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Bond Markets

1 EUR today is worth more than 1 EUR tomorrow. The time t value of 1
EUR at time T > t is expressed by the zero-coupon bond with maturity
T, P(t,T), for briefty also T-bond. This is a contract which guarantees the
holder 1 EUR to be paid at the maturity date T'.

P(t.T)
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— future cashflows can be discounted, such as coupon-bearing bonds

C]_P(t,tl) _I_ tct + Cn—lp(tatn—l) + (1 + Cn)P(t7T)
In theory we will assume that

e there exists a frictionless market for T-bonds for every T > O.

o P(T,T)=1 for all T.

e P(t,T) is continuously differentiable in T.



In reality this assumptions are not always satisfied: zero-coupon bonds are
not traded for all maturities, and P(T,T) might be less than one if the issuer
of the T-bond defaults. Yet, this is a good starting point for doing the
mathematics.

The third condition is purely technical and implies that the term structure of
zero-coupon bond prices T — P(t,T) is a smooth curve.

US Treasury Bonds, March 2002
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Note that t — P(¢,T) is a stochastic process since bond prices P(¢,T) are not
known with certainty before t.

PHt , 10L
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A reasonable assumption would also be that T'— P(¢t,T) < 1 is a decreasing
curve (which is equivalent to positivity of interest rates). However, already
classical interest rate models imply zero-coupon bond prices greater than 1.
Therefore we leave away this requirement.



Interest Rates

A prototypical forward rate agreement fort < 1T < S is:

P@t,T)

B(L.5) S-bonds = zero net investment.

o At t: sell one T-bond and buy
e At 7T: pay 1 euro.

e At S: obtain % euros.

Net effect: forward investment of 1 euro at time T yielding % euros at S.

The continuously compounded forward rate for [T, S] prevailing at t is

eR(t;T,S)(S—T) - — P(t7T) PN R(t,T S) — _lOg P(t7S) — |Og P(taT)
P(t,S) ’ S—T
The (instantaneous) forward rate with maturity T prevailing at time ¢ is
olog P(t,T)

T
f(t,T) = glr? R(t;T,S) = — 5T & P(t, T) = exp (—/t f(t,u) du> :

The function z — f(¢,t 4+ x) is called the forward curve at time t.



Bank Account and Short Rates
The (instantaneous) short rate at time ¢ is f(¢,t).

The bank account B(t) is the asset which growths at time ¢ instantaneously
at short rate f(¢,1):

dB(t) = f(t,t)B(t)dt.
With B(0) = 1 we obtain

B(t) = exp (/o f(s,s) ds) :

B is important for relating amounts of currencies available at different times:
in order to have 1 euro in the bank account at time 7" we need to have

B(t)
B(T) ep( /f(s S)ds)

euros in the bank account at time ¢t <7T'. This discount factor is stochastic!



HJM Methodology
Stochastic basis (€2, F, (F:),P), d-dimensional Brownian motion W.
Heath—Jarrow—Morton (HJM, 1992): for all T' > 0, let

t t
(4, T) = (0, T) + / os(s,T) ds + / o1(s, T AW (s), t€[0,T]
0 0]
follow an Itd process.

What are sufficient conditions such that the implied bond market
T
P(t,T) = exp (—/ f(t,s) ds)
t

Arbitrage := self-financing strategy (¢1,...,¢,) yielding a profit without risk:

V(T) P(t,T;)
B = / ¢Z(t)d( B0 )20 and P[V(T) > 0] >0,

forsomeneNand o<1 <---<T, <T.

IS arbitrage-free?



EXxercise: in a deterministic world absence of arbitrage holds if and only if
P(t,S) = P(t,T)P(T,S), VvVt<T<S.
This is equivalent to
f(t, T)= f(0,T), Vtel][0,T].
The forward curve z — f(t,t 4+ x) is shifted!

Fundamental Theorem of Asset Pricing (Delbaen—Schachermayer 94):
There is no arbitrage if(f) there exists Q ~ P such that

P(t,T)
§c

) is a Q-local martingale, for all T' > 0. (1)
te[0,T]

Consequence: P(0,T) = Eg [ﬁ} = fair price of 1 EUR at T
HJM Drift Condition: (1) holds if(f) under Q

T
ar(t,T) =04, T) / or(t,u)du, Vt<T.
t



Estimating the Forward Curve

General data: coupon-bearing bonds and related data

n X N - cash flow matrix C': n instruments, N cash flows
Observed prices p € R”

Term structure (discount curve) d € RY

Solve
lp— C -d||* — min

Problem: n < N (too many zeros) — parametrized curve families



Estimating the Forward Curve

Finite-dimensional state space Z C R™
e Forward curves z — G(z;z), for G: Ry x Z — R
e Nelson—Siegel (87): Gns(x; z) = 21 + z0e %% 4 zzwe <

e Svensson (94): Gg(x; z) = z1 + (22 + z3x) e % 4 z4xe 7
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— time series for z € Z available ~» stochastic model Z(t)

— f(t,t+ ) = G(z; Z(t)) accurate factor model.
Problem: f(t,t+ z) is not necessarily an Itd process!
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From HJM to Stochastic Equations
Let S(t) be the semigroup of right shifts S(t)g(xz) := g(x+1t) and rewrite HIJM

f(t,x+t) = S(t)f(O,a:)—I—/o S(t—s)ar(s,z+s) ds—l—/o S(t—s)os(s,z+s)dW (s).

Hence the function valued process r(t) = r(t,-) : Ry — R defined by
r(t,z) '= f(t,t+ )
satisfies

r(t) = S()r(0) + /o S(t—s)a(s)ds+ /o S(t—s)o(s)dW(s)

where
a(s,z) ;= ar(s,s+x), o(s,z) =o0cs(s, s+ z).

— r(t) can be interpreted as mild solution of the stochastic equation

dr () = (%r(t) + a(t)) dt + o (t) dW (t).

11



Stochastic Equations: Ingredients

Stochastic basis (2, F, (F:),P), d-dimensional Brownian motion W
H a separable Hilbert space

{S(t) | t > 0} a strongly continuous semigroup on H:
S(t) : H— H bounded linear, S(t+s)=5(t)S(s), S(0)=Id,
t — S(t)h continuous for all h € H,
with infinitesimal generator A : D(A) — H:

t)h — h
Ah = tlirgl 5 )t , D(A)={h e H]| Ah exists in H}.

D(A) is dense in H: [ S(u)hdue D(A) and lim,_o+ 2 [\ S(u)hdu=h for all h € H

A* := adjoint of A: D(A*) :={h € H| g~ (Ag,h) continuous on D(A)},
Hahn—Banach: 31A*h € H with (g, A*h) = (Ag, h) Vg € D(A). A* = A.

F:H— H, B: H— H® continuous

12



Stochastic Equations

A stochastic equation in H is

dX () = (AX(t) + F(X(t))) dt + B(X()) dW (¢) (2)
X(0) = ho.

The stochastic integral in H can be defined for all Y € £ where

T
L= {Y H%valued predictable and / 1Y (¢)||%.dt < oo a.s. for all T < oo}.
0

The construction is just as in R%. It is possible to define infinite dimensional Brownian motion
and stochastic integrals, which requires additional effort, see Da Prato and Zabczyk (92).

Write
T
L2 = {Y cL|E [/ |Y(t)§]ddt] < oo}.
0

Lemma 1. For Y € L2 we have
2 T
—E U 1Y @2, dt] .
H 0

|

T
/ Y (t) dW (t)
0

13



Lemma 2 (Stochastic Fubini Theorem). Let (E,E,u) be a probability space and let
Y:(0,T]xQ2x E,PRE) — (HY,B(H?)), (t,w,z)— Y (t,w,z)
be a measurable mapping with

T
//|Y(t7w7ﬂ3)|12gd/i(dx)dt<oo a.s.
0 JE

Then there exists an Fr ® £E-measurable version of the stochastic integral fOTY(t,x) dW (t)
which is p-integrable a.s. and

T T
/ / Y (t,2) dW (t) u(dr) = / / Y (t,z) u(dx) dW(t) a.s.
EJO 0 E

Lemma 3. LetY € L, then

t
Z(t) = / S(t—s)Y(s)dW(s)
0
has a predictable version.

Lemma 4. LetY be an H-valued predictable process. Then the random set {Y € D(A)} and

 [AY(t,w), ifY(t,w) € D(A)
2(tw) = {O, else

are predictable.

14



Solutions
Let X be an H-valued predictable process and 7 > 0 a stopping time with

/O ' (X + IFX ()l + IB(X () |F) < oo a.s. Vi< oo.
We call X a

1. local mild solution of (2) if

X(t):S(t)ho—l—/ S(t—s)F(X(s))ds+/ S(t— s)B(X(s))dW(s) Vt<r
0 0

2. local weak solution of (2) if, for all ¢ € D(A"),

<<,X(t)>=<<,ho>+/ (<A*<,X(s)>+<C,F(X(s))>)ds+/ (¢, B(X(s)))dW(s) Vt<r7
0 0
3. local strong solution of (2) if X € D(A) dt®dP-a.s., fot” |AX (s)]|ds < oo a.s. and

X(t):ho-l—/ (AX(S)-I-F(X(S)))ds-I—/B(X(s))dW(s) vt < 7.
0 0

7 is called life time of X. If - = oo then skip ‘“local’.
15



Solutions

Lemma 5. strong = weak

Proof. Follows from U [YdW = [UY dW if U € L(H;E), Y € L.

Lemma 6. weak = mild
Proof. Let ¢ € D(A*), ¢ € C1([0,T];R). Then
d(Co(t), X (1)) = d ({¢, X (t))9(t))
= (¢ (1) + A*C(), X (1)) + (Co(1), F(X (1)) dt + (Ch(1), B(X (£)))dW (1)
Since ¢(t) = ¢¢(t) lie dense in C1([0,T]; D(A*)) we have
(C), X)) = / ((¢'(s) + A*¢(5), X (5)) + (C(5), F(X(5)))) ds +/ (C(s), B(X(s)))dW (s)
0 0
for all ¢ € C1([0,T]; D(A*)). In particular, for ¢((s) := S*(t — s)¢ with ¢ € D(A*), we have
¢'(s) = —A*((s)

and hence

(¢, X(1)) = / (¢, S(t = s)F(X(s)))ds + / (¢, S(t = s)B(X(s)))dW (s).
0 0

Since D(A*) is dense in H, the claim follows.

16



Solutions
Lemma 7. If B(X) € £2, then mild = weak

Proof. For simplicity FF = 0. Write

Y (t) :=/ S(t —s)B(X(s))dW(s).
0

By assumption the stochastic Fubini theorem 2 applies:

/(A*C,Y(s))dszf / (A*C,S(s —u)B(X (u))) dW (u)ds
0 o Jo

:/ <A*C,/ S(s—u)B(X(u))ds>dW(u)

0 U

:/ <C,A/ S(S)B(X(u))ds> dW (u)
0 0

_ / (€, 50t — u) BOX (u)) — B(X(u))) dW (u)
0

= (¢, Y () —/ (¢, B(X(w))) dW (u),
0

for all ¢ € D(A*).
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EXxistence and Uniqueness

Definition 8. G : H — E is (locally) Lipschitz continuous if (for all n € N)

1G(z) = GW)lle < Cllz —yllu
for all x,y € H (with ||z|| <n, ||ly|| <n) and a constant C (C = C(n)).

Theorem 9 (DPZ Theorem 7.4). Suppose I' and B are Lischitz continuous.
Then, for all hg € H, there exists a unique continuous weak solution X = XM
of (2). Moreover, for every p > 2 and T < oo, there exists a constant
K = K(p,T) with

| sup IXCIE| < K (1+ kol 3)
te[0,T7]

Corollary 10. Suppose F' and B are locally Lipschitz continuous. Then, for
all ho € H, there exists a unique continuous local weak solution X = XM
of (2).

18



Proof of Corollary 10. Let hg € H. Set R := 2||ho||z and define
F(h) := F((R/|hllg A 1)R), B(h) := B((R/||hllx A 1)h).

Then F and B are Lipschitz continuous. Hence there exists a unique contin-
uous weak solution X of

dX = (AX 4 ﬁ(X)) dt + B(X)dw, X(0) = ho.

Define the stopping time 7 := inf{t > 0 | || X(¢)|[z > R}. Then 7 > 0 and
X(t) ;= X{@AT1) is a continuous local weak solution of (2) with lifetime 7.

If X is a continuous local weak solution of (2) then, by the above arguments,
it is unique on [0, 7,] for n > 2 where 7, ;= inf{t > 0| || X(¢t)||g > nl||ho||}. Now
use that 7, T oo. L]

19



Idea of Proof of Theorem 9.
Uniqueness: let X1, X5 be two mild solutions of (2). Fix R > 0 and define the stopping time

t t
T :=inf {t <T| / |F'(Xi(s))||lmds > R or / 1B(Xi(s)||Z.ds > R for i =1 or i = 2} .
0 0

Then X7 (t) := X;(t A7) satisfy

XI(t)—XE(t)=/ SEAT—s5) (F(X1(s)) — F(X5(s))) ds
0

+ / SEAT—s5) (B(X[(s)) — B(X3(s))) dW(s)
0

and hence
2

E[|IX](t) - X3(0)|1%] < CE ( / ||F(XI(s>>—F<X5(s>>|Hds>
0

+ CE [/ IB(X1(s)) — B(X3(s)) |l ds]
0

<C / E [|X7(s) — X3(s)I|3] ds.
0

Gronwall's Lemma (0 < f(t) < e-l—MfOtf(s) ds = f(t) < eeM!) implies E [||X](t) - X3()|I%] =
0. This is true for all R > 0, hence X1(t) = X2(t) a.s. for all t.

20



Existence: Let p > 2 and define the Banach space H, with norm

Y := sup E[[|Vi[l%] -
te[0,T]
One shows that
KY)(t) ;= S{@)ho + /o S(t—s)F(Y(s))ds—+ /o S(t—s)B(Y(s))dW(s)

maps H, into H, and [|K(Y1) — K(Y2)||, < C(T)||Y1 — Y2||p-

The constant C(T) is independent of the initial condition hg and can be
made < 1 for T' small enough. Then K has a unique fix point in 'H,. One
then proceeds for [0,T], [T,2T],... (with random initial condition) to derive
global existence.

Notice: E[||X(t)||P] < C(T,p) (||ho||p—|— fSE[HX(s)HP] ds), vt < T. Hence Gron-

wall's Lemma implies (3).

21



For the continuity of X we need the following lemma:

Lemma 11. Let Y € £2 with E [fOT 1Y ()1, dt} < oo, and write

Z(t) ::/ S(t—8)Y(s)dW(s), Z,(t):= eA”t/ e Y (s) dW(s)
0 0

where the bounded linear operators A, = nAfe_”tS(t) dt = aA(n — A)~! are the Yosida
approximations (lim, A,x = Az if x € D(A)). Then

imE | sup ||Z(t) — Z,.(t)||P| = O.
n te[0,T]
Hence Z has a continuous modification.

Idea of proof. Let a € (1/p,1/2), and write (Fubini!)

_ sin(ma) / t / e o
Z(t) = ——= (t—s5) """ (s—u)%ds S(t—u) Y(u)dW(u)
4 0 Ju

s =S5(t—s)S(s—u)

"~
J— T

T sin(ra)

:M/ (t—s)o‘_ls(t—s)/ (s — u)""S(s — w)Y (u) dW () ds
4 0 Jo

7

z:?]r(s)

22



Using Holder's inequality (> 1/p= (a—1)p/(p—1) > —1)

-1 T
(a=1)p
sup [|Z(#)[IP < C sup /(t—s> ds / U ()17 ds.
t€[0,T] te[0,T1] 0

Moreover (DPZ, Lemma 7.2 + Holder, p > 2 essential)

T T
/ E [|U(s)I[%, ds] < CE / |Y<u>||f;{ddu].
0 0

Define U,(s) for Z, as above, and decompose
sin(ma) !
7T
Z(t) — Z,(t) = —/ (S(t —s) — e(t_s)A") (t — ) 1U(s) ds
7T
0

4 Sin(ra) / It — )7 (U(s) = Un(s)) ds =2 In(t) + Ju(t)
@ 0

and show that E [SUDte[o,T] Hln(t)HI;{] — 0 and E [SUpte[O,T] H']n(t)”m — 0.

23



Foward Curve Space

Since in practice the forward curve is obtained by smoothing data points using
smooth fitting methods it is reasonable to assume

d
/ |—7r(t, z)|? dz < oo.
R, dx

Moreover, the curve flattens for large time to maturity . There is no reason
to believe that the forward rate for an instantaneous loan that begins in 10
years differs much from one which begins one day later. We take this into
account by penalizing irregularities of r:(x) for large x by some increasing
weighting function w(xz) > 1, that is,

d
/ |—7r(t, 2)|? w(z)dz < .
R dx

However, this does not define a norm yet since constant functions are not
distinguished. So we add the square of the short rate |r.(0)|?.

24



Let us recall a few facts from real analysis. Let h € LL_(R4). The weak
derivative ' € Lt _(Ry) of h, if it exists, is uniquely specified by the property

loc
| r@e@ o=~ [ K@@ de VeeCi((0,0)).
R, R,

If h has a weak derivative k' then there exists an absolutely continuous rep-
resentative of h, still denoted by A, such that

h(x) — h(y) = /5'3 h'(u)du, Vz,yeRy. (4)

Yy
Accordingly, the following definition makes sense.

Definition 12. Let w € C'(Ry;[1,00)) be increasing such that

ws € LY(R4). (5)
We write
IRll7 == [R(0)]" + [ [P (2)|? w(z)dx
R,
and define

Hy :={h € Lj,(Ry) |3 € Lj,(Ry) and ||h|jw < oo} .

25



The choice of H, is established by the next theorem.

Theorem 13. H,, equipped with || - ||w is a separable Hilbert space satisfying
(H1) H, Cc C(R4+;R) and J,(h) := h(x) is continuous

(H2) St)f(x) := f(zx+1t), t > 0, is a strongly continuous semigroup with
infinitesimal generator d/dx and D(d/dx) = {h € H,, | ' € Hy}

(H3) ||Sh||lw < K||h||? Vh € Hy o for some constant K where
Huo={h € Hyl h(x) =0}, $f() = 1) | ()
Moreover, § : Hy,o0 — Hy,0 is locally Lipschitz continuous.
Examples of admissible weighting functions w which satisfy condition (5):
Example 1 w(x) = e**, for a > 0.
Example 2 w(x) = (1 4+ )%, for a > 3.

26



HJM Reuvisited

Let o : H, — Hff}o be locally Lipschitz continuous. Then (Theorem 13)
o= ZSO’j - H, — Hy
J

is locally Lipschitz continuous. Hence o fully determines a HJM model!
Theorem 14. The continuous weak solution r (if it exists globally) of
d
ar(®) = (510 +a(r(®) ) dt + o (r(1) dW (1)
X

r(0) =70

induces an arbitrage-free bond market

T—t
P(t, T) = exp (—/ r(t,x) dx)
0

with initial term structure P(0,T) = exp (— fOT ro(x) d:c).

Proof. Show f(t,T) =r(t,T —t) and P(t,T), 0 <t < T, are Itd processes.

Remark: Remember deterministic case: %r(t,z) = Lr(t, ).

27
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Back to the Consistency Problem
Is there a HJM model o which is consistent with Nelson—Siegel?

That is,
r(t,z) = G(x;, Z(t))
for some R*-valued diffusion process Z.

G(Rd)
G

N WL
2(0)

Bjork et al. (99): Consider G := G(Z) as submanifold in H, — Stochastic
invariance problem

R"d

28



Submanifolds in Banach Spaces

Let E denote a Banach space, E’ its dual space, (¢/,e) the duality pairing. For a direct sum
decomposition £ = E; @& Ez we denote by g, g,y the induced projection onto F1.

Let k,m € N. We begin with an important corollary of the inverse mapping theorem.

Proposition 15. Let ¢ € C*(V; E), for some open set V. .C R™. Suppose D¢(yo) is one to
one for some yo € V.. Then D¢(yo)R™ is m-dimensional and complemented in E

FE = qu(’yo)Rm D Eo.

Moreover, there exist two open neighborhoods V' of (yo,0) in V x E> and U of ¢(yo) in E,
and a C* diffeomorphism W : U — V' such that

Woo(y) =(y,0), VyeV nR"x{0}). (7)
Furthermore, D¢(y) is one to one and
Dé(y)~ = DV (o)) |psyre, Yy € V' N (R™ x {0}). (8)

29



Definition 16. The mapping ¢ from Proposition 15 is called a C* immersion at yq. If ¢ is
a C* immersion at each yo € V, we just say ¢ is a C* immersion.

If¢ : V — E is an injective C* immersion, V.C R™ open, we call M := ¢(V) an m-dimensional
immersed C* submanifold of E.

Definition 17. A subset M C E is an m-dimensional (regular) C* submanifold of E, if for
all h € M there is a neighborhood U in E, an open set V. C R™ and a C* map ¢ : V — E such
that

1. ¢:V —-UNM is a homeomorphism
2. D¢(y) is one to one for all y e V.

The map ¢ is called a parametrization in h.

M is a linear submanifold if for all h € M there exists a linear parametrization of the form
o(y) =h~+ > " yiei in h.

30



In what follows, M denotes an m-dimensional C* submanifold of E (k > 2). Then M shares
the characterizing property of a C* manifold:

Lemma 18. Let ¢, : V; — U;NM, +« = 1,2, be two parametrizations such that W .=
UiNUxNM == D. Then the change of parameters

¢t oo ot (W) — o7 (W)
is a C* diffeomorphism.

Definition 19. For h € M the tangent space to M at h is the subspace
ThwM = Do(y)R™, y=¢~'(h),
where ¢ : V C R™ — M is a parametrization in h.
By Lemma 18, the definition of T, M is independent of the choice of the parametrization.
A vector field X : M > h+— X (h) € T, M can be represented locally as
X(h) =Dé(yaly), y=¢ '(h), YheUNM, (9)

where ¢ : V — U N M is a parametrization and « is an R™-valued vector field on V' (uniquely
determined by ¢).

Definition 20. The vector field X is of class C", 0 <r < k, if for any parametrization ¢ the
corresponding R™-valued vector field o in (9) is of class C".

Again by Lemma 18 this is a well defined concept.
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We may and will assume that any parametrization ¢ : V — U N M extends to ¢ € Cf(]Rm; E):

Let he UNM and y = ¢~ 1(h). There exists ¢ > 0 such that the open ball Ba.(y) = {v €
R™ | |y — v| < 2¢} is contained in V. On By.(y) one can define a function ¢ € C*(R™; [0, 1])

satisfying ¢y = 1 on B.(y) and supp(¥) C Ba(y). Since ¢ is a homeomorphism there exists an
open neighborhood U’ of h in E with ¢(B(y)) =U' N M. Set ¢ :=y¢. Then ¢ € CFH(R™; E)
and @p.(y) = PB.(v) : Be(y) — U' N M is a parametrization in h.

The following result is crucial for our discussion on weak solutions to stochastic equations
viable in M.

Proposition 21. Let D C E' be a dense subset. Then for any h € M there exist elements
fis---» fr, in D and a parametrization ¢ : V — U NM in h such that

d((f1,2),- - (fr2) =2, YzeUNM.
If M is linear, then ¢ is linear: ¢(v) = eq + Z;n:l(zgnzl Nijvi)ei, forve V.
Proof. The idea is to find a decomposition £ = F; @ F>, dim F; = m, such that Fj is ‘“not

too far” from T M and such that
I_I(F27F1) - <f1a >f1 + -+ <f¢,na >fm

with f1..., f,, € D. Thereby the expression ‘“not too far" means that Mg, gy @ ThM — Fi
is an isomorphism. ]
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Lemma 22. Let ¢ : V — UNM be a parametrization. If there exist elements e},...,e;, in E’
with the property that

o((e, hy, ..., (el  h))=h, VheUNnM,
are linearly independent in E' and
E=TaM&E, VheUnNnM,
where Ep := ﬂ:”:l ker(e}). Moreover, the induced projections are given by

I_I(EQ,Th./\/l) =D¢(y)(<e/17>a7<€;n7>)a y=¢_1(h)7 Vh e UNM. (10)

Let B € C'(E; E) be such that B(h) € TpM; that is, By is a C' vector field on M. Let
h € M and y = ¢ 1(h). Then

/
then el,... e

!/
m

c(t) := ¢(y + tDp(y) ' B(h))

satisfies
%B(c(t))|t=0 — DB(h)B(h). (11)
On the other hand, in view of (10) we have
B0 = S DO, (DD, BE()) im0
= D?¢(y)((¢/, B(h)), (¢, B(h))) + D¢(y)(e', DB(h)B(h)). (12)
Proposition 23.

DB(h)B(h) = D¢(y){e', DB(h)B(h)) + D*¢(y)({€/, B(h)), (¢/, B(h)))
is the decomposition according to E = T, M @ E», for all h €¢ U N M.
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Invariant Manifolds
Let M denote an m-dimensional C? submanifold of H.

Since H is separable, by Lindelof's Lemma there exists a countable open covering (Uy)ren Of
M and for each k a parametrization ¢ : Vi, C R™ — U, N M, where ¢, € C,)Q(Rm; H).

Since D(A*) is dense in H, by Proposition 21 we can assume that for each k there exists a
linearly independent set {Ck.1,...,Ckm} in D(A*) such that

¢k(<<k‘,l7h>77<gk,mah>) :h’a Vhe UkmM (13)
Notation: we write ((x, h) instead of (((x1,h),- -, (Com, h)).

Consider the stochastic equation in H

dX (1) = (AX(2) + F(X())) dt + B(X (£)) dW (¢)

14
X (0) = ho. (14)
Assumption: B € CY(H; H?) and F locally Lipschitz continuous.

Corollary 10: 3! continuous local weak solution X of (14) with life time 7 > 0.
Theorem 24 (Regularity). Suppose
X(t)yeM vi<rT.
Then X is a local strong solution of (14).
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Theorem 25 (Consistency Conditions). Suppose M is closed, M C D(A), ho € M and
1
Ah+ F(h) - 5 Z DB;(h)B;(h) € T)M (15)

J
B;(h) € TyM (16)
for all h € M. Then X(t) € M for all t > 0.

Definition 26. M is called locally invariant for (14) if, for all ho € M, there exists a stopping
time T = 7v(hg) > 0 with X" (t) € M for all t < t.

Theorem 27 (Main Characterization). The following are equivalent:
1. M is locally invariant for (14)
2. M cC D(A) and (15)—(16) hold for all h € M.

A key step in proving Theorems 25 and 27 is the following

Lemma 28. Suppose UN M C D(A), and let ¢ : V — U N M be a parametrization satisfying
(13). Then (15) and (16) hold for all h € U N M if and only if

AR+ F(h) = Do(h) ((A°C, ) + (G FM)) + 5 3 D?6() (G BG Bi(w)) (A7)
Bi(h) = Dé(w) (¢, Bi (), (18)
where y = (¢, h), for all h € U N M.
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Consistency Conditions in Local Coordinates

Assume M is locally invariant for (14). Let ¢ : V — U N M be a parametrization, and define

Do(y)B(y) == Ag(y) + F(o(y)) — %Z DB;(¢(y))Bi(¢(y)), Dé(y)p;(y) := Bj(¢(y)). (19)

As shown above

DB;j(¢(y))Bj(¢(y)) = %Bj (¢(y +tpj(y))) lt=0 = % (Do(y + tpi(y))pi(y + tpi(y))) =0

= D?¢(y) (pi(¥), pi(¥)) + Dé(y) (Dp;(y)pi(y))
Plug this in (19), we obtain

Theorem 29. Consistency conditions (15)—(16) hold for all h € U N M if and only if

Ap(y) + F(o(y)) — % Z D?¢(y) (pi (), pi(y)) = Dé(y)b(y) (20)

Bj(¢(y)) = Do(y)p;(y) (21)
for all y € V, where b(y) 1= B(y) + 3 Zj Dpi(y)pi(y).

Moreover, X is a continuous local strong solution of (14) in UNM if and only if X = ¢(Y")
where

dY (t) = b(Y (1)) dt + p(y(1)) dW (), Y (0) = ¢~1(X(0)). (22)
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Consistent Forward Curve Families

Let G € C?(R™; H,) be a parametrized forward curve family, and suppose that G : V C R™ —
G(V) is a parametrization.

Assume o € CY(Hy; Hﬁl},o)v and remember the HJM equation: a = ZjS(O'j)

dr(t) = (%rm + a(r(t») dt + o (r(£)) dW (1)
r(0) = ro.

(23)

Theorem 30. G is consistent with the HJM model o (< G(V) is locally invariant for (23))
if and only if there exist b:V — R™ and p: V — R™*? continuous such that

0:G(x,z) =b(z) - V.G(x,z) + Z ap(2) (%szazlG(x, z) — 0, G(x, 2) / 0,,G(y, z) dy) (24)
k1 0

for all (x,z) € Ry x V, where a := p! - p is the diffusion matrix.

The consistency condition (24) can be explicitely checked!

37



Nelson—Siegel Family

Recall the form of the Nelson—Siegel curves
Gns(x,z) = z1 + (22 + z3x)e ™7,

Proposition 31. T here is no non-trivial diffusion process Z that is consistent with the Nelson—
Siegel family. In fact, the unique solution to (24) is

a(z) =0, bi(2) =ba(2) =0, ba(z) = 23— 2024, b3(z)= —2324.
The corresponding state process is

Z1(t) = 21,

Z>(t) = (z2 + z3t) e_Z4t,
Z3(t) = z3e 4t

Z4(t) = 24,

where Z(0) = (21,...,24) denotes the initial point.

Proof. Exercise. []
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Svensson Family

Here the forward curve is
Gs(x,z) = 21 + (22 + z32)e” " + zqze™ 7",

Proposition 32. The only non-trivial HIJM model that is consistent with the Svensson family
is the Hull-White extended Vasicek short rate model

dr(t,0) = (zlz5 + 2367 4 24272750 — (L, O)) dt + \/zazse ' dW* (),
where (z1,...,z5) are given by the initial forward curve

f(0,2) = 21 + (22 + z32)e %% + zgme %7

and W* is some Brownian motion. The form of the corresponding state process Z is given
in the proof below.

Proof. The consistency equation (24) becomes

q1(z) + q2(z)e ™" + gz(z)e ™" + qa(x)e 2" + gs(x)e (=17 4 gg(2)e 2" = 0, (25)
for some polynomials q1,...,q6. Indeed, we assume for the moment that
25 %26, 25+2670 and z; ZO0forall:=1,...,6. (26)
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Then the terms involved in (24) are
0.Gs(x,2) = (—2225 + 23 — 23252)e " + (24 — za26x)e” 5%,

1
e—Z5J}
xre T ..
V.Gs(x,2z) = e 26T ,  0,0.,Gs(x,2) =0 for1<4,j <4,
(—zox — 2322)e %"
—Z4$2€_Z6x
0 0
—xe #5% 0
2 _—2z5x 0]
—x“e
VZBZSGS(:B7 Z) = 0 ) v2826G5($, Z) = —x2e— 76T )
(z0x? + z323)e % 0
0] zax3e 76"
( ; )
_ 1 -z 1
P + 25
_z 1 —Z5% 1
x 25 zg € + Z§
[ vetstuan = e 1)emyd
6 z z
0 6 6
g2 4 (22428 ) p 4 22 4 223 ) g 22 23
z5 25 zg zg zg zg zg
24,2 | 274 274 | o—zeT _ 74
\ (o2 2o+ 2 ) e /
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Straightforward calculations lead to
q(z) = —ann(z)z+---,

2
z
g(x) = a55(z)z—3:134 + -,
5

2
z
g3(x) = aes(z)2a* + - -,
26
deg g4, deggs degge < 3,
stands for lower order terms in x. Because of (26) we conclude that
a11(z) = ass(2) = aee(z) = 0.
But a is a positive semi-definite symmetric matrix. Hence
a1;(z) = aj1(z) = asj(2) = a;5(z) = aej(2) = aje(2) =0 Vj=1...,6.
Taking this into account, expression (25) simplifies considerably. We are left with

q1(x) = b1(2),
deg QQ(x)a deg q3 S 17

where - - -

1
qa(z) = CL33(Z)£3>’2 + -

qs(x) = aza(z) (i + i) 24

<5 <6

1
ge(xz) = a44(z)2x2 4+ -
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Because of (26) we know that the exponents —2z5, —(25+26) and —2zs are mutually different.
Hence

bi1(z) = a3j(2) = a;3(2) = asj(z) = aja(z) =0 Vj=1,...6.
Only ax2(2) is left as strictly positive candidate among the components of a(z). The remaining
terms are
a22(2)
25

+ 2225,

q2(z) = (b3(2) + z325)x + b2(2) — 23 —
q3(x) = (ba(z) + zaz6)T — 24,
6(2) = aza(2)

while g1 = g5 = g6 = 0.
If 225 # 26 then also axx(z) = 0. If 225 = 25 then the condition g3 + g2 = g2 = 0 leads to

a22(2) = z4z2s,
bo(z) = 23 + 24 — 25292,
b3(2) = —2s23,
bs(z) = —22524.
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We derived the above results under the assumption (26). But the set of z where (26) holds
is dense Z. By continuity of a(z) and b(z) in 2z, the above results thus extend for all z € Z.
In particular, all Z;'s but Z> are deterministic; Z1, Zs and Zg are even constant.

Thus, since

a(z) =0 if 225 # za,
we only have a non-trivial process 7 if

Zes(t) = 27Z5(t) = 27Z5(0).
In that case we have, writing shortly z; = Z;(0),
Z1(t) = 21,
Z3(t) = zze %,

Za(t) = I

and
d

dZ2(t) = (z3e~*" + 2225 — 25 Z5(1)) dt + Z p2; () dW; (1),
J=1
where po;(t) (not necessarily deterministic) are such that

d
D 03,() = a22(Z(t)) = zazse >,

j=1

43



By Lévy's characterization theorem we have that

d t
W) ::Z/O %dms)
j=1

is a real-valued standard Brownian motion (— exercise). Hence the corresponding short rate
process

T(t, O) = GS(O, Z(t)) = z1 + Zg(t)
satisfies

dr(t,0) = (z1z5 + 23675 4 24272750 — e (t, O)) dt + \/zazse L dW*(t).
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Affine Term Structures

We now look at the simplest, namely the affine case:

G(z,2) = go(x) + g1(@)z1 + - - - gm (@) 2.

Here the second order z-derivatives vanish, and (24) reduces to

m m 1 m
Orgo(@) + Y z0:0i(x) = Y bi()gi(a) = 50: | Y aii(2)Gil@)Ci(a) | . (27)
i=1 i=1 ,j=1
where
Gi(x) :=/ gi(u) du.
0
Integrating (27) yields
m m 1 m
g0() = 90(0) + Y zi(gi(2) = gi(0)) = Y _bi()Ci@) =5 > ay(Ci(@)Ci(a).  (28)
=1 i=1 1,0=1
If G1,...,Gn, G1G1, G1Go,...,GnGy are linearly independent functions, we can invert and

solve the linear equation (28) for b and a.
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Since the left hand side is affine is z, we obtain that also b and a are affine

bi(z) = b; + Z Bijz;

j=1

m
az-j(z) = a;j + E Olk;ij Rk
k=1

for some constant vectors and matrices b, 3, a and «y. Plugging this back into (28) and
matching constant terms and terms containing z;S we obtain a system of Riccati equations

m 1 m
9:Go(x) = 90(0) + Y biGi(a) — 5 ¥ aiyGi(2)G;(x) (29)
i=1 ij=1
m 1 m
0:Gi(2) = g:(0) + Y BuGi(@) = 5 ) anyyGi(a)Gy(w), (30)
i=1 ij=1
with initial conditions Go(0) =--- = G,,(0) = 0.
Notice that we have the freedom to choose go(0),...,9x(0), which are related to the short
rates by

r(t,0) = f(t,t) = go(0) + 91(0)Z1(t) + -+ + gm(0) Zm (2).

A typical choice is g1(0) = 1 and all the other ¢;(0) = 0, whence Z;(t) is the (non-Markovian)
short rate process.
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