar G C X. Tore oo X
(1) CU(G) elvar kAewotd, (1) Int(G) eivar avoixtd, (iii) Bd(G) elvar kAeotd.
Oewpnua 1.2.2. Av X evar évag totodoyikés ywpos kar A C X, tote
i) CI(CI(A)) = Cl(A)
i1) Int(Int(A)) = Int(A)
it1) Int(A) C A C CI(A)

v) X\ Int(A) =CI(X \ A)

vi) Bd(A) = CU(A) \ Int(A)

(

(

(

(iv) X \ CU(A) = Int(X \ A)
(

(

(vii) CU(A) = AU A,
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Oewenua 1.2.3. Av X evar évag torodoyikot yapos kar A C B C X, tére
Int(A) C Int(B), CI(A) C Cl(B), A*C B*
Oewpnua 1.2.4. Ay X elvar évag torodoyikot xdapos kart A, B C X, téte
(a) CI(AUB) =CI(A)UCl(B)
(b) Int(AN B) = Int(A) N Int(B)

Oplouwog 1.2.5. Mio owoyévela B avox ey UToGUVOAGY EVOS TOTOAOYLX0U Ypou X xalel-
Tou Bdon tou X av xde un xevo avorxtod utocuvoro Tou X elval Evwor xdmowwy GTotyElwy TNg

B.

Ochpnpa 1.2.6. Mia owcoyéveaa avoiktdy ovvidwy B = {O;}ier €vds tomodoyikol ydpou
X etvar Bdon tov X av ka1 pévov av yia kdOe avoixtd vroovvodo G tov X ka1 yia kdle v € G
vrdpyer O; € B téroo dote

Opglopodg 1.2.7. 'Eva unocivoro A evég tonoloyixol yweouv X xoheitor mavtol tukrd oto
X av Cl(A) = X.

Opioupog 1.2.8. 'Evog tonohoyindg ywpeog X xaheltar diaywpionog av meptéyel £va Tavtol
TUXVO o PO UTOGUVORO.

1.3 TYTroyweor Toroloyixo) yweou.

Optouwde 1.3.1. 'Eotww (X,T) évag tonoroyixde yopeoc xor Y C X. Amodewvieta 6Tl 1)
OIXOYEVELN
Tly ={UNnY :UeT}

etvar tonohoyio tou Y. H Ty xehelton oyetnikr) tonodoyia tou unocuvéiou Y tou X ¢ mpoc
v tonoroyio T tou X.

O romoroyixde yweoc (Y, Ty ) xaheltar tomodoyikés vndywpos fy anhd vrdywpos tou (X, T).

‘Otav 1 Tonohoyia evég cuvdrou X ebvar GUYXEXPUIEVT] xou DEV UTdEYEL %{VOUVOS GUYYUOTC,
avti e €xgpaone “unoyweoc (Y, T|y) tou (X, T)” yefiowonoeitan n éxgppoaon “undywpoc Y
TOU TOTOAOYLXOU Yweou X7 ¥ amhd “undyweog Y Tou yweou X7.

‘Eotww Y undywpoc evog tortohoyixol yoeou X xou G C Y. Ao tov oploud tne oyeTnhc
ToTohoylug TEOXUTTEL OTL

(1) G eivon ovotxt6 6ToV UTOYWEo Y av xou ubvov av umdpyet avoxtd utocivoro G* tou X
€100 wote G =Y NG*.

(1) G elvon xheloT6d 01OV UROYWEo Y oy xou UOvov av undpyet xhetotd untoohvolo G* tou X
t€tol0 wote G =Y NG .

ITpbtaon 1.3.2. Av X eivar tomodoyikés yowpos kar G CY C X, téte
1. Cly (G) =Y NCIx(G).

2. Bdy(G) =Y N Clx(G) N Clx(Y \ Q).
3. Inty(G) = G\ Clx(Y \ G).
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1.4 Xvuveyelc ansixovIioel TOTOAOYIXOY YWEWV.

‘Eotww (X, Tx) évoc tomohoyixde yopoc xou x € X.
Koholye avoiktrj mepioyn) tou onpeiou x otov (X, Tx) xdde avoxtd unoctivoro tou X mou
TEPEYEL TO x, OnAady, xdie U € Tx t€to0 wote x € U.

Optopde 1.4.1. Eow (X, Tx) xa (Y, Ty) dGo tonohoyxof yoeot.
Mié aneévion f 1 (X, Tx) = (Y, Ty) xodelton owvexns oto onuelo x € X av yi xdde
avowth teployh Uy tou f(x) oto Y undpyer avoixty| nepoyf V, tou 2 ot0 X tétow GoTe:

f(Va) € Upiay

Ao,
f(:E) S Uf(x) cTly =3V, eTx: x €V, xu f(Vx) - Uf(x)

Av 7 f ebvan ouveyrc oe xdle onuelo x € X, t61e 1 f xokelton owveyiis oto X.

IMopadeiypata 1.4.2.
1. Kdde otavepn anewxovion f: (X, Tx) — (Y, Iy) (f(x) =yo € Y v xdde x € X) eivon
CUVEYTS.

2. H ravtotr anewdwion anexoviony f (X, Tx) = (X, Tx) (f(z) =  yw xéde z € X)
elvor GLVEYYS.

3. Kale aneixdvion opioyévr oe €vor dlaxpttind ywpeo elvon cuvey Y.

XopaxTneloTIXES LWBLOTNTES CUVEYOUG ANELXOVLIOTS.

Ochpnpa 1.4.3. Mua araxévion f: (X, Tx) — (Y, Ty) evar oweyns oto xg € X av kai
Jovov av

lim z, = 29 = lim f(z,) = f(z0)

n—0o0 n—oo
IMépwopa 1.4.4. M araxévion f: (X, Tx) — (Y, Ty) elvar ouveyris av ka1 pévov av yua
kdOe ouykAivovoa akodoviia {x,}° | wyvel

f(lim z,) = lim f(z,)

n—o0 n—o0

Ocdpnua 1.4.5. Fow f: (X, Tx) = (Y,Ty) pua aneixivion.
Or axérovleg ourinkes efvar 10000vaues:
(i) f elvar ovveyng oto X
(i) To otvodo f~H(G) efvar avoixtd oto X ya kde G avoiktd oto Y
(iit) To otvoro f~HF) elvar kkewtd oto X ya kdOe F kAewoté oto Y
(

iv) f(CI(S)) CCIUf(S)) ya kdle S C X
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Avowxtéc %o ®AELCTEC ANELXOVICELS.

Opwopdg 1.4.6. M anewxovion f 1 X — Y, and éva totoroyixd yweo X o€ éva ToToAoYIxo
7

yweo Y, xahettan avoikt) av 1 f elvon ouveyric xan yio xdde avorxtod unoctvoro U tou X 7

exova f(U) tou U givon avoxtéd unochivoho tou Y.

Ogiopocg 1.4.7. M aneixdvio : X =Y, and éva totohoyixd yweo X o€ Vo TOTOAOYIXO

; YIXO Y0P Y
Yweo Y, xakeltan kAewotn av 1 f elvon cuveyric xot yia xdlde xhewoto unocltvoho F' tou X 7
eova f(F) tou F elvor xhetotd unocivoho tou Y.

Ocshpnua 1.4.8. Fow f : (X, Tx) — (Y,Ty) pa owexng areixévion. Or akélovdeg
ovrinkes efvar 10000vaues:

(1) f etvar khawotrj araxévion,  (ii) f(CU(S)) = CU(f(S)) ya kdbe S C X.

Oporopopgiouotl.

Optowode 1.4.9. Mid anewévion f: (X, Tx) — (Y, Ty) xokeltol opologop@iogdc oy
(¢) f ebvon éva mpog éva xou €,
(1) f ebvan ouveytc,
(¢ii) £~ etvon ouveyrc.

Ao tonohoywot ywpeor (X, Tx) xar (Y, Ty) xoahobvion oUuotodop®ixol av UTdpyeL OUOLOULOpHIo-
pos f: (X, Tx) = (Y, Ty).

Ocshpnua 1.4.10. Foww f: (X, Tx) = (Y,Ty) pa éva mpog éva ka1 ouvexris anetkirion
tov X enf tov Y. Or akéhovles ovvinkes efvar 100dUvayeg:

(1) f elvar oporopopgronds
(17) f elvar kKhewotj aneikdrion
(13i) f elvar avoikerj aneikdvion

IMogodeiypota 1.4.11.
1
1. H anewdévion f:(0,00) = (0,00) pe f(x) = — elvon opopoppiopdc.
x

2. H anewévion f: R — [0,00) pe f(x) = 2° dev eivor opolgop@ropdc.

3. Hamewovion f:Y = R, énou Y = [(—o0,0] x {1}]U[(0,00) x {2}] ue f(z,y) = = dev
€lvall OUOLLOPPLOUOS

Tornoloyuxég BLOTNTES.

M wiotnTar P €vog ToTOoAOYIX0D YOEOU XAAEITUL TOTOAOYIXNY| OV UETUPECETAL UE OUOLOUOP-
Propo0g, BNAADT| av £Vog TOTOAOYIXOS Yo X €yel Ty dTnta P, T6Te %dde Ywpog ouoloop-
@ix6g ye tov X €yel tny wdtnTa P.

Tonoloyixég WOOTNTES EfVAL: 1) CUUTAYOTNTA, 1) CUVEXTIXOTNTA, 1) TOTUXY CUVEXTIXOTNTA, 1)
OLdCTACT) EVOG TOTOAOYLXOU YWEOU X.T.A..
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1.5 2tadepd onpelo plag ansixoviong.

Opwowodg 1.5.1. 'Eva onpeio s € X xohelron otalepd onueio wag anewxoviong f+ X — X
av xat u6vov av f(s) = s.

Opioupog 1.5.2. 'Evac yopoc X Aéyetar otL €yel Ty 1didtnta tov otalepol onueiov, dtov
xdie ocuveync amewowion f: X — X €yel otadepd ornuelo.

Oewpnua 1.5.3. Av o ydpos X éye tny 1ididtnta tov otalepol onueiov, tote kdle ywpos
opotpop@ikds pe tov X éyer tny 1016tnta tov otabepol anpueiov.

Andéoaén. ‘Eotww 6t évag ywpog Y etvon ogologoppixdc ye 10 X xan h : X — Y elvon €vag
OUOLOUOPPLOUOS. Oewpolue wa cuvey g amewovion f 1 Y — Y. Apxel va detouue ot 1 f
€yl otadepd onuelo.

H onewévion h™lo foh : X — X ebvon cuveyfic. Enedfo X éyer tny ddmta tou otadepot
onuelou undpyet xg € X tétoo wote A f(h(xo)) = @o. D't yo = h(xo) éyoupe

= (f (o)) = o

Enopévwe f(yo) = h(xo) = yo. Apa, yo ebvon otadepd orpeio e f. O

1.6 2uppXVWOELL XU CLUPELXVOUAT.

Opwouwog 1.6.1. Eotw X €vag Tomoloyixog yopog xot €otw 61t S C X,
Mo ouveyhic anewxovion r: X — S-xahelton ovpplkrwon av r(s) = s, y xdde s € S.

Yuppikvoua tou X xodelton xde S C X yio 10 onolo undpyet ulo cugplxvwon r: X — S.

Av § C X xou r : X = S ebvon plo cuppixvwon, tdHte 7 elvar ENEXTACT TN TAVTOTIXNC
amewxoviong 7 : S — S otov X.

Oewpnua 1.6.2. Av o ywpos X éyer tny 1016tnTa tov otalepol onueiov, téte kdde oup-
plkvwua tov X éyer tny 1didtnta tov otadepol onpeiov.

Arnéoaén. Erewdy| 1o S ebvon ouppixveua tou X, undpyet ouveyrg amexovion 7 @ X — S 7
omola elvon ouppixvworn tou X ato S, dnhadt r(s) = s yio xdde s € S.

‘Eow f: 5 — 5 wa ouveyrc anewoviorn. Tote n aneixéwvion for: X — S elvan cuveyrc.
Enedr| n for anewovilet to X oto X xan enetdr 1o X €yet tny ot Tou otadepot onueiou,
untdpyet xp € X tétoo wote f(r(zg)) = .

o xdlde 2 € X\ S éyoupe f(r(x)) # z, agol f(r(z)) € S. Xuvenwe 2o € S. Ondrte
r(xo) = xo xau f(xg) = f(r(zo)) = zo. Apa g ebvon otadepd onueio e f. O

Optopdeg 1.6.3. 'Evoc tonoloywoc yowpos X xahkeiton Hausdorft # Th-—yopog, otav yia
onoldfToTe dlaopeTind onueia = xar y Tou X undpyouv avowxtd ctvoha U, xa U, tétol
MOTE

reU,, yeU, xuU,NU, =0.

Oewpnua 1.6.4. Kdle ovppikvwpa evés Hausdorff ydpov eivar kAeiotd vmootvodd touv.
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Andéoaén. 'Eow o6nt Y elvoar ouppixvewpa tou Hausdorff yodpou X. xa f : X — Y ebvon
oupplxvwon. Apxel va detloupe 6Tt yio xdde a € X \Y urdpyet avoixto civoro W, tetolo
voteae W, CX\Y.

Eotw a € X \Y. Ereidyy f(a) € Y, éretan 61t a # f(a). O X eivar Hausdorff, enopéveg
untdpyouy avowxtd otvoha U(a) xon U(f(a)), tétol dote

reU(a), ye U(f(a)), xuw U(a)NU(f(a)) = 0.
Ereidf n f ebvor ouveyhe fHU(f(a))) etvor avowth neptoyt| tou a. Enopévac
Wa=U(a)N f7H(U(f(a))

elvor avoTy| TEPLOY Y Tou a.
‘Opwe W, C U(a) xou f(W,) C f(f~(U(f(a)))) CU(f(a). Enopévec W, N f(W,) = 0.
Apa, W, C X\ Y. O

1.7 MeTpuxol yweot.

Opiopog 1.7.1. 'Botw X éva un xevé clvolo.
Mio amewévion d @ X x X — [0, 00) xaheiton pegpikij eni tov X ov ixavorotel Tig axdhoudeg
ouviixee (a€duata Tne YETEIXAS):

(i) d(z,y) =0 <=z =y (aElopa Tadtiong)

(1) d(z,y) = d(y, z) yia xdle 2,y € X (aSlwpa cvppeteiog)

(t9) d(z,z) < d(z,y) + d(y, 2) yoxdle z,y, z € X (aviooTTA TOL TELYDOVOU)
Av d eivon yetpixn ent tou X, 16t 10 Lebyog (X, d) xaheltan petpikds xipos.
[Ma xdde x € X xou yioe xdde € > 0 oplCouye:
™y avowth pndha B(z,e) = {y € X 1 d(x,y) < €} xu
v xhewoth undho Blz,e] = {y € X : d(z,y) < e} ye xévtpo x xou axtiva €.

Magdderypo 1.7.2. H ouvAdng yetpuer tou R eivon 1) amewxdwion d,, : R” x R™ — [0, 00),
nonola 66 T = (21,....Tn), ¥ = (Y1, ..., Yn) € R™ avuiototyel 1ov apridud

Arndéotaor petadd 800 CUVOAWY CTO RETELXO YWEO.
‘Anéotaon Yetolh Twv 800 utoouvilwy A xau B evoc uetpixol yodpou (X, d) elvan o aptiudc
d(A, B) = inf{d(a,b) : a € A,b € B}
‘Aréotoor evog onueiou z and Eva obvoro A ebvar o aptduog
d(xz,A) = inf{d(z,a) : a € A}
IMpétaon 1.7.3. Avz,ye X ka1 A C X, téte d(z, A) < d(z,y) + d(y, A).
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AdpeTEog GUVOAOU.

Optopdg 1.7.4. 'Eva utoctivoho A evég petpinol ywpou X xoheltar @poryUévo av 1o GUVOAo
{d(z,y) : z,y € A} elvou gpaypévo.

Av éva urtocivoho A evog petpol yweou X elvon gpoayuévo, 16TE 0 aprduog
diam(A) = sup{d(z,y) : x,y € A}

xohelton BrdueTpoc Tou A.

Y 0yxAor axolovdiog onueiwy petpxol yweovu.

Oo Mpe 6t 1 oxorovdio {z, }o ) onueinv evog petpixol yopou (X, d) ouyxhiver oto onueio

xr € X xou Yo ypdpoupe lim x, =z, av lim d(z,z,) = 0.
n—oo n—oo

Avouxtd %ot XAEL0T& UTOCUVOAL UETELXOU Y WEOUL.

‘Eotw (X, d) évag yetpixde ywpoc. H owoyévew
T.={U C X :VoeU3B(z,e) CU}

efvon tomohoyio Tou X xou xahelton torodoyia mapaydpevn and tny petpikn d .

Abo uetpwéc dy, day evog cuvohou X ebvar tloodUvaues 6tay mopdyouv Ty dta Totoloyia,
87])\0(67’] le = sz.

‘Eva utocivoho G tou yetpol ywpeou X etvor avoiktd av xou uovov av yio xdde z € G
undpyet € > 0 o0 dote B(z,e) C G.

‘Eva utootvoro F' tou petpixod X eivan kAewotd av X \ F' efvar avoixtoé.
Oewpruata 1.7.5. Ye kdle petpixo ywpo X 1w0yvowr ta axdova:

1. KdOe avoiktrj undda B(xz,€) elvar avoiktd olvodo kai kdle kAewotr) undda Bz, €| efvar
KA€10T oVvolo.

2. Fow A C X. Eva onueio v € X efvar

o cowteptxd onueio tov A av kar pévov vndpyer € > 0 téroo dote B(x,e) C A
e orueio emaprhc tov A av kar udvor ya kdde € > 0 wyva B(x,e) NA#D

e optaxd onueio (1 onueio ousohpeuong) tou A av kar udvov ya kde € > 0 1wy vel
B(z,e) N (A\{x}) # 0
o UEUOVOUEVO oueio Tou A av kar pévov vrdpyere > 0 téroto dote B(x,e)NA = {z}

3. To povootroro {x} elvar khewotd oto X ya kdde v € X.
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4. Ia orowaonrote kAewotd ka1 {€va vrootvoda Fy kar Iy tov X vrdpyowv avoiktd odvola
01 ka1 Oy tétowa dote

FlgOl, FQQOQ KalOlﬂng@

Oewpnua 1.7.6. Fotw A vrnootvodo evds petpikod ywpov X karx € X.
Ta axdrovba efvar 10o0Uvapa:
(i) z etvar opraxd onueio Tov A (v € A?),
(17) ya kdOe € > 0 to ovroro B(x,e) N A elvar dreipo.
(7i1) x = TLILH;O ap, 6mov {a,}oo o € A kat a; # a; yiai # j.

Ye xde petpixd yweo X woydouy o Ocwpruata 1.2.1 — 1.2.4. Emniéov woylel 1o nopaxdtw
Yempruo mou oyetiCetar ue TNy petpixt| Tou X.

Oewpnpa 1.7.7. Av X elvai évas petpikds yapos kart A C X, téte diam(A) = diam(CI(A))

Metpwxol yweol pe aprdurowun Baon.

Oewepnua 1.7.8. Evag petpixis yopos X éyer apiunomun Bdon av xkar pévov av o X
mepiéyer €va aprunouo tavtol TUKyS UTooUvoAo.

To apriurictuo cbvoro Q" elvor TavTou Tuxvo oto R™ pe tny petpny)

(21 s ), Y1y oy Yn)) =

Metpuxol undyweot.

Optopdg 1.7.9. 'Eotww (X, d) évag petpixdc yopog xau Y C X.
H arewxovion dlyxy 1 Y XY — [0, 00) mou opiletar w¢ e€hc

d|Y><Y('r7y) = d(l’,y), z,y € Y

avorolel Tor adLdUATa TNG UETEIXAS.
O yetpxde ywpeos (Y, d|y «y) xaheiton petpikds vrdywpos tou (X, d).

Avy e Y, By(y,e) = {z € Y : d(y,z) < e} ebvar n avotr) undda touv y o10 Y 3o
Bx(y,e) ={z € X : d(y,z) < e} elvon 1 avoxt| undho tou y 610 X, T61E

BY<y7 6) =YnN BX<y7 5)
Ocshpnpa 1.7.10. Eow (Y,d|yxy) petpikés vndywpos evis puetpikot ydpouv (X, d).

H oyeni) tomodoytla Tyly tovY wg mpog tny tonodoyia T, tov X 10oUtar pe tny tomokoyila
Tyy .y ToUY mapaydpevn ané tn petpikn) dlyxy, onikadn Tuly = Ty, . -
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Metpixd YIVOUEVO UETELXWY YWEWV.

Eotww (X1,d1), ..., (Xn,dn), n > 1, ebvan yetpixofl yopeot.
NoaZ = (z1,...,20), Y= (Y1, -, Un) € X1 X ... X X, opilovye

Xmx...xXn(f7g) = Z(dz(xwyz))z

=1

H dx, «..xx, ebvoa petpuer enl Tou Xp X ... X X,,.
O uetpixoc yweoc (Xi X ... X Xy, dx, x..xx,) oupPorileton ye (Xi,dy) x ... X (X, dy).

Oecwpnua 1.7.11.
(Xl,dl) X ..o X (andn) X (Xn+17dn+1) = ((ledl) X ... X (Xnadn)) X (Xn+17dn+1)-

Oewenua 1.7.12. Eva otvoko U C X; X ... X X, €lvar avoikté oto eTpikd ywijievo
petpikay xyopwr (Xi,dy), ..., (Xn, dn) av ka1 pévov av. ya kdde (z1,...,x,) € U vrdpyowr
avoikta vrootvoda Uy, ..., U, twv Xy, ..., X, avtioroia, tétoia cote

(131,...,.1’”) € U1 X X Un - U.

1.8 Xuveyelc ansixovioelg HETPIXOY Y WEWV.

Optoude 1.8.1. Eow (X, dx) xou (Y, dy) 800 petpol yopot.
Mié anexévion f: (X, dx) — (Y, dy) xodelton ouveyhic oto anueio xp € X av yla xdde
e > 0 undpyet 0 > 0 t€tot0 WoTe:

f(Sax (x0,0)) € Say (f(z0),€)

Arphodt
dx(x,20) <0 = dy(f(2), f(z0)) < e

Av 1 f elvar ouveyric oe xde onuelo € X, téte ) f xadheltoan ouveyhc oto X.

1.8.1 Opoldpoppa GLVEYELS ANELXOVIOELS UETPLXOY YWRPWV.

Optopdg 1.8.2. 'Eotw (X, dx) xa (Y, dy) d0o yetpixol yopot.
Mid amewovion f: X — Y xohetton opoidpoppa ovvexns oto X av yia xdde € > 0 undpyet
0 > 0 téTolo GoTE:

dx(x1,22) <6 = dy (f(x1), f(22)) <€

ITpotaon 1.8.3. Av f: X = Y opoiduoppa ouvveyns, tote ) f eivar ovveyrg.
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I[Mopadeiypota 1.8.4.

1. H anewxévion f: (0,00) = (0,00) ye f(x) = — eivor ouveyhic o dev elvon opotdpopga
x
oLveEY G,
Oa defouye dtL 1 f ebvon ouveync ato (0, 00).

‘Eotw zy € (0,00) xu lim x,, = x¢ yto weor axohouvdia {z,}7>; tou (0,00). Tote

n—oo
1 1 1
oo f(@n) S Ty lim x, @ J (o)
n—oo
Oa delCouye 6TL 1) f Bev efvan opolduoppa GUVEYTC.
‘Eotw e = 1. T xdde 6 > 0 undpyet % <0 xot Ty = %, To = % TETOLN WOTE
| | 1 1 1 9 1 _s
T —Zg| = |— — — | == "—
! 2 2n n 2n n

xau [ f(z1) — f(xe)| =2n—n|=n>1=c¢.
2. Av vy anewxévion f 1 (X, dx) = (Y, dy) undpyet A > 0 yia 10 onofo
dy (f(x1), f(z2)) < A -dx(z1,22), Y onowdinote 1,22 € X,
T6TE 1) [ elvon opotduoppa GUVEYTS.
3. H areévion f: R" = R 'n >k ue
f@1, ey @y ooy ) = (21, 20y k)
elvall OUOLOUOpPA GUVEYYS.
4. 'Eow (X, d) yetpixdc yopoc xaw A C X. H arewxévion (X, d) = (R, ||) pe
flz)=d(z,A),z € X

elvol ouoLOUOpPa GUVEYC.

Medryuartt, yia omowodrrote z,y € X oylel
d(w, A) < d(z,y) + d(y, A) % d(y, A) < d(z,y) + d(z, A)

YUVETQC,
d(z, A) —d(y, A) < d(z,y) xu d(y, A) — d(z, A) < d(z,y).
Eroyévwe,
|f(z) = f(y)] = ld(z, A) — d(y, A)| < d(z,y).

‘Apa, n f etvan opotduoppa cuveync.
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5. H anexévion f: [1,00) = [1,00) pe f(z) = /x eivon opolbuopypa cuveyhc.
Hpdypott, éoww x,y € [1,00). Tote

1 1
\/_+\/_>2:>\/_+\/__2

o=yl
VIR VE

Sovernae |f(z) — f(y)] < 3l —y|, v xdde 2,y € [1,00). Apa, 1 f elvor opotbpopga
oLuveY g,

[f(@) = f)l = W = iyl = | |

6. Av f: (X,dx) = (Y,dy) eivon pa opowdppo ouveyhc xa ent omewdvion xaw A C X,
TOTE 0 TEPLOPLOUOS TNE f OTOV YETEIXS UTOY WO A elvor oUolOUopYA GUVEYHC ATEIXOVION).

1.8.2 Iocopetpiec.

Optowode 1.8.5. M anewévion f @ (X, dx) — (Y, dy ) xaheiton wwopetpia av xou yio onotod -
TOTE T1, T2 € X oy let

dx (w1, 22) ='dy(f(x1), f(22))
ITpbtaon 1.8.6. Kdle wopetpia efvar opoidpuoppa ovveyng ameikovion.

IMpdtaon 1.8.7. Av f: (X,dx) = (Y,dy) €var jua enf wopetpia, téte n f efvar oporopop-
PLO10G.

IMogadelypota 1.8.8.
1. H amewovion f: RF - R, k < n pe f(z1,..., 1) = (@1, ..., Tk, 0, ..., 0) ebvon toopeTpio.
2. H arewovion f: R? — R? pe f(z,y) = (z, —y) el ioopetpla.

3. H amewodvion f: R = R” pe f(x1,...,2,) = (1 + ¢1, ..., 2 + ¢2), 610U (1, ..., ) €DV
otalepd onueto Tou R”, ebvan woopeTplo.

1
4. H anewxévion f @ (0,00) — (0,00) pe f(xz) = — eivon opolpopglopde xar dev efva
T

tooueTela.
5. H aneévion f:R" — R n >k ue
f@1, oy gy ooy ) = (21, .0y k)

elvot opotOUopPa GUVEYYS ot OEV efvon LooueTploL.
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1.9 IThjpwcg gpayuévol petpixol yweol.

Opiouwog 1.9.1. "Evag UeTpnog ywpog xahettar TAhiows @payuévog av Yo xdle € > 0 undpyet
nenepaouévo mhidoc onuelwy 1, ..., z, € X o0 Gote X = S(z1,e) U ... U S(xy, €).
Kdélde olvoro {z1,...,x,} C X yia t0 onoio

X =S(z1,e)U...US(zp,€)
xaelton e-mAgyua Tou X.

ITpotaom 1.9.2. Evag petpids ywpos X elvar mArjpws gpaypévos av kar pévov av yia kdie
e > 0 vndpyer memepaouévo tAndos un kevwy owdlwr Ay, ..., A, téroiwy wote

X =AU..UA, kardiam(A4;) < e ya kdle i =1, ..., n. (1.1)

Améoeitn. 'Eotw 6t o X eivon mAfpwe ppaypévog xou € > 0. Tote undpyet nenepacuévo mhidog
onuelwY T, ..., 7, € X TETOW0 OOTE

€ €
X = — —).
S(az‘l,z)u US(xn,Q)

D Ay = S(21,5), ..y An = S(2n, §) 10y louy o1 oyéoeic (1.1).

AvtioTtpbowe, €otw Yo xdde € > 0 umdpyel memepaouévo TANDOC Un XEVOY GUYOAWY
Ay, . A, oy GoTe va oybouy ot ayéoes (1.1). T xdde @ = 1,...,n emiéyouye éva
x; € A Av e e A, tote d(z, z;) < diam(A4;) < e, enopévac x € S(z;,¢€). Apa,

X = S(.flfl, 1) U...u S(l'n, 1),

Tou onuaivel 611 0 X efvar TAYpws ppayuévog.
O

ITpotaon 1.9.3. Kdle petpikés vnoywpos €vis mARpws gpayuévov HetpikoU Yapou elval
TArjps gpaypévos.

Arnéoein. ‘Eotww X évac miipwe gpayuévog ywpog xat Y C X,
‘Eotww € > 0. Ereidr, o X elvor tAfjpwg gpayuevog, ano tnyv Ilpdtacn 1.9.2, Eyouue 611

X =AU..UA, xu diam(4;) <eyuxddei=1,..,n.
Eropévec
Y=(ANY)U..U(A,NY) xa diam(A;NY)) <eyoxdde i =1,...,n.

‘Apa, ano v lpdtaon 1.9.2, 0 Y ebvar mhpws gpayuévog. O
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IIpbtaon 1.9.4. KdUe tAipws gpaypévos netpikos ywpos efvar gpaypévos.

Andoaén. ‘Eotww 61 o yetpinds ywpog X etvor mhipwe gpayuévog. Tote undpyet Eva 1-tAéyua
{z1, ..., 2} ToU X, Srhod
X =Sz, 1) U...US(zp, 1)
‘Eow A = max{d(z;,z;): 4,7 =1,...,n}.
Avz,ye X, t6e v € S(z;,1) xuw y € S(z;,1). Luvenag

d(z,y) < d(z,z;) + d(z;, x;) + d(zj,y) < A+2
Apa, diam(X) < A+ 2, dnhadh o X elvan pporyuévoc. [
IMopadeiypata 1.9.5.

1. Av X eivou dretpo ohvolo xau d etvan Sroxprtixt| petpixy| enf Tou X, 16T 0 UETEIXOC Y WPOC
(X, d) eivon pparyuévoc ahhd Bev etvor Thfiowe QEayUEvoe.

Hpdyportt, diam(X) = 1 éve dev undpyet e-nhéypa tou X yio e = 1/2.

2. Kde x0Poc (a1, a1 +a)] X ... X [ay, a, +a] Tou R™ ge mhevpd a > 0 ebvar mApuc @eaypévoc.

‘Eotw ¢ > 0. Av yopicouue xdde nheupd [a;; a; + a] tou x0Bou o m (oo AT BAXOUS

a £ / /. 14 n 7 N ’
- < —=, 161 0 n-OoTatog x0Pog Vu yweloTel o M pixpdTEPOUS N-DloTATOUE XUBOUC

UE TAELES %

x0Bo¢ elvor TAEWS PEAYUEVOC.

xou, Gpa, pe dduetpo L - \/n < e. Buvenwe, and v Hpbdtaorn 1.9.2, o

m

ITpétaon 1.9.6. Evag undywpos tov R" efvar gppayuévos av kar udvov av efvar mAnpws
Ppaypcros.
Améoeén. Apxel va del€oupe 6Tt xdle Qpoyuévoc utdyweog tou R™ eivon mhfpwe gpayuévoc.

‘Eotw A gpaypévoc undyweog tou R™ xou § = diam(A).
Oewpolye a = (ay, ..., a,) € A. 'Eyouye d,(a,z) < § vy xdde T € A, ouvende

A C Sgnla,d] C [ag —d,a1 + 6] X [ag — §,a9 + 0] X ... X [ap, — d,a, +0] = K

O xBoc K eivon mihpoc geayuévoe (Hagdderypo 1.9.5(2) ) xou A eivon undywpos tou K.
Ané v Ilpdtaon 1.9.3 o A elvan mhipws ppayuévog. O

IMeétaocy 1.9.7. Av o (X,dx) evar nAijpws ppayuévos kar f: (X, dx) — (Y, dy) elvar pua
opodppa ouvexng kai €nl areikévion, toe kai o (Y, dy) eivar mAripws gpayuévos.
Arnéoaén. 'BEow ¢ > 0. Apxel va del€ouue 6T undpyouv memepacuévou TARYoUc GUvola
By, ..., B, CY tétow wote Y = |J B; xor diam(B;) < e yua xdde i = 1, ..., n.

=1

1=

Enewor) n f elvon opotouopga cuveyng, urdpyel & > 0 tétolo WoTe

dx(r1,72) < 0 = dy(f(71), f(22)) <

DO | ™
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Enewdr o X ebvon mAfjpwe gpayuévog, urdpyouv Ay, ..., A, C X tétoia wote

X = UAi xou diam(A;) < 0 vy xdde i =1, ..., n.

i=1

O©étoupe B; = f(A;) v xdide i =1,...,n. Tote

Av y1,y2 € By, t61€ 3y = f(21) xon yo = f(22), 6mou z1, 29 € A;. Enopévoc dx (21, 22) <
4. Apa, dy (y1,y2) = dy (f(z1), f(z2)) < § < e. Luvenag diam(B;) < § <e. O

1
Mopdderypo 1.9.8. H anewévior, f(z) = —, z € (0, 1], dev elvon opolduopgo cuveyhc.
x

pdrypatt, ag unoVécoupe ott, avtideta 1 f elvor opotouopga GUVEYKS.

Eredy (0,1] ebvar gpayuévo vrnoctvoro tou R xou tor-ppoayuéva utoclvoha tou R efvan
mMipwe eeayuéva, to (0, 1] eivon mAfpwe @poypévo. Apa, and to Oedpnua 1.9.7, 10 clvoro
F1((0,1]] = (1, 00) eivon TAYpedC ppayuévo, Tou eivat dToRo.

1.10 IIA7Apeic peteixol yweot.

1.10.1 AxohlovVdieg Tou Cauchy.

Optowode 1.10.1. Mid axohoudio {x, }02; onueiwy petpol yweou (X, d) xakeiton akokovdia
tov Cauchy av y xde € > 0 urdpyel ng € N €100 Wote

n,m >ng = d(x,, r,) < ¢

ITpétaon 1.10.2. KdOe ovykdivovoa axkodovOia evdg petpixol ywpouv efvar axodovdia tou
Cauchy.

/7 r o0 7’ 7z 7 4 4 7 7.
Anddeaén. ‘Eotw {z,}52, eivar ouyxhivouoa axthoudio evog petpixold ywpeou X xa v € X ebvor
0 6p16 tne. T xdde € > 0 undpyet ny €T010 GoTE Yo xdve n > ng va toylet: d(x, z,) < 5
Enopévewg v xde n, m > ng €youue:

Awn, 7o) < d(n, ) + dl, 7)< 54 5 =

Apa {x, }22 ) ebvor axoroudio tou Cauchy. O

ITpbtaom 1.10.3. Mid axodovdia tov Cauchy ovykAiver av ka1 pévov av avty tepiéyer ovy-
kAfvovoa vrakodoviia.

Anéoaén. Eow {x,}52, wd oxoloudio tou Cauchy.

Av {z,}52, ovyxhiver, téte 1) (Blor ebvon ouyxhivouoa uraxohoudio.

‘Eotww éu {z,}52, nepiéyet wio ouyxhivouoa unaxohoudion {a,m }i, ve dpo © € X. Ou
oetouue 6Tl x, — . 'Eotw € > 0.
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Eneidd 2n) — , undpyel ko €100 Gote d(z, 2pp)) < 5, av k > ko.

Eredn {x,}72 etvar axohoutdio tou Cauchy undpyer ng tétow bote
€
(X, Tm) < g0 v nm > nyg
Eotw ny = max{ng, n(ko)}, téte yiae xdde n > ny undpyer n(k) > n. Ané tov oplopd tou

Ny €YOVUE

€ €

1.10.2 Oplopdc TOL TARPOUC UETELXOU YWEOoU.

Optowode 1.10.4. Evoac petpixde yopeoc (X, d) xourelton mArpng av xdde axohoudio tou
Cauchy tou X ouyxhiver (oe xdmoto ornyeio tou X).

IMopadeiypoata 1.10.5.

n

1. O R™ pe v petpuet] dp (1, .o, Tn), (Y1, -, Yn)) = 4/ 2 (1 — 24)? ebvon mhhpne yiar xdie
i=1
n=12 ...

Mpdypatt, éotw {Tk}p2, o oxohowdio Cauchy tou R, 6mou Ty, = (g, ..., 2}). Tote
yioe € > 0 undpyel ng €00 OOoTE Yiol xde m, k > ko

n

ATy T) = | Y (2, —21,)? < e

i=1

Apa, S0 (ah — af )2 < €% Enopévec v xde ¢ = 1,...,n xou yo x&9e m, k > ko
oy Vel
i i) i i )2
|2h = 2| =/ (@), —27,)? <e
Yuvende yio xdde ¢ = 1, ..., n {2} 172, ebvon o axohoudio Cauchy tou R.

Enedr) o R elvar mirieng, ]}1_{20 rh =z yioxdde i =1, ..., n.

Z = 4 7 . 1 _ ’ 7
O©étouue T = (21, ..., ). ToTE, Ed kll_{go(xk — ;) = 0, npoximter 6t

Jim, d(220) = Jim |3 (i = i) =0
dnhadn 1 oxohovdio Cauchy {7, }p2, ouyxhiver oto Z.
2. O ydpog Capy = {f : [a,b] = R : f ouveynhc } ue tn yetowy
d(f,9) = max{|f(z) — g(x)| : = € [a, b]}

elvor TATENG.
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3. Kde dxpipindg uetpindg ywpog X elvon mAfeng, enedt| xar o axoroudieg tou Cauchy
xa ot cuyxhivouoeg axohoudieg Tou X cuurnintouv xou ebvar ot axohoudiec Tng wopPhc
Ty oLy Ty Ly ey Ty vy OOV X1, onn, Ty, T € X

4. O ywpoc v pntodv aptdumy pe ) uetpwx d(z,y) = |z — y| dev elvor mhprne.

1.10.3 I8u6TtnTEg TOL TANPOLS HETELXOU Y WDEOoV.

Oewpnua 1.10.6. Evag petpixds ywpos elvar mAipns av kai pdvov av yia kde axoloviia
{Blzy, )}, tétoa dote lim 1, = 0 ka1
n—0o0

Blzy,7m1] 2 ... 2 Blay, ] 2 Blrpit, Tnyt] 2 -0

1wy Vet ﬂ Blap,r,] # 0.

n=1

Anéoaén. Eoww (X, d) évag mhfpng UETEXOC YOPOSC Kol
B(xhrl) 2 2 B(.Tn,’rn) 2 B(In+1,7"n+1> 2

wa pOivouoca oxxohoudio xAeloTwY opopwy Ye lim r, = 0.
n—oo

H {z,}2, eivar axohouvdia tou Cauchy. Ipdyut, éotw ¢ > 0. Trdpyet ny tét010 GOTE
Yo xdde n > ng votoyler 1, < €. ‘Botw nym > ng xow m > n, 161€ BTy, | C Bz, ry).
Enopévewc ., € Bla,, 1|, do, d(zy,,2,) < 1, < €.

‘Erewy) O X etvar mifere, lim x, =2 € X.

n—oo
I x&de n wylel {Tpi1, Toga, ...} C Blzy, o] xou lim z,4; = x, ouvende x € Blz,, 1y,
71— 00

eneldf) B[y, 1] elvar xhetotéd olvoro. Apa, € ()| Blay, ry], Snhadh) (2, Blz,, ] # 0.
Avtiotpoga, €é0tw xdle giivouoa axohoudior XAECTOY GHUPGOY

Blzy,7m1] 2 ... 2 Blxy, ] 2 BlTnit, i) 2 -

wou X pe r, — 0 €yer un xev) touh. ‘Eotw {z,}52, eivar axolouvdia tou Cauchy tou X.
‘Enaywywd unopel vo xatacxevaoTel o abouoa axohoudio ny < ng < ... < ng < Njyq < ...
TETol WOTE: d(Tp, Tpy,) < Qk% v x&0e n > ny
’ 7, 7, 1 oo

Oewpouye Tnvlocxo)\omfhoc WeoTdV 69oupdy { Bln,, 58] },_,-

’ . _ N4 7 1 1

Eyoupe klg& o= 0. ©a deiouye 6Tt Blry, ,, serr] € BlTn,, 55)-

/ 1 / 1 L
Hedypaty, av & € By, sre1)s T0T€ d(2, 20, ,,) < 557 Emopévoc

1 1 1
d<x’ x”k) S d(ZL‘, $nk+1> + d(xnk-‘.nxnk) < W + }

1

2k+1 2k:

‘Botww z € (i Blan,, 5] Téte lim z,, = z. Eneidf) n oxohoudia tou Cauchy {z,}22,
n—oo

neptéyet ouyxhivouoa vraxohoudia 1 {z, o2, ouyxiiver. ‘Apa o X elvar mhrerc. ]

ITpbtaon 1.10.7. Kdle mAnpng vrdywpos ' evés petpikot ydpov X efvar kkeiotés oto X.
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Anédaén. '‘Eow x € F', 161 x = lim,,_,o 2, 61OV 2, € F.

Eredq n {z,}52, ebvar ouyxhivouoa eivan axorouvdia tou Cauchy tou X. Apa n {z,}0,
etvor axoroudior Tou Cauchy tou F. Emewor o F elvon mAfieng, undpyet z* € F' tét010 001
¥ = limy oo . Mid axoroutia dev umopel va €yel d0o bpla dpa & = x*, onote v € F.
Yuveroce To oUvoro F efvar xheloto. O

ITpbtaom 1.10.8. Kdde kAeiwotds vndywpos F' evég mAnjpouvs petpixot ywpouv X efvar mAnpng.

Anédaén. 'Eow {x,}72, axohoudia tou Cauchy tou F.

Téte yia xdlde ¢ > 0 undpyer ng 1010 GOOTE d(Tp, Ty) < € AV n,m > ng.  ‘Apa
{xn o2, oxoloudior tou Cauchy tou X. Enedr o X elvar mifpne undpyer @ € X tétowo
®ote limy, o 2, = . Enetdr 1o F elvan xheot6 xon {z, }02; C F npoxintet ott o € [V C F.
Apox € F xon cuvenad xdie axohoudio tou Cauchy tou F' ouyxhivet, dnhadr o F' etvon Thripng.

H

1.10.4 IIMjpwon petpixol yweou.

Optowode 1.10.9. 'Evoc yetpixdc yweos (X*, d*) xakelton mAhowor tou petpixol yhpou
(X,d) av

(¢) (X, d*) elvou TAHENC

(17) umdpyet pio wopetpla f: X — f(X) C X*

(112) f(X) =X~

Oewpnpa 1.10.10. Kdde petpixds ydpos (X, d) éya pla mArpwon.

Ocdpnua 1.10.11. Oroeodiinote 6o mAnpdoas (X*, d*) ka1 & € X evds petpirot (X, d)
XOPOU €ival I00UETPIRES.



I4
Kegpdhawo 2
Yvunayeic yweot.
Or yodpot oToug omoloug AVaPERETAL TO XEQPIAALO AUTO Vol Ol TOTOAOYIXOL YWEOL.

2.1 H €vvoia Tou cuuTAYOoULS YWEOoU.

Mié owoyévelr vroouvdrwy {O; }rer evoc ydeou X xodelton kdAvpua tou X av

X:U@.

teT

Kde xdhvppa tou X mou anoteheiton avowxta utocivola tou X xaheltoan avoiktd kdAuvupa.

Kdébe vnoowoyévero {O; her, evoc xahbupoatoc {O;her tou X, 1 omofo ebvan exiong xdAuvppa
tou X, xoheltan vroxdAvppa wou xahOupotog {O; bier.

Opiwouwog 2.1.1. 'Evag yweog xohelton oupnayrs av xde avotxtod xdhvppo tou X mepiéyet
TETEPAOUEVO UTOXGAUUUAL.

‘Eva utocivolo S evog yweou X xohelton ouumay<és av o undyweos S tou X elvor ouumoryrg.

2.2 XopaxTneloTixég WOLOTNTEC CLUUTAYOUE UETELXOU Y WEOU.
Oewenua 2.2.1. Ia évay puetpiké yopo X o1 axdlovies ovrinres eivar 1w0000vajieg:

(o) O X elvar ovurayns

(B) Kde dreapo vroovvolo tov X éyer oprakd onpeio,

(v) KdOe axolovdia onueiwv evds petpikod yapov X éyer ovykdivovoa (oto onueio tov X )
vnakoAoviia.

(0) O X efvar mAripng kar TARpws gpayuévas.

23
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Anédaén. (a) = (B) Ac uroVéoouye 6T, avtideta, undpyer éva drepo utocltvoro A tou
X mou Bev éyel optoaxd anpelo. Tote yo xdde € X vndpyer avouxth cgoipa S(x, €,)
étol Hote To sUvoho AN S(x,¢e,) elvar tenepacuévo.

‘Eyovpe X = [J,ex S(x,6). Buvenwg {S(z,es)}eex ebvon avouxtod xdhuypa tou X.
Enewdr) o X elvon ouunayrc 1o avouxtd outd xGhuupo €YEL TETEPUOUEVO UTOXIAVUUOL

{S(x1,€2,)y 0y S(Xn,€x,) }-
Yovenwg X = S(x1,6,,) U ... U S (2, 6z,). Apa

AC(ANS(x1,6,))U...U(ANS(2p,24,))

xaL ouvenwg to A efvon Temepacuévo, tou elvon dtoTo.

"Apa, xde drerpo utocivolo Tou X €yel oploxd onueio.

(B) = (v) 'Eow {z,}22, wo axohoudio tou X.

Av {2, }22, urdpyer v € X této0 dote vy xdle n undpyet k, > n o0 HOTE Ty, = T,
t61€ 1) uTaxohoudio {xy, 102 = {, z, ...} ouyxkiver oTo .

Av yio xdde x € X undpyet n, €01 OOTE'T F T, Yo XGVE N > ng, TOTE TO GUVOAO
. 00 ’ ’ 7 7 7 d
A= {z,}72,, clvan drepo xon omd Ty uoleon undpyel x € A%

Yuvenwg v xdde k= 1,2, ... 1o abvoho AN S(z,1/k) elvou dnepo. ‘Eotw
Tn, € ANS(z, 1)\ {z}

Tpy € ANS(2,1/2) \ {2, 20, }, 2 >y

T, € ANS(x, 1/E)\ {z, xpny, ooy Ty, s M > M1

4 _ : o0 4 7 o0
Téte x = kh_)IEO Ty, 20t {2, }72, ebvon umoxoroudio e {z, }02,.

(7) = (0) 'Eotww {x,}52, wa Cauchy tou X. Téte, and tny unddeon, n {z,}2, nepiéyer
ouyxhvouoo utaxohoudio. Apa, anéd tny Hedtaorn 1.10.3, n {z, }22, ouyxhiver. Xuvene
o X elvou mhiprg.

A¢ unodéoouue 6Tt 0 X dev elvan TAfipwg gpaypévog. Tote umdpyet € > 0 yio To onolo
0 X Bev mepLEyel xavEVa e-TAEY UL

‘Eow z; € X, t6te X € S(xy,¢).
‘Eow xo € X \ S(x1,¢), t61¢ X € S(x1,6) U S(22,8) %0 d(x1,29) > €. Enayoywd

’ ’ 7 00 2 ’, e
MTOROVLUE YU OploouUE LY axolovdia {le’l i—1 TETOLW WOTE YL %80 n:

X € S(x1,e) U...US(xp,€) xou d(z1,22) > €,y d(Tp_1,Ty) > €

Apa, d(xg,x,) > € i xde k,n = 1,2, ..., ondte n {;}2; dev nepiéyet xapia ouyxhi-
vouoa utaxohoudia, Tou elvat dToTo.
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(0) = (o) Ac unoBéoouue 6T évag Thrieng xat TAHEOS PpoyUEvog yweos X dev efvar ouumaync.
Téte undpyer avowto xdhvuua O = {O; }ier Tou X mou Sev TepyeL XavEVa TENEPAGUEVO
UTOXGAUUUOL.

Enedr) o X elvon mAfpwg paypévog, and tny lpdtacn 1.9.2 undpyel nenepacuévo chvoho
P, C X tétolo wote
X = U A(p) xou diam(A(p)) < 1.
peEP
Onéte undpyet pr € Pi 1010 Wote 0 60Vvoro A(p1) Vo uny xoAUTTETAL A6 TENEPACUEVO
mAfdoc otolyeiwy Tou xahlupatog O. And tny lpdtaon 1.9.3 o uvndywpoc A(pr) ebva
TAhewe @eaypévoc. Apa, undpyel nenepacuévo oivoro Py C A(py) tétolo hote

A(p1) = | A(p) xen diam(A(p)) <

pEP

N —

Onéte undpyet pa € Po 11010 Oote 10 00voro A(p2) VoL Uny XoAUTTETAL ARG TEREPUCUEVO
mAfdog ototyelwy ToU xaklupatog O.

Enoywyixd umopolye va XaTaoxeUdcouue o piivouca axolotia cuvOhwY
A1) DAR2)2---DAMm) 2 AMn+1)D...

tétow wote diam(A(n)) < = xou xavévor and ta A(n) Bev xahUnTETHL AN6 TEREPAUCUEVO
mhidog oTotyelwy Tou xaibupatog O.

[ xdde n Swahéyouue éva onueio x, € A(n). Ou detlouue ot {z, }o2, eivon axorouvdia
Cauchy. Ipdypatt, yio xdde & >0 undpyet ng T€T010 OOTE nio <e. Avn,m > ng, 167€
A(n), A(m) C A(ng). Emopévwe z,, 2, € A(ng). Apa, eneds diam(A(ng)) < n—lo < e,
gneton 6Tt d(xy,, Tpy) < €.

Eredn ané v vnddeon o X elvor nhfipwe gpoyuévos, n axoroudia Cauchy {z,}52,
ouyxhiver oe éva x € X. Enedn O etvan xdhvppo tou X, undpyer Oy € O e € Oy(y).
Enedr Oy elvar avowtéd undpyer m yio 1o onolo

S(z,1/m) C Oi(a)

Enewdy| limz,, = x undpyet ny tétot0 wote T, € S (a@ ﬁ) yio xqe n > nyg.
'Eotw n > max{ng, 2m}. Téte z, € S (z, 5) xa z,, € A(n).
Eredn z, € A(n) xou diam(A(n)) < 1/n, yw xéde a € A(n) éyouyue

1 1 1 1

1
d <d n —|—d n — 4+ — — — .
(z,0) < d(z, zn) (T, a) < om  n = om  2m m

"Apa,
Yuvenog A(n) xahimtetar ond éva otowyeio O, Tou xohbupatog O, mou eivor dromo.

‘Apa, 0 X elvan ouumaytc.
O
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Opiopog 2.2.2. Bvag uetpindg yweog X Aéyeton 6T €yer tny wrotntor Bolzano-Weierstrass
av xdde drerpo unoclvoho tou X (éyet oto X) opoxd onueio.

Opiwouog 2.2.3. 'Evog uetpindg yweog X xaheltar axohouvdioned cuumoyric av xdie oxohoudio
orueinv X éyel ovyxhivouoa (oto onueio Tou X) vraxohoudio.

Ané 1o Oewpnua 2.2.1 cuvendyetar 10 axéhovdo THEIGUA.
IMopiopa 2.2.4. I'a évay petpixé yopo X o1 axdovies ovrinkes eivar w0o0lvajieg:
(o) O X elvar ovumayris.
(B) O X éyer tnr 1oidtnta Bolzano- Weierstrass.

(7) O X elvar axodovhaxd ovurayng.
IMogadelypota 2.2.5.

1. To clvoho GAwY TWY TEAYUATIXOY aptdumy dev €yel Ty wiotnta Bolzano-Weierstrass
xa, dpo Oev elvar cuumay g Y weog.

2. Kdde gpoyuévo xhewotd didotnue [a,b] twy mpayyatxady optdudy éyer v wibtnto
Bolzano-Weierstrass xot, GUVETGC elval ouunayric undyweog tou R.

Opiouwodg 2.2.6. Evog aptiudg € > 0 xaheltar aptduog tou Lebesgue yio to avouxtd xdhuyuo
{O;i}ier tou petpol yopou X av xdle ogaipa S(x,e), x € X, evar unocivoho xdmolou
otoryeiou tou xahbuuatog {O; }ier.

Anhadn, av z,y € X xou d(z,y) < €, t61€ undpyet ¢ € I Tétowo wote x,y € O;.

Oewpnua 2.2.7. Ia kdle avoiktd kdAvupa €vé§ ouurayols petpikol xwpov uvmdpyel
apduds tov Lebesgue.

Anédaén. 'Eow O = {0;}ier éva avoxtd xdhugpa evog ouunayols yopou X. Lo xdde
x € X undpyet i, € I €010 wote x € O, xat, enedn O;, efvar avorxtd undpyet €, > 0 yia T0
omofo x € S(z,e,) C O,.

YIUVETWC

X = U S(z,e.).
zeX

Eneidr o X elvon suumayrc, 1o avouté xdhoupa {S(z, ) : x € X} 10 X nepiéyel menepacuévo
UTOXGAUPHA, OTAADT
8%)
2
O¢tovye ¢ = min{=% ..., =22} Botw énz € X xu y € S(z,e). Téte x € S(;,
xdmow ¢ = 1,...,n. '‘Enouéveg

X = S(xb%) U US(zn,

£

) o

€z, _ €z, Eaz,
P i + A €.
2 = 2 2 o

Enopévwe y € S(xi,e,,). Apa, S(z,e) C S(zi,e4) € 0. Zuvendc € elvon oprdude tou
Lebesgue v 10 avowté xdhvupa O = {0, }ier.
[
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2.3 Xvunayeic undoywpeoL.

Oewenua 2.3.1. Erag vndywpos F' evis yapov X efvar ovurayns av ka1 povov av yia kde

otkoyévaa avoiktyy owidwy {G;tlier wov X térow dove F C |J G, vrdpyea nenepaopérn
il
vnooikoyéveia {Gy,, ..., G;, } térowa dowe F C Gy, U...UG,,.

Arnéoaién. ‘Eoww 61 o undywpos F' tou X elvar oupmoryhic xa {G,}ier etvon o owxoyévewa

Vo Ty cuvolwy tou X tétowa wote F' C | G;. Téte
el

F=J(FnaG)

el

xouw F'N GG ebvan avowtéd oto F oy xdde @ € 1. Ermed) o F efvon ouunoyfic 10 avoixto xdhupua
{F N Gitier ToU F TEPLEYEL TETERUOUEVO UTLOXAAUUUAL
{FNG,...FNG,,}. Eyouvue F=(FNG;,)U..U(FNG,;,), da F C Gy U...UG,,.

‘Eotww v xdle owoyévela avoxtddy ouvorev {G;ticr touv X térow vote FF C |J G,
il
undpyet nenepaouévn unoowxoyévew {G;,, ..., G, } tétotwote FF C G, U...UG;, . Oa deiouye

6t o F eivon oupnoyhc. Eotw F = | G}, énou G} eivon avowxto oto F yio xdde ¢ € 1. Tore
i€l

v xdde ¢ € I Yo undpyet avoxté oto X olvoro G; tétowo wote G = FNG;. Yuvenog

F C U G;. Ebugova ye v urédeon undpyouv {G;,, ..., G, } tétow wote FF C G, U...UG;,.

iel
Onéte F'= (FNGy,)U...U(FNG;,). Apa F'= G}, U...UG; . Tuverog o F efvan ouymayrc.
[

Oewpnua 2.3.2. Kdle khaotis vndywpos F' evds ovurayols ywpov X efvar ovunayris.

Anédaén. 'Eow {G,}ier wa otxoyéveta avoxtédy utosuvohey tou X tétow hote F C | G;.
i€l
Eredn F eivar xhewoté 10 X\ F etvon avorxtéd. Eneds o X elvon cuunoyfc 1o avoutéd xdhuypa
{Gitier U{X \ F} tou X nepiéyer nenepacuévo uroxdhuppo Gy, ..., Gi,, X \ F.
‘Eyouwe X =G, U...UG;, U (X \ F), ouvenidg F C G;, U...UG;,. Apa 0 undywpog F
elvon cuumoyg. O

Oewepnua 2.3.3. Kdle ouurayns vrdywpos F evdg petpixot ywpov X efvar kAeiotdg.

Anéoaén. Apxer va deifouye ot CI(F) C F.

‘Eotw x € CI(F), tote undpyet {x,}oo, C F, tétow wote lim x, = z. Kdde vnaxohouvdia
n—oo

e {2, 52, mou ouyxhiver €xel bpto To .
Eredn o F etvon oupnayfc n {z, }o2, meptéyet wo unaxohoudia {z,, }72, mou ouyxiivel oe
éva orpelo Tou F. Apaxz € F. O

ITpbtaon 2.3.4. Evag vrdywpos F' tov R" elvar ovunayns av kar udvov av to otvoko F
etvar gpaypévo ka1 kAewoté oro R™.

Arnéoaén. 'Evag unoyweog F' tou R™ elvor ouumayfic av xar uévov av efvor TAeng xou TAHews
PeAYUEVOS.
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Enewr) o R™ ebvar mAfeng, évag umdywpog F' tou R™ ebvar mAveng av xon uévo av elvor
xhewotog. Emlong, évag undywpog F' tou R elvar mAfpmg Qpaydeévog av xal uévov av etvor
PeayHEVOS.

Yuverwg €vag umoywpog I tou R™ elvon TAeNg ot TAREOS QEOYUEVOC AV XL HOVOV oV
elvo XAELGTOS Xl PEAYHEVOS.

O

2.4 Amnewovicelg cuunaY OV YOEWV.

Oewpnua 2.4.1. Kdle ouveynis araikévion opiopévn oe éva ovumayn jpetpixd ywpo X elvar
OHOI6UOPPa TUVEXTIS.

Anéoaén. Eow ot f: (X,dx) — (Y, dy) ebvon ouveyhic xon (X, dx) ebvon ovumayic.

Eotww ¢ > 0. Enedh {Sy(f(x),e/2)}rex elvon avoxtd xdhvppa tou f(X) xou n f eivor
ouveyfic, 0 K = {f1[Sy(f(2),e/2)]}rex ebvor avoxtéd xdhuppa tou X. 'Eotw § > 0 ebvo
aptdude tou Lebesgue yu 1o K.

Av x1, 29 € X xou dx(x1,22) < 0, 1618 UTdpyer z € X TéT010 WOTE

T1,To € f_l[SY(f($)75/2)]

Tote
f@1), f(x2) € Sy(f(x),2/2)
YUVETOC
dy (f(x1), f(22)) <y (f(21), f(2)) +dy (f(2), f(22)) <e/2+e/2<¢
‘Apa 1 f elvon opotopopga cuVEYRS. O

Oewpnua 2.4.2. Ay n araxévion f: X — Y and éva ovunayn yopo X oe éva ydpoY
etvar ovvenjs, téte o vndywpos f(X) tov Y elvar ovumayris.

Anéoaén. Eow {G;}icr éva avouxtd xdhuppa tou f(X).

Ereidd n f ebvor ouveyhc {fHGi) tier ebvan avouxtd xdhuppo tou X.

Ereidf o X ebvon oupnayhc to avowtd xdhuppe {f1(G;) bier nepiéyer nenepacuévo ur-
oxdhugpa { f7HG1), ..., f7HGn)}. Enopévec

X =fYG)u..uf G,

Enouéveg
f(X)=GiU..UG,

Apa o f(X) elvon ouumaryrc. O

Ilpotaon 2.4.3. Kdle mpayuatikn) ovvexris owvdptnon opiopérn o€ éva ouunayr) HeTpiko
XOpo elvar gpayuérn kai éyer péyiotn kai eAdyiotn Tiun.
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Anéoaén. 'Eow f: X — R ouveyrc xaw X ouunayrc. Tédte o undywpoc f(X) tou R eivon
oupmayfc. Luvenwe to utostivoro f(X) tou R ebvar xhetotd xon gporyuévo.

‘Eotww m = inf f(X) xou M = sup f(X).

Apxel va anodeiouye 1t m, M € f(X). Hpdypatt, yia xdde € > 0 oy vet

[m,m —e)N f(X)#0

Yuvenie m € Cl(f(X)). Enedn to olvoro f(X) eivar xhewotd, énetan 6t CU(f(X)) = f(X).
Apa, m € f(X). Ouota M = max f(X). O

Oewpnua 2.4.4. Kdle ovvexnis anaxovion f: X — Y and éva ovunayn ywpo X oe éva
etk Ypo Y elvar khewor).

Anéoaén. 'Eoww F éva xhetotd unoctvoro tou X. And to Oewpnuo 2.3.2 F elvar cuunayéc
vrocUvoro tou X. Eredd n f ebvou ouveyrc, 1o alvoho f(F) eivon cupnayéc umocUvolo Tou
Y ond to Ocwpnua 2.4.2. "Apa, f(F) eivon xhetoté and to Oedpnua 2.3.3. O

IIgotaon 2.4.5. Kdle ovveyris, éva mpog éva kai ent araikévion f: X — Y and éva ovunayn
HeTpikd ypo X o€ éva petpid xwpo Y eivar opoopopgiopds.

Andéoaén. "Apxet va dellouye OTL 1 amEWOVIOT FfLY = X ebvan ovveyrc. ‘Eotw F xheloté
urocvoho tou X. ‘Eyouue 6u (f~H)7HF) = f(F).

Enewdr) o X elvan ouprayrc xou 1 f ebvon guveyric, and 1o Oeopnua 2.4.4 €reton 6TL 1) f
etvar xhewoth. Enopévec f(F) etvar xhewsté oto Y. Apa, to (f1)HF) etvan xhewo16 oto Y.
Yuverde, o6 1o Oempnua 1.4.5, n f etvar ouveyhc.

O

2.5 'Evworn, TopR xol YIVOUEVO CUUTAY®V Y WE®V.

Oewpnua 2.5.1. Ay X =X U...UX, ka1 Xy, ..., X,, elvar ovunayeis vrtdywpor tov X, téte
ka1 o X efvar ovunayris.

Anédaén. 'Eow {G;}ier éva avouxtd xdhuppa tou X.

[ xdde j = 1,...,n n oxoyévewr {X; N G}ier ebvon avoxtéd xdhvuua tou X;. Emedy
x&de X; elvon ovunayhc, yo xdde j = 1,...,n 10 avowxto xdhvgpa {X; N Gilier tou X; éyel
nenepaouévo uroxdhuppo {X; N G’ f’;l

2UVETWC

n n k;
x=Jx;cylUe | cx
j=1 j=1 \i=1

‘Apa, 1 owxoyévela U;‘:l {Gf =1, ..., k:j} elvon Tenepouévo unoxdivuua tou {G;tier. O

Oedpnpa 2.5.2. Av {F,}22, evar ja axodovdia un kevdv kAaotdy vroouridwy €vig
ovurnayols yapov X térowa wote

FFDFD.. D F,DF,1 2.,

tdte 0 vndywpos (), Fy, €ival pn kevds kar ovpmayr.
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Anédaén. Ac uroVéoouue avtiVeta ot (), F,, = 0. Téte

X=X\[F.={JX\F)

To avouxtéd xdhuppa {X \ F, }02, tou X éyet nenepaouévo uroxdhuuuo { X\ Fi,, ..., X \ Fi,. },
onou Fy, D Iy, O ... D . XUvemg
N Fe =X\ (JX\F,) =X\ X =1,
i=1 i=1
mou ebvon dromo, 0ol (o, Fr, = Fy,, # 0. Apa, (oo, F, # 0.
Kde F), etvon xhetotd 010 X, GUVETHOC 0 UTOYWEOC ﬂflo:l F,, ebvan xieiotédc oo X.
‘Apa, 0 UTOYWEOC ﬂzozl F,, ebvar cupnayrc. ]

Ocsvpnupa 2.5.3. Fotw X évag petpirds yopos xar {X,}00, ma akokovdia un kevddy
ouuTayoy vmoovwidwy tou X Tétolr dote

XiDX0D..D XD Xps1 Do

7 7 7 7 /7 7 o 7 / 7
Téte yia kdOe avoiktd ovvodo U mov mepiéyer tny toun ﬂnzl X, vndpyer ng TéT010 HOTE
1a kdOe n > ngy va etvar X,, C U.
0 n

Andéoaén. And to Oewprnuo 2.3.3 €ncton 6Tt xdde cUvolo X, elvor xheloT6d 610 X, EROUEVLC
x&Ve olvoho F, = X, \ U eivar xheot6 oto X. Enewn) xdie F, ebvar xhetoté umocivoro
cuumayoug utoywpou Xy, xde ), etvon cuurayec obvoro. Eriong

FIDFD.. 2. F,DF2D..

Hapotneotpe 6t (o F, C (02, X, CU xau ()2, F, € X\ U. Enouévac (., F, = 0.
Ané to Oewprua 2.5.2 npoxinTel 6Tt UTdpYEL Ny, TETOW Wote Fy, = 0 yio xdde n > ng, dnhadr
X, \U = 0. Apa X,, C Uy xde n > ny,. O
Oewpnua 2.5.4. Metpikd yvipevo temepaciiévov TANYous ouuTaywy HETPIKOY Ydpwy €lval
OUUTAYNS ETPIKOS Y WDPOS.
Amdéoeén. Apxel vo OelCoude OTL TO YIVOPEVO BUO GUUTAYWOV UETPIXWOY YWEwWY Efval CUUTOYHC
ueTpx6g ywpos. ‘Eotw 6t (X, dx) xa (Y, dy) eivon ouynayeic yetpixol ywpor xou {a,}re,
6moU Ay, = (Tp,Yn), Wa axoroudia onuelwyv tou ueteol ywpou (X X Y, dxyy). Apxel va
oei€ouue otL 1 {a, 102, meptéyel ouyxhivouoa utoxoloudia.

Enedr, o X ebvar oupmoyrc, n axorovdia {x,}0, mepiéyet wa ouyxhivouoo urnaxohouiia
{zn, }72,. Enewdn o Y elvon ouumayhc, n axohoudia {y,, }72, tou Y nepiéyet ouyxhivouoa
uraxoroudior {yn, }52;.

s 7 . _ . oo ’ 00 ’ ’
Eow 6t kll_>r1010 Tp, = T XOU }Hﬁ‘o{y%}ml = y. H wolovdia {z,, }72; evar vraxorouvdia

NG {Zn, F ooy, ETOMEVLC €yl TO (10 Gpto, OnhadY| lim {z,, }2, = .
1—00 K

O¢toupe a = (z,y). And o Topandve

1i>m dXXY(anki ) a) = E}m d%{ ('rnk7 y IL’) + d%/ (ynk1 ) y) =

= /lim d% (v, ,z) + li}m a3 (Yny,»y) =0+ 0=0.

1— 00

Apa, lim a,, = a, Snhadh) {an, }2; elvar cuxiivousa utaxorovdia tne {a, }oe . O
1—+00 B v
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2.6 Tomxd cupnayeic yweot.

Oploupog 2.6.1. ‘Evac yopoc X xokeiton tomixd ouurayns oto onueio x € X av undpyet
avotxtd alvoro U tétowo wote € U xou Cl(U) eivar ouumayéc.

O ywpog X xoheiton tomicd ovpumayng av etvar Tomxd ouunayrc o xdie onucto.

[apatnpolue ot av évag ywpog X elvon Tomixd ouunoyc oe €va onueio x xan U ebvan avouxtd
olvolo Tou Tepiéyel To x Yo 1o onofo CU(U) eivar ouprayhc, tote 0 X elvar Tomxd cuurayhc
oe xde onpeio tou U. Luvenwg xavévag ywpog 0ev umopel va etvar Tomxd cuumayric Wovo oe
éva anpelo z, extdc av 10 onueio = elvon PEPOVLUEVO xan To oUvoro {x} eivon xhewoTh, ondTE

{z} =U =CUl).
Oewpnua 2.6.2. Kdle ouurayns ywpos efvar tomkd ovunayns.

Arnéoaién. ‘Eoww X évag oupmayfc yweog xu x € X. Téte U = X elvon avoixtd chvoho mou
Teptéyet To & xou Tou onoiou to mepBinua CU(U) = X etvar cuunayéc. O]

IMogadeiypota 2.6.3.

1. O R", n = 1,2,..., elvor mopdderyua un cuumayols UETEXOU YWEOU Tou Efval TOTXd
oupnayhc. Ilpdypatt, xdde avowth urdda B(z,e) oto R™ éyer ouunoayée mepiBinua
Blz,€].

2. Kdle avouxtoc U undywpog tou R™ ebvar tomxd cupmayfc. Ipdyuatt, yio xdde v € U
vndpyer B(x,€), to onolo eivar avowxtd oto U, tétowo wote x € Blx,e] C U. Enedy
Blx, €] eivar ovunayéc, U eivon tomxd oupnayhc oto .

3. Kdle draxprtindg yopog etvar Tomxd cuumoryrg.

4. O ywpoc @ Tov pnteyv aptiuwy dev elvar TOTxd cuuTaync.

Oewpnua 2.6.4. Kdle rAeotds vndywpos €vos tomixd ouunayols ywpou elvar tomikd
oUuTayrs.

Arnéoaén. ‘Eotww X évag tomxd cuunaynhc yoeog xou F' xheiotég undywpog tou X. Av e € F
xou z € U, émou U eivar t0 avoxté unoclvoro tou X ye oupnayée nepBinua Clx (U), tote
UNF elvou avoixto utooctvoro tou F mou nepéyet 10 x xou Clp(UNF) = FNClx(UNF)
elvan xhelotéd unoalvoho tou cuunayolc Clx (U) xo yi' auté Clp(U N F) elvon oupnoyée. O

Oewpnua 2.6.5. Kdle avoiktds vndywpos €vds tomikd ouunayols petpikol xwpou elval
tomikd ouuTayns.

Andéoaén. ‘Eoww X évag tomxd ouunayrg yweog xat Y avowtég unoyweog tou X.
‘Eow y €Y. Tote o X elvar tomnd cupnayrc oto y. Enouéveg undpyer undpyer U C X
1o Kote y € U, U eivar avoxtd oto X xou 10 olGvoro Cly (U) etvor cuprayéc.
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To olvoho Y NU eivou avouxtd 610 X (wg touf avorxtady cuvéhev) xor y € Y NU. Apa,
undpyet € > 0 tétowo wote B(y,e) CY NU. Téte B (y, %) =B (y, %) NY elvar avowxtd oto
Y. Eniong Clx (B (y, %)) CB [y, %} C B(y,e) CY NU. Enoyévec

Cly(B (y, %)) — Y NClx(B (y, %)) — Clix(B <y, §>) C Clx(U)

"Apa, T0 ohvoro Cly (B (y, %)) etvor ouprayéc we xheotd unochvoro ouprayoig Cly (U).
[

Oepnpa 2.6.6. Av f: X = Y = f(X) elvar avoiktij anaicdvion evis tomikd ovunayols
yopou X enl evds petpikol ywpov Y, téte oY efvar tomicd ovumaynig.

Anddein. 'Eow y € Y xau x € f1(y). Eneidh o X ebvon tomxd ouunoyfc, undpyet avorxto
obvoro U C X pe oupnoyée nepiBinuo Clx (U) oo wote x € U.

O¢touue U, = f(U). Téte y € U,. Enednyn f ebvar avowxth o alvoho U, = f(U) eivan
avoté oto Y. Enewdr| n f ebvar cuveyrc xow o clvolo Clx(U) etvon OUMTAYES, TO GUVOLO
f(Clx(U)) eivar ouvunayéc unoclvoho tou petpxol yweou Y. Apa, 1o abvoro f(Clx(U))
etvo XAEW0TO 070 Y. LUVETKC

Cly(Uy) = Cly (f(U)) C Cly(f(Clx(U)) = f(Clx(U))

‘Apa, 10 oOvohro Cly (Uy), o¢ xhetotd utochvoro cudnayoic uroyweou f(Clx (U)) eivar ouynayéc.
[



Kegpdiawo 3

>uvexTtixol yweot.

Or yopot oTtoug onoloug avapépeTal To XEQPIAaLo auTo efvar ol ToTohoYIXOL YWEOoL.

3.1 H €vvoia Tou cuvexTixo) YOeou.

Opwouwog 3.1.1. 'Evag ywpog X xaheiton ovvektikdS ov 1o povo unooivoha tou X o omofa
elvol cUYYPOVLS avoTd xat xhetoTd oto X ebvan o X xou 0. Evo utoohvolo S evdc YWEOU
X nohelton cUVEXTIXG av 0 UTOYwEOS S Tou X efval cuVEXTIXOCS.

Oewpnua 3.1.2. Ia kdle perpindé ywpo X twa axdlovda elvar wodVvapa:
(1) O X elvar un ovvektikdg.
(it) X = Fy U Fy, énov Fy kar Fy elvar un kevd, kAeiotd oto X ka1 Fy N Fy = ().
(i13) X = Uy U Uy, drov Uy ka1 Uy efvar un kevd, avoiktd oto X ka1 Uy N Uy = ().

Anédaén. (i) = (1) 'BEotw 6t 0o X elvan un ouvextxde. Téte undpyet éva avouxtd xat xhelotéd
vrootvoro F tou X tétow dote F # 0 xow F # X. ©étovye F; = F xau Fo = X \ F.

(Zl) = (’LZZ) @éTOUP.E U=X \ Firan Uy =X \ Fs.

(iti) < (i) 'Eyouvue Uy = X \ Ui. Apa, 10 avowtéd Us eivon xAeiotd e cuumhfipwya
avotol cuvohou. O X elvon un GUVEXTIXOS, Aol UTAEYEL AvoLXTH Xl XAEWGTO UTOGUVOLO Us
Tou X, této0 wote Uy # X xon Uy # 0. O

Oewenua 3.1.3. Eva vrootvolo F evog ywpov X elvar avoikté kar kAeioté oto X av kai

pévo av Bd(F) = 0.
Anédaén. Av F elvon avoxtd o xhewoto, tote F' = Int(F) = CIU(F). "Apa, Bd(F) =
CUF)\ Int(F) = 0.
Av Bd(F) =0, t6te CI(F) \ Int(F) = . Enoyévewc CU(F) C Int(F). Luvendc
CU(F) C Int(F) C F C CI(F).

Eropévoe F' = Int(F) = CU(F). Apa, F' = Int(F) = CI(F), nou onpoivel 61t F elvon ovoixté
X0l XAELOTO. ]

33
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IIopiopa 3.1.4. Evag ydpoe efvar un ovvektikés av kar uovov av vrdpye F' C X térowo
bote F # 0, F # X ka1 Bd(F) = ().

Oewenua 3.1.4. Ay S elvar ovvektiké vnootvodro evog yapov X ka1t X = Uy U U,, dnov
Uy, Uy etvar un keva avoiktd oto X kar Uy NUsy =0, téte S C Uy .S C Us.

Anédaén. Enedh S =SNX = (SNU)U(SNUsy) xou S eivon ouvextixd obvolo, éva and to
avowtd utoctvoha S N UL, SN U, tou S elvon xevd. Enopévee, S =SNU 45 =S5NU..
APO(,SQUQT/]SQUl

O

Oewpnua 3.1.5. Ar S efvar ovvektiké vrootvolo evég ydpouv X kai
SCMCCIS),
toTe TO oUVvoA0 M efvar ouvekTiko.

Amnéoein. Ac unovécoupe 6ti o M etvar pn ouvextixde. Tote M = U, UU,, omou Uy, Us ebvor
un xeva ovowxtd oto M xaw Uy NU; = 0. Téte S =SOM = (SNU;) U(SNUy), énou 1
obvoha SN Uy, SN U, etvar avorxto 010 S xan dev TEUVOVTL.

Ané v oyéon S C M C CI(S) ouvendyeton 61t Cly(S) = M N CIUS) = M. "Apa, S
ebvon TovTol Tunvo oto M. Enouévwe ta oOvoka S N U, S N U; ebvar un xevd.

Ané 1o mapamdvew o cUvolo S Bev elvan GUYEXTIXG, Tou glvon dToTo. O

IMogadeliypota 3.1.6.

1. Kde dudotnua tou R elvor ouvextixd.
Ou del€oupe Tpwta ott x&ie popaypévo BidoTnua g poperc (a,b) eivor ouvexTixo.

Ac vrnodéoouvue 61t 10 (a,b) eivon un ouvextxd. Tdte undpyouv avoixta un xeve un-
oovvoha U xon U* Tou (a, b), tétow dote (a,b) = U UU*. Eow z € U.

‘Eotw (z,0) NU* # 0 xou ¢ = inf{y : y € U* N (z,b)}. Téte ¢ avhxer oe éva axptBoe
and ta abvoha U, U*. Eredn o obvora U xou U* ebvan avorxta, ¥ (¢ —e,c+¢) C U A
(c—e,c+¢e) CU* yia xdnow € > 0. Enopévac ¢ # inf{y : y € U* N (x,b)}, mou eivar
dromo. Apa, U* N (z,b) = 0. ‘Oyora anodewevietar 6t U* N (a, z) = 0. Apa, U* = 0.

Ané o Oedpnua 3.1.5, enetdr| To ddotnua (a,b) eivar ouvextxo,
(a,b) C (a,b] € Cl((a,b)) = [a,b], xu (a,b) C [a,b) € Cl((a,b)) = [a,b],

o Do thuata (a, b, [a,b) xou [a,b] eivon cuvexTixd.

Av A elvon éva and ta Saohuata g pophic [¢, 00), (¢, 00), (=00, ¢), (—o0, ¢], TotE Yo
x84 a,b € A 10 ouvextixd olvoho [a,b] C A, dpa, and to Oewernua 3.2.2, A eiva
GUVEXTIXO.

2. Av A cuvextixd vroctvoro tou R xat a,b € A, té1e [a,b] C A.

Hedrypat, av ¢ € [a,b] \ A, t61€ 10 cuvexTixd A elvar Evwon avoixtdy, Un XEVey UTo-
ouvorwy Tou AN (—00,c) xau AN (¢, 00)) mou Sev Téuvovtor, Tou elvan dTomo.
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3. Kdle ouvextixd unocivoro tou R mou mepieyel TouAdytotov 6Vo onueta elvon SldoTruaL.
‘Eotw A elivor cuvextixd utocivoko tou R mou mepéyel Touldyiotov 6o orelaL.

‘Eotw A eivar dvew xaw xdtw gpeayuévo, m = inf(A) xa M = sup(A). Eredy o A
neptéyel Touldylotov 800 onueia, tpoxintel ott M # m. ‘Eotw a € (m, M). Trdpyouy
m*, M* € A, tétoir wote m < m* < a < M* < M. Zuvernog a € [m*, M*] C A.
Ané o napondvew (m, M) C A C [m, M]. Apa, A eivon éva and ta Swothuata (m, M),
[m, M), (m, M|, [m, M].

‘Opota amodetxvieTan 6Tt A elvon BIdGTNUA GTIC TEPITTOOEL TOU €Vl U6VO Gve Gayévo,
1 LOVO %dTw Ppaypévo, 1| Bev elvar 0UTE dvw, 0UTE XUTwW PEUYUEVO.

4. "Evo un xevé utocivoro A tou R elvon ouvextixd av xou uévov av 1o A 1 elvor povosivoro
1) efvou OrdoTnuaL.

Hpoxdmter and To Tponyouueva TapadelyuaTo.

3.2 IdLOTNTEC CLUVEXTIXOV YOPWV.

Ocwpnua 3.2.1. Av X = {,op X ka1 { X, }ier €ivar oicoyévaa ovvektikdy vnoyopwy tou
xépouv X pe (Nyer Xi # 0, wote 0 X efvar ovvertixds.

Anédaén. Eow X = FiUF;, 6nou Fy xor Fy ebvon xhetotd vnootvora tou X xat Fi N Fy = ().
‘Eotww t € T. Enewdn o yopog Xy etvan quvextindg, npoxintel ot @ Xy C Iy ) X, C Fo.
‘Eotw 611 undpyouy t1,ty € T, tétowa wote Xy, C Fy xouw Xy, C Fy. Tote

ﬂXt C X, C F xou th C X, C I,
teT teT

mou elvar drono. Eropéves, f Xy C Fi v xde t, 4 X; C F yioo xdde 2.
Téte buwe X C Fy fh X C Fy. Apa, Fr =0,/ Fy = 0. Suvende o X eivar ouvextixdc.
O

Oewpnua 3.2.2. Av omowadnrote dvo onueia evis yapov X mepiéyovtar o€ éva ouvektikd
undywpo tou X, téte 0 X elvar ouvektikos.

Amdoaén. 'Eow xo € X. Do xdde v € X undpyet ouvextindg undywpoc A, tou X mou
neptéyel T onuela & xon zo. Emouéveg X = (U,cyx Az xot (,ex Az 2 {20} # 0. Ané 10
Ocwprnua 3.2.1 o yweog X efvar cuvexTindg. O

Ocsdpnua 3.2.3. Av (X,dx) xat (Y, dy) elvar ovvextikol petpirol xopor, téte to UeTPIko
ywiuervo tous (X, dx) x (Y, dy) elvar ouvektikds petpikds xapos.

Anédaén. 'Eow (ay, ay), (by,by) € X X Y. Oétouye
Yx ={(z,by) e X xY : 2 € X},

Yy ={(as,y) e X xY :ye Y}
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Hogatnpotue 6t (by,by) € Xx %o (ag,ay) € Ly. X0ugwva ue 1o Oewpnua 3.2.2, apxel va
arodeilouue 6Tt 0 UTdYWEoC Xy U Xy tou X X Y elvon cuvextixdc.
Av (21,by), (22,by) € Xx, T0TE

dxxy((21,by), (v2,b,)) = \/(dX(fL”hl"z))2 + (dy (by, by))? = dx (w1, 2).

‘Apa, 1 ent anewdvion i : X — Xy mou opileton and tov tono i(x) = (x,b,) elvon 1oopetpia
Enedr) o X elvon ouvextindg xan xde toouetplo elvon ouveyric ancixdvion, and 1o Ocwpnua
3.2.6 mpoxmTel 6TL 0 UTOYWEOS Xx Tou X X Y elvon ouvextidg. ‘Opota amodeixvieTon 0Tt 0
Loy WEog Ly tou X X Y eivon ouvextxée. Ened| (az,by) € Xx Ny, and 10 Oedpnuo 3.2.2
TEOXUTTEL OTL 0 UTOYWpo¢ Xx U Xy elvol GUVEXTIXOC. ]

Ocshpnua 3.2.4. Ay (Xq,dy), ..., (X,,d,) elvar ovvektikol petpikol xdpot, ToTe T0 UETPIKS
ywdpevo tous (X, dy) X ... X (X, d,) €var ovvektikds HeTpikds Yadpos.

Améoeitn. To Bewpnua anodexvieTal Y ETAYWYTH WS Tpog n = 2,3, ..., YPNOWOTOIOVTIS TO
Oedpnua 3.2.3 xar v oyéon (BA. Oedpnua 1.7.11):

(X17d1) X ... X (Xnadn) X (Xn+1’dn+1) = ((del) X ... X (erdn)) X (Xn+1’dn+1)

IMogdderypa 3.2.5. O n-tidotatog x30¢

[0,1]"=[0,1] x ... x [0,1]

/

~
n QOPES

7. / / n 4 Ié 2 V4 7’
elvan ouvexTxdc uToYweoc Tou R™, enedr] o Sidotnua [0, 1] elvon cuvextinde ywpoc.

Oewpnua 3.2.6. Av [ : X = Y elvar jua owveynis aneixovion and éva ovvektiké yapo X
eni €vog yawpov Y, tote 0 Y elvar ouvektikds Y wpos.

Andoaén. 'Eotww aviideta 6t 0o YV ebvan pn cuvextxds. Tote o Y meptéyet un xevo avouxtod
xat ¥Aewwtd olvoho F # Y. Enedf n f elvor ouveyfic xau enf tou Y, 10 olvoro f1(F) ebvou
un xevo, avotxté xon xhewoté 610 X xon fTH(F) # X. Yuvende o X efvon un ouvextixée, Tou
etvon droto.

]

Oewpnua 3.2.7. Ay o ydpos X elvar owvektikds ka1 f : X — R elvar ovveyrs, tote ya
kdOe 11,290 € X pe f(x1) < f(x2) ka1 y1a kdOe ¢ € [f(z1), f(x2)], vndpyer x € X téroto dote

f(z) =c.

Anédaén. Enedh o X elvon ouvextindg xau v f ebvan ouveyrc, 1o alvoho f(X) etvon cuvextind
uroolvoro tou R. To odvoho f(X) nepiéyet Touldytotov o d0o onuela f(z1) xa f(x).
Yuvenae 1o f(X) elvon Stdotnua xou [f(z1), f(z2)] C f(X). Apa yio xdde ¢ € [f(x1), f(z2)]
undpyet z € X tétowo ote f(r) = c. O
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Oewenua 3.2.8. Hotw A éva hidotnua tov R.
Av [ A = R elvar ouvexns aneiévion, téte o ypdonua I'y = {(z, f(z)) € R* : z € A}

g | efvar cuvextikds vndywpos tou R2.
Améoaén. Oewpolye Ty anewoévion fr : A — I'y mou opiletoan and Tov TOT0
fr(z) = (=, f(z)), © € A.

Téte I'y = fr(A) xou o A eivon ouvextxd. Apxel vo deiouue 6t 1 fr elvon ouveyrhc.
‘Eotw x9 € A xou e > 0. 'Enedd n f elvan ouveyrg, undpyet 6 > 0 tétoto woTte

|z — 0| <0 = |f(x) — f(z0)] <

S

‘Eotww 0 < min{é,\%}. Av |z — xo| < F, téTE |T — 20| < 55 %o |f(x) — f(zo)] < %
Enouévag

dy((w, f(2)), (w0, f(w0))) = V(2 — 20)* + (f(2) = f(20))* < \/(%)2 + (%)2 = .

‘Apa 1 fr ebvon ouveyic. O

IMTapatrenon 3.2.8. Acev woylel 10 avtioTtpogo Tou Ocwpriuatos 3.2.8.
O Sefoupe bt n un ouveyrhc oto =0 ouvdptnon f : [0,1] = R mou opiletar and Ti¢
OYETELC

0, z=0
fle) = { sint, € (0,1]

€yel ouvextind ypdonue. Hpdyuatt, ag cuufoiicouue pe I'y 10 yedonua e f. O<toupe
1
S = {(z,sin E) cx € (0,1]}

Téte I'y = S U{(0,0) xou CU(S) =S U ({0} x [-1,1]).
Enred|, S eivar ouvextxd obvoro xoau S C I'y C CI(S).
Ané 10 Oewpnua 3.1.5 to ypdonua I'y efvon cuvextixd.

Opiwouwog 3.2.9. Muw owoyévea Uy, ..., Uy, umoouvohwy evag yoeou X xahelton amhr ahucido
a6 a € X éocbe X ava e Uy, be Uy, xau U;NU; # 0 av xon uévov av i — j| < 1.

Oewpnpa 3.2.10. Av a ka1 b efvar 60o onpueta evés ovvektikot yapov X kar I = {U, }er
elvar éva avoixtd kdAvupa tov X, tdte vndpyer anAry akvoiva Uy, ..., U, € K téroa bote a € Uy
ka1 b € U,.

Arnéoeién. 'Eotww o1t A ebvar 10 6Uvoho Ghwv TV onueiwy o € X, yio To omolo UTdpyEL wia
amAfy ahucida otoryeiwy Tou K and 10 a €wg to . Apxel va delCoupe oL A = X

To A etvar avowté oto X. Tlpdypatt, éotw x € A. Tote undpyet anhy| ahvoida Uy, ..., U, €
K, ©toia wote a € Uy xou x € U,,. N xde y € U, n owoyévewa Uy, ..., U, ebvon amhv| ahuoida
oo a éug y, dpa x € U, C A.
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To A eivan xhewot6 ot0 X. llpdypan, éotw y € Cl(A). Enedh X = [U,op Us, undpyer
Ui, € {Ui hier 11010 GotE Y € Uy,. Emewd?| y etvar onpeio enagrc tou A o Uy, ebvan avounto
ovoho mou mepiéyel To y, undpyet * € ANU,. Egbécov x € A, undpyet anhf alvoida
U, ..U, € K, o dote a € Uy xou x € Uy,. 'BEotw k elvon o mxpdtepog and toug aptiuoic
1,2,...,n yw tov onofo wyver Uy N Uy, # 0. Tote Uy, ..., Uy, Uy, eivan amhi| aduoida ototyeiny
Tou K and a éwc y. Apa, y € A.

Eneor) A ouyypdveg avoxtd xou xAE0TO UTOGUYORO GUVEXTIXOU YWeou X, cuvendyetot
ot A= X. m

Oewpnua 3.2.11. Advo orowadninote onueia evés avorktol kar ovvektikov ovvdlov U C R”
pumopolv va ouvvdefolv ue pua tebhaouérn ypauun rov nepiéyetar oto U.

Andoaén. 'Eyovye U = U,y B(2,62). 'Eow a,b € U. Enedh K = {B (x €2) bocr EbvL
avoIXTO XGAUUUA Tou cuvexTixol yopou U, undpyet anhf ahucida B(xy,e1), ..., B(xn, &,) € K
étol OotE a € B(wy,e1) xou b € B(xp,en)-

Xwplg BAdBN Tng yevixdTnTag Unopolpe va UTOVEGOUUE 0Tt a # Ty xan b # @s.

H évoon twy evdiyoauuemy TUNUSTWY a1, T1T2, ..., Tn—1Tn, Tnb TEQLEYEL TEONACUEVT YOOUUN
ané a €we b. O

3.3 XUVICTWOES TOL YWEOV.

Kdéde povootvoro {x} evic ywpou eivar ouvextixd olvoho. Enouevos xdie ornuelo x evog
4 4 ’ 7 7 7 /7 7
Y@eou X avixel o €val TOUAAYIGTOV CUVEXTIXO UTOGUVOAD Tou X. A7 1o Ocopnua 3.2.1
TEOXUTTEL OTL 1) EVOT) OAWY TWY CUVEXTIX®Y UTOCLYOAWY Tou X Tou Tepiéyouy to onueio
elvar ocuvexTixd clvolo.

Optopdg 3.3.1. Eotw X évag ywpog xaw z € X. H évwon S, Ohov twv ouvexTixmy
UTOGUVOAWY Tou X Tou TEpLEy oLy To ornuelo x xaheltan ouvektikr owiotwoa Tou T 6To X.

And tov oplopd TNG CLUVEXTIXAS CUVIOTOGAS Sy eVOC onueiou = éreton 6Tt S, ebvon Un xEvo
GLVEXTIXG GOVOLO xan 6Tt efvan To "ueYdhiTepo” GuvexTxd GUvoho Tou TepEyEl To onuEio .
Anhadh, av z € S € X xa 10 S efvan ouvextino, t61€ S C 5,

Oewpnua 3.3.2. Ye kdle ydpo X wydovr ta €&ijs:
I Ave,ye X, e j S, = S, 1.5, NS, = 0.
2. O X elvar évwon twv oUreKTIKOY TUVIOTWOWOY TwY TNUEIWY TOU.

3. Ia kdle x € X n ovvekukn owiotwoa S, €ivar kKAeiotd vnoorolo tov X.

Amndéoeén. 1. Av S, NS, #0, t6te S, U S, ebvor ouvextixd unoolvoho tou X nou neptéyet
To onueta T xou y. XLuvenweg S US, C 5, xaw S, US, C S5y Ondte Sy C S, xou S, € 5.
Apa, Sy, = 5;.

2. 'Bow =z € X. Téte {x} ebvar ouvextixé alvoho mou mepiéyet 1o x. Apa {z} C S,

Brhad? Sy # ().
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3. Eredr] 10 olvoho S, ebvan ouvextind xou mepiéyet xdle ouvexTnd olvoho Tou TEPLEYEL
10 x, mpoxinter 6T CU(S,) etvan ouvextind xaw CU(S,) C S,. Apa, 0 clvoro S, eiva
AAELOTO.

]

Ano 1o Oedprua 3.3.2 mpoxhnter 6L 1) owxoyévela {5, 1 € X} anoteholuevn and cuvextixéc
ouvloToeg onueiwy Tou X elvor dlauépton Tou X o€ xAElGTA xot GLUVEXTIXS uTtoctvoha. H (Bia
Olopéptor TeoxOTTEL av 0plcouPe TN oyéon woduvaulus ~ oto X wg edhg:

T~ Y > T XU Y AVAXOLY GE EVA GUVEXTIXG UTOGUVORO Tou X,
Kdle xhdon wwoduvaplag wg mpog Ty oyéon ~ xaheltan ouvektikr ouviotooa tou X.

Ipogavig évag yweog X elvan cuvexTixdg av xat wovoy av o X €yet Hovadixt; GUVEXTIXN
ouviotwod (o Bto to X).

Optopog 3.3.3. 'Evac ywpoc X mou mepléyel ToukdyioTtov dlo onueio xaAeiton odikd un
ouvekTiKdS OTay xde ouvexTr) cuvioTwoo Tou X elvon Hovosivolo.

[Mogadeiypota 3.3.4.

1. Or cuVEXTIXEC GUVIOTWOES TOU GUVOROL TwV eNTeY dptduny @ eivar ta yovooivoha {q},
q € Q. Apa, 0 Q elvor 0Axd un GUVEXTIXOS.
2. Ov ovvextuxéc ouviotwoeg tov X = [0,1]U[2,3|U...U[2n,2n+1]U..., n =0, 1, ..., ebvor
o Broothuata S, = [2n, 2n + 1.
2
x
3. Ot ouvextixéc ouviothoeg g unepBorfic YV = {(z,y) € R?: —
a

Si={(z;y) €Y 2 <0}, So={(z,y) €Y :2 >0}

2
- % =1} elvou

z ’ ’ _ 110 ’ ’
4. Ov ouvexTtixéc ouMoTOoES Tou UToyweou X = {152, U {0} tou R eivar ta yovooivola.
H ouvextin, ouviotdoo {0} dev eivar avowxth oo X.

5. Ov cLUVEXTIXEC CUVIOTWOES OTOUBTTOTE BlaxELTXoU Yweou elval To wovoolvoha. To
LOVOGUVOAO OE Evar BlaxpLTind ywpeo eivan avoixtd. Apo ol GUVEXTIXEC CUVIGTWOES XAUE
OLUXELTIXOU Y WEOL efval avOLXTES.

3.4 Tomxd cuvexTixol yweot.

Opiouwog 3.4.1. Evog ywpog X xakeiton tomkd ouvektikds oto onueio v € X av yio xde

avowty) tepoy U tou x oto X undpyer avouxtr) xou cuvextixt| nepioyr) V' Tou x t€Tol )oTe
rzeV CU.

‘Evag yopoc X xakeltar tomkd ouvextikds otay efvon Tomixd cuvexTtindg o xdde ornuelo.

Oewepnua 3.4.2. Ervag ydpos X elvar tomkd ovvektikés av kail puovov av o X éyer fdon
aroteloUuern and avoiktd ka1 ovvekTikd oUYYpPOvws oUroAa.

Amnéoaién. llpoxintel and Tov 0ploud TNG TOMXAC GUVEXTIXOTNTAC EVOS YWEOU XL amd TO
Ocwpnua 1.2.6. O
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I[Mogadeiypoata 3.4.3.

1. O R eivor tomixd ouvexTixoS EMEWDY To oVOIXTA X0l oLUVEXTIXE cUVola (z — €, + €)
aroteholy pla Bdor Tou.

2. Kde droxpitinde yweog elvan ToTxd GUVEXTIXOG.

3. O uméywpoc X = {(z,sinl): 0 <z <1} U{(0,0)} Tou R? elvor cuvexTide xon TOTX
OUVEXTIXOG OE xde omueio exToc Tou ornueiou (0,0).

Oewpnua 3.4.3. Metpikd ywiuevo menepacuévov mAnlovs HeTpikdy TOTiKd TUVEKTIKWDY
XOpwy €lvar Tomkd TUVEKTIKOS Y OPOS.

Andoaén. Apxel va arnodetfouue 10 Jewpnua yia 800 Tomxd cuveXTIXOUS Yweoug X xot Y.

Eow (z,y) € U 6mou U avoixtd oto X X Y. Tioupwva ye 1o Oedpnuo 1.7.12 undpyet U,
avoxto oto X xa Uy avowté 610 Y, T€T0100 WOTE (x,y) C U, % U, € U. Enewy| ot yopot
X xu Y ebvar tomixd cuvextixol umdpyer avou T xaL GUVEXTIXY| teploy Y| V, Tou x oto X xot
avo T xou cuvextixy teptoyh V, tou y oo Y, €tot wotrex € V, C U, xuw y € V,, C U,
Enewor) V, xon Vj, efvon ouvextixd, to avoxté oto X X Y. olvolo V =V, x V, ebvar cuvextind
Xl

(x,y) e V=V, xV,CU, xU, CU.

Apa, 0 X elvar Tomixd ouvextixdc oe xdie onueio (x,y) Tou X x Y. O
Oewepnua 3.4.4. Ia évay ywpo X ta €€ng efvar 10000vapa

(i) 0 X elvar tomikd ouvektikds,

(i1) ya kde x € X av ya kdle avoirt) mepoyry G tov x vrdpyer ovvektikd vrootroro V
tov X térow dote v € Int(V) CV C G,

(117) o1 owvekTikés oLVIOTHTES KdDe avorktol vtoouvrddov G tov X elvar avoiktd oto X olvoda,

(iv) kdOe avoktds vndywpos U tov X elvar tomikd ouvvektikds.

Anédealn. (i) = (ii) Av o X éyel v étnta (1), 10TE Yioo xdlde € X xou yio xdde avoixty
neployfy G Tou x uTdpyEL VoI TH xou cuvexTr Tepoyh V tou x étol wote x € V C G
Eneid?) 1o obvoho V elvar avouxtd, V = Int(V). Apa, z € Int(V) CV C G.

(i1) = (dit) Eoww 61 0 X éyet tnv oo (i) xou G elvor avowxté utochvoro tou X. Ay
S efvon war ouvextr) cuviotwoo Tou G, ToTE Y xdde s € S 1 G elvon avoux T Teploy Y
Tou 5. Emouévee, yia xdde s € S umdpyet ouvextixd unocivoro V, tou X Tté€tolo ote
s € Int(Vy) CV, CG. Enedy] yia xdde s € S 10 S elvon Evwor GhwV TV GUVEXTIXMY
UTooUVOAY Tou G Tou TeptEyouy To s TpoxiTTEL 6Tt xdde Vi C S, "Apa S elvon avouxtd
010 X o¢ évwon avoixtodyv oto X ouvohwy Int(Vy), s € S.

(¢73) = (iv) ‘Botw 61t 0 X éyer v wbotnra (i49) xou U elvor avoixtég undyweos tou X.
Av z € U xa G ebvar avowty| teptoyt Tou x oto U, 161 G elvon avotxtd umocivolo
Tou X X0, CUVETMC, Ol CUVEXTIXEC oUVIOTWOES Tou G elvan avoixtd utoouvola Tou X.
Enopéveg 1 ouvextind) ouviotooa S, Tou T 670 G elvorn avotnTo Xot GUVEXTIXO UTOGUYONO
Tou U tétoo dote z € S, C G. "Apa o U eivan Tomnd ouvexTinoc.
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(iv) = (i) Av o X éyer tnv Botnta (iv), ot 0 X clvon Tomxd GUVEXTIXOS W AVOIXTOC
UTOYWEOS TOU EAUTOU TOU.

]

IMogadelypoata 3.4.5.

1. 'Enewr) o R elvor tomxd ouvextixdg, o R, n = 2,3, ..., elvon tomxd ouvextxde wg
YWOUEVO TOTUXE GUVEXTIXOY YOpwY (and to Oewpnua 3.4.3). Kdde avoixtde undywpoc
tou R” elvar tomxd ouvextixds (and to Oewpnua 3.4.4).

y):—1<y<1}

2. H oupnuxvepévn nutovoedfc S = {(z,sinl 0 <z <1} U {(0,
1}, o omolog éyer un

neptéyel évay avowxtéd utoydpo U = {(z,y) € S : -1 <y <
avouxth ouvextixh ouviotwoa {(0,y) € U : —1 § y <31}

"Apat, 1 CULTUNVWPEYT) NUVOTOVOEWTG Bev elvar Tomixd cuvexTix|. O S elvan Tomixd cuvex-
x6c oe xqe (z,y) € S\ {(0,y) : —1 < y < 1} xou Sev elvor Tomxd cUVEXTIXOS OTA

onueia (z,y) € {(0,y) : =1 <y < 1}.

Oewpnpa 3.4.5. Av o yopos X efvar tomixd ovvektkss kar f + X — Y = f(X) eivar
kA€ot aretkovion tov X enf tov yapov Y, téte oY efvar tomkd ourekTikds.

Andéoaén. 'Eotww U avorxto utocivolo tou Y xon S uio cuvextiny| cuviotwod tou U. Xiugwnva
ue To Ocdpnua 3.4.4 apxel va anoderydel 6Tt S elvon avowtéd oo Y.

Hapatnpotpe 61t S =Y \ f(X\ fH(S)). Enedf n f ebvor xdeoth, apxet va detfoupe 6Tt
F7H(S) etvan avouxté.

‘Eotw 6t € f7H(S). Towe z € f~1(U). Egdoov n f ebvau suveyte, f~HU) ebvon avoxtéd
oto X. Enedf o X efvor-tomxd cuvextixde, 1 cuvextixf; cunstooa S, tou fH(U) mou
TEPEYEL TO X elvan avouxtd utochvoro Tou X. Emnedn S, elvon ouvextind xan 1 f ebvon cuveync,
T0 ovvoho f(S,) elvar ocuvexTxd.

Eyouue f(x) € f(S:) NS, omou f(S,;) ebvar ouvextixd vroclvoro tou U xon S eivor
ouvexTxy) ounotwoo tou U. Enopéveg f(S;) € S. Apa

resS, Cf(S).
An6 1o mopondvew to obvoro fTH(S) elvar avoixtd w¢ Eveon avoxtey GuvOrey S,. [

Ochpnpa 3.4.6. Av o yopos X efvar tomikd ovvextikés kar f + X — Y = f(X) eva
avoiktn) aneikovion tov X emi tov ywpov Y, téte 0 Y elvar tomikd ouvveKTIKOg.

Arddeén. 'Eow y = f(z) € Y xau U avoxté ovvoho pe y € U. Toéte o € fH(U) xa,
enedh 1 f ebvar ouveyhe, fHU) ebvan avoxtd oto X. And Ty tomixh ouvextixdtnta Tou X
émeTon OTL UTdpYEL AvoXTd xat oUYVEXTIXG UTocUvolo V Tou X tétoo wote z € V C fH(U).
Apa, y = f(z) € f(V) C f(fH(U)) = U. Enedf n f ebvor avowxth xou V ebvon avouxtd xou
oLVEXTIXG, TO 6UVOAO f (V') avotd xar ouVEXTIXO.

‘Apa, 0 Y elvar Tomuxd ouUVEXTIXOS GTO Y. O]
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3.5 Koatd t6§o ocuvextixol yweol.
Optouwde 3.5.1. Evac yopoc X xaheiton tééo av undpyet (emt) OUOOUOPPLOUOC
h:[0,1] - X.
To onueior h(0) xar h(1) xahovvton dxpa Tou t6Eou X.
Ané 1o Oewpnpata 2.4.2, 3.2.6 xou 3.4.6 mpoxinTel 6Tt

ITpbtaom 3.5.2. Kde tééo eivar ovurayns, ovvektikos kar tomikd ouvvekTikos Y apos.

Hopatneotyue ot ta droothpote [0, 1]\ {0} xon [0,1] \ {1} elvon ouvextixa utocivola tou
[0, 1] »ou vyt xdde x € [0,1] \ {0, 1}, 1o obvoro [0,1] \ {z} eivor pn cuvextxd.

Enopévwe oe xdie 1680 X undpyouv 0o onuela a xou b ({a,b} = {h(0), (1)}) térowx
oote o olvora X\ {a} xor X \ {b} ebvor ouvexuxd xor yio xdde xdde x € X \ {a,b} o0
obvoho X \ {z} elvou un ouvextxéd. Amodemvieton 6L awth 1 WLbTNT Elvon yopaxTnetoTixy
WBOTNTA TV TOEWY, ONAAST) Loy UEL TO ToPAXATK VEMENUA.

Oewepnua 3.5.2. Erag puetpikds, ovveknikds kar ovpnayrs ywpos X efvar tééo av kai jrévov
av vrdpyxovr akpifas 6vo onueia a,b € X, téroe dote X \ {a} kar X \ {b} va elvar ovvextikd
ovrola.

Opiouwog 3.5.3. Tvag ywpog X xahetton xatd 16£0 cuVEXTNOSG oV oToLdHToTE 800 onueia
a,b € X etvau doepa evog t6ou tou X, dnhadr uTdpyEL OUOLOULOPPLOUOS

h:[0,1] — h(]0,1]) € X
oo wote h(0) = a xau h(1l) = b.
Oewpnua 3.5.4. Kdle katd t6éo ouvektikds ypo§ elvar ovvekTikds.

Aréoaén. Orowdrmote dUo onueia a xo b evog xatd 0o cuvexTnol yweou X avixouv ot
€VoL CUVEXTXO UTOGUYOAO Tou X 10 T6&0 ue dxpa a xat b. ‘Apa, o X elvon cuvextinde and to
Ocoprnua 3.2.2. O

IMopadeiypata 3.5.5.

1. O unbywpoc T = {(z,zsinl): 0 <z < 1} U{(0,0)} tou R? etvan t6Zo0.
Hedrypat, o opowoyoppiopés b : [0,1] — T opiletan and tic oyéoec: h(0) = (0,0) xou
h(z) = (z,xzsin i) yiwz € [0,1] \ {0}.

2. O R etvor xotd 1680 cuvexTidg, eeldt| onotadrmoTe dLo onuela a,b € R elvon dxpo Tou
eudUypauuou tuhuatog [a,bl. O opowopopgioude b : [0,1] — [a, b] tétolog wote h(0) = a
xou h(1) = b opiletar and tov tOno h(z) = (b —a)z + a.
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3. O ouvextixdc undywpog X = {(z,sinl): 0 <2 <1} U{(0,0)} tou R? dev eivor xatd
T6E0 GuVEXTIXOC.

Ac¢ unodéooupe bt undpyet ouveyric anexévion f 2 [0, 1] = X yio v onola f(0) = (0, 0)
xou f(1) = (1,sin1). To povadixde cuvextixds uroyweos Tou X mou TEpLEYEL Ta onueia
(0,0) xou (1,sin1) eivar 0 X. Enopévee f([0,1]) = X ebvar ouurayrc ydpog, mou eiva
droro. ‘Apa, To avtioTpogo Tou Oewpriuatog 3.5.4 dev elvor aandéc.

To nopaxdtew Odpnua TEOCPEREL TIC 1XAVES GUVITIXES YLl VoL Elval EVag YWpog xaTtd 16E0
CUVEXTIXOC.

Oewpnua 3.5.6. Kdie mArjpng, ouvextikds kai tomikd ouvekTikds HeTpikds X wpos efvar katd
T660 TUVEKTIKGC.

IIopwopa 3.5.7. Kdle ovunayris, ouvektikds kai tomikd OUVeKTIKOS METPIKOS XpoS €lval
katd té6o OUVEKTIKOG.

Ardéoaén. Yuvendyeton and 10 Octdpnua 3.5.6, apol xdle CUUTAYHAC UETEXOC YWEOS EVOL
TARENG. O]

IMopadeiypata 3.5.8.

1. O R" wg mhipng, GUVEXTIXOS %OL TOTXE GUVEXTIXOC UETPXOC Ywpog efvanr xotd THE-
0 ouvexTxog. Emnedr 800 onoldrmote onuelia evog avotxtod xol CUVEXTIXOU GUYOAOU
U C R" yropotv vo cuvdedolv e o Tedhacuévr yeoupn mou epéyetar oto U xou 1
teVhaopévr ypouun etvon 6o, €metan 0T xdUe avoixTo xou cUVEXTIXG UTocUVoho Tou R”
efvat xatd T6E0 CUVEXTIXO.

2. To Swotnua (a,b) elvor mapddetyua xatd t6Z0 cuVEXTIXO) Y®OEOU, 0 0Tolog eV Eival
CUVEXTXOC XU TOTUXE CUVEXTIXGG, Oev efvan TATieNS. ‘Apa, To avTioTpo®o Tou OewpfaTog
3.5.6 dev etvan ahniéc.

3. Oewpolye T0 UTOGUYOAO TOU ETUTEDOU

B = ([0,1] x {0}) U (G ({%} « [0,1])> U ({0} x [0,1]).

n=1

O undywpog S elvan Tapdderyua xatd T6E0 GUVEXTXOU Y WEOU, 0 0Tolog EVE elvon TAYENS
X0 GUVEXTIXOG, DEV efvon Tomxd ouvexTixdg ota orneior tou suvorou {0} x (0, 1].

Opgtowde 3.5.9. Evac yodpoc X xaheltar dpouog (A LOVOTIATL) oy UTEpyEL ouvEY S xou et
anexovion h 1 [0,1] = X. To onueio ~(0) xon h(1) xohodvtar dxpa tou dpduou X.

Optopdg 3.5.10. 'Evac ywpog X xaheiton xatd 0pOUo CUVEXTIXGS oV OTOLOHTOTE Onueia
a,b e X elvou dxpa evog dpduou tou X, dnhadr) umdpyel wo ouveyhic amewévion f 2 [0,1] = X
o wote f(0) = a xou f(1) =D.
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Ané ta Oewpfuota 2.4.2, 3.2.2, 3.2.6, 3.4.6 xau [lépiopa 3.5.7 cuverdyetou ot
(1) KdOe oo etvar 6popos.
(17) KdOe katd tééo ovvektikds ywpos elvar katd Spopo ouvekTiKoS.

111) KdOe uetpikd¢ yvaopog mov efvar 0pouoc €ival Tomikd ouvekTIKOC, CUUTAYHC KAl OUVEKTIKG
HETPLKOG Y WPO] POUOS $, OUMTaYns S
XOpOs.

(iv) KdOe katd dpdpo ouvektikds ydpos elvar ouvektikds.

(v) KdOe katd 6pdpo ovvektikds HeTpikés Yapos efvar katd toéo ouvekTikds.

Ané Ti¢ npotdoetc (i4) xou (v) ouvendyeto OTL:

(vi) Evag petpikds yopos eivar katd tééo ovvektikds av kar pudvov av elvar katd Opdpo
OUVEKTIKCS.



Kegpdiowo 4

Ta cuveyn.

OL yopot 6Toug 0TOlOUG AVAPEPETAL TO XEPIAAO AUTO elvol Ol TOTOAOYIXOL YWEOL.

4.1 H £€vvowx Tou cuveyolgq.

Oplopog 4.1.1. Kéle (un xevoc) yweog mou elvat GUUTOYHiE Xat GUVEXTIXOC XahelTol oUveYES.

"Evog yetpieoc ywpog (X, d) eivon cuveyés dtav o yopoc (X, Ty) ebvon cuveyéc.
IMopadeiypata 4.1.2.

1. Kdde xheotd xou @oaypévo Sidatnua [a,b] tne eudeiog twv npoypatixdy oprdumy eivor
OUVEYEQ.

2. Kde xheioth) pndha Blz; €] tou R™ eivar ouveyée.

Oewpnua 4.1.3. O1 ourektikéS auriotwoes kdle ouunayols ywpouv elvar ouvexn.

4.2 DBaowxEg WOLOTNTES TWV CUVEYMV.

Oewpnua 4.2.1. Av o1 undywpor X, ..., X, evds yipov X efvar ovveyn, X = X;U...UX,
ka1 X, N...NX, #0, tére 0 X etvar TUVEYE.

Améoain. Yuvendyetan and to Ocwpruata 2.5.1 xou 3.2.1. []

Oevpnua 4.2.2. Av n f : X = Y elvar ovveynis aneikovion evds ovvexols X ent evog
xopov Y, tote 0 Y efvar ouvey .

Anéoaén. Enednyn f ebvon ouveyric, oY = f(X) elvon ouvextinde xan ouumaync, dea o Y eivan
OUVEYEC. ]

Oewpnua 4.2.3. To ywipevo terepaciiévov TAUoVS HeTPIKGY TUVEX WY €val HETPIKS TUVEYES.

Amnéoeién. Ilpoxintel and ta Oewphuota 2.5.4 xou 3.2.4. O
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Ochpnua 4.2.4. Eoww {X,}72, jua akodovdia un kevdy petpikdy ouvexdy tétola hdote
Xi2X22D .2 X D X1 2 ..o\
tdte 0 vroydpos (-, X, touv X €fvar ouveyds.

Arnéoaén. Eredr| xde X, ebvor un xevog ouurayhic yweog, xde undywpeog X, etval xAelotog
oto Xi. Apa, ()2, X, eivan (un xevoc) ouunoyhc utoywpeos (and 1o Oewpnua 2.5.2). Apxel
vo. def€oupe OTL 0 UTOY PO ﬂzozl X, elvar cuvexTixoc.

A¢ urotéoouue 6Tt avtideTa o ﬂzo:l X, elvon pn ouvextinég. Tote ﬂzo:l X, = F1UF5, 6nou
Fy o Fy elvan un xevd, xhewotd utoctvoha tou (- X, xat Fy N Fy = 0. Eredh (02, X,
ebvon xhetotd oto Xy, tor i xan Fy ebvan xheotd oto X, Trdpyouv avowtd utocivora Uy xon
U, tou X, tétowa &ote Fy C Uy, Fy C Uy xon Uy NUy = 0.

To avowxtd obvoro Uy UU; neptéyet Ty topd| ()~ Xy Enouévac (and to Oedprnua 2.5.3)
UTEEYEL My TETOW WOTE Y xdde n > ng va ebvan X, € Uy U Us. ‘Aga

Xy = (Xny OV UL) U (Xogy 01 02).

Enedfo ()~ X, C Xy, o 10 abvodo (7, X, Téuver 1o xadéva and ta Uy xou Us, T oUvola
Xy NUL, Xpy NU ebvon pn xevd. Apa, o Xy, ebvar-un ouvextixdg mou elvon dromo.
O

IMogadeiypota 4.2.1.

, . . . 2 2 ’ 2 7 7
1. To tpiywvo Tou Sierpinski efvat €va untocUvolo Tou emnédou mou opiletal we e€rg:

1 Brua. ‘Eva wobémieugo tpiywvo Ty yweiloupe pe eudiypoupo TUNUITO TOU EVOYOLY Td
UECO TWVY TAELUPAY TOU G 4 todmheupa Telywva.

2 (o Agoupolye 10 €0wTERXO Tou peoalou Tetywvou and to Th xan mofpvouue €va
ovveyeg T C Tp.

Enoaveioupdavovtog ta fruata 1 xou 2 oto xodéva and o 3 tplywva and to otolo anotehel-
Tt to 17, madpvoupe to ouveyéc Tr C 1. Enaywywd exavohauBdvovac ta Bruoro 1 xon
2 ota tplywva tou 1), maipvouue to cuveyéc T,41 € T5,. To clvoro T' = ﬂ:;o T, elvan
€val oLUVEYEC Tou xaheiton Tefywvo tou Sierpinski.

2. To yahi tou Sierpinski (Sierpinski carpet) eivan évo unocivoho tou eminédou tou optleTa
4
w¢ e&hc:

1 Brpo. Eva tetpdywvo Sy ywellovye o 9 1oa teTpdymva.

2 BAuo Agaipolue To ECWTERIXO TOU UECUOU TETPAYOYOU Ao T0 Sy Xl TUPVOUUE Eval
ouveyée S C 5.

Enoaveioupdavovtog ta Brhuata 1 xon 2 oto xadéva and ta 8 teTpdymva and to omolo
arotekeiton 10 51, malpvoupe to cuveyéc Sy C 5. Emaywywd emavohouBdvovtag To
Privata 1 xou 2 ota teTRdywva Tou S, maipvouue To cuveyéc S,11 € S, To olvolo
S = (oo Sn ebvan éva ouveyéc mou xoheitan yoki Tou Sierpinski.
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3. O ondyyog tou Menger ( Menger sponge) etvon éva UTOGUVOLO TOU TELOBIEGTATOU EUX-
Aeldeou ywpou mou optleton we e&hc:

1 Brpoe. Evav xtBo M, yweiloupe oe 27 icoug xUBouc (x0Boc Rubik).
2 B Aganpolpe and to My to EoWTERIXA EXEVLY TV xUBWV Tou BEV TEUVOUY oo
ooeury Tou My xou mafpvoupe éva cuveyéc My C M.

Enoveioufdvovtoc to Bhuata 1 xat 2 1o xadéva and to 20 x0Boug and to omolo anoTtehel-
T t0 My, modpvouue to cuveyés My C M. Emayoywd enavahauBdvoviog ta $1-
wota 1 xon 2 otoug x0Boug Tou M, mafpvouue To cuveyéc My © M,. To clvoho
M = (", M, eivar éva cuveyéc mou xodeiton ondyyoc tou Menger.

4.3 Tomxd cuvexTixd cuvey” xot cuvey” Tou Peano.

Ochpnua 4.3.1. Ay ya évav ydpo X vrdpyer pua owvexns kaieni aneixévion f 2 [0,1] — X,
tote 0 X €fvar tomikd OUVEKTIKG OUVEYES.

Anédaén. O yopoc [0,1] eivor Tomxd cuvexTxdc, ouuTayhg xou cuvexTxog. Emed) xde
OLVEY NG ATEXOVIOT] OPLOPEVTY) OE €va ouuTaYT| Yweo elvan xhewoth, 1 f ebvar xheioth. And Ta
Ocwpruato 3.4.6 ,2.4.2 xa 3.2.6 0 X elvor Tomnd GUVEXTINOS, CUUTAY NG X CUVEXTIXOS Y WOROS.

O

Oplopodg 4.3.2. 'Evoc YeTpindc yhpog Tou €ivol TOTUXS CUVEXTIXO GUVEYEC XOhelTol oureyés
tov Peano.

To mopodtew Oehpnua TEOGPEREL Lol YULUXTNELOTIXY WIOTNTA EVOS GUVEY0LUE Tou Peano.

Ocshenua 4.3.3. (Hahn-Mazurkiewicz) Evas petpixds ydpos X elvar ovvexés tou
Peano av ka1 uévov av vrdpyer ovveyns araxévion f:[0,1] — f([0,1]) = X.

Oewpnua 4.3.4. Kdle ourveyés tov Peano eivar katd tééo ouvektikds Y apos.

Arnéoaién. To Oetpnua éretan and 10 Oewprua 3.5.6, dpol xdde cuveyés tou Peano ebvor
UETEIXOG, TATEYG, CUVEXTIXOS XAl TOTUXS GUVEXTIXOS YWPOS. O

Amodetxvietar 6Tt Loy UEL TO TUPAXATL YEVIXOTERO Ochpmua.

Oewpnua 4.3.5. Kdbe avoiktég ka1 ovvektikds vndywpos €vds ourvexols touv Peano efvar
katd T0o OUVEKTIKOS.

Oewpnua 4.3.6. FErvag petpikds ywpog Y mou efvar ouvexris eikéva €vds ovvexols tov Peano
efvar ouveyég tou Peano.

Anédeatn. 'Eotww X éva ouveyéc tou Peano xou f : X — YV = f(X). Enedn o X ebva
ouuTayS YWeog, xdle cuveyhc anetxdvion ebvan xhewoth. H cuveyrc eixdva evog cuunayoic
XU CUYEXTIXOU YOEOU EIVAL CUUTAYTG Aol CUVEXTIXOS YWEOS XUk 1) XAEIOTY EOVAL EVOS TOTXS
OUVEXTIXOU YOEOU ElVOL TOTIXE GUVEXTIXOS YWeoc, dpa f(X) elvan ouveyés tou Peano. O]

Oewepnua 4.3.7. Metpixd ywivervo tenepacpévov mAnfouvs ouvveywy tou Peano eivar oureyég
tov Peano.
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Arnéoaién. Metpixd ywvoUevo TETEPACPEVOU TAKYOUS PETOIXDY, GUUTAY®Y, CGUVEXTIXGOV Xl
TOTUXA GUVEXTIXWY YOPWYV EVAL UETPIXOC GUUTAY TG, CUVEXTIXOS %Ot TOTUXS GUVEXTIXOS YWEOC.
O

Ochpnua 4.3.8. (Sierpinski) [a éva petpikd kar ovurayn] yopo X ta e&rjs eivai wwodtvapa

(1) 0 X elvar tomikd ovvekTikos

(17) ya kdOe € > 0 vrdpyovr owvexry X, ..., X,, € X térowa dore X = X; U...UX, kai
diam(X;) < e ya kd0e i =1,...,n.

Anéoaén. (i) = (1i) Enedh o X ebvou tomxd ouvextixde, yo xdde o € X undpyer avouxt
xau cuvextixt| meployt) O, tou o tétow wote O, € S(x,5). Enewd o X eivon oupumaytc, to
avoxtd xdvppa {0, }eex tou X mepéyet nenepacuévo unoxdiuupe {0y, ..., Oy, }.

O¢touue X; = Cl(Oy,), i = 1,...,n. Kdde X; elvon ouvextixd ¢ mepifinua ouvextixo)
OUYOAOU XL CUUTUYES WG XAELOTO UTOGUYOAD GUUTAY0US PETEIXOU Ywpeou. Enouévwe xdde X;

elvon ouveyég. Eniong
diam(X;) = diam(0,) < diam(S(z,&/2)) < e.

(it) = (i) Eotw z € X xa U, avowxty neptoyh tou x oto X. Téte undpyet € > 0 tétowo
wote B(z,e) C U,. Enopévmg undpyouy ouveyh Xy, ..., X;, € X t€tow wote X = X U...UX,
xauw diam(X;) < § yraxdde i =1,...,n. Botw 61 Xy, ..., X, elvou ta oTouyeto Tou xahbuuatog
{X1,..., X} tou X mou rmepiéyouv 1o onuelo x. Eneldf z € Xj, N ... N Xy, 10 alvoho
A= X, U...UXy, ebvou ouveyée. Enlong z € A C B(z,¢).

Eotw X, ..., X, €bvon to otowyeior tou xahppartoc { Xy, ..., X, } tou X nou dev neptéyouy
0 onuelo x xaw G = X \ (X, U...UX,,, ). Tote 1o G eivar avoxtd xan v € G C A. "Apa,
x € Int(A).

Amé 1o mapamdve mpoxdntel 6Tt yio xdle € X yia xdde avowth nepioyy U, tou x oTo
X, undpyer ouvextixd alvoho A, oo dote x € Int(A) € A C U,. Iou onuaiver 611 0 X
elvar ToTxd cuvexTixodc. O]

Oewpnua 4.3.9. Eva petpixs ovveyés X eivar ouveyés tov Peano av ka1 puovov av yia kdOe
e > 0 vrdpyovr ovrexn X, ..., X,, € X térowe dore X = X7 U...U X, kar diam(X;) < € ya
kdlei=1,....n.

Améoaién. Yuvendyetoa and To Oewenua 4.3.8. O
IMogadeiypoata 4.3.9.

1. Ano 1o Oewpenua 4.3.9 mpoxinTel Tt T0 xodéva and o axorlouvdo cOvoha efvon GuVeEyEC
Tou Peano:
(o) 1o tplywvo tou Sierpinski
(B") o yohi Tou Sierpinski
(y)) o onbéyyog tou Menger

2. H cuunuxveuevn nuivotovoednc dev efvar cuveyés tou Peano, emeldy] dev ebvar tomxd
ovuvexTiny| o€ xdle onpeio.



Kegpdiawo 5
Torohoyoxn 6LdcTACT EVOS Y WEOU

Or yopot 6toug onotoug avagépeTon To Xe@dhato auTH elvor petpixol ye aprdurown Bdo.

5.1 Xopol ddotaocrnc uNndév (UNdEvodLAcTATOL Y DEOL).

Optowde 5.1.1. 'Evoc un xevioc yopoc X xoheiton pndevodidotatog (0-Sidotatog) av yia
xde onpelo o € X xou yio x&de avoutd| neploy? U tou x undpyer avowxty| nepoyr) V' tou o
TETOLY WOTE

€V CUxuw Bd(V) = 1.
Anhadh, évag yopeog eivon 0-dtdotatog av et fdor mou aroteheiton and GUVOAY UE XEVE GUVOPAL.

‘Eva uroctvoho A éyet xevd obvopo, dnhadh) Bd(A) = CI(A) \ Int(A) = 0 av xou pdvov
av A = Int(A) = CI(A), Snhadn av xon Lévov av 10 A eivor ouyypdvws avoixtd xon XAEoTO.
YUVETOC

o ‘Bvog un xevog yweog X ebvar 0-didotatog av ot wovoy av Yo xdde o € X xon yua xdde
avoth) megtoy ) U tou o undpyel ouyypdvms avotxTtod xot xAeloTo cUvolo V 11010 WoTE

zeV CU

e ‘Evag un xevog ywpog eivor 0-01doTatog av xan povov av €yel Bdon mou arotehettar and
AVOLXTA XU KAELCTA LY YEOVLDS GOVORAL.

o Kde 0-didoTartog yweog X mou mepiéyel Touldytotov 800 onuela eivon un cuvexTinog.
IMopadeiypoata 5.1.1.

1. Kée un xevdg apudufioiuog yowpog etvor 0-otdotatog.

Hedypat, éotw A = {a1,as, ..., ay, ...} (h A= {a1,a9,...,a,}) évac aprduriooc ydpog
xou d petpued Tou A, Av a € A xau U elvan avouxts| meploy Tou a 6to A, t61€ UndpyEL
e > 0 ¢t dote B(a,e) C U. Enewdn 10 A elvon aprduriowo, undpyet mporypotinog
aptiuoe r € (0, ) dagopetide and xdve d(a,a,), n=1,2,.... Téte

a € B(a,r) C B(a,e) CU
xou Bd(B(a,r)) =0, ened?| d(a, a,) # r ya xdde a, € A.
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2. Kdle umdywpog tou R ntou dev neptéyel xaveva avouxtd ddotnua elvon 0-0tdotatog.

Hpdyuatt, éotw A C R xan A dev mepiéyel xavéva avoixto ddotnua. Av a € A xa U
etvar avoux Y| Teptoy Y| Tou a 6to A, TéTE Undpyel € > 0 TéTolo WoTe

Ba(a,e) =(a—¢e,a+e)NACU.

Enedr) 1o A dev mepléyel xavéva avoixtod BLdoTruo, undpyouv 11,12 € A tétol WoTE
a—e<ri<axua<ry<a+e. Toéte 1o obvoho V = [ry,r| N A= (r;,r) N A ey
avoxto xot xhewoto oo Axawa €V C(a—e,a+e)NACU.

3. To clvoho twv pntev apriuwy etvar 0-ddcTato.
4. To clhvoho twv dppntwy aptiuwy etvar 0-didcToto.

5. To obhvoro tou Cantor etvor 0-0tdoTato.

Oewpnua 5.1.1. Kdle 0-61dotatog ywpos mov mepiéyer touddyiotov dUo onpueia efvar ohikd
1) OUVEKTIKOG.

Arnéoein. Ac vnodécouye 6L undpyet €vac 0-01daTatos ywpos X mou Bev eivon ohxd ouveX-
Tx6g. Tote undpyet © € X, tou onolou 1 ouvexTixr| cuveotwo S, Tepiéyet y # . Ercidr) oe
€V UETPIXG YOPO Tol HoYOaUVoR efval xAetoTd, to alvoho U = X \ {y} ebvar avoixtéd. Eneidy,
o X ebvar 0-otdotatog xou & € U, undpyet avowxtd xou xhetotd unoclvoro V tou X téTol0
wote x € V C U. Tote 1o olvoho S, NV elvon avoixtéd xon xAEWGTH GTO GUVEXTIXO YOO Sy,
S, NV # 8, xu S, NV # (), nou elvou dtoro. O

Oewpnua 5.1.2. Kdle okikd pun ovvektikés kar ouurayns xywpos elvar 0-didotatos.

5.2 Oplopdc TOTOAOYIXNS BLACTACNS M.

H romohoywt| didctaoc Lind(X) evéc yweou X etvan évag axéponog aptiuog > —1 4 oo xan
optletan emaywYwd we e€Ng:

1. ind(X) = —1 av o yévov av X = 0,

2. ind(X) <n, émoun=0,1,2,..., av ya xdde x € X xou yio xdde avowxtr, teptoyn U tou
x uTdpyEl avoxtd clvolo V tétolo wote

r €V CU xu ind(Bd(V)) <n—1.

3. ind(X) =n >0, av ind(X) <n xou ind(X) € n— 1.
4. ind(X) = oo av ind(X) £ n yw xédde n=0,1,....

Ou yedyoupe ind(X) > n téte xou ubévov téte dTay ind(X) £ n.

'H Sidotaon ind xohelton cuvidoc ke enaywyik didotaon.
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I[Mogadeiypoata 5.2.1.

1. H eudela xou xdile unodidotnua tng evdeiog eyouv ddotaon 1.

Hpaypaty, 0 R w¢ cuvexTinde YWpog OEV TEPLEYEL XAVEVAL OVOLXTO GUYOAO UE XEVO
olvopo, dea ind(R) £ 0. H owoyévera avowtav dwotrudtwy {(a,b) : a,b € R}
ebvar Bdon tou R xou 10 odvopo Bd((a,b)) = {a,b} xéde avouxtol Swothuatoc eivor
0-dtdotaro. Eneds ind(R) < 1 xo ind(R) £ 0 npoxinter 67t ind(R) = 1.

‘Opora anodewvietar 6Tt xdie uroddotnua Tou R €yet dudotacy 1.

2. O xhxhoc ST = {(z,y) € R: a? + y* = 1} éyel ddotaon 1.

Mpdypatt, ot avowxtéc unohec Bei(x,e) tou St ebvon o avoxtd t6Za ab twv onolwy
t0 olvopo Bdgi(ab) = {a,b} etvor 0-8idoroto, dpa ind(S) < 1. Eredd 1o St ebvon
ouvextxd, ind(S') £ 0. Apa, ind(Sh) = 1.

3. H cuunuxvouévn nuivotovoedrg €yet dudotaoct 1.

4. ind(R") <n,n=1,2,...

[Tpdrypart, ot avorxtol xG30t
K(z,e)=(r1 —e,214+¢€) X . X (2 —€, 2+ €), = (21,....,2,) ER", >0,

aroteholv Bdon tou R”. Arodewvietar enaywyxd 6t ind(Bd(K (z,¢))) < n — 1.

Ozshpnpa 5.2.1. Arvind(X) <n kar A C X, tive ind(A) < n.

Améoeitn. Oa anodeiloupe T0 OEWpTUa YE ETAYWYY| S TPOS M.

o n = —1 to Yewpnua Tpogaveg Loy vet.

A¢ unovécoupe 6Tt To Oewpnua oy let Yo n — 1.

‘Eotww ind(X) <n. Ava € A xau U avouxt neptoyr tou a oto A, t6te U = U* N A, 6nou
U* avowté oto X. Eredy] ind(X) < n, undpyet V* avowté oto X tétoi0 Gote

acV*CU" xuind(Bd(V*)) <n-—1.

To alvoho V =V*N A etvou avoixté 6to Axawa €V CU.
‘Eotw Bda(V') eivor 10 6Ovopo tou V' o10 A xar Cla(V') 1o nepiBinua tou V 610 A, to1€

Bd(V) = CLyV)\V = (CLV)NA\V C (CU(V*)NA)\ (V*NA) C CUV\V* = Bd(V*).

Eredh Bda(V) € Bd(V*) xa ind(Bd(V*)) < n — 1, andé v unddeon e enaywyic
ind(Bda(V)) <n—1. O
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To Oewprjuota Tou axoroudoly amodexVOOVTUL UE ETAYWYY).
Oewenua 5.2.2. Ia omowvoodnrote vroydpouvs A kat B evés ywpov X 1oyver
ind(AU B) <ind(A) +ind(B) + 1.

Oewpnua 5.2.3. Av o ydpos X efvar évwon apiOunoiung oikoyéveias KAEI0TAY VT Opwy
{X;}ies xarind(X;) < n ya kdde j € J, tére ind(X) < n.

Ozvpnupa 5.2.4. Ay A, B C X, ind(A4) < n, ind(B) < n ka1 A elvar kAeioté oo X, téte
ind(AU B) < n.

Oewpnpa 5.2.5. Av ind(X) < n, tére vadpyovr vrdywpor A ka1 B tov X tétoin dote
X =AUB, ind(A) <n—1 karind(B) < 0.

Oewenua 5.2.6. H didotaon evds yopov dev avédvetar ue tny mpoolnkn memepacpévov
mAntous onueiwy.

Oewpnua 5.2.7. FEvag ydopos elvar oidotaons < n- av kar puévov av eivar évwon n + 1
vroywpwy oidotaons < 0.

Oewpnua 5.2.8. Ar tovddyiotov évag and tov ydpous A kar B elvar un kevis, tote
ind(A x B) < ind(A) + ind(B).

Oewpnua 5.2.9. Ay B éyea tidotaon 0, téte
ind(A X B) =ind(A) + ind(B).

5.3 Toroloywxr idotaocr tou R".

Ta tpla Yewpruata mou axoroutoly elval and o GNUAVTIXOTEPA TOU APOEOLY T1] BIACTACT)
TV UTooLYVOAWY Tou R™. Ot anodeilelc Twy Vewpnudtwy auTt®y eivor dpxeTd TOAOTAOXES.

Ozsdenpa 5.3.1. ind(R") =n, n=1,2,....

Kdéve unoympog tou R™ €yl ddotacn < n. To mapaxdte Yempnua mpoc@épet Ty txavi
xou avaryxota suvdrnn éva utoctvoro tou R™ va €yel dudoTooy axpBng n.

Ocdpnua 5.3.2. Evas vadywpos X tov R™ élvar n-tidotatos, onAadn ind(X) = n, av ka
Hovov av o X mepiéyer éva un kevé avoikté vroouvodo touv R™.

Oewpnua 5.3.3. Kdbe n-didotatos ywpos X, n = 0,1,..., elvar opoopoppikds e évay
undywpo tou kYBou [0, 12"+,
Ané 1o Oewpnua 5.3.3 mpoxinTtel OTU:
KdOe 0-61dotatos ywpos €lvar opoopopgikds pe éva vréotvolo tov dwaotrpatos [0, 1].
KdOe 1-tidoratog ydpos €tvar opoopopgikds pe éva vnéotvodo tov tpiodidotatou kifou [0, 1]3.

Yuverwg umopolue va ” BAEmouue” xdie 0-0ldoTato yweo w¢ urnochvoho tou R xor xde
1-0140TATO YWEO WC UTOGUVORO TOU R3.



Kegpdiawo 6
Kauyndiecg.

Or yopot 6toug onotoug avagépeTon To Xe@dhato auTH elvor petpixol ye aprdurown Bdo.
Oploupodg 6.0.1. Kdde yetpind 1-0180T0t0 GUVEYES XOhElToL KaUTUAR.

H mo amhf xaumoin ebvon 1o eudiypaupo tufua. H eudela dpwg, av xou elvor uovodidoTtatog
YWp0g, OeV elvon xauTUAY), ENEWDT OV elvon GUUTUYHS YWPOS.

H cuunoydtnta, 1 cuvEXTXOTHTO Xt 1) DIAOTACT) ElVOl TOTOAOYIXES LOLOTNTES, dpd
(i) H iwbtnma evds yopou va elvar kaumlAn elvar TomoAoyiki.
(i1) KdOe tééo elvar kaumidn.
‘Evag ywpog mou elvon €vwon nenepaocuévou thfloug cupmayoy 1-01deTatmy cuvolny etvor
ouumoyfic xou 1-tidotatog. Enouévac:

111) KdJe ouvektikd< yapo< mov. e€ival évamon terepaouévov tARDoUC KauUTUAQY €ival kaumUAn.
S Xwpos S

Optopdg 6.0.2. 'Eva cuveyés xaheiton ypdonua, ov umopet vo Ypapel g EVwor TETEQAGUEVOU
mAtdoug 16Ewy, o omofa avd 6Vo eite dev TéuvovTal, elte TEUVOVTUL OE Eva amd TA dXQEo TOUG,
elte TéUvovTon 0T BUG TOUS AXEA.

Aro tov oplopd Tou YpoaghRuatog xou and Ty npdtoo (i) éneton 6Tt
(iv) KdOe ypdenua eivar kapmiAn.

H rmepipépeta Tou xOxhou ebvon yodprnuo, agol etvar évewor 800 T6EwV TouU TEUVOVTAL UOVO
OTOL AP TOUG.

Opwopdg 6.0.3. Mo xopmihn Tou elvor OUOOPop@IXT| UE TNV TEPLPEPELN TOU XOXAOU xoAelTaL
amAn) KA€loT KapumuAn.

Oplopdg 6.0.4. 'Eva ypagphua mou dev tepléyet amhéc xAEloTEG XAUTUAES xUAElTAL OEVOpO.
Amo tov oplopd Tou 8évtpou xat and Ty Tedtaoy (iv) éneton 6Tt

(v) Kdle 6évtpo efvar kaumoAn.

33
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6.1 Td&n SraxAddwong xaundAng os onueio.

Kdde onuelo = evog ypagpruatog G elvar xowd dxpo memepacuévou mAfloug t6lwv tou G
Tou BeV €youv dAAo xowo onueio extoc and to x. To uéyoto TARlog n TV TOEWV AUTOY
oupPolileton pe ord(x, G) xou xaheiton 16&n SlaxAddwone tou G oo .

IMopadeiypata 6.1.1.

1. Ta dxpa evog evdiypaupov tuRuatog AB etvor T8Eng 1, eved To EowTeRnd TOU OTUEla
AB elvon tdéng 2.

2. Kdde onuelo evog whnhou elvon tdéng 2.

3. 'Eoww G ebvar évworn n eudbypoppwy tufuatey BA, ..., BA, evéc emnédou mou €youy
uévo éva xowd onueio B. Téte ord(B,G) = n, ord(4;) = 1 vy xéde ¢ = 1,...,n xou
ord(M,G) =2y xdde M € G\ {B, Ay, ..., A,}.

Trdpyouv Ouws xaUTOAEC TOU BEV TEPIEYOUV Xavéva TOL0, OTOTE 1) TALN DLXAOWONG ULoG
xounOAng K oe éva onueio € K dev unogel va opiotel wg To Yéyioto TAHY0g TOEwY YE x0Wo
dxpo To ornuelo .

[apatfipoupe 6Tt av 1 T4En dronchddwong evog yeapruatos G oto onueto = ebvon n xaw 71, ..., T,
ebvar t6&a Tou G e Yovadxd xowv6  onueio To dxpo Toug T, TOTE Yo xdle £ > 0 umdpyet
éva avoxtd olvoro U tou-G tétowo wote x € U C B(z,e) xu BA(U) = {z1,...,z,}, émou
{z;} = BA(U)N7 yiaxdde i = 1, ..., n. LvuPorilovtog ye [BA(U)| tov mhnddprduo tou BA(U),
éyouue |Bd(U)| = n.

Enetd?| 1o ovopo Bd(U) evog avoixtol unocuvorou U uac xaunding K eivor oupmoyéc, uropef
vaL €yel ¢ mAnddpriuo: 1 éva guoixd apriud, 1 Tov TAnderiuo Ny ToU GUVELOU TV PUOLXWY
oprducdy 1 Tov TANUdderduo ¢ Tou GUVEYOUC.

YupPohriCoupe pe w tov dtatonTixd TOTO TOU GUVOAOL TwV PuoLx®Y apliuwy. Tote n < w
Yoo xde guotxd aptduod n.

Optopdg 6.1.1. 'Eotw 6t n eivon # évag guotdg aprduog, Y']./\/O, hc N w.
Oa Aéue 6Tt N Tdén OwkAdowons g xaunving K oto onpeio z € K elvar < n xou o
Yedpoupe ord(z, K) < n av yio xdde € > 0 urdpyet Eva avowxtéd civoro U tou K tétoio Bote

x €U C B(x,e) xou |[BA(U)| < n.

Optloupe ord(x, K) > n av dev woylel 1 oviootta ord(z, K) < n.
Optloupe ord(z, K) =n av ord(z, K) < n xot yio xdde m < n woyvet ord(z, K) > m.
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To onpela x pag xaunding K tadivopoliviar wg mpog Ty TdEn daxAddwong wg eENg:

1.

Yrueio z nenepaouévne tdEng drohddwone n € {1,2,...}.
ord(z, K) =n av ord(z, K) <n xou ord(xz, K) >n — 1.

Ynpela x pn geayuévng TdEng SloxAddwong w.

ord(z, K) = w av v xdde € > 0 undpyet yio avowxth teployy) Tou = Swpétpou < € UE
nenepaouévo alvopo xon ord(z, K) > n yio xdde guoixd aptiud n.

Ynpela z apriurowng TaEng SaxAddwong No.

ord(z, K) = Ny av yto xdde € > 0 undpyer pio avoxt| meptoyf; Tou @ Sluétpou < € Ue
apriunoo ovvopo xat ord(x, K) > n yio xdVe puoxd aprdud n.

Ynueto z un apriuiowne téEng dtoxAddwong c.

ord(z, K) = ¢ av undpyet € > 0 yio t0 onolo xdde avouxty| neployt) Tou = dtoauétpou < €

€yl un apriurioo olvopo.

IMopadeiypoata 6.1.2.

1.

H oupnuxvepévn nuvotovoewdrc 5= {(z,sin1): 0 <2 <1} U{(0,y): -1 <y <1}
éxel Tl Shddwone Ny oe xdile onueio tou draothuatos {(0,y) 1 —1 <y < 1} xa
T4En Draxhddwong 2 oe x&de onueto tou ouvéhou {(z,sinl): 0 <z <1}

. To tpiywvo Tou Sierpinski oTic x0pupéc ToU apytxol TELY®VOU €yel TAEN BXAAOWoNS

2, OTIC XOPUYES TWY TELYWVWY TOU a@atpolvTon Eyel TAln dlaxAddwong 4, oto undloita
oruela €yel T4 draxAddowong 3.

. To yoAl Tou Sierpinski efvou xaumiAn, 1 omolo €yel T8N daxhddwaorng ¢ o xdde oruelo.

. O ondyyog tou Menger eivar xaunOAy, 1 onola £yt TdEn daxhddworng ¢ oe xdle ornuelo.

6.2 Tomxd cuvexTixég xoAUTOAES.

Kéle tomxd cuvextind ouveyée ebvan xatd 160 ouvextxd. Enouévmg omoladrmote 600
ornuela plag Tomxd ouvexTixig xaumUAng K umopodv va cuvdedoiv ue éva t6o e K.

Tomxd ouvextixég xaunUieg etvan: Tar T6&a, ToL ypeapiuata, To 0€vOpa, To YAl Tou Sierpinski,
10 Tplywvo tou Sierpinski, o onéyyoc Tou Menger.

H cuymuxvwpévn nuvoTtovoetdnc dev etvar xatd 100 GUVEXTIXT, oV xot TEPLEYEL TOZa. ‘Apa, 1)
GUUTUXVOUEVT] NULVOTOVOELDY|G EfVaL U1 TOTUXE GUVEXTIXT| XAUUTOAT).

Oewepnua 6.2.1. Mia kauriAn n orofa éyer tdén dakAdowons < w oe kdle onuelo, efvar
TOTIKd OCUVEKTIKT).
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Ochpnua 6.2.2. (Menger ‘“n-Beinsatz” ) Av ord(z,K) > n oe éva onueio = ag
tomikd ouvekTikis kapriAng K, tdte vrdpyovr n tééa (apripnoyiov mAndovs tééa av n = w)
S K pe kowd drkpo to onueio x kai ta onoia avd 000 €xtds amd to x Oev éxovv dAAO Ko1vd
onueio.

Ta 800 Jewpruato mou axoloutoly eivar TOAD oNUAVTIXG OTNY TAEIVOUNOT] TWV XAUTUAGY.

Oewpnua 6.2.3. To yaAi tov Sierpinski efvar xoadohxr) eninedrn xoumdhn, onAadn rdle
eninedn KaumHAn efvar opowouopeikiy pe éva vroovolo tov yaAwU touv Sierpinski.

Oewpnua 6.2.4. O ondyyos tov Menger efvar xoadohxr) xaumiln, dniadr kdle xaumidn
elvar opoopopgikn pe éva vrooUvodo tou omdykov tou Menger.



Kepdiowo 7
Alavuouatindg yweog R™.

Ocwpolue 10 oOvoro R" 6AwV TwV SLITETAYUEVKDY N-a0WV
X = (21, %9..., Tp)
TEAYHATIXWY optdumy. Supfolilovye
0, =(0,0,...,0) € R".
Optloupe v npoodean oto R™, Vétovtac yia = (ay, ag, ..., a,), b = (b1, bs, ..., b,) € R™
a+b=(ay+by,as+ by, ...,a, +by)

OpiCoupe tov moilamhactaoud- ototyelov tou R™ eni mpoyuatixd aprdud, Vétoviog yia
a=(ay,as,....,a,) € R" xu A € R

A-a=)a=(\ay, Aag, ..., Aay,)

H tpiddo (R, +, -) eivar Slavuoyotinde yweog tévew oto R.
To 60voho {P1,...,Pm} C R™ eivon ypappukds avebdptnto av xar pbvov av 1 oot

IXOVOTIOLELTAL YOVO YLt A\ = ... = A, = 0.
Y10 R", 6nwg xou og xdlde davuouatind yweo, 1oybouv o axorouda:

1. To obvoro {p1,....,Pm} € R™ eivor ypopuuixde eCaptnuévo av xat ydvov av éva and o
ONUELL P1, ... P EVOL YROUULXOS CUVOLIOUOS TWY GANAWY.

2. Av 10 6Ov0ho {p1,...,Pm} C R eivan ypoppixde aveldptnro, t6te xdde un xevd umno-
oOVORG Tou ebval YeuuUx®s aveddpTrTo.

3. Av 10 64voho {P1, ..., Pm } C R™ elvon ypoupixde aveZdotnto xon 10 6OVoho {p1, ..., Pm, P} C
R™ etvon ypouuxads e€aptnUévo, TOTE P Elvol YRoUIXOC GUVOUAOUOS TWY Pi, --.; Prn-

a7
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To péyioto midog Ty yeauuixde aveldotntwy onueiov tou R” etvor n. Ta ypouuixog
ave€dpTnTa oTUEl

er=(1,0,...,0),es = (0,1,..,0), ... en = (0,0, ..., 1)
anotelouy pla Bdon tou R™. Ta xéde x = (21, z9..., z,) € R" 1oy let:
X = T1€1 + Toes + ... + T,e,.

Av z,y € R", x = (21, %2...,Tn) %0 Y = (Y1, Y2..., Yn), TOTE 1) andcT00N dyy(X,y) UETOED
TV X xot y unoloyiletar and tov tino

d(x,y) = V(21 — y1)? + (22 — 12)? + o + (20 — Yn)?

H arewxcovion dy, : R™ x R™ — R efvon uetpue.
Hapatnpoldue o1t

dn(X7 Y) = dn(x -y, On)
[a xdde x = (21, 22, ..., ) € R™ cuuPBoiilouue

x|, = dpn(x,0,).

Téte

x|, = \/xf + 23+ ...+ 22,
[a onowadAnote X,y € R™ €youye
x —yl, = dn(x,y).

YUVETWC
x —yl|, = dn(x,y) < dn(x,0,) + dn(0,,y) = X[+ [¥]n

x+yl, =di(x+y,0,) <dp(x+Yy,y) +du(y,0n) = [X|n + [¥]n
‘Apa,

x—yl, < |Xln+ ¥l
x4y, <%0+ |yln

Mo ameévion f: RF — R™ ebvar ourvexris 670 xo € RY av xor pdvov av yi xéde € > 0
umdeyet & > 0 €tol wote

x € R¥ xou |x — x| < 0 = | f(x) — f(X0)|n < &

Mo amewévion f: RY — R™ ebvon opoidpopga ovveyris oto RF av xou pévov av yio xdde
e > 0 undpyet 0 > 0 €tol dote

x,y € R xou [x —y|, <6 = |f(x) — f(y)| <€
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7.1 T'papuixég anetxovicelg.

Opiouog 7.1.1. 'Eotw Vi xou V, dtavucpatixol yweol méve oto R.
M amewdvion f @ Vi — Vo xadeltan ypaupnkn otav v xd9e a,b € R xou yioo xdde
x,y € Vi woylet
flax+by) =af(x)+bf(y)

Oewpnua 7.1.1. Kdbe ypaupuxij aneaxévion f: RF — R™ efvar opoiduoppa owvexnis (ka
dpa ovreyng).

Amdoeén. Oewpolye Ny [Bdom tou R* 1ou anoteleiton amd ta oruela

d; = (1,0,..,0),ds = (0,1, ...,0),...,d; = (0,0,...,1).

‘Eoww p; = f(d1)7P2 = f(d2)7 - P = f(dk)-
Ocwpolye TNV Pdon Tou R nou anoteieltar and Tor ousio

e; = (1,0,...,0),es = (0,1,...,0), ..., e, = (0,0, ..., 1)

Tote p; = Z;L:lpgej yiei=1,... k.
Enewdr| n f elvon ypouuu yio xdle X = aqd; + ... + xdy, € R* € OUUE

|f(X)|n = |f(21dy + ..o apdi) | = |T101 + .. + Tppr|n = (7.1)

n n n k
T Zp{ej+...+xk2piej Z (Zx,pf> €;
j=1 j=1 n

EE) < E (59 E)-
| (5) (& (Br)) - (S0

Oétovtog p = \/2?21 (Zf:ﬂpgy) nafpvouye

n

[f(X)|n < plx]i.
Enopévec o vy x8e x,y € R
(&) = fW)ln = [f(x=Y)ln <P X =¥k

‘Apa, 1 f etvon opolopopga GUVEYTC. O]
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7.2  Awvuopatixol undyweotl tou R”.

‘Eva utocivoro 'V tou R™ elvon dravvopatinés vrdywpos tou R™ av xouw uévov av €yel tny

eZhc TN
abeVxu\peR= A a+uybeV

‘Eotww V évag dtavuopatixde utdywpos R™.

Ava,beV e 0-a+0-b=0,.Apa, 0, =(0,0,...,0) € V.

H didotaom evog utoyweou V tou R™ 10o01an Ue 10 péyioto mAfvog Ypoupxms aveldoTntwy
otoyelwy Tou V. Enedr] 1o uéyloto mAflog twv yeauuixws aveldptntwy onuelwy tou R™ etvor
n, 1 dwotoorn tou V etvar < n.

O yovadixde 0-taotatog undyweos tou R™ eivor o {0,,}.

[axdde k = 1, ..., n, ontowdnrote k ypauuix®dg aveldptnta oTeld P1, ..., Pr T0u R" opiCouy
EVOL JOVOOIXO k-O1d0TaTO UTOY WO V* 1ou ta TEPLEYEL:

A4 {X eR": x=\Np1+ ... + \ePr, A1, A € R}
[o k& = n nafpvouye Tov Yovadixd n-0ldotato unoyweo R™,

Oewpnua 7.2.1. Av V¥ cvar k-didotarog vndywpog tov R" kat k < n, téte ya kdbe fdon

Pi, ..., pr tou VF undp)OvY Piii; -, Pn € R" téT010 ddoTe TO 0UVOAO P15, ..., Pty Pt 15 ---, Pn € R”

va etvar pdon tov R".

Oewpnua 7.2.2. Fotw du V¥ etvar évag k=trdaratog vrdywpog tov R™ kat {p1, Pa; -, Pr.}

efvar pa Bdon tov VF k=1,....n. H areixévion f: V¥ — R¥ rov opiletar and tov timo
f(x1p1 + 22p2 + .. + Txpr) = (21, ..., 71

efvar opoUopPIoLES.

Arédaén. Eotw 6mt k < n. Enedh {p1, p2, ..., Pr} etvar pa Pdon tou V¥, yia xdde x € V*

untdpyEt Lovadixr; cUAOYH.aerduGY (21, T2, ..., Tx) TETOIL WOTE X = Z1P1 + T2P2 + ... + 4Py

‘Apa 1 f etvon évarmpoc-éva xat f(VF) = RF,

Oa detloupe 6T 1) f ebvon ouveyrc. Enedr to otouyeio p1, p2, ..., Pr € R elvan ypouuixg
aveZdpTNTaL, UTEPYOLY Piit, ..., Pn € R™ Té10100 ©OTE T0 6UVOAO {P1, P2, .o, Phs Pt 1, s Pn} YO
etvor i Bdor tou R™. Ondte xdde x € R” ypdgetan

X = T1P1 + T2P2 + ... + TPk + Tk 1Pkt1 + .. + TpPn-
Ocwpolye TN anewxoévion F: R™ — R* ou opileton and Tov TOTO
F(z1p1 + T9P2 + oo + T3Pk + Thp1Prr1 + oo + TuPn) = (21, Ta, .., Tp)
Arnodewvietar adxola ot 1 Felvon yoopuxr. Apa, and 1o Ocopnua 7.3.1, 1 F efvon ouveyric.
O nepropiopdc F|VF 1ng F otov urdywpo VF etvon n f. Tlpdypatt, av x € VF, 1é1e
X = I1P1 + T2P2 + ... + TiPk +0- Px+1 + ... + 0- Pn.
Enopévwe F(x) = (21, ..., 2x) = f(x). Apa, n f elvon ouveyic.
H anewxovion ft: R —» VF C R optleton amd Tov TUTO
f_l(:tl, e .Ik) = T1P1 + T2P2 + ... + TiPk-

Hapatnpotye 1 71 elvon ypoupixs, dpo efvon cuveyrc.
o k = n dpora amodewvietar 6TL 1) f €lvor 0pOLOPOPPLOUOS. O]
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7.3 k-dwdoTata entinteda tou R”.
To k-Sudotata eninedo (f anhd k-enineda) tou R™, k= 0,1,...,n, evar T cOvoha
"= Vit vy={v+vy: ve V),

6mou V¥ givon évac k-Stdotatog umoyweog tou R xou vo € R™.

To O-enineda tou R™ eivor tar wovootivora {v} C R™ To l-eninedo touv R" xaholvton
eudelec. O R”™ elvan 10 yovadixd n-eninedo tou R™.

‘Eva k-eninedo ITF eivon k-Sidotatoc uTOYwEog Tou R™ av xat wdvov av 0, € I1-.

Oewpnua 7.3.1. [a kdde k-eninedo IIF = V¥ + vy tov R™, n anaxdrion i : ITF — V* rov
opiletar and tov tono h(v + vo) = v efvar wopetpia.

Arddeaén. Av x,y € TI¥, t61e x = vy + v xat y = vy + Vo, 6T0U Vi, vy, € VF. Téte
i(x) = vx xot i(y) = Vy, ETOUEVELCS

x — y,n = ’(Vx +vo) — (Vy +vo)|n = ’Vx = Vy|n = |Z(X) - Z(Y)|n
"Apa 1 h ebvan 1oopeTpia. O
Ané ta Oswphpota 7.3.1 xou 7.2.2 npoxUTTEL TO 0X6hoLVO TOPLOUAL.

IMépwopa 7.3.2. Ay {p1,p2,...,Pr} CR", k < n, elvar éva ypauuikss aveEdptnto odvoro,
téte yia kdle k-eminedo

" = {x€R":x=vo+ MP1+ ... + NP, A1, ., Ak € R}
tov R", n areicévion h : 18— R¥ nov opilerar ard wov tomo
h(vo + AMp1 + - + MePr) = (A1, oo Ag)
€ival opoUOPPITCS.

[Towd elvan T0 ehdyroto TAROoc onuelwy tou R™ mou opllouv éva k-Sidotato eninedo;
)

Av vy, Vi, ..., v € R" eivan k+1 onelo étowa wote 10 60voho {vi—Vvy, Va— Vo, ..., Vi — Vo }
elval YEaUUIXWS ave€dptnTo, TOTE 0 A-01d0TATOS UTOYWEOGS

VE={xeR": x=M\(vi—Vo)+ ... + M(Vk — Vo), A1,..; A € R}
evon T0 k-exinedo diepyduevo and ta k + 1 onueio
0,,Vv1 — Vg, Vy — Vg, ..., Vi — V.
To k-eninedo
"= Vit vo={xceR":x=vg+ M(Vi — Vo) + ... + \e(Vi — Vo), A1, ..., i € R}

TepéyeL To onpela Vo, Vi, ..., Vi Amodemvieton emmAfov OTL TO IT* civon HOVOOLXO, Onhadn
oy Vel TO ToTaxdTw Ocwenua.
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Oshpnua 7.3.3. Av vy, vy, ..., vy € R” ka1 o otvoro {vi — vo,Vy — Vo,..., Vi, — Vo}
efvar ypaupikds avedptnro, téte urdpyer povadikd k-erinedo IIF mou mepiéya ta onpela
Vo, Vi, ..., Vg.

Oempnua 7.3.4. Onowdnrote k-erinedo ITF tov R" repiéyer k+1 onueta vo, vy, ..., vi tétoia
bote To oUrodo {vy — Vo, Vo — Vo, ..., Vi — Vo } €lvar ypapuikdas aveEdptnro.

Amdoaén. IT" = V¥ + vy, 6mou VF elvan k-didotatoc OLVYUOUATIXOC UTOYweog Tou R,
Eotw {p1, ..., pr} wa fdorn tou VE. Tlpogavae vi = vo + P, ..., Vi, = Vo + py, € IT*
xot {V1 — Vo, Vo — Vo, ..., Vi, — Vo } elvar ypouuixoe aveZdetnro.

IMogathpnon 7.3.5. Onowdhrote k + 1 onueia tou R” (k=0,1...,n):

vo = (02,09, ..,00), vi = (vi,0d, . v) i, v = (O 0k ok

U oy Uy oy Uy

TéTolo WoTe To b onuela vi — Vo, Vo — Vo, ..., Vg = Vo Eval Yoouuixag aveldptnta, opiCouv éva
k-eninedo ye mopaueTonés CLOWGELS

x1 =00 + A\ (vF =00+ 4 A (vf — o))
T2 = vy M (03— 09) F o+ Ay (v — v))

, AL Ak ER

[Na k =n—1 o nopandve eglodaoeic optlouy éva (n — 1)-eninedo 1.
Hoogavee x = (z1, Ta..., &) € I av xou pévov av X — Vo, Vi — Vo, V2 — Vo, ..., V, — Vg
elvor YRouux@e e€opTNUEVAL, LGOBUVOHL

0 0 0

R Ty — Vs ... Tp—U,

1 0 1 0 1 0
n—1 0 n—1 0 n—1 0
v V] Uy — Uy ... Uy =,

‘Apa xdde (n — 1)-eninedo 1" tou R™ éyet e€iowor Tre popphc
ATy + ... + a1 + ag = 0,

6mou |ay| + |an—1| + ... + |az| # 0.
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7.4 20volha oe yevixr, Uéon oo R".

Opwoupodg 7.4.1. Oa Mpe 6Tl éva utoclvoro S tou R™ ebvan oe yevixt| Véorn oto R™ dtav
v xde k < n xdde k-exinedo tou R™ mepiéyel to mohd k + 1 onuela tou S (loodivaua,
onowdnfnote k + 2 onuela tou S dev neptéyovion oe xavéva k-Bidotato eninedo).

IMopadeiypata 7.4.2.

1. Abo onueta vo, vi € R™ etvar oe yevixr) ¥éor av xou povov av vy # vi.
7 ’ rd I ’ %
Y10 R 800 onueia eivon o yevixr ¥éon av vovi # 0.
2. Tola onpeia vo, vi, vo € R™ efvar e yevinr| 9€om av xaw povov av to onueia vo, vi, vy OeV
aviixouv oe xauia eudeio (1-eninedo) Tou R™.
Y10 R? Tpla onuela Vo, Vi, Vo lvor oe yevixr 0éom av xat uovov av vovi ff vova.
3 E RS 2 ’ 2 7 ﬂ/ ’ 6
. 210 téoocpa onuela Vo, Vi, Ve, vy elvar oe yevixr) Uéorn oto av xot uévov av dev
\ AN

TEPLEYOVTOL OE XUVEVA ETEREDO, BNAUDT| Ta BLUVOGUATA Vg VT, VoVa XUl Vo V3 EVAL YOOUUIXGC
ave€dpTnTaL.

Optowode 7.4.3. To alvoro {vy, vi,..., Vi } CR", m > 1, xohelton yewpetpirds avebdptnmo
OTaY ToL ONUELRL Vi — Vo, ..., Vi — Vo EEVOL YROUUIXGOS aveEdpTnTaL

Oewpnua 7.4.4. Av k= 1,...,n, téte ya wa onueia vo, vy, ..., vk € R" ta axdlovda eivar
100oUvaua:

(i) To ovvoro {vg,Vv1,...,Vk} €lval o€ yevikrj Oéon oto R™.
(17) To otvodo {vog, V1, .., Vi } €lvar elvar yewpetpikas avekdptnro.
(113) Ia omowadnmote ouAA oY mpaypatikdy apiipomy Ao, A1, . .. A Tétowa, dote

Avo+Avi+- + XNV =0, kat \g+ A\ + -+ X =0

wyler \g = Ay ==X\, =0.
Anédaén. (i) = (ii) 'Eow 61 10 alvoro {vg,v1i,...,vi} CR" 1 <k < n, ebvor o yevixy
Véon oto R". Ac unotécouye 6Tt, avtideta, To oOvoro {Vi— Vo, ..., Vi —Vo} €lvon yoauuxde
eCopTNUEVO.

Enedy| ta onpeto vo, vi, ..., v ebvon oe yevixt, 9€or, elvor drapopetind avd dvo. Enouyéved
vi — Vo # 0,. Apa, {vi — vo} ebvan ypouuxae aveZdotnro.

‘Eotw 1 evar o yeyahdtepog amd touc aprduouc 1,....k yw Ttov omolo t0 oUvolo
{vi — vo,..., v, — vo} ebvar ypouuixde aveZdptnto. And tny vnddeon r < k. To olvolo
{vi = vo,..., v, = v} elvan Bdom tou r-Bidotatou unoy@eou

Vi={xeR": x=M\(v1—vVo)+ ... + A\(V, —V0), A1,..., \x € R}

Ané tov oplopd tou 1 éneton Gt 0 6Uvoho {Vi — Vo, ..., V, — Vo, V41 — Vo } Elvon Ypauuixde
eCoptnpévo. ‘Apa, v,y — Vo EVOL YRUUUIXOS GUVBLACUOS TWY OTOLYEIWY Vi — Vo, ..., V, — Vg
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XL, CUVETKS, Vrp1 — Vo € V7. Ao ta mopamdve mpoxnTer 0Tt r < n xat To 7 + 2 ornuela
V0, V1, .o, Vi, Vi a¥fx0Uv 070 r-eninedo V' + vi. ‘Apa, 10 6Ovoro {vy, Vi, ..., v} dev efva
oe yevxt| 9éon oto R™, mou elvon dromo.

(it) = (i) 'BEotw 6t 10 60voro {Vi — vy, Vo — Vo, ..., Vi — Vo } €lvan ypauuxoe aveZdetnTo.
Ac¢ unodéooupe 6TL avtideta to oUvoro {vo, V1, ..., Vi } Sev elvon oe yevixf Véon oto R™. Tére
umdpEyet 1 < n xou €va r-eninedo V' + p mou meptéyel ta 1 + 2 and ta onuela Vo, Vi, ..., V.
Mmnogolue va unovécouue 6Tt Vo, Vi, ..., Vy, Vepr € V7 +p. Ondre

{VO —P,vVi—P,.-, Ve =P, Vg1 — p} g Vr,

doo {vi — Vo, ..., V., — Vo, Vo1 — Vo } € V7. Eneids) 1o oOvoho {vi — v, ..., V, — Vo, Vo1 — Vo }
amotekeiton amo 7 + 1 ypauuxws aveldptnta otoryela, 1 didotaon Tou V' elvan > r + 1, mou
etvat droto.

(it) = (ii1) 'Eotw 611 10 olvoro {vi — Vo, ..., Vik — Vo } elvon ypapuxme aveldptnto. Ag
UTOVEGOUUE OTL

)\0V0+)\1V1—|—"'—|—/\kvk=0n%0(t/\0+/\1+"'+)\k:0.

TéTE (—>\1 — )\2 — e — )\k)V() + >\1V1 + -+ )\ka = On
Yuvenwe Ai(vy — vo) + -+ + Ap(vik — vo) = 0y, Opoxs 1o alvoho {vi — vo, ..., vy — v}
ebvan Ypouuixwe aveldotnto. Apa, Ay = -+ = A\ = 0. Ondte xan Ao = —A; — ... — A, = 0.

(iti) = (1) Ag unoVéooupe 6T Ta oNUEior Vg, Vi, ..., Vi, €xouy Ty wiotnta (4it). ‘Eotw
A(vi — Vo) + -+ A (Vi — vo) = 0.
Téte (=N — - = XA)Vo+ Aivi + -+ Nvik = 0, T \g = — A — -+ — )\, madpvoupe
AVo +F AN Ve +F NV =0, xot g+ A\ +---+ X\, =0.

Yougwva ye ty vndleon Ao = Ay = -+ = N, = 0. Apa, 10 {vy —Vo,...,Vk — Vo } ebva
YEOUUXOS aveldpTnTo.
O

Edxoha anodewcviovton ot axdroudeg TpoTdoels:

Iegétaocy 7.4.5. Kdle ypapjuxds avebdptnro otvoro {vo,v1,..., vk}, k =1,...,n, tov R"
elvar yewuetpikds avebdptnro.

IMpétaon 7.4.6. Kde vrootrodo evds yewpetpikds aveEdptntov ovvdhov {vo, V1, ..., Vi },
k=1,..,n, tov R" elvar yewperpikas aveEdpnro.

Oshpnpa 7.4.7. Av to glvoro {vo,v1,..., vk} CR", 1 < k < n, elvar g€ yervikr Béon oto
R", téte n eliowon

X = Vg + /\1(V1 — Vo) + ...+ /\k:(Vk — VO), )\1, ceey A ER (72)
opiler éva k-erimedo tov R™ mov mepiéyer ta onueia vo, vy, ..., Vi.

Anédaén. Av to obvoro {vo,v1,..., vk} CR" 1 <k <n, elvar oe yevixh 9éorn oto R”, to1€
T0 6UVoAo {V1 — Vg, V2 — Vo, ..., Vk — Vo } bvor ypouuixde aveldptnto. Apga, 1 eliowon (7.2)
optlel éva k-exinedo tou R™ nou mepiéyet Ta onyela vo, vy, ..., V.
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7.5 Boapuxevipixég ouvietayueveg onueioy tou R”.

Oewpnua 7.5.1. Eva onueio X avijker oto k-eninedo mov opilowv ta onueta vo, Vi, ..., Vi,
1 <k <mn, mov efvar o€ yerikn} Véon oto R" av ka1 pdvov av

X=MAVo+MVvi+..+Nvrkat g+ A +...+ X\ =1, (7.3)

omov o1 apiduol X\g, A1 ..., A €lvar povoonuavta opiopévor.
Arédaén. To onueta v, vi, ..., Vi 0pilouv éva k-eninedo I1* ue eZiowon (7.2), 1 onota ypdweton
x=(1=X— .. = X)Vo+A\Vi+ o + MeVi, A, M €ER (7.4)

Oétovtac 1 — Ay — ... — A\ = Ao oty (7.4), nodpvouye tic oyéoelc (7.3).
Ac vrodéoouye om x € I1F,

X =AgVo + A1Vi+ -+ AV xot Ao+ A + -+ A, = 1 xoun
X = AgVo + AjVy + -+ Apvie xow Ay + A7+ -+ A = 1.

(AO—)\g)Vo—i—()\l—)\/1)V1+"'+()\k—)\;€)vk:0n oL
(Mo—=A)+ M =A)++ M=) =1-1=0

Eredn 1o olvoho {vo, V1, ..., Vi } elvon ae yevixr, 0éon 6o R”, and 1o Oedpnpo 7.4.4 mpoxiintet
6Tt Ao — Ay =AM — A= =X — A, = 0 Aga,

A= N A=A, o A= M
0

Opwopode 7.5.2. 'Eotw 6t 1% k = 1,...,n, e 10 k-eninedo tou opileton and t0 ohvoho
{vo, V1, ..., vk}, mou eivar oe yevixy) ¥éorn oto R™.

To olvoro {vo, V1, ..., Vii} xatkelton Bapukevtpicd ovotnpa ovrtetaypévwy 1ou I1*.

T xéde x € IIF ot HOVOGHUOVTA 0pLoUEVOL aptduol Ag, Aq ..., Ag Yia Toug oToloug 1oy bouy oy
oyéoeic (7.3) xahohvion Bapukertpiicés oUYTETaYUEVES TOU X 1S TROS TO PogUXEVTEXG GUCTNUA
ouvteTayuévey {vo, vi, ..., v } Tou 1%,

Botww N\ : IIF = R, i =1,...,k 7 aneovion 1) onola o€ xdlde X € 1% avniotouyet ™y
i-007TY BUPUXEVTEIXT GUVTETAYHEVT TOU X WC TPOS T0 { Vg, V1, ..., Vi }. Téte ot ayéoeic (7.3)
YedpovTo

X = M(X)Vo + A (X)ve + -+ Ae(X) Ve xo Ao(x) + A(x) + -+ + Mp(x) =1

ITopiopa 7.5.3. Av IT* efvar éva k-eninedo mov opiletar and ta onueia vo, vy, ..., Vi, ta omoia
etvar o€ yevikn 9éon ovo R”, tdre yia kde ovAhoyn k+ 1 apiduddy (Ao, A1, ..., A\g) Térola dote
Ao+ A1+ .o+ A = 1 undpyer onueio Tov IT* e Bapukertpikés auvtetayléves (Ao, A1, ..., Ag)
ws mpos {vo, V1, ..., Vi }.
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Aﬂ65€l§n. I1* = {X eR":x=vg+ )\1(V1 — V()) + ...+ )\k<vk — V()), /\1, ey AL € R}
Ané o Hopopa 7.3.2 1y amewdvion f: IIF — RY pe

f(VO —+ )\1(V1 — V()) + ...+ )\k(vk — V())) = ()\1, ey )\k>

elvar opotouop@lonos. ‘Apa, 1 f eivon ext.

[ xdde culhoy”h k + 1 aprduay (Ao, A1, ..., A) TéT010 GOTE Ao+ A1 + ... + A = 1, undpyet
wovadd x € II% této10 wote f(x) = (A1, Ak) % A 4 oo + A = 1 — Ag. Apa, undpyer
HOVOdIXd X € ITF vy to omolo X = A\gVe + A1V + .. + XV xat Ao+ A + ...+ A = 1. O
Oedpnua 7.5.4. AvII* k= 1,....n, éva k-eriredo mov opiletar ard ta onuela v, vy, ..., Vi,
ta onoid efvar o€ yevikrj 9éon oo R™, téte ya kdde i = 0,1,.... k n araxdrion \; : I¥ — R,
n orofa o€ kdbe x € II* avniororyel Ty i-00t1) PapukerTpiki) GLrTeT@YUérn TOU X 0§ TPOS TO
{vo, V1, ..., vk} €flvar avoixtn} kar eni tov R.

Arddeaén. Av x € II*, t6te
X = A(X)Vo + A (X)vy + - + Ae(X)vie ot Ag(X) + A (x) + -+ 4+ Me(x) =1

Enouévag

X = Vo + A1 (X)(vi — Vo) + ... + A(X)(Vk = Vo), 610U A\1(X), ..., \p(X) € R.
Ané o Mépopa 7.3.2 1 amewdvion f 1 ITF— RF pe
f(vo + A (x)(vi — Vo) + . + X (X) (Vi — Vo)) = (A1(X), ..oy Ap(X))

etvan opotouop@opog. ‘Apa, 1 f elvon avouxt| xou ext.

H mpoPorf p; : R¥ — R, i = 1,..., k, mou opilovta and tnv oyéon pi((A1, ..., Ak)) = A
etvan avouxth) xou entl. Apa, n Ai(x) = pi(f(x)) ebvan avouxth| xou ent tou R .

Mo vo def€oupe ot 1 Ap-ebvon avouxt| xan entl Tou R, 9€toupe

A) = Ay AL = Ao, o, AL = Ap1 XU V) = Vi, V] = Vo, ...,V = Vj_1.

Tote

M= {x e R" :x = v+ N,(V} = v}) + ... + N\,(v}, — v{) }.

"Apa, 6mwe anodeilaye Tolo mdvw, Ao = A} elvor avowxtr xou enl Tou R. O
ITépiopa 7.5.5. Av o otvoro {vo, V1, ...,vn} C R" elvar oe yerixr) 9éon owo R™, wére

1. Ia xdle x € R"™ vndpyer povaoikn ovAdoyn aprducv Ao, A1 ..., A\, Tétowa wote

X =AVo+MNVi+-+A\Vp kAt \g+ A+ -+ A\, = 1. (7.5)

Ia kdde x € R"™ o1 Bapukertpinés ovrtetayuéres tov X ws mpos {vo, Vi, ..., Vp } €ivar ol
aptipol Ng, A1 . .., A, TOU 1kavomooly g oyéoels (7.5).

2. Ia kdOe ovddoyny apidudy (Ao, A1, ..., Ap) Tétowa dote \g + A\ + ... + A, = 1 vrdpyea
onueio tov R™ e Bapukevtpikés ovvtetaypéves (Ao, A, ..., An) oS mpos {vo, V1, ..., Vn}.

3. Ia kd0e i = 0,1,...,n n araxdvion \; : R = R, n onofa o€ kdfe x € R" avtiotoryel
Y i-00T1 PapukerTpikny ourtetaypérn v X ws mpos T {Vo, Vi, ..., Vn} €fvar avoikt)
ka1 eni Tov R.
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7.6 Huiywpol tou R" wg npog (n — 1)-eninedo.

Ocswpnupa 7.6.1. Av Il evar éva (n — 1)-eninedo tov R", vére vndpyovr avoiktd vroovvola
T, Ty ka1 kAewotd vrootvola Hy, Hy tou R™ térowa dote

(1) R*\II =", Uy, H =T UIl ka1 Hy = Yo UTII

(Zl) Tl N TQ @

(737) Int(Hy) = Y1 ka1 Int(Hy) = Ty

() Cl(Yy) = Hy ka1 Cl(Ty) = Hy

(v) BA(T1) = Bd(T2) = BA(H,) — Bd(Hy) =TI

Anéoaén. 'Eotww II éva (n — 1)-eninedo nou nepiéyetl to onueior Vo, Vi, ..., V1, To 01O Efvor
oe yevixt| Véon oto R™. Tote

II = {X eER":x= /\0V0 + >\1V1 + ...+ )\n_lvn_l, /\0 + /\1 + ...+ /\n—l = ]_}

Trdpyer v, € R" 11010 06TE TO ONUELA Vo, Vi, ..oy Vi1, Vi, VO ElVoL GE YeVXT, V€om oto R™.
Ondte xdlde x € R™ ypdopeTon

X = )\0V0 + ...+ )\n_lvn_l + ...+ )\nvn, )\0 -+ )\1 + ...+ )\n—l + )\n =1.

Heogavae I = A, 1(0). Ta ohvoha

€youv Tic WLOTNTES (2) %o (i1).
Amé to Oedpnua 7.5.2 1 anexovion A, : R" = R ebvar ouveyric. Suvenoe ta obvoha Hy,
Hj etvon xherotd xan toe ovohor Ty, Ty elvon avouxtd. Enedh n A, ebvon xan avouxts, €youue

Int(H;) = Int(\,}(—00,0]) = A, ' (Int(—00,0]) = A ' ((—o0,0)) = Ty
CL(T1) = CIA, ' ((=00,0))) = A7 (CL((—00,0))) = A, ((—00,0]) = H,

‘Opota amodewxevieton 6Tt Int(Hy) = To xaw CL(Yy) = Ho.
And 1o mopamdve

Bd(T;) = CI(Y)\ Ty = H \ 1) =
Bd(Ts) = CI(Y2) \ To = Hy \ Yo =
Bd(H,) = H, \ Int(H,) = H; \ T; =
Bd(H,) = H, \ Int(H,) = Hy \ Tp =11

[]

Optowode 7.6.2. Eotww 61t A\g(x), A1(X), ..., Ay (X) elvon ot Bopuxevtpinés cuvteTaryuéves Tou
x € R" w¢ npog 10 6Ovoho {vy, Vi, ..., v, } mou elvon o€ yvevixt) veorn oto R™ xou €otw 611

II={xeR":\,(x) =0}

etvar 10 (n — 1)-OtdoTato eninedo mou MEPLEYEL T ONUEL Vo, V1, ..., V1.
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Ta cOvora

Ty ={xeR": \,(z) >0}
Ty ={xeR": \,(z) <0}

xahoUvTal n-O0idotator avoiktol nuiywpor tov R™ wg mpog to enimedo 11 xon tar ohvora

Hy ={xeR": \,(x) >0}
Hy ={xeR": \,(x) <0}

xahoUvTa n-oidotator kAewotol nuiywpor tov R™ w¢ mpog to eminedo I1.
Ynupelwon  7.6.3. Anodemxvietar 6TL 0 0pIOYOS  TWV  NUYOPWY WG TEOC  éval
(n — 1)-exninedo I tou R™ eivar ave€dpTNTOC and TNV ETAOYT TWV YEMUETPIXWS AVECAQTNTWY
onuelwv vo, vi, ..., v,—1 € II xat tou onueiov v, € R™ \ 1L
Snuelwon 7.6.4. Kdéde (n — 1)-Sdotato eninedo IT tou R™ éyer eZiowon
ATy + ... + a1x1 + ag = 0.

Oewpolye 1 cuveyy| ouvdptnon f : R” — R mou opiCeton and tov t0m0

fz1, .y xy) = @@y +ap_1 + ... + a121 + ap.

AnodewxvieTon 6t T xheloTtd cOvord

H' = f710,00)) = {(21, ..., zn) € R" : @z, + .. + @y + ag > 0},
H = f((~0,0]) = {(z1, ..., 7,) €ER" : apzp, + ... + 121 + ag < 0},

ebvar oL n-Oudotatol xAeoTol nuiywpeol Tou R™ we mpog o eninedo II. 'Eve ta avowtd cbvola
T = f71(0,00)) = {(x1, .., ) € R™ : @y, + ... + ayzy + ag > 0},

T = f1(~00,0)) = {(z1, ..., 20) €ER" : apxy + ... + @171 +ag < 0},

7. 4 7 ’ n ’
elvon o1 n-0dotatol avolxtol nuiyweot Tou R™ w¢ mpog 1o exinedo 1L



Kegpdiato 8

Kuptd vnocivoia tou R".

8.1 Euveleg xo evddypapua tpunpota tou R,

Eotww p = (p1,....0n) vt q = (q1, ..., ¢,) d00 Stopopetind anueia Tou R™.

FEvdeia tov R™ drepydpevn and ta onuela p ka1 q vt 10 6Ovoho 6Awv TV oHuelwy
X = (21,...,x,) € R" yio 1o om0l x = p + (q — p)t, 6mou t € R.

O mapapetoinés edionoelg tng evletog diepyduevng and ta onueio p xou q ebvou

r1=p1+ (@ =p1)t
Ty = p2 + (g2 —p2)t

,teR.

Y10 t = 0 avuototyel To p xou oTo t = 1 avtiotouyel 1o q.
To 6Uvoro HAwY TwV orueiny TN Tapandve euldeiog Tou avtiototyoly ota t € [0, 1] xaheita
evbtypapio Tunua pe drkpa pkar q xon cuuBoiiletar Ye pq. Anhodt

pg={xeR": x=p+it(q—p)tel01]}

Hynevieta Tou R™ e apyrj to p owepyduevn ard to q ebvar 10 6Ovoro Ghwv Twv chpeiny x € R”
v T onola Xx = p + (q — p)t, 6nou t € R xau t > 0.

ITpotaon 8.1.1. Kdle evdlypappo tuniua pq tov R"™ efvar opotopopgixd pe to kA€otd
owdotnua [0, 1] ng evdeiag mpaypatikdy apiiudy R.

Andoaén. Anodewvieta edxoho 6Tt 1) amewxovion h: [0, 1] — pq mou opiletar and tny oyéon
h(t) = p +t(q — p) eivor opoop@ioudc. O

H e&ioworn g eudeiog Siepyouevng and o onuela P xat q UTopel Voo Ypapel OE Hopph
x=(1—-t)p+tq, teR.
Octovtac A\; = 1 — ¢ xau Ay = t malpvouye

pgq={x€eR": x=Mp+Xq, A1 >0, A >0, \y + Ay =1}
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KE®AAAIO 8. KYPTA TIIOXTNOAA TOT RY.

8.2 H €vvoia Tou ®xupTod cuvoAou.

Opiwouwog 8.2.1. 'Eva utocivoro K tou R” xoheiton kuptd dtav 1o K yall ye omoladrnote
0Vo onueio Tou TEPEYEL xot To eVHUYEUUUO TURUY TOU ToL EVWOVEL. ANAGDY

p,q € K= pq C K.

IMopadeiypoata 8.2.2.

1.
2.
3.

To R™ etvar xuptd clvolro.
Kdde povooivoro {x} C R" eivon xuptd chvolo.

[ xdde x € R™ xou yio xde € > 0 o1 ynddec B(x, ) xou B[x, ] eivan xuptd cuvola.
[Hpdypott, éoww a,b € B(x,¢) xau ¢ € ab. Téte ¢ = \ja+ \ob, 6mou A, Ay > 0 xon
)\1 + )\2 = 1. APOL

|C — X’n = |>\1&+ /\Qb — X’n = |)\1&+ /\Qb — >\1X — AQX‘H =
= [M(a—x)+ Xa(b —x)|, <Ala—=x|, + Aa]b—x], <
<e(AM+ X) =e = c € B(x;¢)

Yuvenwe ab C B(x,e). Apa, B(x,¢e) eivor xuptd olvoro. ‘Ouoto amodewvietar 6Tt
Bx, €] eivon xuptd ohivodo.

Kuptd unocivoia tou emnédou ebvan: 1 evdela y = ax + b, 10 TETRdYWVO
{(z,y) eR*: 0 <,y <1}
o xoxhoc {(x,y) € R? : 2? + 4* < 1} 10 eowtepind evog x0xhou
{(z,y) € R* : 2 + 4 < 1}.
M »xuptd utocivolo Tou emnEdOU Efval 1) TEPLPERELN TOU XUXAOU
{(z,y) eR?:2” +y* =1},
n éMhew)n, n unepPoln, 1 mopdBoAt|, agol xauula amd TIC XUUTUAES aUTEG BEV TELEYEL
AAVEVAL EVTVYPOUUO TURHAL.
Kde k-eniredo efvon xvptd.
Medrypartt, éotw OTL
P=XVo+ ..+ NV €I, Mg+ ...+ X =1
q=ftoVo+ - + pevi € 1%, pio + o+ = 1
Av x € pq, t61€
x=(1—-t)p+tq, t €[0,1] = x=[(1—1t)\g + tuo]vo + ... + [(1 — ) \p + tup|vi
6TOU
(1= t)Xo +tuo) + oo+ [(1 = )\ + ] = (1 — )Xo 4 oo + M) + 1 (10 + oo + 1) = 1.
‘Apa, x € TI*.
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Oplouwodg 8.2.3. To clvolo

I"={(z1,29,..,2,) ER": 0<2; <1, i=1,2,....,n}, n>1,
xoheltan n-didotatog povaoiaiog kUFog 1 povaoiaios n-kUpos.

To cOvoro

B" = {x = (z1,72,...,7,) E R": x|, = \/x% +ai+ . +a22 <1}, n>1,
xohelton n-0idotaty povadiaia urdAa 1 povaodiaia n-pundAa.

To ochvoro

S ={x = (11,29, ...,7,) ER": [x],, = \/x% +ai4 . 4a2=1} n>1,
xoheltan (n — 1)-0dotatn povadaia ogaipa 1 povadiaia (n— 1)-opaipa.

Oedpnua 8.2.4. O k¥Bos I" kai n undda B" efvar kuptd otrvoda, évd n ogaipa S dev
efvar kypté ovolo.

Anédaén. Yo Hoapdderyuo 8.2.1(3) éyer amoderyVel 6T xdle undha etvon xuptd clivoho.

Oua deiCoupe 6TL 0 xUBog I™ elvan xupTd GUVOAO.

‘Eow x = (1, .., ), ¥y = (Y1, ey Yn) € I" x 2 = (21, ..., 2,) € xXy. Tét€ 2;,9; € [0,1]
i xde i = 1,...,n xu z = tx 4+ (1 — t)y, omou t € [0,1]. Enouévec vy xdde i = 1,...,n
€Y OUUE

zp=to; + (1 = )yi, x4yt € [0,1],

Enopévwe z; € [0,1], dnhodry z € I™. Suverde xy C I™ xou, dpa, 1™ ebvon xuptd civoho.
Oa delouye 6Tl 1 ogaipa S7=1 Bev etvan %€UpT6 GUYVOAO.
Ocwpolye To onueia

1

1
p=(1,0,..,0,0).q=(0,0,...,0,1).x = (5,0,...0, 5) € R".

Téte p,q € S" ' xu x = Lp + 1q € pq. Opoc [x|, = Y2 < 1, rhadh x ¢ S™1. Suvende
pa & S™ L Apa, 1 ogaipa S™ Bev efvan xuptd chvolro. O

Oewpnua 8.2.5. Kdle kypté olvodo eivar ovvektikd.

Andoaén. ‘Eoww K éva xuptd clvoro. Téte yia omowdhrote 8o onpelo p,q € K toylet
pP,q € pq € K. To euidiypauuo tuhua pgq, ws opolouepixd ue to ddotnue [0, 1], eivo
OUVEXTIXO.

Enedy) omowdrrote 800 onuela Tou K REpEYOVTUL GE EVa GUVEXTIXO UTOGUVOAO TOU, TO
oOvolo K elval GuvEXTIXG. O
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Oewepnua 8.2.6. To mepipAnua kde kuptol ocvvddov efvar kupté oUvodo.

Anéoaén. Eow 6 K eivor éva xupté olvoro xat p,q € CI(K). Apxel va deiloupe 61t
pq C CI(K) Ac urodéoouye 6tt, avtiveta, undpyet x € pq \ CI(K). Tote undpyet € > 0
1010 Kote B(x,e) CR™\ CI(K). Eniong

X:)\1p+>\2q, 6ToL )\1+)\2:1,)\1>0,)\2>0.

An6 v dhhn uepid urdpyouy p1 € B(p, 5) NK xu qi € B(q, 5) NK.
Enewr) K ebvar xuptd x1 = Aip1 + A2qp € piq; € K.
Ané 1o mopamdve

x—xif, = [\(p—p1)+Xe(a—ayl, <Ml(p—pi)l, +Xll@—al, <
€ £ e €
< Mzt+h-=NM+N)-==<e
i3ty =it )y =g<e
Enopévoe, x; € B(x,e) CR™\ CI(K). Apa, x; ¢ K, nou eivor dtomo. O

Oewepnua 8.2.7. H toun kde oikoyéreiag kuptdy owvddwy eivar kuptd ovrolo.

Andoeitn. Eotww {K;}ier pio ooyévera xuptédv ouvdhav xon (o, K; # 0 (1o xevo odvoho
elvat XUPTO A6 TOY OPLOUG TOU XUPTOU GUVONOU).
_ 7 3 7. , { 7 4 / 4
Av ;e Ki = {x}, 161€ (), Ki ebvonxuptd and tov oplopd tou xuptol cuvorou.
Av ;e; Ki mepiéyer toukdyotov 8Go onueia, tote, enedr xdde K; eivar xuptéd clvolo,
€Y OUUE

pgc(|Ki=pqcK;Vicl=pqCK;Vicl=pqC( K.
iel i€l
Apar, ;e Ki elvan xupté alvolo. O
IMTapatrenon 8.2.8. Trdoyouv axohoudieg XUPTWY UTOGUVOLGY TOU ETITEDOU, TETOLES WOTE
1 Topt| xde nenepaouévng uraxohoudiag etvar U xevi) xou OUWS 1) ToUR AWV TV GUVOAGY efvor

xevi. "Eva nopdderyuo tétolag axoloudiog eivan 1 axohoudia avouxtédv Swetnudtoy {(0, %}30:1-
Loyler 6uwe 10 TapaxdTe YVWeTd Yewpnuo.

Oewenua tov Helly. Av K, Ko, ..., K,,, m > n, evar kvptd vrootvola tov R", ta omola
ava n + 1 éovr un kevn tour, tdtre

K inKyn..NnK,, #0.

8.3 Kuptr Inxn cuvoiou.

[a omowdArote p,q € R”, 10 cudiypauuo tuhua Pq Ue dxpa p xar q eivor UTOGUYVOLO
Tou R"™ . "Apa, T0 alvoro R" elvan xuptd. Xuvende xde unoclivoro tou R nepiéyeton o€ éva
xupto utoclvolo Tou R™ | 1o (B0 To R™.

Opwopdg 8.3.1. H tour 6Aev twv xupt®y unocuvokeoy tou R™ mou mepiéyouy éva olvolo
V' C R xaheiton kuptr Orjkn tou V' xon oupBorileton pe H(V).
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I[Mogadeiypoata 8.3.2.

1. H xuptr 9xn tou auvdhou V = {v,w}, v # w, elvar To eudypauuo tuiue vw, Snhody
H(V)=H{v,w}) =vw.

2. Av 1o onuela x,y,z € R? ebvon pn ouveudetand, t6te 1) xupth 9xn Tou ocuvdrou V =
{x,y,z} eivon t0 tpiywvo xyz (uall ye to ecwtepxd TOL).

3. H xupth Mpen wog eudeiog € evog emmédou ebvon 1) eudela .
4. Av g1 xou 4 etvon eudeiec evoc emmédou IT C R3, o1 omolec TEUvoVToL GE €va oTelo, TOTE

H(€1U52):U{ABZ A€€1,B€€2}:H.

IMpbtaon 8.3.3. Av to olvodo V elvar kuptd, tére H(V) = V.
IMeétaoy 8.3.4. H kuper) Onjkn H(V') omotovdrirote vroovrédovV tov R™ efvar kuptd otvolo.

Anédaén. Av {K;}ier ebvon 1 oixoyévela GAwy TwY XUPTMY. CUVOAWY oL TEPLEYOLY T0 V, TOTE
Nics Ki # 0. Apo H(V) = (;; K ebvon xupt6 60voo. O

Oewenua 8.3.5. H diduetpos tng kuptris Inkns kde gppaypévov vroourdlov A tou R efvar
ion pe tn oduetpo tou A.

Anéoaén. Enedy A C H(A), éyouvue diam(A) < diam(H (A)).

Oo defZoupe 6t diam(H (A)) < diam(A).

‘Eotw x,y € H(A). Oétouue § = diam(A).

Oewpolye éva orueio a € A. Ereadr Bla,d] eivar xupté xaw A C Bla, ], mpoxdntel 61t
H(A) C Bla,d]. Emopévwc x € Bla,d]. Apa d,(a,x) < 4§, onéte a € B[x,0]. Agol 7
teheutaior oyéon oylel yio Tuyaio a € A, nalpvouye: A C B[x, d]. Eneidr) 1o ovvolo B(X, 6]
ebvan xupto, H(A) C B[x,0]. Enouévec y € B[x,6]. Apa d(x,y) <. O

Oplwouwog 8.3.6. Eotww B C R™ xu v € R™. To clvoho
K(B,v)=U{bv: b e B}
xohelton Kvog pe Pdon B kar kopugr) v.
Oewepnua 8.3.7. Ay B C R" eivar kupté ovvodo ka1 v € R", tdte
H(BU{v}) = K(B,v).

Anédaén. And tov oplopd Tou x@YVOL TpoxiTTEL 6Tt T0 oUvoho K (B, V) eivar utocivolo xde
xUpToL GUVOOU ToU TERLEYEL TO olvoho BU{v}. Apxel va dei€ouue 61t o xwvog K (B, v) eiva
xUPTO GUVOAO, ONhadT, OTL

p.q € K(B,v) = pq C K(B,v).

Av p,q € B, tote, enedn 10 B eivon xupt6, pq C B C K(B,v).
Av p,q € bv, énou b € B, t61€¢ pq C bv C K(B, V).
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‘Eotw 61t p € byv xau q € byv, 6mou by, by € B, xau é0tw 611 x € pq. Tote

P = Kiby + Kov, K1 + ko =1, k1 >0, Ko >0
q=Mba+Xov, A1 +X2=1 A\ >0, Ay >0 (8.1)
X =P+ pd, p1+pe=1, 11 =20, pp >0

Omndre

X = p1(k1by + Kav) + pa(Abe + Aov) =
= (p1r1b1 + paAiba) + (ke + pode)v =

A
_ (,ulffl +M2)\1) ( H1k1 b + H2A1

B A — —— by | + (1ky + o) V.
Hik1 + paAq ! Hik1 + plaAg 2) (ariz + iz o)

OETOVTAC GTNY TULIUTAVE GOTNTA

A
Hi1k1 by & HaA1

S el Ay, 8.2
piR1 + faAq ! HiR1 + faAq ? (8.2)

TolovouuE

X = (k1 + peA)b + (ke + pad2)v (8.3)

M1k 4 HaAq

piky + poAr (k1 + e
by xou by avixouv 670 xupté Glvoro.B. Emouévee biby C B. Apa, b € B. Ané v (8.3),
ETELON,

Ané v (8.2), enedy =1, énetan 61t b € byb,. Ouwg ta onueia

(u1k1 + poAr) + (k2 + pada) = (K1 + K2) + (A1 + A2)
=p-1+p-1=1

rpoxintel 61t x € bv C K(B,v). Apa, pq C K(B,v).

8.4 Kittapa tou R".

Ochpnua 8.4.1. Kdle (n — 1)-eninedo I1 tov R™ ka1 o1 nuiywpor tov R™ ws npog to 11 efvar
kuyptd oUvoa.

Anéoaén. Eotww II éva (n — 1)-eninedo mou neptéyet T onueio vo, Vi, ..., Vi1, To 0Tl Efval
oe yevury Uéon oto R, Téte undpyet v, € R tétol0 wote to onuelor Vo, Vi, ..., Vi1, Vi VO
ebvon o€ yevixt| Véon oto R™. Ondre

I ={xeR": \(x) =0}

Ti={xeR": \(x) >0}, To={xeR": \,(z) <0}
Hi={xeR": \,(z) >0}, Hy={x e R": \,(z) <0}
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Av p,q € Il xu x € pq, t61€

An(P) = 0, An(q) = 0 xou X = fup + pi2q, 670U fiy, piz = 0.

Onote Ay (x) = i An(P) + 2 n(q) = 0, dnhady) x € 1. Buvenae pq C II. Apa, IT eivor xupto
oUVOAO.
‘Ouota amodewvietar 6TL ot nubyweol T, To, Hy, Hy elvan xuptd clvoha. O

Opiouwog 8.4.2. 'Eva unoctvoro K tou R™ xaheiton n-didotato kUtTapo 1 n-xOTTo00 oV Xt
UOVOV oV

(1) K eivar pporyuévo,
(17) K elvon tour| nenepaouévou Thiloug n-ldoTatmy XAEIOTOV NULYGE®Y,
(i71) Intgn (K) # (0.
IMopadeiypata 8.4.3.
1. H 1oy tov xhetoTtdv nuiyoemy (NUETITEdwY):
HY = {(x1,72) € R : 21 > 0}, Hi{(2r,72) € R* 1 2y < 1}
HY = {(z1,15) € R*: 1y > 0}, Hy={(21,20) €ER?* : 1, < 1}
elvon 10 TETPAYWVO
PP={(r1,20) €R": 0< 2 <1xn0<mz <1},
10 oTmofo elvon PEAYUEVO X EYEL UN XEVO ECWTEQLXO.
"Apa T0 TETPdY VO I? elvan 2-BidoT0To xUTTARO.
2. H Topn Tov xAEIGTOV Nuyopwy:

HY = {(z1,..,7,) €R" : 2y >0}, H{(21,...,7,) ER" : 27 < 1}
HY = {(21, ... 20) € R" 1 29 > O}, H = {(21, ... 2,) ER™ : 25 < 1}

n

etvor 0 xOog
[n:{<x1ax27"'7xn)€Rn: OS‘/EZSl? i:1727""n}’

0 omolog etvor PEaYUEVOC Xot €YEL U1 XEVO ECWTERIXO.

"Apa 0 xOPog I™ elvon n-ddoToTo ®UTTAPO.
Ocwpnpa 8.4.4. Kdle n-xvttapo K tov R" eivar kupté kar ovunayés.

Améoeitn. Amd tov oplopd TOu UTTIPOU TEOXUTTEL OTL To xUTtapo K elvar gpayuévo xou
K = HyN---N Hy, 6rov Hy,..., H, civor xierotol nulywpot tou R™. Ered) to clhvora
Hy, ..., Hy,, eivon xuptd o xhetotd 610 R”, 10 K elvon xhetoto xan xuptd. Enedr xdie xheiotd

xaL peoyUévo unocuvoro tou R™ elvan cuurayég, to K elvon ouumayéc.
O
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8.5 KeAd tou R".

Opiwoupodg 8.5.1. Kdde clvoro oyotogopgixd pe tr povodtaio n-unddo B, n = 1,2,..,
xahelton n-01doTato kel ¥ n-kell.

Ahppa 8.5.1. Eotw du K elvar kuptd, oupnayés vrootvodo tou R™ kar Int(K) # ().
Av p € Int(K), tére kdOe nuevieia E pe apyn to p téuver to otvopo tov K akpifds oe
éva onpeio.

Anédan. Ou deilovue tpdta 61 E N Bd(K) # 0.
Apxel va ei€oupe 61t Bdg(ENK) C EN Bd(K) xou 6t Bdg(E N K) # 0.
Hedrypatt, and v [pdtacy 1.3.2, énetou 6Tt

Bdp(ENK) =ENClg.(ENK)NClg(E\ K) C ENCIK)NCIR"\ K) = EN Bd(K).

Ou def€ovye 61t Bdg(E N K) # (.

pogavie p € ENK. A¢ urodécoupe 6T p elvon To Uovadixd onueto tou cuvdrou EN K.
Tote By = Int(K)NE = {p} xu By = E\ K eivon EEvarxou ovoixtd UROGUYO TOU UTOYMOEOU
E xa F = Ey U Ey. Anhadh, E ebvon pn ouvextind obvoho, mou efvor droro.

Eneldr| o olvolo E elvar xuptd xot xAelotd 1ot 1o ohvoho K elvan xuptd xal cuUTayES, To
ENK etvar x0pTd xou cupmayeg unocuyolro tng nuevdeiag E. Yuvenwg FNK eivor xheloTtod xon
ouvexTxd urtoclvolo e E, 1o omolo meptéyet xon dila ornueia extoc and 1o p. ‘Apa, BN K
etvar euiypoppo TuRua pq, omou q € EN K. Yuvende Bdg(ENK) = Bdg(pa) = {q}. Ané
o mapomdve q € £ N Bd(K).

A¢ uno¥éoouue 6Tt o onpeio g dev efvon povadixd onueto Toung g nuevdalag E pe to
obvopo tou K. Tote undpyers € ENBA(K), s # q. Enedr 1o K eivor xhetotd xa p ¢ Bd(K),
nofpvouye s € ENCUK) = ENOK =pqxas #p. Apa, s = (1 —r)p+rq, 6mov r € (0,1).
Eredh s € ClUR" \ K), énetn 611 s = nh_)rrolo Sp, omou {s,}o>; C R*\ K. Téte vy tny

axohoudio

€Y OUUE
I L L a-rprrg
noo0 P 1—r 1—r 3171 KL I

Eneor) p € B(p,e) C K, undpyel guoxdc ng 1€1010¢ OOTe p, € K yia xdlde n > ng. ‘Opec

sp=(1—7)pn+7q.

Eneor) 1o K elvor xupt6, mpoxintel 6L s, € K yio xde n > ng, mou evon dtoto.
O

Opiouwog 8.5.2. Eva utooivolo S evog petpixol yweou X xaheltal cuvopLoxd av xat L6vVov
av Int(S) = 0 (to eowteptnd t0u S we Tpoc o X elvor xeVH).

Oewpnua 8.5.3. Kdle kuptd, ouvurayés kar pun ovvopiaxé vrootvodo K tou R™ eivar o-
JOWHOpPIKG e ia kKAewoTn umdAa tov R™.
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Anddaén. Eredf, to olvoho K eivor un ouvoptoxd, Int(K) # 0. Apa, undpyer ¢ € K xo
e > 0 tétola, woTe
B(c,¢e) C Blc,¢] C Int(K).
To clvoho Blc,¢] eivon ogotogopoixd ye t povadioda n-undha B™.
And to Afuua 8.5.1 xde nuieudela pe apyt 1o onuelo ¢ Téuvel To olvopo Tou K axpi3eg
oe éva onuelo. ‘Eyouue
K =U{ck: k € Bd(K)}.
[Na xéde k € Bd(K) ocuyforilouye ue cx 1o povadixd onpeio tourc tou eudiypauuou
tuhuatog ck ye to obvopo Bd(Blc, €]) tou Blc,¢].
OpiCouye Tov opotoyoppioud h : K — Blc, €] wg e&hc:

h(c)=c
h(k) = cx av k € Bd(K)

xow av x € ck \ {c, k}, émou k € Bd(K), t61¢
dn(c,x)  dy(c, h(x))

d,(x,k)  dn(h(x),ck)

O]
ITopiopa 8.5.4. KdlekAeiotn umdAa tou R™ efvar opoopopgikny pe tn povadiaia n-pndra B".
ITopiopa 8.5.5. Kdle n-kUttapo tov R" efvar opotopopgind pe tn povadiaia n-pundia B".

Améoeitn. Amd tov oploud Tou xUTTIPOL xou amd To Ocwpnua 8.4.4 mpoxinTel 6TL xdE n-
OLdoTaTo (UTTUEO EfVaL XUPTO, CUUTAYES X U cuvoplaxd cUvolo. Amd 1o Oewenua 8.5.3
xat To Ilopioya 8.5.4, xdie n-dudoTtoto x0OTTARO Elvar OUOOUORGIXG UE TN Lovadtoda n-undia
B™. m
IIopiopa 8.5.6. O kUfog I efvar opoopopgikés ue tn povadaia n-prndia B".
ITopiopa 8.5.7. Kdle kuptd, ouurayés ka1 un ovvopiaxd vrootvoro tov R" efvar n-kell.
ITopiopa 8.5.8. Kdle n-kUttapo eivar n-kell.
ITopiopa 8.5.9. O kUfog I™ efvar n-kell.

Ereidf Bd(B") = S" ! 610 R", 10 6Uvopo x&de n-didctatou xehol tou R™ efvor ogotopop-
o6 e T povadiada (n — 1)-ogaipo S™ L.
Ynpelwon 8.5.10. Trdpyouv n-xchid tou R™ mou dev elvan n-x0tTopo xot n-xeMd mou dev
elvor xupTd.

Ynuelwon 8.5.11. Eredy| xde n-0idotatog xhetotog Miywpeog efvan xupTtd UToGUVORO TOU
R™ ye ovopo éva (n—1)-8idotato eninedo tou R”, 10 6lvopo evde n-dldoTtatou xuUTTdpou eivar
EVWOT) TEMEPAGUEVOL TARUOUC GUUTAY @Y %o XVETMY (1 — 1)-BldoTaTwy GUVOLLY— “EdpwV” Tou
XUTTAEOV.

Av éva xOttopo K elvon topr twv m xhetoT®v nutywewy Hi, ..., Hy,, té1t€ 10 A0 T0V
(n — 1)-0tdotatwy “edpwv” Tou K eivon m.

Ta n-povomioxa mou Yo 0plcoUUE GTO ETOUEVO XEQIAO elvar Ta N-OLldoToTA XOTTAPA GTO
R™ ye tic hyotepeg (n — 1)-0tdotates “édpec”.
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Kegpdiowo 9

MovérAhoxo tou R”.

9.1 H €vvoia Tou povonidxou.
Optopog 9.1.1. Ta xdde n = 1,2, ... xau v xdde k = 0,1,...,n, 1 xupth Uxn 1wy
kE+1 onuelwv vo, Vi, ..., vik € R", ta onola elvon oe yevinr| Véon oto R”, xohelron k-Oidotato

povémAoxo i k-provémloro tou R™ pe kopupés vo, v, i.., Vic xat cuuPBoliCetar Ue VoVvy...Vi.

IMogadeliypota 9.1.1.

1. To 0-8idotata povémhoxa (0-povomhéxa) elvon tor povoolivora {ve}.
2. To 1-0udoTota povomhoxa To eUOYpoPU TUAUATE VoVy.
3. To 2-0doTota povomhoxa etvat.to Tefywvo VoV Va.

4. Ta 3-01doTato wovomhoxa efval To TETRPAEDPA VoV1Va V3.

IIpbtaon 9.1.1. KdUe povémioko eivar kupté ovvodo.
Amdoeiln. Ereidr| n xupt 0% oTol0udHTOTE GUVOROU Elval xUETH GUYOAO,
vovy...vy = H({vo, v1, ..., Vk})
elvat xUET6 GUVOAO. O
ITpétaon 9.1.2. KdUe povénioko eivar ppaypévo avvoro.

Anéoaén. Ermedr|n didueteog tng xupthc 9hxng xdie gpayuévou cuvolou LlooUTol UE T1) SLIUETEO
Tou ouVOhoU (Oebpnua 8.3.1), tpoxintel HTL

diam(vovy...vy) = diam(H ({vo, v1, ..., vk })) = diam({vo, V1, ..., Vi }).

79
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IIpbtaon 9.1.3. Ia kdde k > 1 wyva

Vovi.. Vi = U{vvy 1 v € vovi..Vi_1}.
Anédetn. ©étovye 0 = U{vvy 1 v € vovi...vi_1}. Téte o ebvou 0 xdvoc pe Bdorn to xuptd
G0OVONO V(V1...Vi_1 X0 X0pUPY| TO Vi. ATd To Oebdpnua 8.3.2 mpoxlnTel 6Tt
o=H (vovi..vig_1 U{vg}).
Eredn 1o abvoho o eivon xuptd xou {vo, vi, ..., Vi } C o, nafpvouye
vovi..vy = H({vo,vi,..,vi}) Co

Oa detouue 6TL 00 C VVy...Vy.
Av x € 0, t6TE X € VVy, 610U
v € vovy..Vip_1 = H({vo,vi,...,vi_1}) C
C H({vo, V1, .--; Vk_1, Vk}) = VoV1...VE.
Aol v,V € VoV1...Vi XdL TO HOVOTAOXO VVi...V}, EVOL xUpTO, €reTon 6Tt Vv, C VoVvi...Vy,

xa, dpd, X € VoVi...Vi.
O

Ocdhpnpa 9.1.1. Av to glvoro V = {vo, vy, ..., v}, 1 < k < n, elvar oe yevikny Oéon oo
R"™, tdte
k

k
vovi..vp = {veR": v= Z/\ivi’ A >0, Z/\i =1}
i=0

=0

Amdéoaén. Oo anodetfouue 10 Oewpnua Ue ETAYWYR ws Teog k.
Av k=1, t61e V = {vy,vi}. Zuvende n xupt| 0rxn tou V ebvar o eudiypoppo turua ue
doepor ToL onpeio vo xon vi. Onote

VOV1:{V3 V:)\0V0—|—)\1V1, )\020, )\120, >\0+)\1:1}

Ac unodéooupe dtL to Yedpnua toylel yio k = ko < n xon 61t V= {Vvo, V1, ..., Vig, Vig+1}
ebvar oe yevxr) Véan oto yevixry Véon oto R™. Téte {vy, vi,..., Vi, } ebvan oe yevixr) ¥éan,
OTOTE UToEOUUE VoL VEWPHGOUUE TO HOVOTAOXO V(V1...V,. Ao TNy undleot) Tne emaywY g

ko ko
VoV1.. Vi, ={v: v = Z)\évi, A >0, Z)\; =1}
i=0 =0
Eredh, VoVi...Vig Vig+1 = U{VVi11 0 vV € VoVvi...Vi }, €youue
VOV] Vg Vg1 = {X X = (1 = A)V + AVg11, V € VoVi...Vg,, A € [0,1]}
"Apa,

k’() k()
VOV1.. Vi Vg1 = {X:x = (1 = )) Z)\;Vi + AViot1, A €[0,1], A >0, Z)\; =1}

=0 =0
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O¢tovtag (1 — AN, = N v xdlde i =1, ..., kg xou A = A1 modpvoupe

ko+1
VOV]. . Vi Vg1 = {X 1 X = Z Aivi, A > 0}
i=0
ko
Eredn Z A; =1 éyoupe
i=0
ko+1 ko ko
DAN=D A=MN+AA=(1-1)) N+A=(1-N) 1-Ar=1
i=0 i=0 i=0
‘Apa, T0 Yewpenua woyler yia k = ko + 1. m
[Mo xdde v € vovy ... Vi ot aprduol Mg, A1 ..., Ag yia Toug ontoloug

V=MNVot+AMVi+ - FNeViexaw Ao+ A+ + A =1

elvor oL BopUAEVTEIXEC CUVTETAYUEVES TOU V WS TROS TO GUYOAO {vo,V1,..., VK }.
Or Bapuxevtpwég ouvteTayyéves tou v ouufolilovtar enlong pe

Ao(V), A (V) oo Ae(V).

ITopopa 9.1.1. Fotw vovy...vi, 0 < k < n, éva povémioko tov R™.

I'a kd9e + = 0,1, ..., k n aneicévion
)\i 1VgVy1...Vk — [0, 1],

n omofa o€ kdle Vv € VoVi ... Vi avTIOTOIYel TNV 1-00TH) PAPUKEVTPIKT) TUVTETAYUEYT) TOU V G
10§ 0 {Vq, V1, ..., Vk} €lvar ouvexnis kai eni wou [0, 1].

Andéoaén. H ouvéyela tng A; mpoxdnTer and 10 Oewpnua 7.5.4. Eeidy| 1o povomhoxo wg xuptd
o0VoLO elvor ouVEXTIXG, TO UTOGUVOAO \;(VoVy...vk) Tou [0, 1] elvon ouvextixd. Emouévec
Ai(Vovy...vk) elte ebvan didotnuoa eite eivon anuefo.

Hopatneotue ot A;(v;) = 1 xaw Ai(v;) = 0y j # ¢, dnhadn {0,1} € A;(Vovy...vk). Apa,
Ai(vovy...vi) = [0, 1]. O
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9.2 ’'Ebpeg evog povonAoxou.

Opopoc 9.2.1. Oewpolye éva k-povémhoxo o¥ = vovy...vy tou R, k= 0,1, ..., n.

Eotw 0 <r <k xou {vi, Vi,, ..., Vi, } € {vo, V1, ..., Vi }.

Toéte ta onuelo Vi, Vi, ..., V4, ebvar oe yevixr) 9éon oto R™ xot, ouvenwg, opllouv éva
T-UOVOTAOXO Vi)V, ...V; .

To uovoThoxo v, v;,...v; xoheiton r-oidotatn éopa Tou ok.

T

Ou 0-0tdoToteg €dpeg ToOU ok

= VV1...V} lvon ta ornela v, Vi, ..., V.
To (B0 10 o eivor 1 povadixd k-Sudoorn €dpa Tou eautol ToUL.
Ot €dpec Tou oF Bidotaome < k xohodvTar YrioIcs.

2 7 7 NP k 7 ’ k
H évwon 6Awv Tov yvicuwy edpwy tou 0" xakeltar otvopo tou o”.

ITpotaom 9.2.1. Kdle povémioxo mepiéyer dAeg Tig €0peg Tou.
Anéoaén. '‘Eotw v v;,...v;, ula €dpa Tou HoVOTAOXOU VoVyi.. V. Tote
{Vigs Viys ooy Vi, } € {vo, Vi, Vi)

"Apa,
VigViy--- Vi, = H({VZ'O,V,L'I, ---7ViT}) g H({Vo,Vl, ...,Vk}) = VgVi1...VL.
[

Oewpnua 9.2.1. Kdde édpa vi Vi, ...v;, €v6S HovoTtAdkou ok = vovy...vi €vai to oUrolo

OAwy Ty onuelwy v = AV + Mvi+ ... + A\pvy Tov ok yvia ta orola \; = 0 ya kdOe
i€{0,1,....k}\ {io, 1, .., 0}

Anéoaén. Eotw ot v ebvot €vaonueio Tou vovy...vy, Je BapuxevTeinés CUVTETAYUEVES Ao, A1, ..y A
w¢ Tpoc 10 oUvolo {Vvo, V1, ..., vi}. Térte

MF+AM+ .o+ =1 xu X >0yaxdder=0,1,.. k.
Av \; =0y xdde i € {0,1, ...k} \ {io, i1, ..., i}, TOTE
VvV = )\iovio —|— /\ilvil + —|— )\ikviﬂ )‘io + )\il 4+ ... + )\ir = 1

xow Ay, >0y xdde j=0,1,...,7. ‘Apa, vV € Vi Vi .. Vi,
Avv e v,v,..v;, 10T€

vV = )‘iovio -+ /\ilvil —+ ...+ )\ikvir, )‘io -+ >\i1 + ...+ )‘ir =1

xow Ay, > 0y xdde j=0,1,...,7.
O¢tovtac \; = 0 yra xdde i € {0,1, ..., k} \ {io0, i1, ..., i }, maipvoupe

vV = )\0V0 + )\1V1 —I— + )\ka, )\0 + )\1 —I— + )\k = 1,

omou A\; > 0yt xdde i = 0,1, ..., k.
YUVETWEC V. € V(oVi...VE %ot 0L BUpUXEVTPIXEG CUVIETAYUEVEG TOU V ¢ TEOS TO GUYOAO
{V0,V1,...; Vi } €bvar ot Mg, Ay, ..oy Ak, 010 A; = 0 v xédde i € {0, 1, ..., k} \ {io, i1, ..., 3} O
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k’—i—l)7

Ynuelwon 9.2.1. To mhfdog Ty r-0udotateny edpav evog k-uovomhéxou 1oolta Ue (r+1

dnhadh ue Tov ouvieheoth tou 1" oto Suwvuuixd avdmtuype Tou (4 1)F!

r=0

o k& = 3 nalpvouye
(t+ D) =1+4t+6t2 + 45 + ¢!

odypott, 10 TEIOBEOTATO HOVOTAOXO, dNAAdY TO TETRAEDPO, €xel 4 xopugéc (UNdevdtdoToTes
€0pec), 6 axuéc (uovodidotates €dpec), 4 €dpec (BlodidoTates €8pec) xou To (810 TO TETEAESPO
elvot 1) HovadxY| TEIoOLGTUTY) €0p0L.

9.3 Movénioxo wg xOTTapo tou R,

Oewpnua 9.3.1. Kdle n-povémioxo o™ tov R" efvar n-6idotaro kitrapo.

Anéoeén. 'Eoww 0" = vovy...v, éva n-uovétioxo tou R™
Tote ta onuela vo, vy, ..., v, € R” elvan oe yevix 9éon. ‘Apa v xde x € R™ undpyet
wovadtxy oUAAOYTH aptdudy Ag(X), A1 (X), ..., Ay (x) tétoa dote (PA. Ilépioya 7.5.2)

X = AgVo + AM1Vi + oo + AV 0t Ag(X) + A1 (X) + . A, (x) = 1.
[No xdde 7 =0,1,...,n T0 cOVOLO
{VO7V17 ey Vi, Vn} \ {VZ}

etvan oe yevixt, Oéomn xat, auvenme opilet éva (n —1)-8idotato eninedo 11;, to onolo dev neptéyet
10 onpelo v;. Enouévwg v; avixel 610 €0mTERIXO EVOG N-OldGTATOU XAEWGTOU TuLyweou H; we
mpoc II;. Eredn A;(v;) = 1> 0, npoxinte 6Tt

H, ={x e R": \(x) >0} xou Int(H;) = {x € R" : \;(x) > 0}

And 1o mopamdve
HoN..NH, ={x€R":x =Y N(x)vi, \i(x) >0, Xi(x) =1} =0".

"Apa,

Int(c") = Int(HoN .... N H,) = Int(Hp) N ... N Int(H,) =

n

—{xeR":x= Z)\i(x)vi, D Xi(x) = 1,A0(x) > 0, .., An(x) > 0}

=0

To tekevtafo oOvoho etvan un xevé and to Ildpioua 7.5.3 And tov opiopd ToU N-BIACTATOY
AUTTAPOV TREOXUTTEL OTL To 0" elvan N-OLdoTATO XVTTUQO.

]
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IIopiopa 9.3.2. Kdle n-povémioro o™ tov R" efvar ovunayés.
Arnéoaén. llpoxinter and 1o Oewpruata 8.4.4 xar 9.3.1. []

ITopiopa 9.3.3. Kdle n-provémioro o™ tou R™ efvar oproopopgikd e tn povadaia n-oidotatn
pundia B™.
Amdoaén. Ipoximtel and o Ildpioya 8.5.5. []

ITopiopa 9.3.4. Kdle n-povémioro o™ tov R efvar n-6idotato keAl.

9.4 MovonAextixy] unodlalpeEcT LOVOTTAOXOU.

Opiowode 9.4.1. M nerepoouévr oxoyévewor © = {07, 0%, ...,00 } anoteholuevn and n-
HOVOTROXO XOAETOL UOVOTAEKTIKT) UTOOIAIpEOT) TOU N-UOYOTAOXOU 0™ av €YEL TG oxOhouleg
WOLOTNTES:

(1) o} Uoh U...Uol ="

(1) onowdhrote 800 atoryeia T D 1 dev TéuvovTon 1 Téuvovtar xatd pio xowr Touc €dpa.

Av ® = {o],0%,...,00} elvon wa povomhextixr; uroduwipeon evéc yovomhéxou ", tHTE 0
oprduog
mesh (D) = max{diam(c7),diam(oy), ..., diam(o),)}
xahetton AemtéTnTa g D.
[Na xdde of € D, i = 1,...,m, ougPorilovue pe V(07') 10 6OVORO HAWY TV XOPUPGDY
Tou povorhdxou off. To otowyeia tou ouvbhou V(D) = U2, V(oF) xahodvton kopupés Tng
HovoTAekTiKNS vnoowaipeon .

Oplopdg 9.4.2. 'Eotw D pia JOVOTAEXTIX UTOOIUPEDT) EVOC N-UOVOTAOXOU 0" = V(V1...Vy.
Kée anexovion a : V(D) — {0,1,...,n} trow dote

v eV(®)xuv e vyv;..v,, onou {ig,i,.., i} C{0,1,...,n} = a(v) € {io,i1..., 0}
xohetton aptunon twv kopvpwy g HovoTAeKkTIKHS vrodiaipeons D.

Andb tov opioud 9.4.2 mpoxnTel 6TL av a ebvor g apfdUNoT X0pUPKY WIS UOVOTAEXTIXNS
UTOBLEEEOTC D EVOC HOVOTAOXOU V(V1...Vy, TOTE (V;) = @ Yl x&0E x0pu@T| V; TOU VVi...V,
(vi € 0° = H{vi}) = a(vi) € {i}). Av wa xopugh v e D avixel otny €dpa Vi Vi, ...V;,
TOU VoV1...Vy, TOTE (V) TREMEL VoL LooUTol UE TNV TWY| TS v OE Ul A6 TG XOPUYES TS €dpac
VigViy Vi -

Hapatnpodue 6T av o' elvon €va oToLyelo TNg YOVOTAEXTXTC uTodaipeong D xan ar glvor
wot apldunon tou V (D), 161 1 o avtiotowyel o xdie xopu@r Tou o} €vay amd Toug aptiuolc
0,1,...,n. O 1epoplolddg auTOS TNG & GTO GUVORO TWY XORUPKY TOU ;' UTOEEL GE BUO DLAUPOPE-
TS XOPLYES TOU 0} Vo avTioToLYEL ToV (10 oo, omdTe va uny avtioTolyel oe xouio x0pu@n
Tou 07" xdmowy and toug apuolc 0,1, ..., n. Toylel duwe 10 axdhovdo Afuua, to onofo Ju
Yenoworoinlel oty anddely Tou Ocwpruatoc Tou Brouwer.

AAppa Ttou Sperner. Ia kdOe apilunon o twv Kopugdy piag povoTAEKTIKHS vnodiaipeons
D = {o}],08,...,00} evés n-povomAdkov o™ vndpyer tovAdyotov éva povémhoko ol € D o
Kopugés tou omoiov va éyovy apriiunlel and dAovs tous apiots 0,1, ..., n, onAaon

a(V(el)) ={0,1,....,n}.
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9.5 Kévtpo Bdpoug xou Paguxevipind ACTEO LOVOTTAOXOU.

Opopodc 9.5.1. Kévtpo fBdpous evoc povorhdxou oF = vovy...vy ebvon o onpeio

V0+V1++Vk

b(c*) =
(") k1
Av b(c*) etvau xévtpo Pépouc tou o* = vovy...vy, C R,
vo = (09,09, ...,00), vi = (v, v, ..., o)), Lo, vie = (0F, 0k, k)

xaw b(o*) = (by, by..., by), THTE

b :U?—l—v%—k...—kv’f :Ug+1}%+...+1)’2“ b :vg%—vi—i—...—kvq’j
1 k41 » V2 k+ 1 yer o Un E+1 )

Anhodt| 1) i-0Tr CUYTETAYUEVT] TOU b(ok) elvot 0 PECOC 6POG TV i-CTWV CUVTETAYUEVRY
TV XOPUPWY Vo, V1, ..., Vi TOU ok.

IMopadeiypata 9.5.1.
1. To xévtpo Bdpoug evog 0-uovomhoxou o) = {vo} elvou To onueio vy.

2. Kdde 1-povomidxo ol tou R3 etvar evdlypauuo TR xon To x€VTEo Bdpoug Tou efvar 1o
UECO TOU TUAUATOS.

3. Kdde 2-uovomidxo o2 tou R3 elvar Telywvo xar 10 x€vtpo Bdpoug tou efvar 1o onueio
Touhg TV dapéowy Tou o

4. Kdie 3-povonroxo o’ = vyvyivavs Tou R3 givon TETPAEDPO %ot TO XEVTEO Bdpoug Tou efvar
10 onueio Tourhc Twv evdiypouuwy TUNUdTwy Vv, i = 0,1,2,3, énou v, elvau to anueio
TOURC TV DlUéowy TNG €dpag Tou BploxeTtal amévayTl amd TNV X0pUYH V;.

ITgbtaon 9.5.1. Eotw oF = vovy...vy éva k-povémAoxo.
I'a kdOe pOivovoa akolovlia edpdv Tou ok

k

oD okt

D...Do'o

(ywa kdle r = 1,...,k to povémoko o' evar (r — 1)-tidotatn édpa tou povomAdrkov o”) ta

onueia
b(c*), b(o"1),. .., b(0")
efvar g€ yevikn 9éon ka1, ovvernds, optlovr éva k-povémhoxo b(a®)b(a*1) ... b(c?).
H oikoyéveia dAwv twv k-povorddkwr b(a®)b(o*~1) ... b(a®) mov opilovrar jie tov tapardve
tpéno efvar pa povomAektikj vrodaipean tov v,

Opwopodc 9.5.2. To Papukertpixd dotpo evoc k-povonhéxou of = vovy...vy elvar i povo-
TAEXTIXT LUTOdLREDT) ‘B(ak) Tou oF ATOTEAOUMEYT] am’ OAol Tol A-HOVOTAOXO TNG MOR®TS
b(c*)b(a" 1) ... b(0?), To xadéva and ta omota avticToryel ot o giivousa axohoudic edpv

ou oF Dot o ... D 0 tou ot
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I[Mopadeiypoata 9.5.2.

1. To Bapuxevtewd dotpo tou evlhiypoppou Tufpatoc AB ue uéoo to onuelo M arnoteheiton
ané evdiypopua tuhuata AM xow M B, dnhadh, B(AB) = {AM, M B}

2. To Bapuxevtpixnd dotpo tou Tptywvou ABC ue xévtpo Bdpoug to onuelo M, yéoo tou
AB To ornueio (', uéco tou BC' 1o onueio A" xa yéco tou AC 10 onuelo B', anoteheiton

and 6 Tplywva pe évwon 1o ABC, Snhadt

B(ABC) = {AMB', AMC', BMA', BMC',CMA',CMB'}.

ITpbtaom 9.5.2. Ia xdde x € R™ kar yia kd0ec v € voVvi...Vi 10y Vel
dn(x,v) < max{d,(x,v;) : j=0,1,..., k}.
Améoeitn. 'Eotw 611 v = Agvo + A1 vy + -+ + AV, 6mou Xg + Ay + - - + A = 1. Enedn
x=1-x= Ao+ A+ FA)x

TolpvoUUE BLadoYyLxd

k k k
dn(x,V) =[x — V|, = Zx\jx—ZAjvj = Z)\j(x—vj) <
j=0 Jj=0 n J=0 n
k k k
7=0 7=0 7=0

=max{d,(x,v;) : j=0,1,....k}.

ITpétaon 9.5.3. I'a kde povémAoko oF = vovi.. vy 10p% 3]

k
M) < —— di )
mesh(B(c")) < o diam(o")

Arédaén. 'Eoww o = b(c¥)b(c*1) ... b(a?) € B(a"), én0U

k

o’ D okt

D...DUO

k

efvor ot @divouoa oxohoudio edpmv tou o tétoa wote yio xdde r =1, ...,k 10 0" ebvon P

(r — 1)-8idoarn €dpa tou 0. Thre
diam(o) = diam({b(c*),b(c*71), ..., b(c")}).

Aopxel va Seiouye 611 d(b(o”), b(c®) < k—il diam(c"), vy xdde s, € {0,1,..., k}.
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‘Eotww s < r < k. Tote o° ebvan plo €dpa Tou 0 xou 0" elvon wiar €dpar Tou ak. Erouéveg
UTAPYOUY Vi, Viy, ooy Vig, ooy Vi, € {V0, V1, ..., Vi } TETOWL OOTE

r _
0 =V, Vi ...V ...V,

o’ = VigVip---Vi,.
Enedr, b(o®) € 0° = vy, vy,...v;,, and v Hpdtaon 9.5.2 €youye

d(b(c"),b(c®) < max{d,(b(c"),v;),...,d(b(c"),vi,)}
=d(b(0"),vi,), Vi; € {Vig, -, Vie } ©{Vigs s Vi, o0, Vi, }

Omnote
, Vip + Vi, + .o v 1 -
)= v, | < - <
dn(b(0"),vi;) | Vi, ST ;(V% vi,)| <
1 r—1
< ) kz:%(diam(ak)) < . diam(c") diam(c™")
"Apa
dn(b(c"),b(0*) < dn(b(a"),v) < P diam (o).

ITopiopa 9.5.1. I'a kdOe povémoxo o kar yia kdle x € ok 10y vel

d,(x,b(c%)) < p——

diam(c™).

Optopode 9.5.3. T xdde i = 1,2, ..., 7 i-0011| Bopuxevipxh uroddpeot B;(o*) tou povo-
Thoxou o optleton emaywyd we e€fc:
B (") = B(o),
By(o™) = U{B(0): o€ Bi(c")},...,
Bia(0h) = U{B(0) : o € Bi(oh)},...

Kd&de i-oot# Bapuxevipwd unodiadipeon B;(o") elvon povomhextixh xou

k

mesh(B;(o")) < (k—H) diam(c").

Mégwopa 9.5.2. INa kdde povémdoko of kar ya kde e > 0 vrdpya guoikds apiduds i
T€TO10G, WOTE 1) AeTToTNTA TNS 1-00THS PapukerTpikis vrodwaipeons va efvar < €, 6nAadn

mesh (B;(c%)) < ¢.
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9.6 Amnewovioelg uetafd TV LOVOTTAOXW®V.
Oewepnua 9.6.1. Orowodnmrote 6Vo k-povémioka elvar opotopopgiid.
Améoaién. Oewpolye ta onueia

do = (1,0,0,...,0), d; = (0,1,0,...,0), ..., dx = (0,...,0,1)

tou RFHL An\adr, bhec ot ouvtetaypéves tou d; ebvan foec ye 0 extéc and v (§ + 1)-
CUVTETAYUEVT), 1) omtola toolTon pe 1. To onueta dg, dy, ..., dy, €lvor og yevinr| V€on xot, cuverwe,
optlouv éva k-yovomioxo o = dod;...dy. Hapatnpolue 61t ta onueio dg, dy, ..., dj anoteroly
Bdon Tou RFHL, doa or Bopuxevtpinés cuvietayuéveg orowudrrote d € dod;...d; cuunintouv

ue tic ouvtetaypéves tou d oto R¥L "Apa,

dod;...d), = {wody + 21d; + ... + 2dy € RF g, 2y €]0,00), w9+ -+ = 1}

To o elvar xhew016 w¢ Tour| Tour| k-eminédou mou opiletan and ta onpeto do, dy, ..., dg xon
Tou xhewotol) unbyweou {Tody + z1dy + ... + zpdy € RFF 1 xg, 2, .., 1 € [0,00)}. Enedy
x&e povémhoxo etval @payuévo, TeoxOTTEL 6Tt 0 Elval ouuTayES.

Apxel va arodeiloupe 6Tt xde k-povomhoxo elvon opologop@ixd e 1o 0.

‘Eotww 0% = vovi..vi, 0 < k < n, éva k-povomioxo tou R™,

‘Botw f: RFL 5 R optleton amd Tov TUTO

f([L'gdo + [Eldl + ..+ Ikdk) = XgVg +21V] + ... + Ty Vg.

Hpogavag 1 f etvar ypouuwed, entouévng 1 [ elvon cuveyrg.

Erewdy) f(d;) = vj v j=1,...,k+1 xou eneidr| ot PapuxevTpinés GUVTETAYUEVESC OTOLOUDT-
ToTe orueiou elvol LOVOGHUAVTU OPIOUEVES, TEOXUTTEL OTL O TEPLOPIOUOS TNG [ OTO HOVOTAOXO
o = dod;...dj, ebvon o Eva-tpog-Eva anedvioT ent Tou LoVOTAGXOU ok = vovi.. Vi.

Eneldy| xdie cuveyric, Eva-tpoc-éva xal entl ATEXOVIOT) OPIOUEVT] OE €Vl GUUTAYT YWEO efvor
OUOLOUOPPLOUOS, ETETAUL OTL O TERLOPLOUOC flo ¢ f 07O cuunayEg o vl OUOLUOPPLOUOS TOU
o ent tou f(o) = o*. O

ITopiopa 9.6.1. Kdle povémhoko efvar ouumayés.
IMopiopa 9.6.2. I'a kdle 1 < k < n kdOe k-povémioro tov R" eivar k-didotato kell.

’ ’ k 2 ’ 7 7
Ocshpnua 9.6.3. Eotww {F;} ma okoyéveaa k+ 1 kAeiotdr vroovrddwy tov povotAdkov
O'k = VoVi1...VL.

Av ya kdOe éopa v;,vi,...v; , 0 <r <k tou ok 1wy vel 6T

Vio Vi Vi, g EO U FL'1 U..u .FiT,

z
TOTE

FFNFN..NF,#0.
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Andoaén. Ac unodécouue 6Tt
FENEFN..NnE,=0.

Téte 1 owoyéven {U;}r, 6mouv U; = o \ F; etvar o avowth) xdhudn tou of. Ereidd 1o
oF ouunayfc yopoc, yio Ty avoucth xdhudm {U; e undpyer aprdudc € > 0 (apdude tou
Lebesgue) tétolog wote xdde unochvoho tou ok OloETPOU < € TEPLEYETAL OE €VOL Um0 To
Uy, ..., Uy, dnhadt dev téuver eva and ta [y, ..., Fy.

‘Eotww 6t | évag guoixog aptdudg yia tov omolo 1 Aentétnia tng [-00Thg Bapuxevtpxhc
vrodadpeong By (o) tou o va ebvor < e. Eotw W 1o 6Gvolo 6hev twv xopupey trg By (o).

o xéde w € W n tour) 6AwV TwV €0p®V TOU a* mou TepiEyouy 0 W oebvar uio €0pa
Vi Viy .- Vi, TOU ok. Ané v unodeon Tou Yewpruatog

W E v;,Vv,,..v, CF UF, U.UF.

Yuveroe w € Fy; 6mou 0 < j <. Odrouye h(w) = ij.
Me tov 1p6mo autd Yo Ty povorhextd urodiadpeon By (oF) opilouue plo amecdvion
h:W —{0,1,...,k} mou uxavornowel Ty cuviixy tov Afugoatoc Sperner :

W €V V...V, — h(W) c {io,il, ,ZT}
‘Apa undpyel 0 = Wowy...wy, € B;(o") té1010, Wote h(w;) =i v xdde i = 0,1, ..., k. Ened
diam(o) < e, 0 CU; = 0%\ F; y1o xémoto i. ‘Opwc; and tov opiopd g h éyouvue w; € F; yu

x&de i = 0,1,..., k. Apa, 0 N F; # 0 yiaxdde i = 0,1, ..., k, mou eivar dromo. O

Oewpnua 9.6.4. (Brouwer)ia kdfe k = 1,2, ... kdde k-povémioxo o éya v 1biétnta
tou otalepol onpueiov.
AnAadn, ya kdOe ovveyris areikérion

f:o—o"
vrdpyer x € o* ya o omolo f(x) = x.

k= vovy..vi xou x € oF. Tére

Anddagn. Boww o
X = Ao(3X)V0 + M (X)V1 + . + Ap(x)V, (9.1)
M) 4+ AL(X) £ s 4 () = 1 2001 Ay(x) > 0 i xéde j = 0,1, .. k. (9.2)

Enewdt| f(x) € o, éxovue exfong
J(x) =X (f(x))vo + M(f(x)vi + ... + Ap(f (%)) Vi, (9.3)

M(f(x) + A (f(x) + oo + Me(f(x) =1 %o Aj(f(x)) >0y xdde j =0,1,..k (9.4

Oa detouye 6Tl v xdde ¢ = 0,1, ..., k T0o clvoro
Fy={xead": \(f(x) < N(x)}

elvon xAeloT0, dnhadr TepEyEL To OoMuEid CUCCHPEUCTS TOU.



90 KE®AAAIO 9. MONOIIAOKA TOY RV,

Hedrypam, av x eivar onueio cucobpeuong tou Fj, t61e undpyel axolovdio {x,}52, € F;
v Ty omola X = lim x,,. Enedy| n cuvapthceic A; xou f elvon cuveyrg, n ouvdptnon A; o f
n—oo
elvanr ouveyhic. Ondte A;(x) = lim A;(x,,) xan A (f(x)) = lm N(f(x5)). Enedh Ni(f(x,)) <
n—oo n—oo
Ai(x5,) Yo xdde n, éyoupe
lim A (f(x,)) < lim Ai(x,).

n—oo n—o0
Apa, Ai(f(x)) < A\i(x)}, dnhadh x € F.
Oa detloupe 6TL 1) oLxXoYEVELL {Fi}f:g wavoTotel Tig tpoutodécelc Tou Oswpruatog 9.6.3.
‘Eow x € v;yvy...vi, 0 <r < k. Tote

Nig (%) + A (x) + ..+ A, (x) =1 (9.5)
Ané v oyéoeic (9.4) xon (9.5) npoxinter 6Tt
Mo 0)) + 0 () + o A (FK)) € 1= Aig(3) £ A (%) + o+ Ay, (%),
Enouévac Ai; (f(x)) < Ay, (%) v xdmowo j € {0,1,...,7}, omote x € Fy,. ‘Apa
Vig Vi, Vi, C U, UL UE; .

Youpwva e 1o Ocwpnua 9.6.3 undpyer x € Fy N F1 N ... N Fj. Ao tov opiogd TV cuVOLLY
F; éyoupe

Mo(f(x) < Ao(x), M(f(x) < Mi(x), .., w(f(x) < M(x). (9.6)
Ané 1 ayéoeic (9.2), (9.4) xa (9.6) mpoxdnter 6Tt 1 awotneR oviedtnTa A, (f(X)) < Aj(%)
oev uropel va toybet yio xavéva 5 = 0,1, ..., k. Apa,
Ao(f(x))= Ao(x), A(f(x)) = Ai(x), ..., Ae(f (%)) = Aw(x),
onhady) f(x) = x. O
Oewpnua 9.6.5. To olvopo tou povomAdkov 0", n = 1,2, ..., dev elvar ouppikvwpua tov.

AnAadn, dev vrdpyer ovveyxris aneikévion r: o™ — Bd(o") evds povomddkov oto olvopd tou
tétola bote r(x) = X e kdle x € Bd(o").

Ardéoadn. Youowvo pe o Bewpnua tou Brouwer xdlde yovémhoxo o €yel TNy WOIOTHTA TOU
otadepol onueiou. Emnopévoe (amd to Oedpnua 1.6.2) xdlde cuppiuvoua tou o™ éyer tny
©LoTNTa Tou atadepot anuelou. Apxel va dei€ouue 6Tt 10 glvoro Bd(o™) Bev €yel Ty 1B16THTAL
Tou otadepot anueiou. Na Beolue Snhady) wa cuveyic anexdviorn tou Bd(o™) oto Bd(o™) nou
VoL uny €yet otoepd onueio.

‘Eotw s € Int(0"). Kdde eudeia mou Siépyetar and éva e0wTepd OTUEio § TOU UOVOTAOXOU
TEUVEL TO GUYOQO TOU UOVOTIAOXOU axple¢ GE BUo orueia.

Oewpolye ™V ouveyr anewévion ¢ : Bd(o") — Bd(o™), n onola oe xdde b € Bd(o™)
avtiotoyel to onueio g(b) € Bd(o™) nou elvon to onueio tophic g eudeiac mou diépyeton and
o onuela b xar s pe 10 olvogo Bd(0") xou to omolo eivar SpopeTind and 1o b. Eneidy
g(b) # b yia xdde b € Bd(c™), 1 g dev éyel otadepd onyeio.

O
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Oewpnua 9.6.6. Aev vrndpyer ourexns aneikovion evos n-povotAdkov o oto olvopd tou
mov va aneikovilel kde (n — 1)-0idotatn €dpa tov o™ oTOV €QUTS TI).

Anéoaén. Ac urodécouye ott avtideta undpyet uo ouveyhc anexévion r : o™ — Bd(o™) nou
anetxovilel xdve (n — 1)-Sidotatn €dpa Tou o™ vo anetxovileton GToV EAUTO TIC.

Eotww 6t g : Bd(c") — Bd(o") efvon 1 ouveyfc anexéviorn mou oplotnxe otny anddelln
Tou Oewpfuatoc 9.6.5 xar f =gor: o™ — Bd(e") C 0",

Enewy) n f elvar cuveyrc, and 1o Oewpnua tou Brouwer mpoxinter i undpyer b € o”
o0 wote f(b) = b. Eredy 1 f arewxovilet 1o 0" oto Bd(o™), npoxinter 61 b € Bd(o™).
Ano tic éTnTé e g mpoxuntel 6t ta onuela r(b) xat g(r(b)) = b avixouy oe SwupopeTtinée
(n — 1)-Btdototec €dpec Tou 0. ‘Apa, r(b) xa b avixouy e dagopetixéc (n — 1)-Sidotates
€0peC Tou 0", ToU Elvall ATOTO. O

Opwopods 9.6.3. 'Eotww o1 [ 5 — Z ebvon o aneovion xaw S € X
M anewovion f 2 X — Z xadeltu enéktaon tne [ oto obvolo X av xou u6vov av
f(s) = f(s) ywaxdde s € S.

M anewdvion r: X — S, 6mou S C X ebvan cupplvemcn av xaw povov av 1 elvon ETEXTACT
¢ TwToTXG anexovieng 7 1 .S — S oTov X.

Oewpnua 9.6.7. Aev undpyer enéktaon Tng TAUTOTIKIS ATEIKOVIONS
i:Bd(c") = Bd(c")
TOU OUVEpoU ToU 0" o€ Ao To 0.

Amnéoaién. Ag urmodéoouue ot avideTto UTdpPyEL Wiot GUVEYNG ETEXTAGT
1:0" — Bd(o")

oo o™ g TawtoTc arewéviong ¢ - Bd(o”) — Bd(o™). Téte yia xdlde x € Bd(o") da 1oy 0et

i(x) =i(x) = x.

Ondte i ebvon cuppixvwor tou o™ oto Bd(o™), mou efvar 4tomo agol To 6Gvopo xavevdc uovo-
TAGx0L Bev efvar ouppixvwua tou (BA. Oewenua 9.6.5). O

Ocswpnuoe 9.6.8. Ta kdle ouvvexris areaxovion f @ Bd(e") — o™ vrdpyea jua ovveyris
enékraon f:o" — o™

Arnéoaén. Erewy| v xdde k = 0,1,... onowdrrote 6Vo k-govomioxa eivor ouotopoppixd,
uropolue va utodéoouue 6T 0" C R™ xan 0™ C R™.
‘Eotww p € Int(c™). Tote
o" = U{pb : b € Bd(c")

‘Eotww q éva tuyalo onueio tou o™.
Av x € o™, t61€ X € pb Y1 xdnow b € Bd(a"). )
Avx = Ap+ (1 —A)b, 6nou A € [0, 1], téte opiloupe f(x) = Aq+ (1 — X)f(b).

H arewovion f: o™ — o™ ebvan ouveyhc eméxtacm tng f. O
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Kegpdiawo 10

Yourhoxa xau IToAdedpa.

10.1  Xdumioxo.

Oplouwog 10.1.1. Eva nenepacpévo olvoro T anoteroluevo and povorhoxo tou R™ xaketton
OUUTAOKO oV X0l LOVOY oV EYEL TIC OXONOVVES LOLOTNTES:

(i) T neptéyet Ohec TIC €DpEC OAWY TWY OTOLYEWV TOU.

(it) Av o,0" € T xar o0 N o’ # (), 161 0 N0’ €lvon piar xowr| €dpa xou ToU o %o Tou o’

H évwon 6hwv twv otoyeinv evog ouumidxou T xakeiton oteped tov T xon cuyBorileto

ue |T|.

O guowxdg aplude n xakeiton didotaon tov ouurAdikouv T av elvor o mxpdTEROS PuUOHS
aprlude v Tov onolov xde ototyelo Tou cuuthoxou T yel didotaon < n.
‘Eva ounioxo T Sudotacnc n REQLEYEL OVOTAOXA OAWY TV DLACTICEWY and 0 €we n.

Opiwowodg 10.1.2. Ta 0-povomhoxa tou cuunioxou T xahobvton kopueés tou T. To clivoro
OheV TV x0pueey Tou T cuuBoiiletar e TO.

Oplouwodg 10.1.3. I xdde i = 0,1, ..., 1, T0 GUVOAO OAWY TwV i-HovoTAdxwy Tou T xahelton
i-okeAetdg Tou T xou cuyPorileTon pe T.

IMopadeiyuota 10.1.1.

1. To olvolo mou amotelelton amd €vo wovomAoxo 0" xou Oheg TiC €DpeEC TOu elvon éval
oUUTAOX0, T0 GTEREO Tou omolou efvar To 0.
2. 'Ectw D wo uovomhexTtix?) Unodtalpest) eVOg TpLYmVoU 0% = vyU1vs.

H © anotehettan and tplywva, o omolo avd 600 elte 0ev TEUvVOVTAL, EITE TEUVOVTOL XAUTA
wla xopue, elte TéuvovTar xatd pla TAsupEd.

‘Eotw 61t T eivon 10 60voho OAwV TwVY Toly@VeRY TNE D, OAWY TOV TAELPGY TWY TEIYOVOY
™M D xou OhwV TV %x0puELY Twv TeyOvwy g D. Tote T ebvo éva cbumhoxo yio to

93
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ornofo
T = V(D)
T = U{vw s vw efvar TAEUPd xdmotou TpLywvou tne D}
T? = U{vwz tvwz ebvon Tprydvou-atotyeio g D}
|'T| = vovyvg

3. Oewpolpe T onuete O = (0,0), A = (1,0), B = (1,0), C = (1,1) tov R®. "Eva
oOUTAOXO TOU R? givor t0 oUVOLO

T ={0A,0B,0C,BC,0,A,B,C}.
‘Eyoupe

T = {0, A, B,C}
T' = {0A,0B,0C, BC}
IT| = 0AUOBUOC UBC

4. 'BEotww abed éva oployovio ye mheupéc ab, be, cd xo da.

Av ywploouue 1o abed pe Sirydvio ac ce dUo Tplywva abe xau ade, T16te T0 Glvolo
T = {abc,adc, ab, be, ca, cd, da, a, b, c,d},
Tou anoTele(ton amd To TElYWVO oUTA, TG TAEUPES TOUC XAl TIC XOPUPES Toug, elval éva

obunhoxo xou |T| =abed.

‘Eotw o elvar onpeio tourg twv daywviwy ac xa bd tou abed. To chvoho
T = {aob, aod, doc, cob, ab, be, cd, da, ao, bo, co, do, a, b, ¢, d}

efvan évar obunhoxo xou | Ta| = abed.

10.2 IloAVedpo.

Opiouwog 10.2.1. 'Eva urocivoho P tou R™ xodeiton moAvedpo av undpyet éva oburnioxo T
tou R™ tét010 dote 10 P = |T|.

Av T eivon éva alumhoxo xou P = |T|, t6te 10 obunhoxo T xokeltar tprywviopds tou
TohuEdpou P.

‘Eva toAbedpo umopel vau £yl TOAAOUC TELYWWIGUOUC.
‘Eva moAbedpo umopel vo uny etvor cuvexTixo.
"Eva mohledpo umopel vo xotaoxeuaoTel and LOVOTAOKA DLUPOLETIXGY DLICTUCEWY.

Av 7o olumhoxo T elvan évag Tprywvioudg evog mohuédpou P, téte 1 (Tono)\owxﬁ) odotaon
tou moAvéopouv P 1eodton pe tnv dudotaot tou T.
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IMTopadeiypoata 10.2.1.

1. Kdle povomhoxo eivar moAbedpo.

2. To oploymwio abed mou meprypddope mapamdve eivon éva TohGESpO, ENEWDY| elvar Evewon
Twv ototyelwy evoc cuumidxou Tq. To cbumioxo Ty elvon €vag Tprywviouog tou abed.

Xwptlovtag 1o abed o téooepa Tpiywva pe do daydvioug ac xat bd mou Téuvovtol 6To
oruelo o, Tafpvoude Evay dANO TELYWVIOUOS

Ty = {aob, boa, cod, doa, ab, be, cd, da, oa, ob, oc, od, a, b, ¢, d, 0}.

3. To tpiodidotata ToAbedpa Ti¢ YewueTplog elvar ToAVEdpa pe TNV évvola tou oploaue. o
vo. Bpotie €val Tptywvioud evog tétolou moluédpou P, apxel va yweloouue tig €dpec Tou
oe Tplywva xar va ywelcouue 1o P oe teTpdedpa ue ETineda TOU TEQLEYOUY EVAL ETIAEYUEVO
OTUELD P OTO ECWTERIXO TOU TOAUEDEOU Xall TIC TAEUPEG TV TELYWVWV.

4. Kdde yovomhextuxy) umodwigesn, D  evog - UovomAdxou o opiler  évay
TELYWVIOUO TOU 0, 0 TEYWVIOUOC autog amotehelton and Tta otoryela tng ® xon Oheg
TIC €0peC OAWY TV oToLyElwY TNg D.

5. To Popuxevipd dotpo xou  xdde i-ooth (i = 2,3,..) Popuxevipw
urodlafpeoT) eVOE LoVOTAOX0U 0 0plCoUY EVAY TOIYWVIGHO TOU 0.

Ynpelwon 10.2.1. T xdde yovémhoxo o xa ya xdde € > 0 undpyet Boapuxevtpixr uTodt-
alpeom B,;(0) Tou o T oTOLYElD ¢ omoloug £youv didueTpo < €.

Enopévwg yia xde moAledpo undpyouv 00001 moTe Aentol torywvicpol, onhadt yia xdie
Tohbedpo P xau yia xdide > 0 undpyet Evac tptywviouog T tou P tétoloc wote T arotehelton
Ao HOVOTAOXO UE DIAPETEOUS < €.

IIgodtaon 10.2.1. Kdle noAvedpo efvar ovumayés.

Arnéoeién. Kade mohledpo etvan €vwon wag TEREQUOUEVNC OWOYEVELNS UOVOTAOXWY. Emeldn
x30e LOVOTAOXO EfVoL CUUTOYES XoU ETELDT] 1) EVWOT, XAVE TEMEQUOUEVTC OIXOYEVELNG GUUTOY WY
oLVOAWYV efvar cuuTayES oUvolo, TEoxUTTEL 6Tt xdUe TOALEDRO efvar ouunayéc. O]

Opiounodeg 10.2.2. Kdde olvolo opoopoppxd  Pe  €vo  TOAUEDPO  xoAelton
TPYWYoTo)o10 TUVOAO.

Ta tprywvonootua 6UVoha xahoUvTaL KaUTUAGYpapa ToAvedpa.

Av éva clvolo A ebvar TptywvoTololuo, 1ot umdpyet €éva ToAbedpo P xon €vag ouotopog-
owouéc h : P — A, Av T eivar évac totywviouoe tov P, 16t 0 ouotouopoioudc h arncixovilet
PIGUOC N - . C el MOC ) HOLOHOEPLGUOC
o wovomhoxa tou T oe unoclvora Tou A. To clvoro

{h(c) :0 € T}

xohelton KapmUAGypaupos Tptywviopds touv A.
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IMTopadeiypoata 10.2.2.

1. H undho B" eivor opotopop@ixf ye 10 n-0ldototo povomhoxo o". Enewy) xdde povo-
Thoxo eivan TohUESpO, 1) B™ elvar éval xaumuloypauuo TohOedpo, Snhadh 1 undia B™ etvor
TELY WVOTOLAGIY).

2. Av h: 0" — B", 16t h(Bd(c")) = Bd(B")) = S"!. Ereidf| 10 olvogo xdde povo-
TAGxoL efvor Tprymvonooto, éretor 6Tt 1) ogalpa S™T1 elvon Tprywvorotfiotun o x&de
n=12 ...

3. Kdle xuptd, cuunayéc xou un ouvoptoxd utochvoho tou R™ elvar tptywvonotolo, eneidy
efvat oUOWopEXd UE T0 0",

4. Trdpyouv Terywvorolfciua cUVoha, Ta onola etvar un xuptd. o napdderyua n n-owdctaty
ogaipa S™ elvan TErywvVOTOACIT XAk U XUETY.

10.3 Xopaxtneiotixn Tov Euler evog moAuvédpou.

Opiouog 10.3.1. 'Eow P éva n-dudotato mohledpo xon T évac tprywvioude tou P. [
x&e i = 0,1, ... oupPoiilouye e t; To ThAfdog TwV i-BldoTatwy yovotidxwy tou T. O apriude

xahetton yapaxtnpiotikr tov Euler tou P.

Amodewxvieton ot
1. O apipodc x(P) evoc moruédpou P eivar aveldptntoc and tov tpryeviopd T tou P.
2. Av ta tohbedpa Py xon Py elvan opotopopeixd, tote x(P1) = x(P2).

IMopadeiypota 10.3.1.

1. Tho éva tplywvo abe éyoupe: to = 3, t1 = 3 xau ty = 1. ‘Apa,

X(abe) => (-1)'t;=3-3+1=1.

=0

2. [ toug tprywviopotc Ty xow Ty evéc opdoywviou abed (Ilapdderyua 10.1.1(4)) éyouye:

X(T) = (1)t =4-5+2=1,
X(T2) =D (~1)'t;=5-8+4=1.

1=0
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3. T éva tetpdedpo o éyoupe: tg =4, t1 =6, ty = 4 xu t3 = 1. Apa,

3

X(@*) = (-1)t;=4-6+4-1=1

=0

o xdde  xaunuldypauuo molledpo A umdpyer éva mohledpo P oxar  évag
ouoopoppouos h : P — A, H yopoxtneiotixr tou Euler unopel v opiotel v 10 A ¢
e€hc:

[Mo mopddetypa
X(B?) = x(0*) = 1 o x(B%) = x(0°) = L.

Av 800 xaunuldypoappa tohledpa A xou B etvon opolopopgixd, toTE

Mmnogel buwe xan 500 1 OUOOPPLXS XAUTUAGYQUUUI TOAVEDRA Vo €Y0uV TNV {BLor Yopox-
tnetotixt| tou Euler, m.y. x(B?) = x(B?) = 1, 6pwc 0 xhxhoc xot 1) undho Sev ebvar ouotopog-
PLxg.
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n-xTToR0, 67
xodohxr, eninedn xaumUAY), 48
xadohur, xoumOAy, 48
AoUTOAT), 45
TAEN BloAddwong, 46
XAUTUAGY poUO TOAUEDRO, 87
XAUTUAGY QOUUOC TELYwVLoUOC, 87
xoT8 TOE0 CUVEXTIXOS YWEOC, 35
e, 68
n-0ldoTato xeAl, 68
n-xeii, 68
AEWOTO UROOUVOLO, D
xupTH U, 64
xVpTd Glvoho, 62

Afupo Tou Sperner, 76
AemtotTnTa unodalpeong, 76

uetpLxn, 10

UETELXOS Ywpog, 10

wovorioxo, 71
k-povomioxo, 71
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ETPETHPIO

€0pa YovoTAdxou, 74
XOPLPES UOVOTAOXOU, 71
ovopo Tou uovoThoxov, 74
HovoThexTixy| utodlibpeot), 76
AOPLYES, T6
AemtotnTa, 76
umdha
n-0ldoToty povaodtaia, 63
wovoodtafo n-undia, 63

OMXG. U1) CUVEXTIXOS YOPOS, 32
OUOLOUOPPLOUOS, 9

TovToN TUXvoe ohvolo, 7
Toedywyog, 6

rep{BAnua, 6

TATENG UETELXOG Ywpog, 16
TohGedpO, 86

otumhoxo, 85
1-OXEAETOC TOU GUUTAOXOU, 85
0TEPES TOU GUUTAGXOU, 85
oGVOhO
YEWUETEIXWS AVEEAPTNTO, 5D
Yooppwxms aveldptnTo, 49, 55
oe yevixt| Véar), 55
ovopo, 6
opatpa
n-ddototy povadtada, 63
wovaotada n-cealpa, 63
oruelo
enagng, 6
E0LTEPIXO, 6
UELOVWUEVO, 6
oplaxo, 6
onoyyoc tou Menger, 39
otalepd onueto amewxoviong, 9
ovurayng, 17
CUUTUXVOUEVT] NUITOVOEWDTS, 34
GUVEXTIXY| GUVOTOOA, 32
GUVEXTIXY| uVIOTOGA oTueiou, 31
OLUVEXTIXO UTOGUVOLO, 27
OLVEXTIXOG YWeog, 27
ouveEYES, 37
ouveyeg tou Peano, 39
oupplxvwua, 10

ouppinvwon Tou X oto §, 10

1680, 35
TOTUXY GUUTAYHC Y WPOC, 25
TOTUXd CUPTAYHG OTo onuEto, 25
Tonohoyia, 5

TapoyOpEVY) amd UeTELxr, 12
Tomoloyixy| Wt 9
TOTOAOYIXOC YWEOG, b
Tplywvo tou Sierpinski, 38
TELYWwVIouog, 86

XAUTUAOYQOUUOC TELYwVLoUOC, 87

UTOY WEOG
k-didotatoc undyweog, 51
OLVUOUATIXOS UTOY wpog, 51
OLLVUOHATINOS UTOYWEOG, 51
UETEINOC UTOY wpog, 13
TOTOAOYXOC UTOYWEOC, T
umoxdhuuua, 17

XOPOS
0-0dotatog, 41
XATA OPOUO GUVEXTIXOS, 36
v-Oldotatog, 42
TOTUXE oUVEXTIXOC, 33

TOTUIXY GUVEXTIXOS GTO oTelo, 33

yaAl Tou Sierpinski, 38
yapaxtnplotiny| Euler, 88
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