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1 L mma. K�je f(x) ∈ Q[x] (polu¸numo me rhtoÔc suntelestèc) mporeÐ na grafeÐ
sth morf 

f(x) =
u

m
(a0 + a1x+ ...+ anx

n)

ìpou u, m, a0, ..., an ∈ Z, µκδ(a0, ..., an) = 1, µκδ(u,m) = 1.

Apìdeixh: An f(x) = q0 + q1x + ... + qnx
n, me qi = bi

ci
, bi, ci ∈ Z, ci 6= 0, tìte

profan¸c to polu¸numo mporeÐ na grafeÐ wc

f(x) =
1

c0c1...cn
(u0 + u1x+ ...+ unx

n)

me touc u0, ..., un akèraiouc. Jètontac w = µκδ(u0, ..., un), tìte eÐnai ui = wai,
i = 0, ..., n, ìpou µκδ(a0, ..., an) = 1. Ara

f(x) =
w

c0c1...cn
(a0 + a1x+ ...+ anx

n)

Diair¸ntac arijmht  kai paronomast  me to mègisto koinì diairèth twn w kai c0c1...cn
prokÔptei to zhtoÔmeno.

2 L mma. An A eÐnai ènac antimetajetikìc daktÔlioc, I eÐnai èna ide¸dec tou, tìte to
sÔnolo I[x] twn poluwnÔmwn me suntelestèc sto ide¸dec I eÐnai èna ide¸dec tou A[x]
kai

A[x]

I[x]
∼= (

A

I
)[x]

Apìdeixh: O isqurismìc ìti to I[x] eÐnai idelwdec tou poluwnumikoÔ daktÔliou
eÐnai profan c, afoÔ ajroÐsmata suntelest¸n sto I kai ginìmena suntelest¸n sto I
me suntelestèc ston A paramènoun stoiqeÐa tou I.

Dedomènou tou kanonikoÔ omomorfismoÔ ε:A→ A/I, orÐzoume

ϕ:A[x]→ (
A

I
)[x]
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me
ϕ(a0 + a1 + ...+ anx

n) = ε(a0) + ε(a1) + ...+ ε(an)xn

EÔkola diapist¸noume ìti eÐnai omomorfismìc. Pq, diathreÐ ton pollaplasiasmì giatÐ

ϕ(
m∑

i=0

aix
i ·

n∑
j=0

bjx
j) = ϕ(

m+n∑
k=0

(
k∑

i=0

aibk−i)x
k)

=
m+n∑
k=0

ε(
k∑

i=0

aibk−i)x
k

=
m+n∑
k=0

(
k∑

i=0

ε(ai)ε(bk−i))x
k

=
m∑

i=0

ε(ai)x
i ·

n∑
j=0

ε(bj)x
j

= ϕ(
m∑

i=0

aix
i) · ϕ(

n∑
j=0

bjx
j)

EpÐshc profan¸c, o omomorfismìc autìc eÐnai epÐ. O pur nac tou apoteleÐtai apì
ekeÐna ta polu¸numa gia ta opoÐa

0 = ϕ(a0 + a1 + ...+ anx
n) = ε(a0) + ε(a1) + ...+ ε(an)xn

ston (A/I)[x], dhlad  gia ta opoÐa eÐnai ε(ai) = [ai]I = [0]I ,   alli¸c ai ∈ I, gia
i = 0, ..., n. Epomènwc èqoume kerϕ = I[x], opìte to I[x] eÐnai ide¸dec kai, apì to
pr¸to je¸rhma isomorfismoÔ

A[x]

I[x]
∼=

A[x]

kerϕ
∼= Imϕ ∼= (

A

I
)[x]

3 Prìtash. (L mma tou Gauss) An f(x) ∈ Z[x] eÐnai èna monikì polu¸numo kai
f(x) = a(x) · b(x) me a(x), b(x) sto Q[x], tìte f(x) = ā(x) · b̄(x), ìpou ā(x), b̄(x) ∈
Z[x] eÐnai monik� polu¸numa (me akèraiouc suntelestèc) kai deg(a(x)) = deg(ā(x)),
deg(b(x)) = deg(b̄(x))

Apìdeixh: JewroÔme ta a(x), b(x), sth morf  pou mac epitrèpei to L mma 1

a(x) =
u1

m1

(a0+a1x+...+amx
m) =

u1

m1

A(x) b(x) =
u2

m2

(b0+b1x+...+bnx
n) =

u2

m2

B(x)
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Eqoume loipìn f(x) = u1u2

m1m2
A(x)B(x) = v

w
A(x)B(x), me µκδ(v, w) = 1 (aplopoi¸ntac

to kl�sma u1u2

m1m2
),   wf(x) = vA(x)B(x), me A(x), B(x) ∈ Z[x].

An w = 1, afoÔ to f(x) eÐnai monikì, eÐnai uambn = 1, �ra u = am = bn = 1, opìte
alhjeÔei o isqurismìc mac.

An w 6= 1, up�rqei pr¸toc p me p|w. Epeid  µκδ(v, w) = 1, o p de diaireÐ ton v.
EpÐshc, epeid  µκδ(a0, ..., am) = µκδ(b0, ..., bn) = 1, up�rqoun ai, bj ta opoÐa de diaireÐ
o p. Apì to L mma 2 èqoume

Z[x]

(pZ)[x]
∼=

Z
pZ

[x] ∼= Zp[x] (∗)

kai to teleutaÐo eÐnai akèraia perioq . EpÐshc h kl�sh isodunamÐac wf(x) + pZ[x]
isoÔtai me 0 sto Z

pZ [x], en¸ afoÔ to p de diaireÐ ta v, A(x), B(x), èqoume ìti oi kl�seic
v + pZ[x], A(x) + pZ[x], B(x) + pZ[x] eÐnai di�forec thc kl�shc tou mhdenìc, �topo.

4 Je¸rhma. (Krit rio tou Eisenstein) An f(x) = a0 + ... + an−1x
n−1 + xn eÐnai

monikì polu¸numo me akèraiouc suntelestèc kai up�rqei ènac pr¸toc arijmìc p tètoioc
¸ste p|a0, ..., p|an−1 all� o p2 de diaireÐ ton a0, tìte to f(x) eÐnai an�gwgo epÐ tou
Q[x].

Apìdeixh: Upojètoume ìti f(x) = a(x)b(x), ìpou a(x), b(x) eÐnai polu¸numa ba-
jmoÔ ≥ 1 sto Q[x]. Apì to L mma tou Gauss mporoÔme na upojèsoume ìti a(x), b(x)
eÐnai monik� polu¸numa me akèraiouc suntelestèc. Jewr¸ntac p�li ton isomorfismì
(∗) sthn parap�nw apìdeixh, èqoume ìti h kl�sh f(x) + pZ[x] eÐnai Ðsh me thn kl�sh
xn + pZ[x] sto daktÔlio Z

pZ [x], dedomènou ìti p|a0, ..., p|an−1. Epomènwc ja èqoume ìti

xn + pZ[x] = ( a(x) + pZ[x]) · ( b(x) + pZ[x])

ston Z
pZ [x]. Gia na eÐnai efikt  aut  h isìthta prèpei na eÐnai a(x)+pZ[x] = xr +pZ[x],

b(x) + pZ[x] = xn−r + pZ[x], me 1 < r < n, dhlad  na up�rqoun polu¸numa g(x), h(x)
me akèraiouc suntelestèc, ¸ste a(x) = xr + pg(x), b(x) = xn−r + ph(x), opìte

f(x) = (xr + pg(x)) · (xn−r + ph(x)) = xn + pxrh(x) + pxn−rg(x) + p2g(x)h(x).

Autì shmaÐnei ìti a0 = p2c0d0, ìpou c0, d0 eÐnai oi stajeroÐ ìroi twn g(x), h(x), an-
tÐstoiqa. K�ti tètoio antÐkeitai sthn upìjes  mac ìti o p2 de diaireÐ ton a0. Epomènwc
to f(x) eÐnai an�gwgo epÐ tou Q[x].

Pèra apì tic ìpoiec apeujeÐac efarmogèc tou parap�nw krithrÐou ston èlegqo tou
kat� pìso èna polu¸numo eÐnai an�gwgo, up�rqoun kai oi ex c epiplèon èmmesoi trìpoi
qr shc tou: Oi apeikonÐseic ϕ: Z[x]→ Z[x] pou dÐnontai apì touc tÔpouc

ϕ(f(x)) = f(x+ c) kai ϕ(f(x)) = f(cx)
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ìpou c ∈ Z, c 6= 0 sth deÔterh perÐptwsh, diathroÔn ton pollaplasiasmì poluwnÔmwn.
Pr�gmati, pq gia thn pr¸th perÐptwsh, eÐnai

ϕ(
m∑

i=0

aix
i ·

n∑
j=0

bjx
j) = ϕ(

m+n∑
k=0

(
k∑

i=0

aibk−i)x
k)

=
m+n∑
k=0

(
k∑

i=0

aibk−i)(x+ c)k

=
m∑

i=0

ai(x+ c)i ·
n∑

j=0

bj(x+ c)j

= ϕ(
m∑

i=0

aix
i) · ϕ(

n∑
j=0

bjx
j)

Etsi, an to polu¸numo f(x) analÔetai wc ginìmeno f(x) = a(x)b(x), to Ðdio ja
sumbaÐnei kai gia thn eikìna mèsw tou ϕ, ϕ(f(x)) = ϕ(a(x)) · ϕ(b(x)). IsodÔnama, an
to ϕ(f(x)) eÐnai an�gwgo, tìte kai to f(x) eÐnai an�gwgo.

Mia klasik  efarmog  autoÔ tou teqn�smatoc eÐnai   apìdeixh ìti to polu¸numo

f(x) = xp−1 + ...+ x+ 1,

ìpou o p eÐnai pr¸toc arijmìc, eÐnai an�gwgo. GiatÐ, anakal¸ntac ìti

f(x) = xp−1 + ...+ x+ 1 =
xp − 1

x− 1

kai jewr¸ntac to metasqhmatismì ϕ(f(x)) = f(x+ 1) brÐskoume ìti to

f(x+ 1) =
(x+ 1)p − 1

x+ 1− 1
=

(x+ 1)p − 1

x
=

p∑
i=1

(
p

i

)
xi−1

eÐnai an�gwgo, afoÔ to p diaireÐ k�je
(

p
i

)
me i = 1, ..., p − 1 all� to p2 de diaireÐ to(

p
1

)
= p.
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