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Mépog I

MeTplKOL XWPOt






Kepaiaiwo 1

MeTplKOl XWPOt

1.1 Oplopdg Kat napadeiypata
Optopdg 1.1.1 (petpikn). 'Eotw X éva un kevd ouvodo. Merpwukr; oto X Aéyetat KABe
ouvaptnon p: X X X — R pe ug napakatw 1610tteg:
@) p(z,y) > 0 yia k&b z,y € X xat p(z,y) = 0 av kat pévov av = y (n p eivat pn
apvnuka).
(i) p(x,y) = p(y, x) yia xabe z,y € X (oupperpikn 1610tta).
(iii) p(z,2) < p(z,y) + p(y, 2) yia kabe z,y, z € X (tpiyeviky avicotta).

Av p gival pia petpikr) oto X tdte 10 {euyog (X, p) Aéyetat uetpikdg yapog. Ta otoiyeia tou

X 9a Aéyovrat kat onueia.
HMapabdeiypata 1.1.2. (a) H cuvrjdng uetpucr; oto R eivar

d(ﬂi‘,y):‘ﬂf—y‘, xayER-

(B) H Eukfeibeia uetpucr) otov R™, 1ov xopo v diatetaypévov m-adov & = (1, ..., Tm)
npaypatkov apidpmv, opidetal wg e&ng: av & = (1, ..., Tn) ka1 § = (y1,...,Ym) € R™,
101e

m 1/2

p2(Z, ) = (Z(l’z - yi)2> :
=1

[Tpémetl puokd va eleyxOel n IpyVIKL avicotnta (BAsme §1.3).

(y) KaBe pn revo ouvodo X propet va yivel PEIPIKOG XWPOSG KATA «TETPTUHEVO TPOTIO»:
®swpoupe ) ouvaptnon d : X X X — R pe

L, z#y
5(fb,y)—{ 0, z=y

3
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®G HETPIKN (eAéySte O wkavorotel tg (i), (i) kat (iii) tou oplopov). Autr) ) petpikn Adyetat
Sraxpun petpucn oto X.
(6) Zto 1610 ouvoro X propoupe va opicoupe TOAAEG S1APOPETIKEG HUETPIKEG: AV £XOUNE
pwa ouvaptnon f @ X — R n oroia etvat 1-1, téte autr) enayet pa petpikn dy oto X g
egng:

df(z,y) = [f(x) = f(Y)l, zyeX.
EuxkoAa eAéyxetat 611 1) dy eival petpikn) oto X.

(e) O n-6waotarog kKu6og tov Hamming. ®smpoujie 10 0UVOAO
H, ={0,1}" = {(21,22,...,2) |2 =00 1,i=1,...,n}.

@ewpoupe v h : H, x H, — R, énou h(z,y) eival 1o mAn0og tov 9¢oewv otg oroieg

dragpépouv o1 n-adeg x = (x1,...,xy) ka1 Yy = (Y1, ..., Yn), 6NAady

h(z,y) = card({l <i<n:a; # yl})
A¢rjvetat cav doknon yia tov avayveotn) va Seifel ot i h eival petpikry oto H,. O (Hn, h)
Aéyetatl kUBog tou Hamming kat n h petpikr) tou Hamming.

Oplopog 1.1.3 (oxetkn) petpikn). Eoto (X, p) évag petpikog xmpog. Av A eivat orotodr)-

TOTE 11 KEVO UTIOoUVOoAo Tou X, n armekovion pg : A X A — R e

palz,y) =p(z,y), x,ycA

(0 mepropiopog &nhabdr) mg p oto A X A) eival petpiky) oto ouvodo A. H petpikn py4 sivat
N OXEUKT) UETOUCT] TIOU £TTAyETal anod v p oto A.
IMa apadetypa, kabe un kevo uroouvoldo tou R eival HeETpikog XOPOG e TOV TEPLoPT-

OP0 NG oUVrOoUg HETPIKNAG OE AUTO.

Opiopdg 1.1.4 (Suapetpog). (a) Eoww (X, p) évag petpirdg xopos. O (X, p) Aéyetal gpay-
pévog av urapxet C' > 0 oote yua kabe z,y € X va woxvet p(z,y) < C. looduvapa,
av

sup{p(z,y) : x,y € X} < 0.

Av auto oupBativet, t6te 1 Srdpetpog ou (X, p) eivat o apBpog
diam(X) := sup{p(z,y) : z,y € X}.

(B) 'Eva pr kevo urtoouvodo A evég petpikou xwpou (X, p) Aéyetal gpaypévo av o PETpikog

xopog (A, pa) etvar ppaypévog. Iooduvana, av

sup{p(z,y) : z,y € A} < <.
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Av auto oupbaivet, tote ) Sductoog tou A sivat o ap1Opog
diam(A) := sup{p(z,y) : x,y € A}.

ZUp(®VOUHE OTL T0 KEVO 0UVOAO (©G UTIOGUVOAO OTTIO10USTIOTE PETPIKOU XHPOU) £XEL I de-

vikn] Siapetrpo.

Mapadeiypata 1.1.5. (a) To R pe tn ouvnOn petpiky) d(x, y) = |z —y| dev eivar gpaypévog
HETPIKOG XWOPOG.
(B) To R pe ) petpixn) mou endyet n arctan : R — (=7, §), éndadn

p(x,y) = |arctanz — arctany|, z,y € R

etvat gpaypévog petpirog xwpog kat pditota diam (R, p) = 7. Ta v avicotnua diam (R, p) >
T TapAtnProte ot

diam (R, p) > | arctann — arctan(—n)|

vy kdbe n € N, apa

diam (R, p) > lim |arctann — arctan(—n)| = T_ (—I> = .
n—o00 2 2

H dAAn avioétnta mpoKkUIttel eUKOoAa aro 10 yeyovog ou |arctant| < 5 yla kabe t € R
(e&nynote yati).

(y) To R pe ) petpikn

eyl
L+ |z —yl
etvat eriong @paypévog petpikog Xopog, agou o(z,y) < 1 yua kabe z,y € R. Asite on
diam (R, o) = 1.

o(z,y) = , T,yeR

(8) Av 0 eivat n diakpit] petpiky oe éva ouvodo X, TOte 0 Perpikog Xopos (X, ) etvat

PPaypévog (Kat, av €xel meplocoTepa armo £va onpeia, n dapetpog tou eivat ion pe 1).

1.2 Xopol pe voppa

[ToAAol and toug KAAOIKOUG HETPIKOUG XOPOUS TTOU 9a oUVAVII|COUHE O€ auto 10 padnpa
etvatl tautoxpova ypappikol xwpot. EmrmAéov, 1 petpikr) toug ouvdEeTal QUOIOAOYIKA P

) YPappiky toug dourn. ‘Onwg Afpe, «emdyetal ano pia vopuar.

Opiopdg 1.2.1 (voppa). Eoww X évag npaypatukog ypappikog xopog. Nopua otov X
etvat kaOe ouvaptnon || - || : X — R pe ug e§ig 1610tteg:

(@ [lz]| = 0yia kéBe = € X kat ||z|| = 0 av kat pévov av z = 0 (un apviukd).
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B®) [|[Az]] = |A] ||| yia kaBe A € R xat kabe x € X (Setwa opoyevrg).
W llz+yl < =] + ||y]| yia xabe x,y € X (rpryovik avicdtnta).
Av || - || eivat pia véppa otov X, tote 1o Geuyog (X, || - ||) Aéyetar xwpog ue vépua.

Hapatnproeig 1.2.2. (a) Av |- || eivat pia véppa otov X, tote nouvapmon d : X x X — R

ne
d([B,y)Z Hx_yH7 ﬂUayGX

elvat petpikr) (n petpike) nou ernayetat otov X aro t) vopua). paypart,

o d(z,y) = ||z —y|| = 0 yia xabe z,y € X xat woxvel d(z,y) = ||z — y|| = 0 av kat

névoavze —y = 0 6nAadn av kat povo av r = y.
o d(y,z) = ly -z = (D@ -yl =[=1-llz -yl = llz -yl nia xabe z,y € X.

e Avz,y,z € X 10t

d(z,z) = v = 2| = |[(z —y) + (y = 2)| <lz =yl + lly — 2] = d(z,y) + d(y, 2).

ErunAéov, n d eivat oupBaty) pe ) ypappikr dopur| tou Xowpou:

e H d eival avaddoiotn wg rpog petadopss, dndadn d(x + z,y + z) = d(z,y) yua xabe
z,y,z € X.

e H d eival opoyevrig, 6nradn d(A\x, \y) = |A|d(z,y) yia xabe 2,y € X kat yua kdbe
AeR.

[Mapatnprote o1t ot teAeutaieg SUo 18101nTEG HeV £X0UV vONPa oe GAOUG TOUG PETPIKOUG XW-
pOUG, APOU OtV S1aTUMKOT) TOUG EUITAEKOVTIAL O1 TIPASELS G TTPoobeong Kal Tou Badbpmtou
roAAarmAactaopou. Me dAAa Aoyia, pla PETPIKY MOU EMAYETAL O £vaV YPAPHIIKO X®PO a1t
pa voppa €xel IPoobeteg 1610TNTEG KAl O PETPIKOG XWPOG TTOU TTPOKUITIEL £XEL TTOAU IO
mAouota 6o and autrv TOU «YEVIKOU» HETIPIKOU XOPOU.
(B) Xprjopo eival va Tovicoupe 0Tt 1] KAQOT TOV XOP®V HE vopud €ivatl yvijola UTIOKAAOT)
g KAGONG OV HETPIKOV XOpev. Ilapatmprote 6t kabe ypappikog xopog X # {0} éxet
arelpa 1o TAn0og onpeia: av z € X, x # 0, tote o undxwpog span({z}) = {Az : A € R}
tou X €xel anelpa 1o mAr0og onueia (yia v akpiBeia, sivat 1oonAndikog pe o R). Ao v
AaAAn mAeupd, KAOe MEMEPACHEVO 1) KEVO OUVOAO YiveETAl PEIPIKOG XWPOS PE 1 dlarpir)
HETPIKT).

[Mapatnprjote emiong 6t o KAOe (N Pndevikd) ypappiko xopo X propoupe va opi-

OOUE PETPIKN 1) oroia Sev emdyetat ano vopua. [a napddeypa, av Sewprjooupe otov X
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) Slakpu) petpiky) J, e Sev unapyet voppa || - || 1 X — R oote 6(z,y) = || —y||. H
arode1n autoy Tou 10XUPIoHO0U £ival armArn: av Urmpxe tétowa vopua, naipvoviag ¢ € X,
x # 0, 9a eixape

nlzl| = [lnzl| = é(nz,0) =1

yia kaBe n € N 1) wobuvapa ||z|| = 1/n yia kabe n = 1,2, .. ., nou eivat ipopaveg droro.

1o urodourto autou tou Kepaldaiou opidoupie pepikoUg KAAOIKOUG XMPOUS HE VOPHA.

1.2.1 Xopot nenepaopévng diaoctaong

1. Ztwov R™ opidoupe v supremum vopua || - |l : R”™ — R pe tov ak6doubo tpdro:
yia kafe . = (x1,..., %) € R™ 9étoupe
|Z|loo := max{|z;| :i =1,...,m}.

AmnoSelkvUioupe POVO TV TIPIYOVIKI avicotnta. 'Exoupe
12+ ylloo = |2io + Yio |
yla karowv i € {1,...,n}. Ta 10 cuykekpévo i,
i + Yiol < [Tio| + Wil < l|Zlloe + llylloc-

Zuvenag,

12+ ylloo < ll#lloc + [|9l]co-

O xopog (R™, || - ||so) oupBoAietat pe £72.
2. Zwov R™ opidoupe v 1-vopua || - |1 : R™ — R pe
m
lzll1 = lza| + - + [2m| = ) |2l
=1

H tpiyoviky) avicotnta eivat Apeon OUVENELd TG IPIYOVIKAG AVICOTNTAG Yid TNV ArOAUTH

wpn oto R. O xopog (R™, || - ||1) oupBoAigetart pe 47"
3. Ztwov R™ opidoupe v EukAeidela voppa || - |2 : R™ — R pe

m 1/2
[ ll2 == (Z Ixi\2> :
i=1

'‘OAeg 01 1810TTEG TG VOPHLAG £1val TETPTPHHPEVEG EKTOG ATIO TNV IPIYOVIKY AvicotId yid TV

arodedn g oroiag artatteitat ) aviootna Cauchy-Schwarz.
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IIpotaon 1.2.3 (Avicotnta Cauchy-Schwarz). 'Eoto X1, ..., Tm KALY1, - - ., Ym TOAYUATL

Kol apwuol. Tote, woyvet n avioonia

m m 1/2 s m 1/2
Dl < (Z y:c,»|2) (Z \yi\Q) :
i=1 i=1 i=1

Aniddeifn. H anodedn rou nnapadétoupe opeidetal otov Schwarz. @étoupe B = Z:’il |xiy;
A=Y" 2 ke C = Y1 |y, Tpénet va 8eifoupe 6t B2 < AC 1} 1008Uvapa
(2B)? < 4AC. @swpoupe 1 cuvaptnon p: R — R pe

’

p(A) = (Mza| + i) + -+ + Aam| + lym])* > 0,
1 oroia petd ano mpddelg naipvet tn popoen
p(A) = AN +2BA+C >0
yia kabe A € R. Av A = 0 t6te z; = 0 yia kabe i = 1,...,m Krat mpoPpavog 1 apXikny
aviootnta 1oxUet (oG 1wotnta). Yrioditoupe Adowrov 61t A > 0 kat téte 1) p(\) eivat tpiodvupo

10 ortoio eival P apvnuko yia kabe A € R. Ané ) Sewpia tou 1p1evipou npérnet va 10 UeL

(2B)? — 4AC < 0, 10 oroio Sivel kat T {nrovjevn aviodtnTa. O

Ermotpégpoupe topa oty anodeiln g Iplyovikng avicotntag yia v EukAeibeia vop-

pa. 'Exoupe 6adoyika
m
lz+yl3 = Y lzi+ il
i=1
m m m
= D fwlP 2> miy+ >yl
i=1 i=1 i=1

m
< lell3 +2) il + llyli3
i=1
< lzl3 + 2lzllallyllz + llyll3
O1ou oty tedeutaia aviootnta Ypnowlornojoape v aviootta Cauchy-Schwarz. ‘Etot,

lz + 13 < (lzllz + yll2)* = llz +yll2 < llzll2 + yll2.

O xopog (R™, || - ||2) Aéyetar Eukdeibelog xopog kat oupBoAiletar pe 457
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4. Tevikotepa, otov R™ pnopoupe va Sewpricoupe v p-vopua, 1 < p < 0o, orou

m 1/10
]]p == <Z Iwi|p> :
i=1

AmnoSelkvUoupe KAl ¢ autn TV MEPITOOT 11OVO TNV TPIY®VIKL] aviootnta 1 oroia Sev eivat

apeorn). Ta myv andden Sa xperaotovpe §Yo aviodtnteg.

IIpotaon 1.2.4 (Avicowta Holder). Avzy,. .., Ty, Kalyl, . - -, Ym Elvar toayuatucol apduol

kaip,q > 1 dote! % + % = 1, 101¢ 10y Vel n avioota

m m p / m 1/q
Z |ziyi| < (Z \ﬂfz‘|p> (Z \yz’\q> :
i=1 i=1 i=1

Anobeifn. Ao 1o yeyovog ot 1 ouvaptnon log : (0,400) — R eival xoiAn, ya xabe
z,y > 0 éxoupe

1 1 1 1
log <:vp + yq> > —log(a?) + —log(y?)
p q p q
1] wooduvapa
1 1
log(zy) < log (:L'p + yq> )
p q

A1 10 yeyovog ot ) ouvdptnon log eivat aufouoa énetat ot

() xy < —+ — yaxdbe z,y = 0.
p q
'Eote topa 1, ..., Tm KAL Y], . . . , Yy TIpAypatikoi apibpoi. Mmopoupe va urioBécoupie ot
(|z1 [P+ 4|z [P)P # 0 kat (Jy1 |7+ -+ |ym|9) /9 # 0. AAMbG 10XUEL L] = -+ = T, = 0
Hyr = = Yn = 0 Kat autd onpaivel ot Zﬁl |z;y;| = 0 ondte n {nrovpevn aviootnta
10XUEL KATA TETPTIEVO TPOTTO.
Bswpoupe Toug apldpoug
a; il 1=1 m
L (bt ) s
Kat
= i 1=1,....,m

101 p xat ¢ Aéyoviar ouluyeig exOETeG.
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Av Aowtdv epappoooupe my (*) yia kaBe fguyog a;, b; £xoupe ot
p bq

ab; < — + -+

p q

Kat aBpoiloviag wg rpog © = 1, ..., m PAénoupe o1

m
> aib < = Za—i— qu —+— 1.
=1

Iooduvapa,
S iy _
(|z1|P 4 - + |zmP)YP(Jy1 |9 + - - - + Jym|9)Ve
ou Hivel to {nroupevo:

I

Zm% < (a4 ) Pl + -+ [y,
O
Mapatipnon 1.2.5. IMapawnprote ot i avicotta Holder arotelei yevikeuorn g avioo-
wmtag Cauchy-Schwarz: n 6eutepn eival e181Kr ePUI®OON TG POING ya p = q = 2.

IIpotaon 1.2.6 (Avicounua Minkowski). Av x1,..., Ty, Kat yi,. .., Yn Evar moayuatkol

apduoi karp > 1, 101e 10y veL n aviootnTa

m l/p m l/p m 1/p
(Z | +yi|p> < (Z yxi\p) + <Z ryirp> :
=1 =1 =1

Anobeiln. Mriopoupe va uriodécoupe ot Y v |x; 4+ y;|P > 0, adAdg dev £xoune tinota va
beioupe.
'Exoupe dadoyika

m

m
Z\mﬁyz Z\xﬁyzlp Hag sl <Y+ wilP a0 | + il P il
=1 1=1

=1

Epappdloviag myv avicétnta Holder oto aBpotopa Y v, |z; + yi[P~ ;| maipvoupe

m m 1/q m 1/p
> a4 yilP | < (Z |lzi + yi|q(p1)) (Z |55i’p>
i=1 i=1 i=1

omou ¢ o0 ouduyng eKOENG Tou p, GnAadr) % + % =11¢(p—1) = p. Apa, n niponyoupevy
avicotta ypdagetat

m m 1/q m 1/p
S ot gl < (z mw) (zuiw) |

i=1 =1 i=1
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Me avaloyo tporio raipvoupe

m m 1/q m 1/p
> Ja + yilP il < <Z|l‘i+yi’p> (Z|yi|p> .
i=1

i=1 =1

Tedikd, ano myv (+) éxoupe

m m l/q m l/p m 1/p
>z ilP < (Zuﬁyirp) (Z\mp) + (Zw)
=1 =1 =1 =1

i m 1-1/q m 1/p m 1/p
<Z |$i+yi|p> < (Zm!p) + <Z|yz|p> -
i=1 i=1 i=1
To {ntoupevo mpokuIttel amo myv 1 — é = %. O
[apatpriote wpa ot 1 Pyeviky avieot ||z + Y|, < ||z, + |yl via mv p-vépna
etvat akpBog n aviodura Minkowski (0rou & = (z1, ..., %) KA1y = (Y1,...,Ym)). O

xopog (R™, || - [|) oupBoAidetar pe £}

5. Agiet tov KOO va ouvpe ) pop@r) rou naipvouv ot enayopeveg PHetpkeg dp(z,y) =

|z —yllp otov R™. Av 2 = (21,...,Zm) kALY = (Y1,...,Ym) € R™, t61€

m 1/17
dp(z,y) = (Z |i — yz‘l”)

i=1
av 1l < p < oo rat

doo(z,y) = max{|z; —y;| : i =1,...,m}.
1.2.2 Xopot akoAouOiov
1. O x0p0s loo = U (N) tov gpaypévev akodoubov z : N — R, 6nAadr
loo ={z:N—=R | vnapxet M = M(z) > 0: yua xabe n € Noyvet |z(n)| < M}

gival mpaypatikog ypappikog Xmpog pe tg Katd onueio mpdielg. Ztov £, opidoupe v

supremum voppa || - oo : foo — R pe
|Z|loo := sup{|z(n)| : n=1,2,...}.

Arobeikvioune ot 1 || - || etvat vopua:
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(@) Eivat ||z]|so = 0 yia kdBe z € log. Av ||2|0c = 0, e |2(n)| = 0 yia xabe n € N,
8ndAady z(n) =0yuan=1,2,.... Suvenog, = = 0.

(B) loxvet | Az||oo = sup,, [Az(n)| = |A|sup,, |[x(n)| = |A| - [|Z]|co, Vi@ kB A € R.

(y) Eow x,y € loo ka1 n € N. Tote,

[z(n) +y(n)| < fz(n)] + ()] < [[2floo + l|ylloo-
[Taipvovtiag supremum ®G P0G N CUPTIEPAIVOUE OTL

17+ ylloo = sup |z(n) + y(n)] < [|2loc + [yloo-
nz

2. O xopog ¢y = ¢o(N) tov pndevikov akodoubimv, Sniadrn)
I ~ 0}
35, 7 =0

elvat eriong ypappikog Xopog (Kat pdAiota ypappikog unoxmpog tou £, adpou Kabe ou-

coz{x:N—HR

ykAivouoa akoAoubia sivat gpaypévn) pe 11§ Katd onpeio mpdelg. e autov Sempoupe v

supremum vopda Iou KANPovouet arod tov £q.

3. O xopog ¢1 = £1(N) tev 1-aBpoictev akodoubiov? dniabdr),

Z |z(n)| < —i—oo}
n=1

elvat ypappikog unoxepog wu ¢g. Hpdypat, yvepitoupe owav Y -2, |z(n)| < 400 wte

flz{xZN—)R

lim x(n) = 0. Opidoupe ) voppa || - ||1: 61 — Rpe

n—o0
o9
2]l == le(n).
n=1

4. Tevirotepa, av 1 < p < 00, 0 xwpog ¢, = £,(N) tov p-abpoiotpev akodoubiwv arote-
Aeitat ano6 oAeg g akodoubieg = : N — R yia ug onoieg woxvet y 2, |[z(n)[P < 4o00. Ztov

¢, opioupe Vv p-vopua

o0 1/P
2y := (Z !:r(n)lp> :

Xpnowponowwviag v aviootnta Minkowski yia nenepacpéva abBpoiopata kat repvoviag
oto 6p1o, amodeifte ot 1 || - ||, avoroet myv tpry@vikn aviodtnta (o1 dAdeg 1WB10tNTEG NG

voppag eAéyxovial eUKOAQ).

2MiAdpe Aowév yia 1ig akoAoubieg TV oroiev 1) oe1pd eivat anoAvteg cuykiivouoa.
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5. @ewpoupe 1oV X0po coy = coo(N) tev tedikd pndevikov akodoubiwv. Andabdn), z € g
av xat povov av urtapxet ng = no(z) € N oote 2(n) = 0 yia kabe n > ng. Le auto o XoOpo
propoupe va opicoupie ortotadrnote ano tg p-voppeg, 1 < p < oo.

1.2.3 X®pol ouvapTOERV

1. O xopos C([0,1]) v ouvexmv ouvaptjoeav et tou [0, 1] eivat to ouvoro
C(0,1]) = {f : [0,1] 5 R | f oovexiis)

10 oroio eival ypappikog Xxwpog pe ug katd onpeio npageg. Etov C([0, 1]) opidoupe v
I floo : €([0,1]) = R, 1e
[flloc = sup{[f(£)] : £ € [0,1]}.

[Mapatnprote ot 1o Sup Ovieg undpxet, apou n | f| : [0, 1] — R eivat ouvexng, kat pdiiota
eivat max 810t Kabe ouvexrg CUVAPTNOT), TIOU £ivatl OP1OPEVE O KAEI0TO laotnpa, maipvet

péylot tpr. EAéyEte ou n || - || eival vopua.

2. Zwov C([0,1]) priopoupe eriong va Sewprjooupe v 1-véppa

1
1l ::/0 ()] dt

KAl yevikotepa, yia kabe 1 < p < 0o, v p-voppa

1fllp = </01 !f(t)\pdt> 1/,,.

Ta va dei§oupe éu n || - ||, wavorotet v tpryevike avioowta, apkel va napatnprjcouvpe

ot ot aviootnteg Holder kat MinkowskKi 10xU0uv Kat yia 0AOKANP®OI}EG OCUVAPTHOELS.

Avicétnta Holder yua ouvaptioesig. Av f,g : [0,1] — R elvar ovveyeig ovvaptroeig,
1 < p < 00 kat q givar o ouluyrg ekd<tng tou p (bnAadn, % + % = 1), wte

[ 1sna< ([ i) " ([ wepar) "

H anodedn ng aviodtntag Holder eivatl eviedwg avddoyn pe autfjv g aviiotoixng

aviootntag yla Menepacpéveg akoAoubieg. Xpno1oIotr|ote 10 YEYOVOG 0Tl

(+) F(Dg(b)] < ;rfu)\p " ;rg@)rq
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yua xabe ¢ € [0,1]. Av kavoupe v rpoodetn unobeon 6Tt fol |f(t)|Pdt = fol lg(t)|%dt = 1,

t0te maipvovtag oAokAnpopata oty (*) éxoupe

1 1 1
1 1
[ rwgwia < = [sopas [Clgooa
0 P Jo q4Jo
1 1
P q
1 1/p 1 1/q
= ([ 1) ([ o)
0 0
T yevikn mepimworn, «kavovikoroovper ug f xat g, Sewpoviag ug fi = f/|| f]l, xat

91:=9g/lglg-
Katomy, ypnowporowwviag v aviootnta Holder yia ouvaptiioelg kat akolouBoviag

Bripa mpog Prjpa v anodedn g avicotnrag Minkowski yia nernepaopéveg akodoubieg,

propoupe va deifoune v pyevikey aviodtnta ya my || - ||,

Avioétnta Minkowski ywa ouvaptioeig. Av f,¢g: [0,1] — R givai ovveyeic ovvaptioeg

rkarl < p < oo, 10Te
</01 |f(t) +g(t)\pdt> v < (/01 ‘f(t)|pdt> 1/p N </01 ’g(t)‘pdt> 1/p.

3. Ztov ([0, 1]), tov xdpo tv ouvaptioeav f : [0, 1] — R mou éxouv ouvexr) mapdywyo,

UIopou e va dewprjoouiie ) vopua

A1 = 1 lloo + 1 fllo-

IMapatnprjote 611 N
LA =11 lloo

ev eivat voppa (kat dev enayet petpixn) otov C1([0, 1]).

4. A%iCet tov KOTO va Soupe ) PoP@r) IOV MaAipvouv ot enayopeves Hetpkeg dy(f, g) =

Il f — gllp otov C([0,1]). Av f, g : [0,1] — R eivai ouvexeig ouvaprtroeig, tote

a0 = ([ 1560 - g<t>|pdt)1/p

av 1l < p < oo rat

doo(f,9) = max{|f(t) — g(t)] : t € [0,1]}.
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1.3 Aorknocig

Opada A’

1. Eow (X, ||-]|) xopos pe voppa. Asifte 6t nj voppa eivat dptia ouvaptnon Kat Ikavorolet
Vv avicotnta

[zl = llyll| < llz =yl

v kabe x,y € X.

2. Eow (X, p) petpirdg xopog. Asifte ou:

(@ [p(x, ) — ply, 2)] < ple,y) via xabe z,y, = € X.
B [p(x,y) — plz, )| < pla, 2) + ply, w) yia x&be 7y, 2, w € X.

3. o R 9ewpoupe ) ouvapmon o : R X R — R pe o(a,b) = \/m. Arodeilte ot o
(R, o) eivat petpirdg xwpos.
Tevikotepa, deifte ou: av (X, || - ||) elvar xwpog pe voppa kat av Sewprjooupe v
d: X xX —>Rue
dwy) = Ve =3l wyeX,

e 0 (X, d) etvatl perpikdg Xmpog.

4. Eow (X, d) petpkog xopog. Asifte ot ot ouvaptijoeg p1 = min{d, 1}, ps = #‘ld Kat
do = d* (0 < a < 1) etvat perpikég oto X.

5. Av dj, d eivat petpikég oto ouvoro X e&etdote av ot dy + do, max{dy, d2}, min{d;, da}

eivat petpikég oto X. Av n d eivat petpiky) oto X, eivat n) d? petpikr) oto X;
6. Eotw (X, d) petpikog xopog. Anodeitte 1ig akdAoubeg 1810tnteg tng dapétpou:

(@) diam(A) = 0 av xat pévo av A = () f 1o A eivar povoouvodo (6ndadn, A = {z} ya

karow x € X).
(B) Av A C B C X tote diam(A) < diam(B).
(y) Av A, B C X téte 10xUel n aviodtnta

diam(A N B) < min{diam(A), diam(B)} < max{diam(A), diam(B)} < diam(A U B).

Ioxuet n avicotnta

diam(A U B) < diam(A) + diam(B)

yia ka0e {guydpt urtoouvodev A, B tou X;
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6) Av (A,) eivar pa akodoubia vnoouvodev tou X pe diam(A,) — 0 kabog n — oo,

Sei€re 6t 10 (o2, A, eival 1o oAU 110vooUvolo (€xel To TIOAU éva ototxeio).
n=1*"n

7. AeiSte oul éva unoouvodo A tou petpikou xopou (X, p) eivat gpaypévo av kat povov av

urnapyouv xg € X katr > 0 oote p(a, ) < r yua kabe a € A.

8. 'Eoww A1, ..., Ap gpaypéva pn Kevd urocuvola tou Petpikou xopou (X, p). AeiSte oul

10 ouvodo A U As U - - - U Ay, eival emtiong gpaypévo.

Opadéa B’

9. (a) Eow f : [0,00) — [0,00) avdovoa cuvapmon pe f(0) = 0 kat f(z) > 0 yia xabe
x > 0. Ynobétoupe emiong éu ) f etvat vmompoodetur}, nd. f(x +y) < f(z) + f(y) yua
KA0e x,y > 0. Asi§te out: av n d eival petpikr) oo X tote kai n f o d eival petpikr) oo X.
(B) Anodei&te st av f : [0,00) — RT, 1618 kaBepia anod tg akéAoubeg 18618tn1Teg ivat kavn
va g§aopadioet v urorpocdstukotta mg f:
(i) H f sivat xoiAn ouvaptnon.
f(z)

(if) H ouvapmon x — ==, x > 0 eivat pbivouoa.

(y) Xpnoworowwvtag ta (a) xat (B) dei§te 6t o1 ouvaptroeig g Aoknong 4 sival petpikeég.

10. (Avwodtnta Holder yia ovvaptioeig) ‘Eoww f, g : [0,1] — R ouvexeig ouvaptroeig kat
P, q ouduyeig ekBéteg (SnA. p,q > 1 kat 1% + % = 1). Aeite 61

Aluumu>ﬁss(Aﬂﬂwwm)up<éﬂmwwa)wf

11. Aei§te 61 o xwpog (C([0,1]), | - |lp) we

|mu=<AWﬂwVM)W

12. @eepoupe 0V X0po S OAeV TV akoloubiwv mpaypaukeov apidpov. 'Eotw (my)

givatl Xxowpog pe vopuda.

axolouBia Setikav apBpwv, pe Y, my < 4+00. Opiloupe anootaon d otov S g e8ng: av

z=(z), y = (yn) € S, Htoupe

00
‘xn_yn’

dl@,y) = ) mn——— —.
7; n1+‘xn_yn’

Aeitte 6t 0 (S, d) eivarl perpikdg xopog, Kat urnodoyiote ) Siapetpod tou.
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13. Eote P 10 0UV0OA0 TOV MOAUGVURGV e MPaypatkoug ouviedeotés. Av p(x) = ag +

a1x + - -+ + apx™ eivatl éva noAucvupo aro 1o P, 10 Upog tou p givat 1o
h(p) = max{|a;| : i =0,1,...,n}.

(a) Asi§te ot 0 P eival ypappikog Xwpog He 1§ MPASelg Katd onueio Kat 1 ouvaptnon

h : P — R eivatl voppa otov P.

(B) Aci&te 6t n ouvdpton o : P — R, e
o(p) = laol + |ar| + -+ + |an|

givat voppa otov P.

(y) Aeige ou h(p) < o(p) < (n+ 1)h(p) yia kGO roAUGVUIO p BaBpov To oAU n.

14. Bsepoupe 10 xopo (P, h) tng mponyoupevng doknong Kat v (cop, || - [|oo). Arobeigte
6u n ouvapton f : (P, h) — (oo, || - [|oo) 1ie
p(@) = a0+ a1z + -+ ana® L f(p) = a = (0,01, ., 00,0,0,...)

£ival 100popPPIoN0g YPAPHIIKGOV XOPKV ToU dlatnpel 1§ anootdoelg. AnAadn, n f eivar 1-1,

eIt KA1 1KAVOTIONOtet Tig Oxéoelg
M flp+aq) = flp)+ fla).
@) f(Ap) = Af(p).
(@) [[f(p)lloc = h(p)
yia kabe p,q € P xat A € R.

Oopada I’

15. Ztabeporolotpie évav mpwto apibud p rat Yempoupie 10 oUVOAO Z TV arkepaiav. Av

m,n € Z pe m # n, 9étoupe p(n, m) ) peyadutepn duvaurn tou p nou dwatpei tov [n —m

’

dnAadn av m # n, 101
p(m,n) = max{k >0 :m = nmodp"}.

Opiloupe o), : Z X Z — R pe

op(m,n) =
p(m,n) 0. o

{ 2_”(’"’”), m#£n
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Aeite ou 1) o) eivat petpikr) oto Z kat o (Z, op) eivat gpaypévog PETPIKOG XWPOS.
16. Eoww () # A C (0, +00). Anodei€te 11 untapyet petpikog xwpog (X, p) wote

A={p(z,y) 2,y € X, z # y}.

17. ®eopouje Toug Xwpous £, 1 < p < oo kat ¢p.
(a) Aeifte 6u: av 1 < p < g < oo tote £}, C £, Kat 6Tt 0 eyKAEI0P0G eival yviolog.

(B) Aeite 6t: av 1 < p < oo 1te £, C cp Kat O 0 eyKAe1opOg eivat yvrotog.

(y) Na Bpebei akoroubia © = (x,,) mou ouykAivel oto 0 aAdd Sev avriket oe kavévav £,
1 < p < 0o. Me dAda Aoyia, o ¢ mepiexet yviowa v éveon (J{f, : 1 < p < oo}.

(8) Na Bpebei akodouvbia x = (z,) wote x ¢ 1 addd x € £ yua kabe p > 1.

18. O xu6og tou Hilbert H™ eivatl n cuddoyr) 0Awv te@v akoAoubv = = (zy,) pe |z,| < 1

ya kabe n € N,

(a) Asigte ot
o

d(x,y) =Y 27" |0 — ynl
n=1
opilet petpikr) oto H™®.
(B) Av z,y € H™ xat k € N, S¢roupe My, = max{|x1 — y1], ..., |xr — yr|}. Aei&e o

27F My, < d(z,y) < 27 4 M.

19. ®zwpoupe T povadiaia Eurleidela opaipa S™ 1 = {x € R™ : ||z|]z = 1} otov R™.,
Opioupe «arndotaorny p(z,y) dvo onpeiov z,y € S™=1 va sivar 1 kupty yevia zoy oto

erinedo mou opidetatl ano v apxr tv afdvev o kat ta &, y. AsiSte 6u: av p(z,y) = 0 e
0
T — = 2sin =
&= yll2 = 2sin
K1 OUPIEPAvAte Ot
2 m—1
—p(,y) <llz —ylz < plz,y),  @yes"

Eivat 1 p petpikn oty S



Kepalairo 2

ZUYKA101] aKOAOUO10OV KAl CUVEXELA

oUVAPTOEDV

2.1 ZUykAion arkoAouOiadv

Ztov Amelpootikd Aoylopo HeAEOAPE ) OUYKALOT aKOAOUOIOV MPAYHATIKGOV aplOpav.
Me 1t0ov 6po arofouvdia mpayuatkov apduwv evvooupe kabe ouvaptnon = @ N — R (pe
rebio oplopoly 10 oUVOAO TRV PUOIKGV aplBuov kat tpég oto R). Zuvnbeg, ypagoupe
xn = x(n) yua 10 n-ootd 6po g akodoubiag = xatr oupBoAiloupe g arkodoubieg pe

Av (z,,) eivat pia akodoubia oto R, Aépe ot n () ouykAivetl otov rpaypatikd aptdpo

T av 10XUeL 10 €ENg:

Ta k@B € > 0 undpyel Yuokog ny = no(e) pe v WBwoma: avn € N kat
n = no(e), wte |z, — x| < €.

Y& auty Vv nepinwon, ypagouvpe limx, = x 1 lim z, = z 1, o arq, =, — .
n—oo

Te auty v napaypado divoupe tov 0plopod tou opiou yia pia akodoubia (x,) o éva
Hetpko Xopo (X, p). O 0plopog unayopeUstal amnod Tov aviioto o 0plopo yia akoAoubisg
npaypatkov apidpov: n Baoiky 8éa eival ot pia akodoudia (x,) ouykAivel oo © € X
av propoupe va Bpoupe 600 Kovtd 9Edoupe oto = £va teAiko tuApa g akodoubiag {x,
n > ng}. looduvapa, 9a Aédyape ou n (z,) ouykAivet oto = av n andotaocn Tou T, Ao 1o &
tetvetl oto 0 otav 1o n tetvel oto amnepo. O1 BA0IKEG TIPATEG CUVETIEIEG TOU OPLOFI0U TOU 0piou
£€axoAouboUV va 10XU0UV 010 YEVIKO TAQIO10 TV PEIPIKOV XOp®v. Ot arnodeifeig dev €xouv
Kapia ouolaotikr Sadopd ard tg avtiotoixeg arodeifelg yia akoAoubisg mpaypatkov

aplOpwv.

19
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2.1.1 ZuyrAivouoeg arkoAouBieg

Eow (X, p) évag petpirdg xopog. Axofoudia otov X eivar kaBe ouvaptnon = : N —
X. Tpagoupe x, := x(n) yua 1ov n-00t6 0po g akodoubiag = kat cupBoAiloupe tg

axoloubieg pe {z, 102 f {zn} 1 (zp) Hz = (21, 22,...,ZTn,...).

Oplopoég 2.1.1 (ouyxAiorn akodoubiag). Aépe d6u pia akodoubia () OTO PEPIKO XOPO
(X, p) ovyriiver oo x € X w¢ mpog tn uetpikn p (1 eival p-ouykAivouoa) av

yua kabe € > 0 unapxet ng = no(e) € N oote av n > ng va woxvet p(T,, ) < €.

Ia va 10 dnAwooupe autd ypapoupe T, Ly 1 armeg =, — . To x Aéyetal p-6pro (4

ArA®g 0p1o) g akoloubiag.

Ipdétaon 2.1.2. 'Eotw (z,) ua akofovdia oto uetpiko yapo (X, p) kat éotw x € X. Tote,

Tn 25 & av xat uévo av n axofovdia (p(n, x))n Moayuatkov apBuUOL eivar undevin).

Anobefn. Apkei va ouykpivoupe toug 8Uo optopoug: 1 akodoubia (p(zp,x)), oo R
etvat pundevikn av yia kdbe £ > 0 unapyxet ng = np(e) € N dote av n > ngy va 1oxvet

p(n, ) = |p(n, z) — 0] < £. 'Opag auté cupbBaivel av Kat Pévo av &, —— . O

Mpédtaon 2.1.3. 'Eotw (z,) pa axofovdia oto uetpikd xopo (X, p). Av undpyet 1o dplo

g (zy,), 10te auto givar povadiko.

Amnobeiln. YroBetoupe ot zy, L5 2 xat T 2y 1y, orou x,y € X. @a beifoupe ot x = .

IMpaypatt: yua kabe n € N éxoupe
0 < p(z,y) < plx, zn) + p(an, y).
Av Sewpriooupe tuxov € > 0, unidpxet ng € N oote, yia kabs n = ng,

p(xn, ) < kat p(xn,y) <

DN ™
DO | ™

Tote, yla kabe n = ng,

p(x,y) < p(z,zn) + plan, y) <e.

Agou 1o £ > 0 fjrav wyov, éretat ot p(z,y) = 0, apa = = y. a

Ipétaon 2.1.4. 'Eotw (X, p) uetpikog xopog. Av (xy,), (yn) akofouvdieg otov X karz,y €
X pewy L5 7 kar Yn o Y, 101 p(Tn, Yn) — p(2,Y)-

Amnobeifn. Ba Xpnoornor)ooupe éva Afjpa rmou £xel ave§Aaptnto eviiapepov:
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Afjppa 2.1.5. 'Eoww (X, p) petpucog yopog. Tote 1oy Uouv ot aviootnieg:
(@ |p(x, 2) — p(y, 2)| < p(z,y) yra kade x,y,z € X.
®) [p(z,y) — p(z,w)| < p(x,2) + p(y, w) ia kade z,y, z,w € X.

Amnidbdeiln tov Anuparog. (a) 'Eoww x,y,z € X. Ao Vv IpIyOVIKL aviootnid g PEIPIKG

gxoupe

Zuvbuddovtag 11§ duo aviodtnteg aipvoupie

lp(z,2) — p(y, 2)| < p(z,y).

(B) Av x,y, z,w € X, ano myv 1piyevikr avioot)ta oo R éxoupe

Ip(z,y) — p(z,w)| < |p(z,y) — p(z,y)| + |p(2,y) — p(z, w)]

'Opeg, and 1o (a) woxuet

lp(z,y) — p(2,y)| + |p(2,y) — p(z,w)| < p(z, 2) + p(y, w).

|

Ermotpépoupe topa oty anodeidn g npodtacng: XPnotponoioviag ty avioota () tou

Afppatog 2.1.5 BAénoupe 6T

’p(xmyn) - p(a:,y)| < p(xn,a:) + p(yn,y) —0

Kabwg n — 00, apou T, 25 2 xat Un, SN 9. O

2.1.2 TIIapadeiypata cUYRA1IONG Ot PETPLKOUG XOPOUG

1. BswpoUpe 1) dlakpit) PPk § ot éva ouvodo X. Tote, pia akodoubia (z,) otov
(X, ) etvat ouyxkdivouoa av kat pdvov av sivat tedikda otabepr).

Anddeiln. Yrobétoupe mpmta Ot Xy, i> x. Tote, unapyxet ng € N dote: av n = ng tote
Sz, z) < % A6 oV 0p1opo6 NG Slakpitg PETPIKNG, £netat ou 0(xy,, x) = 0 yia xkabe
n = ng 1 aAAeg, ot T, = & yua kabe n > ng. Luvenog n (z,) eival tedikd otabepr). To
avtiotpodo eival mpoPaveg aro ToV OPloH0 TOU 0piou: o KABe PEIPIKO X®POo, KAabe TeAka

otaBepr] akoAoubia sival cuykAivouoa. O



22 KEDPAAAIO 2. XYTKAIZH AKOAOY®IQN KAI YYNEXFEIA YYNAPTHXEQN

To 810 emxeipnpa deixvet ot otov kKUBo tou Hamming (H,,, k) pia akodouBia ouykAi-
VeL av Kat povov av eivat tehikd otabepry: €oww (,,) akodoubia otov H, pe z, i> x.
Téte, undapyxet mo € N oote av m > myg va woxvet h(xm,, x) < % ‘Opwg n h aipvet povo
ug upés 0,1,...,n. Apa, h(zy,,z) = 0 yla xabe m > mg. Andabdn, z,, = = yla Kabe

m = mg. a

2. [lemepaouévo ywouevo uetpikov yopov. Eow (Xi,dy), ..., (Xk, dr) perpikoi xopot
kat X = Hle X; 1o Kapteowavo toug yvopevo. Andadr), ta otoixeia tou X eival k-adeg
g popong = = (x(1),...,z(k)) pe z(j) € X, j = 1,..., k. Mia perpikn) d oto yvopevo
X = Hle X, Aéyetatl puetpikn) ywopevo av 10xUeL 10 €Eng:

Mua akodoubia x,, = (x,(1),...,2,(k)) oto X ouyrAweroto z = (z(1),...,z(k))
d

7

®G 1pog v d av Kat pévo av cuykAivel katd ouvietaypévn, dnAady z,, (i) —

(i) yiaxabe i = 1,... k.

[Mapd&derypa: oo X opidoupe ) petpikr) d = Z?Zl d;, dnAadn

Tote, 1 d eival PETPIKI) YIVOHEVO.

Anobeln. 'Eow (x,) pia akodoubia oto X. Tote, 1 (x,) £xel ) popdn

Ty = (n(1),2,(2),...,2,(k)), n=1,2,....

Av doutdv urobéooupe O T, 2 = (x(1),z(2),...,z(k)) tote z,(7) SN z(i) yua
i=1,...,k. Opaypaw avi € {1,2,...,k} é¢xoupe
di( (i), () <Y dj(@n()), 2(4)) = d(zp,7) — 0
j=1
kabmg n — oo, dndadn x, (i) N x (7).
Avtiotpoga: av x, (i) LN xz(i) yiai=1,2,... k, autd onpaiver 6u d;(z, (i), x(i)) — 0 yua

1=1,2,..., k. Zuvenag,
d(zn, x) = di(2n(1), £(1) + - - + dp(zn(k), 2(k)) — 0

Kabog n — 00, dnAadn x, LI, O
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3*.  'Ameipo ywiuevo petpikov xopov. Eow (X;,d;), i = 1,2,... akodoubia perpikov

Xopwv oote di(z,y) < 1 yiakabe 2,y € X;, i =1,2,.... Zo X = [[;2; X; opiloupe
uetomn d: X x X — R pe

y(@)),

w‘}_.

orov x = (z(1),2(2),...), y = (y(1),y(2),...) pe x(:),y(i) € X; yiardbe i =1,2,.... H
d elval mpaypatt PETPIKY] KAl PIopouiie va eAéySoupe Ot eivatl Petpikn yivopevo (6nAadn,
1 oUYKA10n @G TIpog TV d eivatl 1oduvapun pe ) oUykAton Katd ouvtetaypévn): 'Eote ()

axkolouBia otov (X, d). Tote ) (z,,) eivat akodouBia akoAoubiov:

x1 = (x1(1),21(2),...,21(3),...)
xg9 = (x2(1),22(2), ..., z2(i),...)

la m pia katevbBuvorn, vnobEtoupe Ot Ty, Ay = (z(1),2(2),...,2(i),...) kabBog 0
m — oo. @a bei§oupe ot yia kabe i = 1,2,. .., 10X0et Ty, (1) N x(i) kabwg m — oo.

Eoww 7 € N. Tote, yiua kabe m € N 1ox0et
o
27'd; (@m (1) Z 7),2(j)) = d(zm, ),

kat enedn) d(zpm, x) — 0 énetar o d; (2, (2), (7)) — 0 Kabog m — 0.

H dAAn xkatevBuvon agrjvetal ®g AoKNor). O
4*, O xv6oc tou Hilbert H*°. To ouvolo
LN ={2: N>R ||z(i)| < 1,i=12,...}

10 £p0d1adoupe e T PETIPIKT)

=1

omou = = (2(i)) xary = (y(1)). O nerpwog xopog ([—1, 1], d) Aéyetar kv6og tou Hilbert

Kat oupBoAiletal pe H™°. H ouykAion otov kUBo gival katd cuvietaypév.
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Anobeln. 'Eow (z,,) pa akodoubia otov kuBo, 6nAadr)
Tm = (Tm(1), 2m(2), ...,z (i),...), m=1,2,...

orov |z, ()] < 1yuam,i=1,2,... Ynobétoupe ot Xy, L= (x(1),2(2),...,2z(7),...).

Tote, yia kabe k € N woxvet

2 Flam (k) — (k) <D W = d(xpm, )
=1

yia kabe m € N kat eredr) d(xy,, z) — 0 énetat 6 2, (1) — (i) kabodrg m — oo yia kabe
i=1,2,....
Ioxuetl kat to avtiotpo@o: &nAadn, av =, = (T, (1), 2, (2),...) eival pa akodoubia
otov H*® (6nA. |z, (i) <1, i,m =1,2,...) oote (i) — z(i) ylaxabe i = 1,2,... 0te )
, , ) . d _ , .
x = (x(1),2(2),...) elvat oroixeio tou H*> xat pddiota ,, — . Eekivape napatpoviag

ot agou X, (1) — x(i), éxoupe |z(i)| = lim |z, (i)| < 1, dpa z € H>°. Ta va Sei§oupe 61t
m

d , . . , . ,
Ty — @ apkel yia kGO € > 0 va Bpoupe éva my € N wote av m = my tote d(xpm,, x) < €.

®a XPnoRonoIjooUpE Vv e§Hg avicotnta (aoknon): av x,y € H™ 1ote
oo . .
(i) — ()] _
dlw,y) =) =g S Mg +27% k=12,
i=1

My, = max{[e(1) — y(1)],2(2) = y(@)l, .. [o(k) — y(R)]}.
‘Eoto € > 0. ®¢toupe

M = max{|zm(i) — z(i)| :i=1,..., k).

Tote, yia kabe k € Noyxver M — 0 xabog m — oo (yati;). Emiong, undpxet k = k(e) €
N oote 2% < 5. IV auto 1o k woxver M| — 0, dpa undpxet mo(e, k) = mo € N oote av

m = mg va woxver M < % Av Aoutév m = my, TOte
m 1 € €
KAl autd 0AORANp®vel v anodeign. O

2.1.3 Baoikég arkoAouBieg Katl @paypeéveg arkodoubieg

O optopodg g akodoubiag Cauchy (1 Paowkrng akoAdoubiag) mpaypatikev apOpov yevi-

KeUETAL K1 AUTOG AJIECA OTO MAAIOI0 TOV PETPIKOV XOP®V.
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Oplopog 2.1.6 (Baoikr) akodoubia). 'Eotwwe (z,) pia akodoubia oto petpikd xopo (X, p).
Aépe ou n (zy,) eivar Baoucr (1) Cauchy) av yia kafe £ > 0 undpxet ng = np(e) € N oote

av m,n = ng W0t p(Tm, Ty) < €.

Mpdtaon 2.1.7. 'Eotw (X, p) petpucog xwpog. Tote, kade ovykiivovoa arxoilovdia atov X

elvar axojslovdia Cauchy.

Anobeln. 'Eow () ouykAivouoa akodouBia. Tote, unapyet ¢ € X oote x, L, . Eow

£ > 0. APoU x, — x, unapxet ng € N dote av n > ng 16te p(n, ) < 5.

'Eot® m,n = ng. Tote,

g g
P(@n, Tm) < p(Tn, ) + p(T, ) < stg==c

Tuvenog, 1 () eival akodoubia Cauchy. O

Oplopdg 2.1.8 (ppaypévn akodoubia). 'Eotw (z,) pia akodoubia oto petpiko xopo (X, p).
Aépe ou n (z,) eivat gpayuévn av 1o ovvoro A = {x,, : n € N} eivar gpaypévo urtootivodo

tou X. Me dAAa Aoyia, av unidpxet C > 0 oote p(Zm, T,) < C ya kd0e m,n € N.

Mpdtaon 2.1.9. 'Eoww (X, p) uetpucog xwpog. Tote, kade Baoucr) akofovdia otov X eivar
gpayusun.
Eibucdtepa, kade ovyriivovoa arxofovdia otov X eivat gpayuévn.

Anobdein. 'Eow (z,) Paown akodoubia otov (X, p). Tote, undpxet ng > 1 oote av

m,n = no va 10xXVeL p(Ty, Ty) < 1. Ewotepa, p(xn,, n,) < 1 yia kd6e n > ny. @¢toupe
C =max {p(x1,Zng)s -y P(Tng—1, Tngy), 1} > 0.

Tote, yia kabe n € N éxoupe

P(Tns Tny) < C.

Ao v pyevikn aviootnta énetat (egnyrnote yati) ot
sup{p(Tm, xn) : m,n € N} < 2C.

Tuvenog, 1 (o) eival paypévn.
O 8eUtEPOG 10X UPIONOG TIPOKUITIEL APIECA ATTO TOV IMP®TO, ddpou Kabe ouykAivouoa akoAou-

9ia eivatl Baoikm. O

HMapatnprocsig 2.1.10. (a) Yrapyouv mapadeiypata PEIPIKGOV XWPKOV OTOUG Ortoioug dev

ouykAivouv dAeg o1 Baoikég akodoubieg. ‘Eva napddeiypa etvat o xwpog (Q, | - |) wov prtév
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He ) ouvhfn petpky: n akodoubia (g) omou ¢, = (1 + %)” eve eival Baowkr), ev
ouykAivel og pnto aplopo.
Ta éva dAdo napdderypa, ag Sewpriooupe 1o Xwpo (R, p) pe ) petpiky

plx,y) =f(z) - f(W)], =y€eR,

émou! f(t) = Mﬁ Tote n akoAouBia x, = n eivat p-Paocikr) aAdd dev eival p-ocuykAivouoa.
[Mpaypat, enedn n (f(n)) eivar ouykdivouoa wg mpog ) ouvrOn petpiky eivat xkat | - |-
Baoiwkr), 6nAadn

p(n,m)=|f(n) — f(m)]| =0 xabodg m,n — oco.

AMG, 1) (x4,) Bev elvat p-ouykAivouoa, 1ot av frav tdte 9a unrpxe = € R oote p(n, z) —
0. A6 v dAAn mieupa, agou f(n) — 1,

p(n,z) = [f(n) = f(z)| = [1 = f(z)].

‘Opwg wte, |1 — f(x)] =0, 8nAady @57 = 1. Autd givat Groro.

A6 10V Amelpootiko Aoylopo yvepiloupe o1l ) Katdotaor autr 6ev propet va epda-

viotet oto R pe ) ouvhOn petpikn @ exkel, kKGOe Paokr) akodoubia ouykAivelt. Ot perpikol
X®WPOl otoug ortoioug KABe Paoikn akoAloubia cuykAivel Aéyovial TANPES UETOKOL X WPOL
kat 9a toug peAetrjoouiie Sexwplotd apyotepa.
(B) oAU ardouvotepo sival va doooupe mapadeiypata PHEIPIKOV XOPOV OTOUG OI0i0uUg U-
ApXouv @paypéveg akoAoubieg mou Sev eival Baoikég. Zto R pe ) ouvhbn perpikn,
n x, = (—1)" eivar gpaypévn addd dev eival Baokry, agov |x, — Tn4+1| = 2 yia kabe
n=12...

2.1.4 YnaxolAouOieg

Eow (X, p) évag perpiroég xopog kat £0tw () pia akodoubia otov X. Av k; < ko <
- < ky < -+ eivar pua yvnoieg avdouca akodoubia guokeov apibpwv tdte n (xg, )

Aéyetal unakoAouBia g ().

Hapatnprosig 2.1.11. (a) Av k : N — N eivat yvnoieg av§ouoa akodoubia karx : N — X
etvat akodoubia otov X, tote n xok : N — X eivai unakodoubia g (x, ). Ta mv akpibeiq,
KkGOe unakodoubia g (z,,) eival n ouvBeon g akodoubiag (z,) pe pia yvnoieg avgouoa
akoloubia puolk®V aplBpwv.

(B) Av (ky,) eivar pa yvnoing avouoa akodoubia guoikev apiBpav, £xoupe ou k, = n ya

KGPe n =1,2,.... H (ardr)) andédei§n autoy tou 10XUplopol yivetal Je enayoyr).

'mapatnprote 6t 1 f eivat 1-1 ané 1o R eni tou (-1, 1).



2.1. XYTKAIZH AKOAOY®IQN 27

Amnodeikvuetal, akplBeg OTIOG OV MEPIMTOOT T®V AKOAOUB1OV ITPAyHaATIKOV aplOpov,
. P . . , . p .
ou av x, — T 1O yua Kabe unakodoubia (x, ) g (x,) wxvel xx, — x (Goknon
4(a)). 'Eva dAAo anotédeopia mou petadEpeTal Xwpig Kaptd 6uokodia and 1o mAaiolo 1ev

IIPAYPATIKOV aplOPoVv 08 autd TV PEIPIKOV XOPKV eivat 1o eEhg:

Ipdtaon 2.1.12. 'Eow (X, p) évag uetpikdg xopog kat €0t (,) axofovdia otov X . Av
n (x,) evat Baokn kar éxet ovykiivovoa unarkofoudia, 1te ouykAivet.

Anobeicn. Eote oun (x,) eivat Baowkn xkat 6t 5, —— x, érov n (y, ) etvat urtakodoubia
wmg (Tn).

Ioxupioudg. H (z,) ouykAivel oto .

[Ipaypat, éote € > 0. Enedn n (z,) eival Baokr) éxoupe 6t undpxet ny € N dote

av n,m = ni.

Do ™

P(Tny Tm) <
Emnpoobétwg, Ty, sz, apa untdapxet ng € N oote
€
plxg,,x) < 5 av.n > no.

®¢toupe ng = max{ni,ne}. Iapawmprote 6t av n > ng wWie k, = n = ngy, ondte
n, ky 2 N1 KA1 N 2 ny. LUVENQG,

P(@n, 2) < p(Tn, T, ) + p(Tp,, T) <

. . p
Enetair out x,, — . a

Lo (R,| - |) woxver 6u xabe @paypévn axoroubia éxer ouykAivouoa uraxkoloubia.
To arotéAdeopa autd enekteiveral oty nepinworn tou EukAeibeiou xopou orotacdnmote

Siaotaong.

Ocsopnpa 2.1.13. Kade gpayucvn axoiouvdia otov R™ (ue v Eukisibeia uetpkn)) éxet

ovykAivovoa vnaxojlovdia.

Anobealn. 'Eotw x, = (2,(1),...,2,(m)) akodoubia otov R™. Av n (x,) eivat ppaypévn,
wte N (2,(1)) eivat gpaypévn akoroubia oto R. Anéd 1o avtiotoiko arotédeopa oto R, €xet

ouykAivouoa urtakodoubia (z, (1)):
zg, (1) = 1.

H untakodoubia (z,, ) g (x,) éxel Aowtdv ouykAivouoa mpotn ouvtetaypévn. H (xy, (2))

eival gpaypévn akodoubia oto R, dpa éxet ouykdivouoa unaxodouBia (g, (2)):

a:k/\n (2) — I9.
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[Mapatnprote o1

Ty, (1) — =,
810t n z, (1) — 21 ®at n (zg, (1)) eivat unakodoudia g z, (1). Apa, n vrakoAouBia
(:vkkn) €xel ouyrAlvouoa mpot Kat deutepn ouvietaypévr. Zuveyiloviag pe mapopolo
TPOTO PEXPL TV M-00TH| CUVIETAayHévT) Kat raipvoviag m 8iadoyikég urtakodoubieg g ()
Bpiokoupe urtakoAouBia tng n omoia £xel KABe ouvietaypévn g ouykAivouoa. 'Exoupe
Sei€el o1 1 ouykAon akoloubiag otov EukAeibelo xopo eivat i0oduvapn pe t oUyKAlon

KATA OUVIETAYHEVT), OUVenag 1 (x,) éxel ouykAivouoa urtakodoubia. O

e TUXOVIa PETPIKO X®Po 10 Osopnpa 2.1.13 dev 1oxUel KAt avayknyv, onwg @aivetat

Kat and 1o akéAdoubo napddsiypa:

Hapadeiypata 2.1.14. (a) Oswpoupe 10 X0 (Co, || - [|oo) TOV HNdeVIKOV akodoubiov pe

) PETPIKY OV EMAyETal ano v supremum véppa: av = (z,) kary = (y,) 10t

doo(z,y) = sup{|zp —yn| :n=1,2,...}.
L& autd 1o XOpo dewpoupe v akodoubia (e;,) érou

er = (1,0,0,0,...)
es = (0,1,0,0,...)
es = (0,0,1,0,...)

n ornoia etvat epaypévn apou deo(en, €m) = |len — emlloc = 1 avn # m. H i61a 106tta
Betyver 6u 1 (e,,) Bev propei va éxel ouykAivouoa urakodoubia: av eixe, ot 6pot g
untakoAoubiag da Emperte TEAKA va ArEXOUV ATO0TAo PKPOTePT amo 1.

(B) 'Eva akdpa o arAo napddsiypa naipvoupe av dswprjooups ) Slakpit) PEpiky &
ot éva drelpo ouvodo, yia rapddetypa o N, H akodoubia z, = n owov (N,0) eivar
ppaypévn adAd dev £xel cuykAivouoa untakoloufia (CUPIANPWOOTE TIG AETTTOPEPELES, OTIWG

OTO ITPONYOUHEVO ITApadetypa).

2.2 Xuvéxela ot £€va ONUELO KAl apy1n Ttng petadopdag

YrievOupidoupe tov € — § 0p1opo TG CUVEXELAS Y1 TIPAYHATIKEG ouvaptioets. Av A esivat
éva pn kevo untoovvoro tou R, f: A — R kat zg € A, t6te Aépe 6u 1) f eival ouvexig oto

T av: yla k&Oe € > 0 untdpyet § > 0 dote:

avz € Axat|xr — x| < 0, wte |f(x) — f(zo)] < e.
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Aépe o n f eivar ouvexrig oto A av eivat ouvexng os kabe g € A. H yevikeuon tou

OP1OH0U NG CUVEXELASG OTO MAAIOI0 TOV PETPIKOV XOP®V £lval apeon :

Opopdg 2.2.1. 'Eow (X, p) kat (Y, o) &vo perpikoi xopot. Mia ouvapmon f : X — Y

Aéyetat ovveyrg oto xg € X av

yia kaBe € > 0 unapxer § = 6(xp,€) > 0 dote: av x € X kat p(x, xg) < 0 0T

a(f(2), f(x0)) <e.

Mua ouvaptnorn f : X — Y Aéyetar ouvexng otov X av eivat ouvexng oe kabe onpeio tou
X. To ouvoldo twv ouvexwv ouvaptioewv [ : (X, p) — (Y, o), 10 oupBoAidoupe pe C(X,Y).
Ebikdtepa, av Y = R ypagoupe C(X) avti tou C(X, R).

Mapadeiypata 2.2.2. (a) 'Ectw § n Siakpit] PETPIKY 0 éva Jir) Kevo ouvodo X Kat £0te
(Y, o) tuxev petpirog xwpog. Kabe ouvaptnon f : X — Y eivat ouvexrg.

Anobeln. Eow [ : (X,d) — (Y, 0) tuxovoa cuvaptnon kat éote g € X. @a dei§oupe
ot n f elvar ouvexfig oo xg. Ilpaypat: éotw € > 0. Ermdéyoupe 1 = % > 0. Amo
v optopd g I, av x € X kat 6(x,z9) < n = % wte x = g, apa f(x) = f(zg) rat
o(f(z), f(zo)) =0 <e. O
(B) Kabe axodoubia f : N — X sivar ouvexnig cuvdaptnon (e§nynote yiati).

(y) H tautoukn ouvéapwon I : (coo, || - ||oo) = (o0, || - ||2) bev eivar ouvexng.

Anodeiln. Tlapatnpriote Ot 1] APVNON TOU OPIOROU TG CUVEXEWAG piag cuvdaptnong f :
X — Y oo zg € X Satunoverat g €€ g:

H f: X — Y eivat acuveyrg oo xg € X av kat povo av urapyet € > 0 oote:

yla kafe 6 > 0 unapyxer = € X pe p(x, o) < d xat o(f(z), f(xg)) = €.

@a arodeitoupe 6u n I eivar acuvexng oo 0 = (0,0,0,...). Ipaypau: av z, =
1 1

—,—,...,—,0,0,...), n € N, tote €xoupe

(\/ﬁ NG N ) Xoup

n—9¢oelg
1 (zn) = 1O0)]l2 = [ (2zn)ll2 = [lznlls =1

Kat )

n = Ol = e = =
Av erudétoupe € = % rnapatpovpe ot yia kabe 6 > 0 undpxet x5 € coo pe || 25|l < O
kat [|I(zs) — 1(0)]|2 > 5 (apxei va ermdé§oupe 25 = @, V1A KAIIOO N APKETE HEYAAO GOTE

ﬁ < 0). Zuveniwg, 0 1 : (coo, || - |loo) = (co0, || - |]2) eivar acuvexnig oto 0. O
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H ouvéxela meprypadetal péom tng oUYKA1oNG akodoubiwv, akplBog Onwg KAl otnv

[EPIITI®OT] CUVAPTIOE®V TToU opidovtatl oe urtoouvola tou R.

Ipétaon 2.2.3 (apxn) ng petagopdg). 'Eoww (X, p) xar (Y, o) 6U0 petpucoi xwpot kar £0te
f: X =Y karxg € X. Ta akofovda eivar icodbvvaua:

(a) H f elvar ouvexri¢ oto x.
(B) INa kade arxofovdia (x,) otoweiov tou X ue &, = xo 1xver f(zn) — f(x0).

(y) Ta kade axofoudia (y,) ue yn —— 20, n axofovdia (f(yn)) eivar o-ovyrivovoa.

Amnobein. Asixvouype pwia v woduvapia wev (a) kat (B).

(a)=(B) Eowe SN o kat € > 0. Enedr) n f eival ouvexng oto xp untdpyet § > 0 ote
avz € X rat p(z,z9) < § 0te o(f(x), f(xo)) < €. Erurmdéov, enedn) x,, — g UIAPXEL
no € N oote av n > ng tote p(zn,x0) < 9. Zuvbualoviag ta mapandve BALroupe ot

o(f(xn), flxg)) < € avn = ng, Snhady) f(x,) — f(zo).

(B)=(a) ®a deifoupe ou n f eivar ouvexng oto xp. YroBétoupe o1l Bev 10XVEL TO OU-
prépaopa. Tdte, unapyouv g9 > 0 kat akodoubia (z,) otoixeiov tou X pe 2y g
kat o(f(xy), f(xo)) = €0 yia n = 1,2,... (egnyfote yat). Ano wyv undbeorn éxoupe
f(zn) -2 f(z0), 10 omoio eivat datoro (tedkd, Sa eixape o f (), f(20)) < o).

Asixvoupe topa Vv woduvapia tev (B) kat (y).
(B)=(v) [Ipogavés: av yn -5 29, ano mv unéBeon éxoune f(yn) 5 f(z0), apan (f(yn))
etvatl o-ouykAivouoa.

(y)=(B) Eotww (x,) akodoubia otov (X, p) pe z, 5 2. ®eopoupe v akoroudia

xg, n=2k-—1

Yn = (anxlax()avaanx?):"') 6nAa6f] Yn =
rE, n=2%k

yla v ortoia eUkoAa Heixvoupe 0Tl GUYKAivel 0to Tg. Ao Vv urnobesor), vrapxel y € Y
oot f(yn) — y. Emméov, f(yon_1) = f(z0) - f(x0), apa y = f(z0). Topa, apret
va rapatpiicoupe 6t f(za) = f(yan) 2 y = f(z0). 0

Xpnoonoviag tnv apxt] g HEtapopag Uopoue va dei§oupe ot n ouvOeon ouve-

XWV OUVAPTHOE®V £lval OUVEXTG.

Mpédtaon 2.2.4 (ouvbeon ouvexwv ouvapmoenv). Eoww (X, p), (Y,0) kat (Z,7) peg
uerpucol xwpor. 'Eotw f : X — Y karg : Y — Z 6vo ovvaptroeig. Av n f elvar ovvexrig
oo xp € X karn g givai ovvexng oto f(xo) €Y, wtengo f : X — Z eivai ovvexrig oto xg.
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Anobeln. '‘Eoww (x,) akodoubia onpeiov tou X pe x, — xo. Apou n f eival ouvexng oto

xo, N apxn) mg petagopdag deixver 6u f(xy,) — f(o). APou n g eivar ouvexng oto f(xp) €

Y, yua kaBe akodoubia (y,) onueiov tou Y pe y, — f(z0) éxoune g(yn) — g(f(xo)).
‘Opws, f(z,) €Y xat f(z,) = f(x0). Tuvenag,

9(f(xn)) = g(f(x0))-

Ia xabe akodoubia () onpeiov ou X pe x,, — xo deiape ou

(g0 f)(@n) = g(f(2n)) = g(f(x0)) = (g © f)(z0).

A6 v apxn tng petagopdg, n g o f eival ouvexng oto . O

To Sedpnpa rmou akolouBei Sivel ) oxEon NG OUVEXELAG He TG OUVLOelg aAyeBpikeg
PAgelg avdpeoa os paypatikeg ouvaptroeslg. H anodeign tou eivat apeon, av xpnotpo-
IO OOUHE TNV apXl] TG HETadPopag o ouvduaopo He Tig aviiotoixeg 1610tnteg yia ta opla

aKO0AOUBWV TPAYPATIKOV aplOpov.

Ocopnpa 2.2.5. Eoww f,g9: (X,p) = R, édoto A € R ka1 éotw xg € X. Ynodérouue ot ot
f, g elvar ovveyeic oto xg. Tote,

(@) Ot f + g, \f kar fg eivar ovveyeig oo xg.

(B) Av emmiéov g(x) # 0 yia kade x € X, 10te 5 opiletar oto X kat givat ouveyrg oto
xg.

Amnddeifn. H anoden 0Aov 1oV 10XUplopev eivat arin: yia mapadetypa, yia va deioupe

ou n g elvat ouvexng oto g, CUPP®VA HE TNV ApXI] TNS HETadopds, apkei va beifoupe o1,
yia ka0 akodoubia (z,) onueiov tou X nou ouykAivel oto zp, 11 akodoubia ((5) (xn)>

ouyKkAivel oto (5) (z0). A6 v urobeor, ot f Kkat g eival ouvexeig oto xp. Ao Vv apxy

mg Hetagopag éxoune éxoupe f(x,) — f(zo0) ®at g(zn) — g(w0). Aol g(r,) # 0 yua
kaBe n € N kat g(xg) # 0, éxoupe

(1) o= L), o) _ (1)

g(xn) — g(xo)

H amobeidn mg ouvéxelag wv f + g, Af xkat f - ¢ oto zg aprivetal @g AoKnon yla tov

avayveotn. O

Hépopa 2.2.6. 'Ectw (X, p) uetpucog yapog. O xopos C(X) twv ouvexov ovvaptioewv
[ X = R givar yoapuukdg xopog.
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2.3 Aorknocig

Opada A’

1. Eow (X1,d1), ..., (Xk, dr) nenepaopévn otkoyévela PETPIKOV X0P@V. Anodei§le 6t ot

MAPAKAT® OUVAPTHOEIS £ival PETPIKEG Yivopevo oto X = Hle X

Poo(T,y) = max{d;(x(i),y(i)) :i=1,2,...,k}

Kat

orou x = (z(1),...,z(k)), y = (y(1),...,y(k)).

2. 'Eow (z,) xat (y,) Paocikég akodoubieg oto petpiko xopo (X, p). Asidte ou n oy, =

p(Zn, yn) elvar Baowkr) akodoubia oto R.

3. Eow (z,,) akodoubia oto petpko xopo (X, p). Oswpoupe v akodoubia {E,} vro-
ouvoAwv tou X pe
E,={zp:k>n}, n=12...

Kat tv akolouBia
tn, = sup{d(zg,zyn) : k = n} €[0,+00], n=1,2,...
Aei&te 611 ta akddouba eival wobuvapa:
(@ H (z,,) sivat Baowky).
(B) diam(E,) — 0 xabog n — oo.

V) tn = 0 xabog n — oo.

4. Eow (z,) akodoubia oto petpiko xopo (X, p) kat éotw = € X. Aeifte ou:
(@) Av 11 (z5,) ouykAivel oto z tdte KAOe urakodoubia (z,, ) NG (2, ) ouykAivel oto .

(B) Av xa@Be untakodoubia g (x,) €xel urtakodoubia 1 oroia cuykAivel oto x, 1ote 1) (Ty,)

ouykAivel oto .

5. 'Eoww (X, p) petpirog xwpog. Oswpoupe tov X X X pe onotadnrote PHetpiky) yivopevo
d. Aeire ouun p: (X x X, d) — Rype (z,y) — p(z,y) etvar ouvexrg.
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6. Eoww (z,) akodoubia oto petpikd xopo (X, p). Yrobitoupe ou yua karow x € X
10XUel 10 €81¢6: yia kaBe ouvexr) ouvapmon f : X — Roxver f(z,) — f(z). Eivat owoto

oz, — T;

Opaéa B’

7. Eow (X,,d,), n = 1,2,... akodoubia perpikov xopov wote dy(x,y) < 1 yia kdbe

z,y € Xp,n=12.... @ewpoupe 10
o
X=]]xn= {x = (z(1),2(2),...,z(n),...): z(n) € Xn}.
n=1

AnAabdn, o X anotedeitat and oAeg t11g akoAoubieg o1 ornoieg ot n-ootr) 9o £xouv otoixeio

tou X,. Opidoupe d: X X X — R pe
1
n=1

Aei&te ot 0 (X, d) sivat petpikog xwpog kat 1 d eival PeTpiky) yivopevo.

8. Eow (X,,dn)nen axodoubia petpikov xopov kat X = [[>7, X,,. Opitoupe d :
XXX —=Rupe

o

- 1 dulzn,yn)
WD) =D T a(rny);

n=1

Aei&te ot o (X, d) eivat petpikdg xwpog kat 1 d eivat PeTpiky) yivopevo.

9. Eow 1 < p < oo kat & = (z(k))ken € £p. Ta ka6e n € N opifoupe ), € £, pe
zn = (2(1),...,2(n),0,0,...).

Aeitte 61t nlgrolo |zn, — 2|, = 0. Ioxvet to avtiotoo anotédeopna otov L)

10. Eow (z,) akodoubBia oto petpiko xopo (X, p). Asifte 6u n (x,,) ouyxkAivet oo € X

av kat povo av i akodouvbia (y,) = (z1, z, 2, T, T3,Z, ..., T, T,...) OUYKAiveL

11. Eow (z,) akoloubia oto petpikd xopo (X, p). Yrobétoupe ou x,, — = € X. Aci€te
ot: yla kabe petabeon (1-1 kat eni ouvapon) o : N — N n akodoubia y, = T (n)

OUYKAivVeEL K1 AUTr| OT0 Z.

12. 'Eocw (X, p) perpikdg xopog xat (x,) akodoubia otov X pe x, # T, yia n # m.
®¢toupe
A={x, :n=12,...}.
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Aeigte ou: av z, — = € X 10te yua kaBe 1-1 ouvapmon f : A — A woyve f(z,) — .

13. Eow () akodoubia oto petpikd xwpo (X, p). Aépe dun (x,) £xel gpayuévn kuuavon
av -
Zp(xnafvn-l—l) < +o00.
n=1
Arodeigte ta akédouba:
(@) Av 1 (xy,) €xet paypévn Kupavorn tote eivat Baoikr) (apa, kat gpaypévn). loxuvet to
avtiotpodo;
(B) Av 1) (z,) eivat Baoikr) tote £€xet urtakodoubia pe epaypévn Kupavon.
(y) H (z,,) éxer Baowkn) urtakodoubia av kat poévov av £xel unakoloubia pe @paypévn

Kupavon.

14. 'Eow (x,) akoloubia oto petpikd xwpo (X, p). Aei€te ou n (x,) éxer Baowkn uvna-
xodouBia av Kat pévo av éxet urtakoloudia (zy, ) pe v Wwta p(zy, , Tk, ) < 50 Via
kabe n € N.



Ke¢paiawo 3

TormoAoyia HETPLRAOV XOPWV

3.1 Avoilkta Kait KAe1otd ouvoia

3.1.1 Avoikrtd cuvola

Opiopég 3.1.1. 'Eotw (X, p) perpikog xopog kat £0to g € X.

(a) H avowkt) p-pundAa pie KEVIpO 10 g Kat aktiva € > 0 eivat 1o ouvolo
By(xo,e) ={z € X : p(z,z0) < €}.

(B) H xAetlotr) p-pndAa pie KEVIPO 10 Tg Kat aktiva € > 0 eivat to ouvoAo
Ep(ato,s) ={z e X :p(x,z9) <e}.

(y) H p-odaipa pe kévipo 10 ¢ Kat aktiva € > 0 eivat to ouvolo
Sy(zo,e) ={x € X : p(x,x0) = €}.

'Otav 6ev untdpyetl KivGuvog oUyXUong OXETIKA HE T HETPIKT] OV oroia avadepopaote, Sa
niapadeinoupe tov Seiktn ota aviiotoiya ouvoda kat 9a ypapoupe ardwg B(xg, ), S(xo, €)

K.ATTL.

HMapadeiypata 3.1.2. (a) Ocwpovpe £va P Kevo ouvodlo X pe ) Siarpitr] PETPIky 4.
Trwov (X,0) av r > 0 éxoupe

Bla.r) {z}, avO<r<1
x,r) =
X, avr > 1

Kdat

35



36 KE®PAAAIO 3. TOIIOAOI'TA METPIKQN XQPQN

) X\ {2}, avr=1
S(x,r)—{(& avr #0,r # 1.

(B) Zto R pe 1t ouvrOn petpikn,
B(z,e) = (x — e,z +¢), B(z,e) =z —c,z+¢, S(z,e) ={zx —¢e,x +¢}.
(y) 1o [0, 2] pe ) ouvhOn petpky,

B(1/2,1) =[0,3/2), B(1/2,1)=[0,3/2],  S(1/2,1) = {3/2}.

(6) Ztov R? ewpote tig vopueg || - |1, || - |2 ®Kat || - |oo. AV p1, p2, poo eivat ot emaydpeveg

HETPIKEG, TOTE

~

By, (0,1) ={(z,y) : 2| + y| < 1}
(popBog pe kopugeg ta (£1,0) xar (0,+1)),
Bpu(0.1) = {(z.y) : 2” +9° < 1)
(6iokog pe xévipo 1o (0,0) kat axtiva 1) kat
By (0.1) = {(z,y) : |2| < 1|y < 1)
(tetpaywvo pe Kopugeg ta (1, £1)).

Opiopég 3.1.3 (sowtepikd onueio). 'Eoww (X, p) petpikog xopog kat éotw A C X. To z €

A Aéyetat eowtepikd onpeio (interior point) tou A av unapxet €, > 0 wote By(x,e,) C A.

Op1opdg 3.1.4 (avoiktd ouvolro). 'Eote (X, p) évag petpikog xopog kat éotw G C X. To G
Aéyetat p-avoukto (open) av yia kabe x € G undpxet £, > 0 vote By(x,e,) € G. Andadn,

av kaBe onpueio tou G eival e0wTEPIKO TOU onpeio.

Hapabdeiypata 3.1.5. (a) Kabe avowktr) prdda eivat avoiktd ovvodo. Ilpdypatt: €0t
B(z,r) ma avowku) pridda ot éva petpko xopo (X, p) xat éow y € B(z,r). Agou
p(x,y) < r, undpxete > 0 oote € < r — p(z,y). Hpndra B(y, €) nepiéxetat oy B(z, r),
yiati av t € B(y, ) tte p(y,t) < € Kat 1 Ipiyeviky aviodtta pag divet

p(t,x) < p(t,y) +ply,z) <e+plx,y) <r

Ao my tedevtaia avicotta énetat ou t € B(z, 1), apa B(y,e) C B(x,r).
(B) ®ewpoupe ) Srakpitr) PETPIKY § ot €va pn Kevo ouvodo X . Kabe uroouvodo tou (X, §)
eivat avoiktd. Ilpaypat, éotw A € X. Euxkolda sdéyyxouue ot kaBe onueio tou A sivai

€00TEPIKG: av a € A dte yua 0 < € < 1 wyvet Bs(a,e) = {a} C A.
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(y) Ta daotpata g popong (a,b] oto (R, | - |), a < b dev eivat avoiktd. Av Sewpriooupe
m pridda pe kévepo 1o b kat axtiva € > 0 ocodrnote pikpn, wte B(b,e) € (a,b], s6u
b+ 5 € B(b,e) alda b+ 5 ¢ (a,b].

6) Zrov (R, | -

), 1o Q Bev eivat avoikto, 610t kAbe Hrdotua mepiExel APPNTOUG.

H enopevn mpotaon meptypdgel Bacikeg 1810T1eg TG OIKOYEVELAS TOV AVOIKTOV UITO-

OUVOA®V €VOG PETPIKOU XWPOU.
Mpdtaon 3.1.6. 'Eow (X, p) petpucog xywpog. Tote, toxvouv ta arxofovda:!

(a) Ta X, ) eivar avorkta.

(B) Av (G, )ier1 eivar pua ouoyéveia avouktov umoouvoidwv tou X tdte 1o oUvoio Uie 1 G givat

AVOIKTO.

(y) Av ta G1, Go, ..., G, gvat avouctd 10te 10 ﬂ?zl G; =G NN G, evat avoikto.

Anodeiln. (a) Apeco aro tov oplopo TOU aVOIKIOU CUVOAOU.

(B) Eoww = € |J;c; Gi. Tote, undpxet ig € I vote v € Gyy. Agov 10 Gy eival avoikto,
urnapxet 9 > 0 wote B(x,20) € Gy € U,er Gi- Apa, 0 [J;c; Gi eivat avokro.

(y) Eocto x € Gy N--- NGy Tote, x € G; yia kdOe i = 1,...,n. Apou 6Aa ta G;
etvat avoktd, yia kdbe ¢ = 1,...,n vnapyet g; > 0 oote B(x,g;) C G;. Oftoupe ¢ =

min{eq, ..., e} > 0. Tote, yia ke i = 1,...,n éxoupe € < &, apa
B(z,e) C B(z,&;) C G;.
Suvenog, B(z,e) C i, Gi. 0

Hapatfpnon 3.1.7. Av £XOUHE H1d AIEIPT] OIKOYEVELN AVOIKTIOV OUVOA®V O £va HUETPIKO
xopo (X, p) téte n topn toug dev eival kat avayknv avoilktd ouvodo. Ta mapadeypa,

av oo R pe ) ouvnBn petpikn Sewprjcoupie v akoAoubia tov avoiktov cuvodev G, =

(—%, %) n € N, napampouvpe 6u (.~ G, = {0}, o oroio dev eivat avokté (egnynote ug
Aertop€peieg).

H enopevn nipdtaon 6ivel £va XapaKInpiopo 1oV avolKIm®V OUVOA®V PE0K TG CUYKAIONG

aKoAouO1GV.

V'Otav éxoupe pia owoyévela UMOoUVOA®Y evég cuvodou X 1 omoia mepiéxel 10 X, 10 Kevo ouvolo, eivat
KAE10T!] ®G IPOG EVOOELG KAl IEMEPATHEVEG TOPEG, TOTE Aépe Ol €xoupe pa tomoAoyia oto X. Me aut) v
opodoyia, n IIpotaon 3.1.6 pag Aéet OTL I OIKOYEVELD TOV AVOIKIMV UMTOOUVOARV £VOG HETPLKOU XWPOU (€101

oneg autd opiobnkav) eivat pia tortodoyia ¢’ autov.
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Ipdétaon 3.1.8. 'Eoww (X, p) uerpucog xwpog kat G C X. Ta axofovda eivar woodvvaua:
(a) To G sivar avowkto vroovvoo tou X .

(B) Ia kade x € G rkar yia kade axofovdia (x,) oo X ue Lz undpyxeing € N oote

avn = ng 10te x, € G.

Anobeifn. YnoBétoupe mpota 6t 10 G eival avoiktd urocuvodo tou X. Eow =z € G
kat (x,) akodouBia oto X pe 25 . Agpou 10 G eival avoikto, urapyetl € > 0 wote
B(z,e) C G. Apou 2y 2, unapxet no € N dote av n > ng te p(xn, ) < €. Zuvenag,
xn € B(x,e) C G yua xd0e n = ny.

Avtiotpogpa unoBetoupe ot dev 1oxvel 10 (a), 6ndadn 6t 1o G bev eival avoktd. Tote,
unapyet ¢ € G oote yia kabe € > 0 n pndda B(z, ) va pnv niepiéxetat oo G.

Tuvenag, yia n = 1,2, ... pnopovpe va Bpoupe x,, € B (x, %) N (X \ G), dnAady
1
xn ¢ G rav p(zp,z) < —.
n

Auto onpaivel 6u n (x,) ouykAivel oto & Kat 6Aot o1 Opot g eivatl extog tou G, onote Sev

oxuet 1o (B). O

Mépiopa 3.1.9. 'Eotw (X, p) uetpirog ywpog. 'Eva uroovvoio V tou X givar avorkto av

Kat povov av givai (evdexoUEVOS ATelon) EVWON Aro AVOIKTEG uraiegs tou X .

Anddeiln. Av 10 V elval éveoon and avoikiég prdleg tote eivatl avolktd oupgova pe v
[Tpdtaon 3.1.6. Avtiotpoda, £0tw 61 10 V eival avokto. Tote, yia kabe x € V undpyet

£z > 0 wote B(x,e,) C V. Mapampnote ou V = | J, oy B(z, ez). O

IIpotaon 3.1.10 (avoiktd urtoouvola g eubeiag). Kade avoucto ovvoioU oo R ypagerar

®¢ apunowun Evaon Evwv ava dUo avotkt®v S1actnuatov.

Anobeln. Eowo x € U. Apou to U eivat avoikto, unapyet £, > 0 oote (z—e,,x+¢e,) C U.
®<toupe
ag = inf{s: (s,z] CU}.

Tote (az,x] C U: avt € (az,x] tote 10 t Sev eival KAt @paypa tou ouvodou {s : (s, z] C

U}, dpa undpyxet s < t pe (s,2] C U, apa t € U. Me avadoyo tpéro, av découpe
by = sup{t: [z,t) CU}
arnodekvuetat ou [z, by) C U. Zuvenwg yua kabe x € U wyvet (ag, by) C U, apa

zeU
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Ioyuptopdg 1. Av z,x € U xat z € (ag, by) 0t (ag,by) = (az,b,).

Hpaypat, [z,b,) C U dpa b, < b, xat (ag, 2] C U dpa a, < ay. Zuvenag, (ag,b,) C
(az,b:). Topa, apov x € (a,,b,), to 1610 erxeipnpa deixver ou (ay,b,) C (ag, by).
Ioxupioudg 2. Av z,y € U t6te efte (ag, by) N (ay, by) = 01 (az, by) = (ay, by).

Hpaypat, éotw 6t (az,by) N (ay,by) # 0. Toéte, Sewpovpe z € (agz,by) N (ay,by) kat

XPNOHOMOIWVIAG TOV MPKOTO 10XUPIOHO TTaipvoupe

(az,bz) = (az,b,) = (ayaby)~

Aro tov Seutepo 1oxuptopd kat v (k) givat gavepd ot to U ypagetat ot popdn
v=J 1,
Jj€J
orou I; §va ava 6Uo pn kevd avowktd Swaotnpata. Tédog, n maparndave £veorn sivat
ap®pfiown: opidoupe 7 : J — Q wg e&ng: av j € J emdéyoupe wg 7(j) tuxovia pnto
gj € I;. H 7 eival éva mipog éva, 6161 ta [; etvat §éva. Agou 1o Q eivat api®pnopo, o J

etvat ertiong ap@prowpo. O

3.1.2 KAsiota ouvolda

Op1opdég 3.1.11 (kAew0t6 oUvoro). 'Eote (X, p) petpikog xopos kat ¢otw FF C X. To F

Aéyetat p-Keioto (closed) av 1o cuprdnpepd ou F¢ = X \ F eivat p-avoikto.

Hapadeiypata 3.1.12. (a) Ze k4O petpko xopo (X, p) ta povoouvoda {z}, r € X eiva
KAg10td (e€nynote yiati).

(B) Kdbs xAsiotr) prdda E(m,r) etval kAewoto ouvodo. Ilpaypart, o X \ E(azjr) elvat
avolktd: o y € X \ E(:J;,r). Tote, p(z,y) > r. Emdéyoupe 0 < 1 < p(z,y) — r Kat
éxoupe out B(y,n) C X\ E(x,r) 8o, av z € B(y,n) éxoupe p(z,y) < n kat

p(z,x) = ply, x) = p(z,y) > pla,y) —n >,
6nAady z € X \ B(z, r).
E8kotepa, oo R pe ) ouvrOn petpiky), kaOe xAewoto diaompa [a, b] eivat kAeloto
ouvolAo (e€nynote yati).
(y) To Q oto R pe ) ouvhbn petpikr) dev eivat kKAe1oto ouvodo, 816t 1o R \ Q Sev mepiéyet
dtdotnpa.
(6) Bewpoupe tuXOV 1n Kevo ouvodo X pe ) dlakpit) petpiky 6. Kdabe uroouvoldo tou

(X, 0) etvar kAeioto (nyrote yatd).
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(e) Eoww (X, d) perpikog xopog. 'Eotw x € X kat akodoubia (x,) otov X, wote z, — .
To ouvolo
E={z,:n=12,...} U{z}

etvatl kAelotd otov (X, d).
[paypat, av y ¢ E, tote § = d(z,y) > 0. Apou x, — x, urapxet ng € N oote
xn € B(x,§/2) yia xabe n > ny. Oftoupe

r=min{d(y,x;) :i=1,2,...,n0} > 0.
Av ertdétoupe 0 < ¢ < min{r/2,J/2}, edéyxoupe evkoda ou B(y,e) C X \ E.

Hapatipnon 3.1.13. 'Onwg deixvouv ta mpornyoupeva rapadeiypata, éva urmoouvolo
T0U petpikoy Xwpou (X, p) propei va punv eivat oute avoikto oute kAeiotd. Ermiong, éva
OUVOAO TIOU €ival avoiKio (avtiotoiX®g, KAE10TO) Propel va eival Kat KAe1oto (aviotoixag,

avoiktd).2

Zinv mponyoupevny rnapdaypado S®oape XApaKINplopd TV AVOIKIOV OUVOAQV PEO®
akodoubiov. Av (X, p) eival évag petpikog xopog kat G C X, tote 1o G eivat avoikto
av Kat povo av woyvet 1o e&ng: yia kabe x € G kat yia kdbe akodoubia (x,) oto X pe
T L5 unapxet ng € N dote av n = ng 0te x, € G. Xpnoypornowwviag auty) v
ooduvapia priopovpe va S®OOUPE AVIIOTOLXO XAPAKINPIONO Yid Ta KAEIOTA OUVOAQ: eival
ekeiva ta uroouvoAd tou X TOU TEPLEYOUV Ta 0pla CUYKAIWOUG®OU akojoudiodv otoLyeiov

T0UG:

Ipétaon 3.1.14. 'Eoww (X, p) uetpucog yopog kat F' C X. Ta akofovda eivar ioobvvaua:
(a) To F' eivar kAeioto umoovvoo tou X.

(B) Av (x,,) elvar axofouvdia oto F pe x,, Py e X, 6tex € F.

Anobeiln. Yrnobétoupe ripota 6t to F' eival kAewoto kat Sewpoupe akodoubia (z,) oo F
1 oroia cuykAivet oe karow x € X. 'Eow ouz ¢ F. Tote, x € X \ F katto X \ F' eivat
avoiKTo. Ao TOV XAPAKIPIORO TOV AVOIKTOV 0UVOAeV, urapyxet ng € N oote x, € X \ F
yla kabe n > ngy. Autd odnyet oe dtorno: yua kabe n > ng naipvoupe x,, ¢ F.

IMa v avtiotpodn Kateubuvor urtobetoupie ot 1oxvel 1o (B) aAdd to F Sev eival kAe1oto.
Tote, 10 X \ F 8ev eival avoikto. Zuvernog, unidpyet ¢ € X \ F pe my e§ig 186tta: ya
K40e € > 0, B(x,e) N F # (). Emdéyoviag Sadoyikd € = % n =1,2,..., Bplokoupe
T, € F oot p(zy,z) < 1.0 =1,2,.... H (2,) eivat akoroubia oto F xat z, 25

Agou £xoupe dextei 1o (B), Emetat 6t « € F'. Auto eival atorro. O

2Ta ovvoda mou eival oCUYXPOVES AVOIKTA KAt KAEWOTA avagépovial ouxvd og clopen.
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O1 Baoikeg 1610TTEG TG OIKOYEVELAS TOV KAEIOTOV UTIOOUVOA®V VOGS HETIPIKOU XDPOU
®G IPOG TIS CUVOAOOEDPTTIKEG TIPASELS TIPOKUITIOUV AHECA ATIO TIS AVIIOTOXES 1810TTEG TG

OlKOV£VELUG TV AVOIKTIOV UITOCUVOAGV
Mpdtaon 3.1.15. 'Eow (X, p) petpucog ywpog. Tote woyvouv ta akojovda:

() Ta X, 0 sivar kAsiota.
(B) Av F1, Fy, . . ., F, givat jua nemepaocusvn otkoyévela KAgtotav unoouvoAwv tou X, 10te n
£VwOoTN TOUg UZ‘L:1 F; eivat kieioto ovvoo.

(y) Av (E;)ier €lvar oucoyéveia kietotov urtoouvoiav tou X, 10te 1 Tour} 1oug ﬂie 1 B elvar

KAeoto ovvoso.

Amnobeiln. Ta anotedéopata MPOKUITIOUV dpleca anod toug turoug tou De Morgan

<UAi>C= M A4S xa (ﬂAz)C: s

i€l i€l i€l el
KAl arnod Tov 0plopo TOU KAE10TOU OUVOAOU ®G CUPMANP®OPATOS AVOIKIOU GUVOAOU. O

Mapatipnon 3.1.16. Av £X0OUpE J11a ATIELPT) OIKOYEVELA KAEIOTOV CUVOA®V Ot £éva PETPIKO
X0po, 10Te 1 éveor] toug dev eival Kat avayknv kAeiwotd ouvodo. Ilpdypat, oto R pe
1 ouvnOn PeETPIKY), av dewpriooupe v akoloubia rAsiotdv Swaopatev F, = [%, 1],

n=2.3,...,1e U, F,=(0,1] kat o (0, 1] 8ev eivat kAetoté uroouvolro twu R.

3.2 Eoowtepiko Kat KAsiotn 9Ky

3.2.1 Eo®teplro ocuvoAou

Opiopdg 3.2.1 (sowtepikd ouvodou). 'Eote A éva urnoouvolo tou petpikou xwpou (X, p).
To eowteowkod (interior) tou A eival 10 oUVOAO OAGV TOV EO0MTEPIKWV onueiov tou A kat

oupBoAiletat pe intA (1 A°). AnAadr,
A°=intA={x € A|Je>0 : B(zx,e) C A}.

Hapatipnon 3.2.2. T'a kabe A C X 10 eootepikd A° tou A sivar avoikté ouvoldo.
[paypat, éotw x € A°. Tote, unapyet € > 0 wote B(x,e) C A. Avy € B(zx,¢e) e,
9¢toviag 0 = € — p(x,y) > 0 éxoupe B(y,d) C B(z,e) C A. Tuvenog, kabe y € B(x,¢)
eivatl eowtepiko onpeio tou A. Andadry, B(x,e) C A°. Apa, 10 x eival e0otepkd onpeio

tou A°.
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Hapadeiypata 3.2.3. (a) To sowtepikd U (a,b] oto R wg mpog ) ouvnOn petpiky) eivat
o (a,b).

(B) To eowtep1kd tou Q oto R eivar to 0.

(y) To e00teEP1KO Plag avolkng PItadag os £va PEIPIKO XWPo eival 1 idla n prdla.
O1 Baoikég 1810TTEG TOU E0MTEPIKOU MIEPTYPAPOVIAL OTNV EMOHEV] TIPOTAOT).

Ipdétaon 3.2.4. 'Eocww A, B unoovvoia vog uetpikov xwpou (X, p). Tote, woxvouv ta
efng:

(a) A° C A.

B) A° = | H{V C A : V avowkwo}. Ioodvvaua, 10 eowtepiicd 1ou A gival 1o péyloto avorkto
oUvoAo Tou TEpiEyetat oto A.

(y) A° = A av kat uovov av 1 A eivar avoukto.

(6) Av A C B, tote A° C B°.

) (AN B)° = A°nN B°.

(o) A°UB° C (AU B)°.

Anobeiln. (a) Etvar apeco ano tov optopo.

(B) Av z € A° tote unapyet € > 0 wote B(z,e) C A. Apa
x € B(z,e) C U{V C A:V avowktd}

8ot 1o B(x, €) eival avoiktd ouvodo rou repiExetat oto A.

Avtiotpoga, ¢oww = € | J{V C A : V avowtd}. Tote, undpxet V, C A avoikto, wote
x € V. Apa, urtapyet € > 0 pe B(x,e) C V,, dndadn B(x,e) C A, onote z € A°.

(y) Amé tov mponyoupevo 10xXUptopo €xoupe ot 1o A° elval avoikto ©g €voor avolktov
ouvodav. Zuvenog, av A° = A énetat ot 1o A sival avoikro.

Avtiotpoga, av to A sivat avoikto tote A° = A. Tpdypatt: ano to (a) apkei va deifoupe
ou A C A°. AAAG, agou 1o A sival avoikto, éxoupe 6t KaBs onpueio tou sival s0ntepiko
onpeio tou A, 6ndadn A C A°.

(6) Eotw A C B xat ¢oww x € A°. Tote, unidpxet € > 0 dote B(x,e) C A C B. And tov
0P1010 TOU E0WIEPIKOU onueiou éxoupe out x € B°.

(e) Etvat AN B C A, dpa (AN B)° C A° ano 1o (§). Opoiwg, éxoupe 6u (AN B)° C B°.
Yuvenwg,

(ANB)° C A° N B°.
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Axopun, A° C A ka1t B° C B, apa A°N B° C AN B. Agpou 1o A° N B° givat avokto, aro
10 (B) £&xoupe

A°NB° C (AN B)°.
Tuvbuadoviag ta raparave BAéroupe 6u (AN B)° = A° N B°.
(00 Ioxvert A C AU B, dpa A° C (AU B)°. Opoing, naipvoupe B° C (A U B)°, ondte
éxoupe A°U B° C (AU B)°. O

Mapatipnon 3.2.5. O tedeutaiog eykAelopog propet va givat yvrjowog. T'a napadsiypa,
oto R pe ) ouvnbn petpiky yia A = [0, 1] xar B = (1, 2) éxoupe A°U B° = (0,1) U (1,2)
evo, (AU B)° = (0,2).

AAAo mapddetypa pag divouv ta A = Q xat B = R\ Q otwov 810 xwpo. 'Exoupe
A° = B° =) xa1t AU B = R. Zuvenog, A° U B° =), evao (AU B)° =R.

3.2.2 KAcsiot 91K ocuvoédou

Oplopog 3.2.6 (onpeio enagrg). 'Eote (X, p) perpikog xwpog kat éotw A C X. Tox € X
Aéyetar onueio emagric (contact point) tou A av yia xabe £ > 0 woyver AN B(x,e) #

(6nAadn av kaBe prdAa pe KEVIPO 10 & TMEPIEXEL OTO1XEla tou A).

Znusioon. Iapatnprote 6t to ¢ € X eivatl onueio ernagrg tou A av kat povov av urdpxet
axkoAoubia (a,,) otoxeiov tou A vote a, L2 H arnode1€n autou ToU 10X UPIooU adrjvetat

®g dornor (Seite 1o ermyeipnua tng arodegng wng [podtaong 3.1.13).

Hapadeiypata 3.2.7. (a) Zwo (R, |- |) 9ewpoupe 1o ouvodo A = (0, 1]. To onpeio 0 eivar
onpeio enagng tou A.

(B) Av () eival pia akodoubia oe éva petpiko xwpo (X, p) dote oy, 5 2, t6te 10 7 eivan
onpeio enagrg tou ouvodou A = {z, : n € N}.

(y) ®swpoupe TUXOV 1N Kevo ouUvodo pe 1 Sakpiy petpikyy §. Av A C (X ), tote éva
z € X eivatl onpeio enagrg tou A av kat povov av r € A.

Oplopdg 3.2.8 (kAeiotr) 91kn). 'Eote (X, p) petpikog xopog kat ¢otw A C X. H kiewom)
9nxen (closure) A (1) cl(A)) tou A eivat 1o ouvoro tev onpeiov enagng tou. Andady,

A=cl(A)={r e X :Ve>0,ANB(x,e) #0}.

Hapatipnon 3.2.9. Ta kaBe A C X 1 rAetor) 99kn A tou A eivar kAelotd ouvolo.
[paypart, ¢0te (z,) akodoubia oto Apez, 2 z. TiakéBe n € N propoupe va Ppoupe

an € A oote p(an, ) < % 81611 kAbe x, eival onueio enagng tou A. Téte,

1
p(an, z) < p(an, Tn) + p(an, ) < n + p(xp,x) =0,
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dnAadn a, — . H (an) etval akodoubia oto A kat ay, 5 2. Suveng, x € A.

Mapadeiypata 3.2.10. (a) o (R, | - |) 10xvouv ot oxéoeis Q@ = R kat R\ Q = R.
(B) Zo (R, |-

), ava,b € Rpea <boecl(a,b) =cl(a,b] =clla,b) = [a,b.

(y) Bewpolpe TuxOv P Kevo ouvoAo pe ) Sraxkprrr] petpikr) §. Ta kabe A C X 1oxvet
A=A

H endépevn nipdtaon nieptypdget 11§ Bacikeg 1610tnteg g KAg1otg 9KNG.

Mpdtaon 3.2.11. 'Eow (X, p) uetpucog ywpog kat A, B C X. Tote, woxvouv ta e&ig:
(@ A C A.
B) A= {F 2 A: F xiewot}. loodvvaua, n kieion 9rkn 1ou A eivar 1o eAdx10to kAelotd

vumoavvoflo tou X ato omoio mepigyetat 1o A.
¥) A = A av ka1 uévov av 10 A givar kAe1o10.
(6) AvA C B, wéte A C B.

) AUB=AUB.

(c) ANBC ANB.

Anobdeailn. (a) Tlpopavég anod tov oplopo g KAstot)g 9fkng. Kdabe onpeio tou A sivat

onpeio eragng tou A.

() Eidape 611 1o A eivatl kAewoto ka1t A C A. Tuvenidg, N{F D A : F xdeotd} C A.
Avtiotpoga, ¢0to F xAe1oto ovvodo dote A C F. Av x € A 16t unidpyet akohoubia

(z5,) oo A pe L5 2. Tére, Ty € F xat apot 10 F' eival kAeloto ouprniepaivoupe ot

r= lim x, € F. AnAadn, A C F. Enetat 6u A C N{F D A : F rAewot6}.

n—oo

(y) Av A = A 161e 10 A eival kAeloto 61611 10 A gival KAe10TO.

Avtiotpoga, av 1o A sival kKA£1016 16te, adpou 10 A mepléXetal OTov £qUTO TOU, £XOUHE
A=N{F 2 A:F rdewot6} C A, 6nradny A C A. OUteg 1§ dAAeg oxver A C A, omote
naipvouye tedikd v wotna A = A.

6) Av A C Bt A C B C B, dnAadn A C B. To B sivat éva xAe10t6 0UVOAO TOU
rniepiéxet 1o A, dpa rnepiéxet kat 1o eAdx10To KAE10TO Movu MePieXet 10 A, dnAadn) v KAslot)
91kn wou A. Etol, A C B.

(e) Xpnowpornowovrag 1o (6) kat toug eyrAsiopoug A C AU B kat B C A U B BAénoupe
ouAC AUBxa1 BC AUB, apa AUB C AU B. ErumMéov, sivat A C Aka1 B C B
dpa AUB C AU B. Agou 10 AU B eival xAeioté ouvolo, amd 1o (B) mpoxumtet ot
AUB C AU B. TeAikd, éxoupe 6u AU B = AU B.

(o1) Ioxvet AN B C A, onéte ANB C A. Opoiog, ANBC B, apa ANBCANB. O
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Hapatfpnon 3.2.12. O esykAeiopog otnv tedeutaia oxéon propei va eivat yviiowog. Ta
napadetypa, oto (R, | - |) éxoupe QN Q° = P evedr, Q N Q° = R.
H endpevn Ilpdtaon Sivel pa moAu xpriowan oxéon duiopou yla v KAelotr) 91K Kat to
E0MTEPIKO
Ipdtaon 3.2.13. 'Eotw (X, p) uetpikdg xwpog kat éotw A C X. Tote ioxvouv ot akojoudeg
OXE0EIg:
@X\A=(X\A4r°.
B)X\A° =X\ A
Aniddeifn. (a) Bswpoupe tuxov z € X. Tote, 10xUel akpBwg éva arod ta akoAouba:
1. Twa ka6 € > 0 1oxvet B(z,¢) N A # (). Ioodvana, = € A.
2. Ynapxet € > 0 oote B(z,e) N A = 0, énhadn B(z,e) C X \ A. looduvapa,
x e (X\A)°.
AuTé amodekvuet 6T ta ovvoda A kat (X \ A)° eivat Eva kat éxouv wg évaon 1o X.
Enetat ou X \ A = (X \ 4)°.
(B) Epappodoviag v miponyoupevn wootta pe to X \ A ot 9éon tou A, naipvoupe
XANXN\NA=(X\(X\A)° =4°
Iaipvovtag ouprdnpepata BAérioupe 6t X \ A = X\ A°. O
Kleivoupe auty] v mapaypado He tov oplopd tov ouvodav Gy kat F,, o évav petpikod
X®po.
Opiopdg 3.2.14 (ouvoda Gs kat Fy). 'Eow (X, p) perpikog xopog kat ¢otw A C X.
(@) To A Aéyetal ouvodo G5 av ypdgetal og apiBufon 0P aVOIKIOV UTTOCUVOA®Y TOU
X.
(B) To A Aéyetat ouvodo F, av ypagetal wg apBuroijn Voot KAEIOTOV UTIOCUVOA®Y TOU
X.
Mapadeiypata 3.2.15. (a) KdOe kAe1otd cuvodo sival mpodpavag Fy,. Eival opeg kat Gy.
(B) Kabe avoikto ouvoro sivat podpavag Gs. Eival opeg kat F,.
(y) 'Eva ouvodo A sivat G5 av kat pévov av to A¢ eivat Fy,.
6) Zwo (R, | - |) to &waompa (a, b eivar F; kat G. Hpaypat, av erudegoupe k € N oote
a+ % < b, éxoupe
N 1 ~ 1
b = — = — .
(a, b] U [a—i—n,b] m<a,b+n>
n=k n=1

Ot artobeifelg v woxuplopev (a), (B) kat (y) aprivovrat yia tig aokrjoeig tou Kepalaiou.
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3.3 IXETIRMOG aVvOolKtd Kat KA£10td ouvola

3.3.1 ZIX£TK®OG avolktd ocuvoia

1o KepdAaio 1 ooayie Tov 0plopuo g OXEUKEG NETPIKG: av A eivatl pun kevé urnoouvolo
T0U petpikou Xopou (X, p), n anewkovion pg : A X A — Rpe pa(z,y) = p(x,y), 2,y € A

etvat petpikn oo A. H endpevn npdtaon rneptypddet ta avolktd ouvoda tou (A, pa).

Ipétaon 3.3.1. 'Eow (X, p) uetpucog xwpog kat éotw A C X. Tote:

(@) To G C A givar avoikto oto uetpikd xwpo (A, pa) av kar uévov av urapxer V. avotkto

vrtoovvofo tou X wote G = ANV.

(B) Av B C A, wote ANintx(B) C int4(B).

Anobeiln. (a) Yrobétoupe npota 6t 1o G eival avoikto oto petptko unoxwpo (A, p4). Tote,

ypdostal og £veon anod avolktég urndleg tou A 6niabdr,

G= | Bolw,ex) = | (Bo(w,ea) N A) = AN <U Bp(a;,sx)> .

zeqG el el
[Ta v npotn 1oétnta mapatnehote Otl Yia Jurndda os évav PEIpiko UMoXmpeo £ival pia
UdAa 1rmou €Xel KEVIPO ONMEI0 TOU UTOX®WPOU KAl IEPIEXEL POVO ONHEId TOU UTOX®POU,
omote eivat 1) topr) g aviiotong PrdaAag ToU Peyalou XOPouU HE ToV UTIOX®PO.]
@¢roviag V = U, cq Bp(z,e2) €xoupe ou 1o G ypagetat o popen ANV, émou V
elvat avoikto uroouvodo tou X (agou eival éveor ard avoiktég praieg tou X).
Avtiotpoga, ¢otw V' avoiktd uroouvodo tou X kat G = AN V. Tote, yia kabe x € G
oxverz € V dpa uvnapxete > 0 wote B,(x,e) C V. Enetaiou By, (x,€) = ANB,(x,¢) C
ANV, 8nhabdn 1o x eival eontepikd onpeio 1ou G @G MPOG TNV PETPIKT) p4. Apa, 1o G ival
AVOIKTO OT0 PETPIKO UOX®po (A, pa).
(B) ZUpgwva pe to ponyoupevo, 0 A Nintx (B) eivatl éva p4-avoikto urnoouvodo tou A
Kat neplExetatl oto B. ‘Apa, amo ) PeYIoTIKOTNTA TOU E0DTEPIKOU EXOUE OTL TIEPIEXETAL OTO

PA-EORTEPIKO ToU B. AnAabdn,
ANintx(B) Cint4(B).
O

Hapatfpnon 3.3.2. O eyrAel0p0g OV MAPATIAVE O0XEon uropei va eivat yvrjoog. Ta
napaderypa, oo R pe ) ouvhOn petpikn, av Sewpricoupie 10 Z 0§ PEIPIKO UMTOXWPO HIE T

oxetukr) petpiky, tote intz(N) = N eved intg (N) = (). Andabdn),

D=7Zn intR(N) ; intz(N) = N.
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3.3.2 ZIxsuroOG KAsiotd oUvVoAa

H enopevn [potaon neptypddet ta KAE10TA UTIOOUVOAA £VOG PETPIKOU UTTOX®POU.

Ipdétaon 3.3.3. 'Eoctw (X, p) petpucos xyaopos kar éotw (A, pa) petpinds undxwpog tou.

Tote wyvouvv ta akojovda:

(@) To F C A sivar kieiot0 oto puetpikd xaopo (A, pa) av kar uovov av F = AN E onov E

ket owov (X, p).

(B) Av B C A wtecly(B) = ANclx(B).

Anobeln. (a) To F eivai kAeiotd oto A av kat povov av to A\ F eivat avoiktd oto A, 8nAadh

av kat povov av A\ F = AN G ya xkarow G avoktd otov X. Andadn, AN F°=ANG.

Ioyupiouog. F = ANG°.

Agixvoupe mipota ot F' C AN G¢. Apkei va 6ei§oupe ot F' C G¢. Av unoBécoupe 6t dev
10XUel 10 ouprnépaocpa tote undpxel € € F oote x € G, dnAadn x € FNG C ANG = ANF°.
Apa, x ¢ F, qrono. Zuvenog, F C G°.

Ta tov avtiotpodo eyrAeiopo Sa deifoupe ot ANGE C F. TIAA1 pe anayeyr| O AToro,
uroBetoupe ot vndpxet © € AN G wote x ¢ F, 6ndadny z € A\ F xkar z ¢ G. Tote
r € ANF°xrarz ¢ G, 1o onoio eivat droro apov AN F¢=ANG.

A@ou to G° eival kAewoto otov X, naipvoviag ' = G éxouye 1o {rntoupevo.

(B) Ao 1o pKTo péPOg g mpotacng, o ouvodo A N clx(B) eivat pa-kAewoto kat B C
ANclx(B). Tote, n npdtaon 3.2.11(B) deixver 6w cla(B) € ANclx(B).

Avtiotpoga, ¢otw © € ANclx(B) kat éoww € > 0. Tote By(z,e) N B # () xat ertutdéov
xz € A, apa By, (z,e) N B = B,(x,e) NAN B # (), ondte = € cla(B). O

Hapadeiypata 3.3.4. (a) o R pe ) ouvhbn petpikn Sewpoupe to ouvoro A = (0,1] U
{2}. Téte ta (0, 1], {2} eivar ouyxpdveg avouktd kat kKAewotd oto A.

(B) Ztov EurAeibeto xopo (R3] - ||) Sewpoupe og undxepo to ry-eninedo H (6nAadn
otoeta g popong (z,y,0)). Tote o diokog D? tou zy-emnédou (D? = {(x,y,0) € R3 :
22 4+ 9% < 1}) eival kAewoté ovvodo otov H. MdAiota kd6e urootvodo F tou H eivat

xAe1ot6 otov H av kat pévov av sivat kAewoté otov R? (e€nyriote yiati).

3.4 ZInpeia OUCOOPEUOCTHG KAl CUVOPO

Oplopoég 3.4.1 (onpeio ouooopeuong). Eotw (X, p) perpirog xopog kat A € X. To

x € X Aéyetar onueio ovoowpevong (accumulation point) tou A av oe K4Be avoikt) prdAa
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e KEVIPO TO & UIopoupe va Bpoupe onueio tou A diapopetikéd ano to z. AnAadr), av yia
KGO € > (0 1oyvet

B(xz,e) N (A\{z}) # 0.

To ouvolo tev onueiov ocuccoopeuong tou A oupBodiletar pe A’ kat Aéyetar mapdywyo

ovvofo tou A.

Mpétaon 3.4.2. 'Eotw (X, p) uetpeds yaopog, A C X karx € X. Ta axdiovda eivar
wodvvaua:

(a) To x givar onueio ovoowpevong ou A.

(B) a kade e > 0 1o AN B(x,¢) eivar arnepo ovvoo.

(y) Yrndapyet axoflovdia (a,,) otoieiov tou A oote a, L5 2 xar an Fryan=1,2,....

Anobdein. (a) = (B): 'Eow € > 0. Agou 1o x eival onueio ouoconpeuong tou A, undpyet
TouAdxiotov éva y # x wote y € B(x, e). YrioB£toupe 61t to pn Kevo ouvoro AN (B(x,e) \
{z}) eivar menepaopévo kat Sa xkataAnioupe oe atoro. Fpagoupe A N (B(x,¢e) \ {z}) =
{y1,...,yx} ka1 9¢toupe 6 = min{p(x,y1),...,p(x,yx)} > 0. Agou 1o z eivar onueio
ouoowpeuong tou A, undpxet touddyiotov éva y # = oote y € B(x, ). Tote, y € B(z,¢€) \
{z} G611 0 < € rar y # x). Tuvenwg, y = y; yia karnowo 1 < i < k. Autd dev propei va
oxvel 810t p(z,y) < 6 < p(x,y;).

(B) = (y): To AN B(z,1) eivar anelpo ovvodo, dpa urapyet a; € A oote a3 # = Kai
p(x,a1) < 1. YroBétoupe 6u £xoune opioet ay,...,a, € A wote a; # = xat p(x,a;) < %
yiakafe i = 1,...,n. @ftoupe €41 = %H To AN B(x,e,4+1) eival dnielpo ouvolo, dpa
%H' Enayeywkd, opidetat

axoloubia (a,) otoweiav tou A, Sagopetikdy and to z, Gote p(z,a,) < L, ar” érov

UIAPXEL Apt1 € A ©OtE apy1 # @ Rat p(T,an41) < Ept1 =
£retat ot a, L.
H ouvenayoyr (y) = (a) eivat amdr) (aoknon). O
Hapatipnon 3.4.3. Eow (X, p) petpkog xopog kat A C X. Tore,

A=AUA.
Eropévag, 10 A sival kAetotd av kat povov av mepléxel ta onHeia cuco®PEUoH|S TOU.

Opiopég 3.4.4 (ouvopo). 'Eoww (X, p) perpikog xwpog kat A C X. To z € X Aédyetat
ovvoptarxd onueio (boundary point) tou A av oe kKaBs avoiKtr] Prdda pe KEVIPO 10 T HI0-
pouyie va Bpoupe onueio tou A kat onpeio tou A°. Andabr, av yia kabe ¢ > 0 woxvouv
ot B(z,e) N A # () xa1 B(z,e) N A® # (). To oUuvoAdo M@V TV OUVOPLAKAOV onueiov Tou A
Aéyetat ovvopo (boundary) tou A kat oupBoAiletat pe bd(A) 1 I(A).
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Ipdétaon 3.4.5. 'Eow (X, p) uetpucog xwpog kat A C X. Tote,

(@) bd(A) = bd(A°).

(B) A =bd(A) Uint(A).

(y) X = int(A) Ubd(A) Uint(A°).

(8) bd(A) = A\ A°. Ioo6uvaua, bd(A) = AN X \ A. E6ixotepa, 10 bd(A) eivar kisioto
ouvojflo.

(e) To A eivar kilewwo av kat uovov av bd(A4) C A.

Amnobeiln. Aprvetal yla 11§ aoKIoelg autou tou Kepalaiou. O

3.5 IIurva ouvoAa Kai draywplolpotnta

3.5.1 TIIukva unoocuvolAa

Oplopog 3.5.1 (rtukvo uroouvoro). 'Eote (X, p) petpikog xopog kat éotw D C X. To D

Aéyetal mukvo (dense) otov X, av D=X.

Mapadeiypata 3.5.2. (a) Ta Q, R\ Q sivat ukva oo (R, | - ).
(B) O cqp etvat rukvog otov (21, ]| - ||1).

Amniddeiln tou (B). ®a beifoupe 61 kaBe 1-aBpoioun akodoubia npooeyyiletatl arod teAkd
Hndevikn akodoubia. ‘Eotw a = (ay,) € 1, 8ndadn > oo |an| < 400, kat éotw € > 0. And
10 kpurplo Cauchy yia abpoiotpeg oepég exoupe ot undpyxet ng € N oote

o0

Z lan| < e.

n=ng+1

®étoupe = (ay, ..., an,, 0, ...) € cop. Tore,

o0

di(a,z)=lla—zli= Y |an|<e,
n=ng-+1
8nAadn = € By, (a,e). Apa, coo N By, (a,e) # 0. Apou 1o € > 0 frav tuxov, a € gp. O
(v) (Bewpnua Kronecker). 'Eoww 6 € R\ Q. To cuvodo
D(6) := {(cos(2mnb),sin(27nd)) : n € N}

givat mukvé otov kiAo S = {(x,y) € R? : 2% + y? = 1} (doxnon).

Ipdtaon 3.5.3. 'Eow (X, p) uetpucog ywpog kat éotw D C X . Ta akofouvda eivar 1006U-

vaua:



50 KE®PAAAIO 3. TOIIOAOI'TA METPIKQN XQPQN

(a) To D sivar mukvo otov X .

(B) Av F kiswotokar D C F, toie F = X.

(y) Iia kade un kevod avowktd G C X woyxvet G N D # ().

(6) IN'a kade x € X kaiyia kade e > 0 wyver D N B(x, ) # 0.

(e) Ia kade x € X vndpyet axofovdia (x,) otoyeiwv ou D wote x, L.

(or) (X \ D)° = 0.

An66eén. (@)= (B) 'Eotw F xleioto unoouvodo tou X oote D C F. Tote, D C F 6nlabn
X CF.

(B)=-(y) YroBétoupe 611 untdpyet pn kevo avoktdo G € X pne GN D = ). Tote, D C G°.

Agou 1o G eivatl kAeiotd, and v unobeon éxoupe ot G¢ = X, dndadn G = (), droro.
(y)=(6) IIpodavng, adpou kdOe avoiktr purdda eivat avoiktd auvolo.

(6)=(e) Eow = € X. Tote, yia kabe n € N woxver D N B(zx, %) # (). 'Etot, prniopoupe
va opicoupe akodoubia () otoixeiowv tou D pe x, € B(z, %) yia kabs n € N. Agpou
p(n, ) — 0, éxoupe T, — .

(€)=(00 Yrobétoupe ou int(X \ D) # (. Tote, unapxer x € X \ D xat € > 0 oote
B(z,e) € X \ D. Andabn, B(z,e) N D = (). Ano v undbeon unapyet (x,) € D dote
Ty 2 2. Apa, undpyel n € N dote p(zn,x) < e. Tote, x, € B(x,¢e) xat x, € D 10 onoio
etvat atoro, 616t B(x,e) N D = ().

(0c)=(a) A6 v mpdtaon 3.2.13 éxoupe X \ D = (X \ D)°. 'Exoupe uroBéoetl ot
(X\D)°=0, dpa X \ D = 0. Andady), D = X. O

Npotaon 3.5.4. To Q" evar tukvo otov £, 1 < p < oc.

Aniddefn. Eetdloupe v nepinmoon 1 < p < 00 (1 mepimoon p = 00 APrvetat &g
Aaoknon).
Eoww x = (z(1),...,2(n)) € £} rat éotw € > 0. Apou 10 Q eivar mukvo oto R, yia
&

KkaOe i = 1,...,n pnopovupe va Bpoupe ¢(i) € Q oote |¢(i) — z(i)|P < Wp ®¢toupe
qg=(q(1),...,q(n)). Téte, ¢ € Q™ ka1, and Tov 0p1OPd g P-HETPIKIG,

n 1/p n P 1/p
o = (Lt -ar) <(27) -
1=

=1

Ano v Ipotaon 3.5.3(6) éretal 1o ouprépaoya. O
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3.5.2 AlaX®pioIHOl PETPLKOL XOPOL

Opiopog 3.5.5 (Sraxwpiopog petpikog xopog). Eote (X, p) petpikog xopog. O X Aédyetat
Sayxwpioyog (separable) av €xel aplOprnoio MUKVO uroouvolo. Anladrn, av unapyet

apdunoo unoovvoro D = {x1, 72, ..., 2y, ...} Tou X dote D = X.

Mapadeiypata 3.5.6. (a) O R”, pe omoadrinote and tg p-peIPikeEg, ival Siaxwpiotog
HETPIKOG X®pos. 'Eva apidprfjoo mukvo uroouvolo tou eivat to Q.

(B) O1 xwpotr 2, 1 < p < oo eival Sraxepiowot.

Anobeifn. ®a 8eifoupe 61t 10 ouvodo D = {x € ¢y : x; € Q} eivar apiOpropo kat
ukvo otov P, Apywkda deixvoupe ot to D eivar apiburjowpo. IIpdyparti, n aneikovion
fiD—= U2 Q" pe

x:(:cl,...,xn,(),...)»L(xl,...,xn),

eivat 1-1 kat to ouvodo Uzo:l Q" eivar api®ufjoio wg apldunoun éveon aplOprnouev
ouvodwv. 'Enctat ot 1o D eivat apiBpnowpo.

Agixvoupe topa 6t 1o D gival ukvo otov 2. 'Eotw € > 0 kat = (z,) € P. Agpou
dooe |znlP < 400 ano to kpurpto Cauchy vniapxet np € N oote

o0

epb
>zl < >

n=no+1
la kabe ¢ = 1 , g, arnod v rukvotnta ou Q oto R propovpe va Bpoupe ¢; € Q dote
|zi — qilP < 2n . Av 9¢ooupe ¢ = (q1, ..., qny, 0,...) €xoupe ¢ € D rat

e P

€ eP
dpx q Z’xz_%‘p Z ’wn’p<n0 27""5 eP,
n=ng+1
8nAadn), dp(z,q) < €. Tuvenwg, to D eival ukvo otov P, |
'Onwg 9a Soupe oto 1éAog autrg tng apaypddou, o (£, |- ||« ) dev eival Sraxepiotog

(mapdadertypa 3.5.11(B)).
(y) O xUBog tou Hilbert, H™> sivat S1axopiotiog PETPIKOG XWPOS.
Amniddeifn. Ba dei§oupe 611 10 oUVOA0 F 1oV TeAIKA PNdevikOV akoAoubiodv pe prtég ouvie-

taypéveg oto [—1, 1] eivat apiBurjopo kat ukvo otov H™. Ta myv rukvota Sewpoupe

wxov € H*® xat tuxov € > 0. Yrapxet ng € N cote Zn>n0 2% < 5. Téte, yua toug

x;, i =1,...,n0 mou avrkouv oto [—1, 1] urtapxouv pnroi ¢; € [—1,1] dote M < 2n0

@étoupe g = (q1, - - -, qny, 0, . . .) Kat éxoupe

d(z,q) Z‘xn_ Z 02ino+gzs.

n=ng+1
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H api®pnomidinta tou £ nipoxkurtel 0nog Kat oto rponyoupevo rapadeypa. O

To entdépevo Sexmpnpa Sivel Eva XapaKinpliopo IOV S1aX0PIoIHEV HEIPIKOV XOPWV NECR
tou «mAnBapidpou piag Bdong g torodoyiagy® toug. IIo ouykekpipéva, évag HETPIKOg

X®pog eivatl Siaxwpiolpog av Kkat povov av £xel apldproun Bdon yia v toroloyia tou.

@copnpa 3.5.7. 'Eoww (X, p) uetpucog xwpos. Ta axdiovda eivar wobvvaua:
(@) O X eivat Staywpioog.

(B) Yrapyer apdunown owoyeveia O avoiktov unoouvoAdwv tou X, 1 onoia £xet v &g
wwomra: INa kade avorkto G C X kat yia kade x € G vnapyerU € O dotex € U C G.

Anoben. (@=(B). Eow D = {z, : n = 1,2,...} éva apiOunoiio nukvo uroouvoro tou

X. Oswpoupe )V OKOyEVELU
0= {B(:J;n,q) cqeQt, x, € D},

1) ortoia givat apOpr o Kat arnotedeitat anod avoiktd urtoovvolda tou X. @a dei§oupe ot
auty) éxel v {nrovpevn 1810tnta. 'Eote G C X avowktd kat éotw x € G. Tote, undpyet
e > 0 wote B(z,¢) C G. Ao v rukvotta tou Q oto R uvndpxet ¢ € Q dote 0 < 2¢ < e.
Agou 1o D givat mukvo otov X, n pndda B(x, q) mepiéxet éva otoxeto tou D, éotw op,.
[Mapawmprote 6u © € B(xy,q) (apov x, € B(x,q)) xat B(x,,q) C G. Ipaypatu, av
y € B(zy,q) tote
p(z,y) < p(z, 2n) + p(zn,y) <q+q<e,

8ndadn y € B(x,e) C G.

(B)=-(a). YroBetoupe ot urtapxet pia apibufomn owkoyevela O avolkiov UIIOoUVOAGV TOU
X mou wkavorotet 10 (B). Twa xabe ) # U € O emdéyoupe tuxdv zy € U. Téte, 10

D = {zy : U € O} eivat éva apiBpfjotpo rukvo uroouvodo tou X (e§nynote yiati). O

Iépiopa 3.5.8. 'Eoww (X, p) Staxwpioog petpucog xwpog. Kade undywpog A tou X elvar
emiong dtaywpioog.

Amndbein. Agpou o X eivar daxwpiopog, undpxel apiOpnoun owoyévela O avoiktov
uroouvoAlwv tou X pe v 18otta: yia kabe avoiktd G € X xat x € G unapxer U € O
oot x € U C G. Tote, n apdprjoun owoyévela Oy = {UN A : U € O} anotedeital
arnd avolktd uroouvola tou uroxwpou A xkat éxetl v ibia 1816tta. Apa, o (4, pa) eivar

Slaxwpiol}iog PETPIKOG XMPOG. O

SMia okoyévela B avoiktév UrosUvOA@Y evig HETPIKOU XOPOU (X, p) Aé¢yetar Baon yia v torodoyia tou
X av éxel v e&ng Botta: yia kabe avokto ouvodo V' C X kat yia kaBe x € V undpyxer B € B wote
reBCV.
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H enopevn potaor) pag 6ivel kptirplo kat «pgBodo» yia va deiyvoupe 0t €vag PeETPIKOG

Xwpog bev eival Siaxwpioog.

Ipdtaon 3.5.9. 'Eotw (X, p) uetoucog yaopog kat éo0tw A unepapduroo uroovvoio tou
X pe mu &g ibwomra: vrnapyere > 0 wote p(x,y) > € yra kade x,y € A ue x # y. Tote, o
(X, p) bev eivar Sraywpioywog.

Anobeln. Ynobitoupe ot o (X, p) eival daxwpiopog. Tote, éxel éva aplOpPfoto mukvo
uroouvodo D. @ezwpoupe g priddeg B(x, %) r € A. Autég eivat §veg ava &uo kat
uriepapBunopes o mnbog. Kabog to D eivar mukvo, éxoupe D N B(z,5) # 0 yua
kabe x € A, dndadr) undpxer d; € D oote d, € B(z,5). Opidoupe mv amnekovion
A>x+——d, € D, nonoia stvat 1-1. AnAabdr, 10 A eivatl 10onmAn61koé pe éva urocuvoio

tou D. ‘Atorio, 6161 o D givat api®urjorpo, eve to A uniepapibunopo. O

Ipétaon 3.5.10. Zc kade Siaywpioyo ustpuco xopo (X, p) kade owcoyeveia anod Eéveg
AVOIKTEG UTtdfeg glvat 10 TOAU apdunoun.

Amnobeiln. APrvetal wg AOKNO1). O

KAetvoupe auty v apdypago pe karnowa napadsiypata pn diaxepiopieov petpikov

XOPWV.

Mapadeiypata 3.5.11. (a) O (R,J) 6ndadn, to R pe ) diakpir) petpiky, eivatl pn 6a-
X®P101}10G PETPIKOG XDOPOG.

Anobealn. Epappooupe myv nipotaon 3.5.9 pe A = R. Tapawmprote 6u d(z,y) = 1 av

x # y rat o R eivat uniepapiBproo. Luvenog, o (R, d) dev eivar Sraxwpiowog, O

TFevikdtepa, av éxoupe éva unepaplBufoo ouvodo S Kat 1o epodiacoupe pe ) da-

Kpt) petpiky tote o (S, 9) eivar pn Siaxwpiolpog peTpikog Xmpos.
(B) O £° = (£°(N), ||  ||oo) elvat pn draxwpioog HeTpkdg XWPOS.

Anobein. Zrov L Jewpoupe 10 ouvoro S = {x4 : A C N}, drou x4 n xapaxinpiouky
ouvaptnor tou ouvérou A C N. Andadr), xa(n) =1lavn € Axat xa(n) =0avn ¢ A.
Téte, 10 S eivat 10ormAndxo pe o {0, 1}N 10 ortoio eival urtepapiOurnowo (BAéne [apaptnpa
A). Eruridéov, av A # B tdte undpxet touddyiotov éva onpeio x oto oroio 9a diapépouv,
orote |[xa(z) — x(2)| > 1 dpa ||xa — XBllo = 1 xat cuverrg ot pnddeg B (x4, 3) eivat
&éveg ava 6vo. Amo v mpotacn 3.5.9 cuunepaivoupe ot 0 £°° dev eival Sraxwpionog

PETPIKOG XWPOS. O
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3.6 Aoxknoesig

Onada A’

1. Eow (X, p) perpkog xopog kat F, G urnioouvoda tou X. Av to F' eival kAewoto xat 1o

G eivat avoikto, deigte ot o F'\ G eivat kAewotd kat o G\ F eivat avoikto.

2. 'Eow (X, p) petpikog xopog. Asifte 61t kaOs unoouvoro A tou X ypdpetal og topn

AVOIKTI®OV UTIoouVOA@V tou (X, p).

3. Eow [ : R — R ouvexng ouvapmorn. Aeifte outtwo G = {x € R : f(z) > 0} eivar

avotkto urtoouvoro ou R katto F = {x € R: f(x) = 0} eivar kAewotd unoouvodo tou R.

4. Aeite 611 kKAOe KAe1016 Hraompa oto R ypdoetat g apiburjoyin topn avolktov dStaotn-
patev Kat Kabe avokto didotnpa oto R ypagetal g apBuroman £veoorn kAslotwv Staotn-

patev.
5. Arnobeilte 011 KAOe MEMeEPATPEVO UTTOOUVOAO £VOG PETPIKOU XMPOU £ival KAE1OTO.

6. Arodeilte 011 KAOe opaipa evog PNETPIKOU XOPOU gival KAe1otd ouvodo. Mropei o évav

HETPIKO XOPO Yia opaipa va €ival 1o Kevo cUvVoAo;

7. Eow (X, d) petpikdg xwpog, = € X xat e > 0. E§etdote, av 10XUet AVIOTe 1) 100TtTa
B(z,e) ={y € X : d(x,y) <e}.

[Yrevduuon: Tia kdPe A C X oupbBodidoupe pe A v xAetot) 91kn tou A.]

8. Eow (X, d) petpikog xwpog. H siayoviog tou X x X eivat to ouvodo A = {(z,x) : = €
X}. Arodeie 6t to A givat kAeiotd otov X X X ¢ 1ipog ) PeTpiky) da, Orou

dy((z1,91), (22, y2)) = VAP (21,y1) + d?(22, ).

Tevikotepa, arodeifte ot 1o A sival kKAe10to ©g rMPog KAbs PETPIKY yivopevo otov X X X.

9. Yrdpxet drelpo KAe10to UOoUVoAO tou R 10 oroio aroteleital povo and pnroug;

Yriapxet avoikto urtoouvodo tou R 10 oroio anoteAeital povo and dppntoug;

10. Eoww A, B 800 urtoouvola evog petpikou xopou (X, d). Anodeigte ou:
(@AvAUB =X, tote AUB° = X.

B)Av ANB =0, tote AN B° =0.
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11. Eow (X, d) perpikog xwpog. Arobdeigte ot:
(@) (A\ B)° C A°\ B° yiukdbe A, B C X.
B) A\BC A\ Byaxabe A, B C X.

MrmopoUpe va avilkataotr)OOUE TOUG EYKAEIOPOUG HE 100TTES ;

12. Eotwe (X, p) petpikog xopog kat ) # A C X. Asigre 6u diam(A) = diam(A). Ioxvet

10 1610 y1a 1o sowtepP1Ko ToU A;

13. (a) Eow A avoiktd uroouvodo tou (X, p) kat G C A. Aeifte 6t 10 G eival avoikto

oto A av kat pévo av sival avoikto otov X.

(B) Eoww A xAetotd urtoouvodo tou (X, p) kat G C A. Eival 00oto ot to G eivat kAelotd

oto A av xat pévo av sivatl kAsioto otov X ;
14. Bpeite éva api®purioipo kat ukvo uroouvodo tou R\ Q wg mpog ) ouvrOn petpiky).

Opada B’

15. Eotw (X, || - ||) xopos ne véppa. AetEre 6t B(z, ) = B(w,r) yia xabe z € X xat kabe
r > 0.

16. Asigte 611 0 ¢ eival kAewotd urtocuvodo tou £°°. Ti prnopeite va meite ya v cgp; Eivat

AVOIKTO UITOOUVOAO TOU £y KAEIOTO UTIOOUVOAO TOU {np;

17. Eow (X, p) petpikog xopog. Asifte 61 ta akédouba eivat w0oduvapa:
(@) To G etvatl avoikto.

B Taxabe AC X,GNACGNA.

(y) Twa kabe A C X, GNA=GnA.

18. Acite 611 kKaOe avoktd urtoouvodo tou R ypagetal og évwon apdurotpey to mAndog

AVOIKTOV S1a0tNPATOV Pe pntd akpd.

19. Anobeite 6t oto R 6ev untapyouv un tetpippéva urtoouvolda (6nAadr Siapopetura

ané 1o () xat 1o R) ta onoia va etvat cUYXPOVKSG AVOIKTA KAl KAE10Td.

20. (a) lNa kaBe n € Z, o0t F), KAe1016 Utoouvodo tou (1, n+1). @étoune F = oz I
Armodeite ot 1o F eival kAewoto oto R.
Yrobeiln: Aei§te mpota 6t yua kabe n urapyet §, > 0 €wor wote | — y| > J,, orotedrnote

x € F,xaty € Fp,, n # m.
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(B) Bpeite pia akoroubia &Evav ava Suo kAeiot®v ouvoAdev oto R tewv omoiev n évaorn 6ev

eivatl KA£10t6 oUVOoAO.

21. 'Eow (X, d) petprog xwpog. AnodeiSte ott:

(a) Av 1o X £éxe1 meplooodtepa and éva otoixeia, 1ote unapxet avoikto G C X, oote G # ()
kat X \ G # 0.

(B) Av to X eivat aneipo ouvodo, tote untapyet avoikto G C X ¢ote 1o G katto X \ G va

etvat amtepa.

22. Eow (X, p) petpkog xwpog kat 2,y € X pe z # y. Aeifte 6u unapyouv avoikta
ovvoda U,V ¢otex €U,y € Vrkan UNV = ().

23. Eow (X, p) perpikog xowpog, © € X xat F' kAeiotd unoovvoro tou X pe x ¢ F. AeiSte
o1 untapyouv avoilktd ouvoda U,V éote z € U, F C V xat U NV = (). Mniopoupe va

METUXOUE va 1oXVet, ermrmdéov, ot U NV = ();

24. Eow (X, p) petpkog xopog kat A C X. @troupe A’ 10 mapdywyo ovvoo tou A,

8nAadn 1o oUvolo twv onueiwv cuccompeuong tou A. Arnobeilte ta akddouba:

(@ A= AUA" Zupnepavate 6t 10 A eival kAelotd av xkat pévo av meptéxel ta onueia

OUCORPEUOTG TOU.

(B) To A’ etval kAe1oté oUvodo.

WAvAC BC Xwte A CB.

6) A = (Z)'. AnAad), ta A kat A éxouv ta 181a onpeia cUGCHPEUONG.

(e) (A’) C A’. Bpeite urtoouvoro A tou R dote o eyxAeiopdg va eivat yviolog.

25. Egetdote av ot akoAoubot 1oxuplopoi eivat aAnBeig:
(a) Ymapxet A € R odote A = N.
(B) Yrdpxet A C R cote A’ = Z.
(y) Yiapxert A C R dote A’ = Q.

26. Eow (X, p) petpkog xopos. Av A, B C X, n anodotaon tou A ano 1o B opiletat og
egng:
dist(A, B) = inf{p(a,b) : a € A,b € B}.
Armodeifte 1ig akoAoubeg 1610trteg TG andotaong:
(@) av AN B # (), t6te dist(A, B) = 0.
(B) dist(A4, B) = dist(4, B).
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(y) dist(A4, B U C) = min{dist(A4, B), dist(A4, C)}.

(8) Awote rapadetypa KAE10TOV Kat &Evav urtoouvodev A, B evog petpikou xmpou (X, p) ta

ortoia €xouv pundevikr anootaon.

27. 'Eow (X, p) perpikdg xopog kat A C X. Av z € X opioupe v andotacn tou = anod

10 A va eivat n andotaon v ouvodev {xr} kat A:
dist(z, A) = inf{p(z,a) : a € A}.

Arobeigte ot:

(@) dist(z, A) = 0 av xat pévo av x € A.

(B) |dist(x, A) — dist(y, A)| < p(x,y) yia x&be x,y € X.

(y) To ovvoro {z € X : dist(z, A) < €} eivat avoktd, eve) 1o ouvodo {z € X : dist(z, A) <
e} elval kAeloto.

6) Av A C B C A, téte dist(x, A) = dist(z, B) yia kabe = € X.

28. 'Eow (X, p) perpikog xwpog kat A C X. Anobeigte ou

A ={z e X : dist(z, A\ {z}) = 0}.

29. Eow (X, p) perpikog xopog. AnodeiSte 611 kabe xkAelotd uroouvodo tou X ypagetat
®G apldurnon ol AVOIKIOV CUVOA®V KAl KABe avolktd urocuyvolo tou X ypdoetal g

apOpnon €veor KAE10TOV OUVOAQV.

30. Eow (X, p) petpkog xopog kat A C X. Anobeigte tig €816 1810t1eg TOU OUVOPOU TOU
A:

(@) bd(A) = bd(A°).

(B) cl(A) = bd(A) U A°.

(y) X = A°Ubd(A)U (X \ A)°.

(6) bd(A) = A\ A° 1 woduvapa bd(4) = AN X \ A. Enopéveg, 1o 6Uvopo eival KAE1oTo

ouvoAo.

(e) To A eival kAeiotd av kat povo av bd(A) C A.

31. Eow (X, p) perpikog xwpog kat A, B C X. Anobei§te ta akolouba:
(a) Av to A eivat avoikto 1} KAe1oto urtoouvoo tou X tdte to bd(A) éxetl Kevo 0@TEPIKO.

(B) Av AN B = ) t6te bd(A U B) = bd(A4) Ubd(B).
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32. Bpeite untoouvodo A tou R wote (bd(A))° = R.

33. 'Eotw A urntoouvodo tou (X, p). Av G kat H eivat &éva avoiktd ovvoda oto A, Seilte

ot untapyouv &Eva avoiktd ouvora U kat V oo X wote G=ANU kat H =ANV.

34. Eow (X, p) Slaxwpiopog petpikog xmpog. AeiSte ot kGO owkoyévela §Evav avoikiov

urtoouvodev tou X eival memepacyévn 1) apibunoman.

35. 'Eow (X, p) petpikog xwpog. Asifte ou:

(@) Av D eivat éva rukvo urtoouvodro tou X, tote DN G = G yla KAOg avoilkio UTtooUVoAo
G wou X.

(B) Av to G eival avoiktd Kat rmukvo urtoouvodo tou X kat to D sivai muxkvé urooyvolo
tou X, tote 1o G N D sival rukvé urtoouvoro tou X. Ioxuet 1o 1610 av 1o G dev urnotebel

AVOlKTO ;

(y) Etvat cooté ot n) topr) piag akodoubiag avolkiov Kat ITUKVeV Urtioouvodev tou X eivat

ITUKVO UTTOOUVOAO ToU X ;

36. Eow (Xi,d1),...,(Xn,dy,) petpikoi xopot. @eopoupe tov Xopo yivopevo (X, d) pe

X =TI, X; kat d = maxi<icn d;. AeiSre 6

(a) Av xkafe G; eival d;-avokto otov X;, i = 1,...,n, 101 10 H?:l G; sivat d-avoikto otov
X.
(B) Av xkdaBe F; eivat d;-kAewoto oov X;, @ = 1,...,n, 101€ 10 H?:l F; eivar d-kAsiot6 otov
X.
(y) Av xdbe D; eivat mukvo otov X;, ¢ = 1,...,n, tdteto D = H?zl D; eival tukvo otov
X.

Ebkdtepa, av kabe (X;,d;), i = 1,...,n eivar Sraxopioog téte o (X, d) eival diaxe-
piolpog.
Opada B’ - ZUPNMANPOHRATIKEG ACKNOELG
37. @ewpoupe to ouvodo A = {1/n :n = 1,2,...} U {0} epobiacpévo pe v ouvron

petpikr) ou R. Na BpebBouv 6Aa ta avoiktd urtoouvoda tou (A, | - ).

38. Eow (X, d) perpikog xopog kat A € B C X, Aeige 6u: av to A eivatl ukvo oto B

kat to B etvat mukvo oto X 1tote 10 A eival mukvo oto X.

39. @swpoupe 10 R pe wmv ouvnOn petpkn). ESetdote av uniapxet £ C R, dagpopetikd arnd
10 () ka1 1o R, 10 omoio va €xe1 v £§hg 1816tNTa (yia kabepia Eexoplotd doote mapdderypa

He attioAoynon 1) arodei€te 6t 1€to10 ouvodo Sev propel va undpxey):
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(a) To E eivat dreipo oUuvolo aAdd 6ev €xel Onjeia CUGOHPEUOTG.

(B) To E €xe1 dnelpa onpeia ouoompeuong adldd Sev €Xel KAVEVA E0MTEPIKO ONHETLO.

(y) To E eivat avoikto adAd Sev €xel onueia ocucoOPEUOTG.

(6) To E eivatl avoikto Katl IUKVO UrtooUvoAo tou R.

(e) To E sivar ppaypévo kat £xet dnelpa pepovopéva onpeta (6niadr, o F \ ' sivat

ATIEPO GUVOAO0).

40. Egetaote av kabepiia amo 11§ apakdate rpotdoeig eivat aAndng ) weudr|g (attiodoyrote

MANP®G TNV ATAvinot] oag).

(i) Av to A sival tukvo urtoouvodo tou R kat to F' etval nenepaocpévo urtooyvolo tou

R, téte 10 A \ F gival mukvo unoouvolro tou R.

(ii) Avta D1, Dy eival rukvd urtoouvoAa tou R, tdte to D N Dy eivat rmukvéd uroocuvoldo

wou R.

41. 'Eow (X, d) petpikog xopog, () akodoubia otov X kat z € X. @ctoupe A = {x,, :
n=1,2,...}. Anodeifte ou:

(i) Av xz € A’, tote undpxet untakodoubia (z, ) g (z,) Gote Tk, — .
(i) Avn (z,) eivar Baowkr), ote 10 A’ mepiéyet 1o MOAU éva onpeio.
(iii) Av n (z,,) eivar Baowr) ka1 A’ # (), téte n (x,,) etvar ouykAivouoa.
42. Eow (X, d) petpikog xopog. Yrobitoupe 6t yia kabe x € X undpxet €, > 0 wote

n B(z,e;) va sivat nenepacpévo ouvoro. Aeifte ot kaBe uroouvodo tou X eivat avoikto

ouvoAo.

43. Eow (X, d) petpkog xopog. E§etaote av kabepia and g napakdte npotdoetg eivat

aAnBng 1) weudng (boote andden 1) avurapadetypa):

(a) Av 1o x¢ eival pepovepévo onpeio tou X tote yia kdbe rukvo urtoouvodo D tou X

oxvet xg € D.

(B) Av (zy,) eivar akodoubia otov X pe d(zp, Tm) = 1 yia kabe n # m oto N, tdte 10

ouvodo A = {z,, : n € N} eivar xkAe1ot6 urtoouvodro tou X.
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44. Oswpoupne tov R™ pe v EukAeibeia petpikn. Anobeilte ou: av A sivar gpaypévo
uroouvodo tou R kat av z,y € A° e ||z — yl|2 < diam(A).

IoxUel 10 avtioTolKo anotéAeopa o KAdE UETPIKO XWOO;

45. Eow (X,d) petpkog xwpog kat £0to@ A avoiktd urnoouvoro tou X. Av z € A rat
(z5,) etvar akodoubia otov X dote x, — =, anodei§le du undpxet ng € N dote: ya kabe
n = no,

1

46. Eow (X, d) perpikog xwpog. 'Eoto m > 2 katyy, . . ., Ym Sladopeuxd ava dvo onpeia

wou X. Aeigte ot uniapxouv &Eva avd dvo avoiktd ovvoda Gy, ..., Gy C X wote y; € G
yaxkdbei=1,...,m.
Onada I’

47. Eow (X, p) perpkog xwpog kat P C X. To P Aéyetat téieto av eivat kevo 1 eivat
KA£1010 Katl kaOe onpueio tou eivat onpeio cuocowpeuong yU autd. Arnobdeifte ta akoAouba:
(@) 'Eva ocuvédo P C (X, p) eivat téAeto av xat pévo av P = P/,

(B) Kdabe xAeiotd (pn tetpippévo) Sidompa oto R (pe ) ouvhOn petpikn) eivat téAeio
ouvolo. Ertiong, 1o R eivat éAe10 av 9ewpndei og uroouvodo tou R2.

(y) KaBe un kevé tédeio unoouvoro P tou R eival uniepapibpriowo. [Yrodeln. To P eivat
aneipo. Av eivat apiOpnowo, ypagetat o poper) P = {z,, : n € N}. Opiote katdAAnAn
axoloubia xiBeTopévey dlactnpdtey [a,, b,] dote, yia kabe n € N, [ay,, b,] NP # () adda
Tn & [an, by].]

48. 'Eotw A C R katz € R. To z Aéyetar onueio ovunvkvoong tou A av yua kabe € > 0 1o

ouvodo AN (x — e,z + €) eivar unepapiOunopo. Arnodeifte ta akdAouba:
(a) Av 10 A sival apiOunopo tote dev £xel onueia CUPMMUKVGONG.

(B) Av 10 A eival uniepapi®urjorpo kat P eivat 1o oUvoldo v onueiov cupnukveong tou A

te P’ = P xatto A\ P etvat apibpriorpo.

(y) Av 10 A eival kAe10t6 urtoouvodo tou R tdte untdpyxouv tédeto ouvolo P kat apiBurjoipao
ouvodo Z wote A=PUZxar PNZ =10.

49. Eow (X, p) perpikog xwpog kat (x,) akodoubia oto X. To x € X Aéyetar opraxo
onueio g () av urapyet vrtakodoudia (zx,) mg (z,) dote T, — . Oftoupe L(zy,)

T0 OUVOAO T®V OPLaK®V onueiav g akodoubiag (x, ). Anodeife ou

(@) Av 2, - x 6te L(x,) = {z}. Ioxvel 10 avtiotpogo;
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B AvA={x,:n e N} C X we A C Lz, C A. Asi&e pe éva napadetypa ot ot
eyKAgiopol propet va givat yvrotot.
(y) Aeigte o6t to L(zy,) eival kAelotd urnoouvoro tou X.

(6) Av 1o A 8ev eival kAeot6, deigte ot L(zy,) # (). Av eruridéov, 1 (z,,) eivar p-Cauchy,

10Te gival p-ouykAivouoa.

(e) To x eival oplakd onueio g () av kat poévo ya kabe ¢ > 0 xat yla kabe n € N

UIAPXEL M > N WOTE Ty, € By(x,€).

50. Twoto 1} Aabog; Ta xkabe arelpo petpiko xwpo (X, d) undpxet arneipo urioouvoro A

tou X oote kaBe G C A va eival avoikto g mpog T OXETIKY METPIKT] oTo A.

51. 'Eow (X, p) daxwpioog petpikog xwpog. AnodeiSte ott:
(a) To oUvoAo TV pepOVEOPEVOV onpeiov Tou X eival 1o oAU apiunoo.

(B) Av S sivat éva unepap1Bur oo urtoouvolo tou X Tote Urdpxet akoAoubia S1aPpopeTikOV

ava 6uo otoixeinv tou S, 1) onoia ocuykAivel oe onpeio tou S.
52. Eow 6 € R\ Q. Aei§te 6t 10 oUvoro

D(0) := {(cos(2mnb),sin(2mnh)) : n € N}
givat mukvo otov kurdo St = {(z,y) € R?: 2% + ¢y = 1}.

53. 'Eote (X,p) perpikdg xopog. To A C X Aéyetar moudevd mukvo av int(A) = ().
Arnodeigte ou:

(@) To A C X eivat mouBeva mukvo av kat povov av A C (X \ A).

(B) To A C X eival mouBevd mukvo Kat KAS10t6 av Kat povov av 1o X \ A sivat mukvo kat
QAVO1KTO.

(y) Av to A sivatl xkAe1otd urtoouvodo tou X, tote 10 A eival oubsva rukvo av kat povov
av A = bd(A4).

(8) Av 0 A eival moubevda rukvo uroouvoro tou X kat o X \ B eivat nukvo tote 1o

X \ (AU B) eivat rtukvé otov X.

(e) H évwon nenepaocpévou mAnboug rmoubevd MmUKveV UNoouvoAev tou X eivat roubevd

ITUKVO Urtoouvolo tou X.

54. 'Eow (¢,,) pa apibpnon tou Q. Opidoupe

1 1
In:<QH_2naQn+2n>v n € N.
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Aei€te ont o U = USLO:1 I, eivat avoiktd kat rmukvo urtoouvoro tou R kat ot 1o U€ eivar

rouBsvd TUKvo.

55. Eow (X, p) petpikog xopog kat A C X. Anodeigte 6t ta akdAouba sivat w0oduvapa:
(@) To A eivai mouPsvd rTUKVO.
(B) To A 6ev mepiéxet 1 KEVO AVOIKTO OUVOAO.

(y) KaBe pn kevo avoiktd urtoouvolo tou X IepleXel £va i KEvO avolkTO 0UVOAO SEVO TIpog

10 A.

(6) KaBe 1 Kevoé avoikto urocuvoro tou X mepléXel pia avolkty) uridAa &évn mpog to A.

56. Eow (X,,pn), n = 1,2,... akodoubia petpikav xopov pe pp(z,y) < 1 yua kabe
r,y € Xp, n=1,2,.... @ewpovpe 10 X0po ywopevo (X, p), orou X = [[>7, X,, xat
p(z,y) = > 00127 "pp(x(n),y(n)). Zwabeporoovpe a = (a(n)) owov X. Bewpovpe ta
oUvoAa

Dy, ={zx=(z(n) e X:x2(n)=an), n>m}, m=1,2,...

Kat opidoupe
o
Do := | Dm.
m=1

Arnobeigte 611 1o D, eivatl mukvo otov X.

57. 'Eow A, B apiBunoiua, mukvda urioouvoda tou R. Asite ou undpyel ocuvaptnon

f A — B nonoia eivat avgouoa, 1-1 kat eri.



Kepaiawo 4

Zuvaptrocig PeETAlU HETPLRAOV

XWDPWOV

4.1 XZuvexXelg OUVAPTIOELG

‘Eoww (X, p) kat (Y, 0) 800 perpikoi xopot. Zinv §2.2 dooape 1oV 0plopd g ouvéXelag
mag ouvapmong f : X — Y oe kamotwo onpeio zg € X: Aépe ou n f eival ouvexrig oto
xo av ya kabe € > 0 undpxet § = §(zg,e) > 0 wote av z € X rat p(z,z) < J Wte

a(f(x), f(xo)) <e.

Hapatfpnon 4.1.1. Mia 1w0obuvaun dlatuniworn sivat n €§ng: yla kabe € > 0 urdapxet
0 > 0 wote

f(By(x0,0)) € Bo(f(x0),€)-

AnAadn, ya kdbe € > 0 urnapyet aktiva § > 0 oote n pndda (tou X) pe kévipo 1o o Kat
axtiva ¢ va anewkovidetal, péow g f, péoa o) prdda (tou Y) pe xévipo 1o f(zp) xat

aKtiva €.

Eekvoviag ard autrv v Iapatrpenon 0dnyoupacte otov e8¢ XApaKPlopo TV ou-
vexov ouvaptoeav f : X — Y 100 Tov avolKt®v Kal KAE10TOV UTtoouvodav tov X kat Y

(umtevBupidoupe ot n f Aéyetal ouvexrg av eivat ocuvexng oe kabe x € X).
Mpdtaon 4.1.2. 'Eow [ : (X,p) = (Y, 0). Ta akéiovda givar ivobvvaua:

(@) H f eivat ovvexng.

(B) Av G eivar avowtd umoovvofo tou Y, 1o f~H(G) eivar avouktd umoovvoo tou X .

(y) Av F eivar kieioté umoovvoio tou Y, 1o f~1(F) eivar kieioto umootvoio tou X.

63
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Anoédaifn. (a) = (B) Eoto G avoikté uroouvolo tou Y. @a deifoupe ot 1o f~1(G) etvat
AVOIKTO UTooUVvoAo tou X. Av 10 f’l(G) elval Kevo TOTE TO OUUIEPACHA 10XUEl.  Av
oxL oo = € fHG). Tote, f(r) € G kat 10 G eivarl avoiktd, cuvenog undpyet € > 0
oote B(f(z),e) € G. Apou n f eival ouvexng oto x, unapxet 6 > 0 wote f(B(x,0)) C
B(f(x),e) C G, 6nAadn B(z,0) C f~1(G). Zuvenag, 1o f1(G) eivat avoikto.

() = (y) Etvat dpeco and m oxéon f~HY \ A) = X \ f71(A): éote F xAe1016 UMIOGUVOAO
tou Y. Téte, 10 Y\ F eivatl avoiktd urtootvodo tou Y. Arné v uréBeor pag, 0 f~H(Y '\ F)
givat avoikto urtoouvodo tou X. ‘Opag, f~HY \ F) = X \ f~Y(F). Apov 1o X \ f~1(F)
givat avokto, 1o f1(F) eivat kAeioto.

() = (@) Eow = € X. @a dei§oupe o n f eival ouvexrig oo z. 'Eotw € > 0. Oswpoupe
m pundda B = B(f(z),e). Tote o Y \ B eivatl kAeloté kat and v unobeory pag 1o
fHY\B) = X\ f~1(B) etvat ertiong kAe1otd, 65nAadn to f~1(B) eivat avoiktsd. EmriAéov,
z € f~YB) 816u f(z) € B. Apa, undpxet § > 0 dote B(z,d) C f~1(B). looduvapa,
f(B(z,0)) € B = B(f(x),e). 0O

Zinv endpevn npdtaocn divoupie aviiotoloug XApaKINE1loHoUg T@V OUVEX®V OUVAPTL)-

oewv f: X — Y péow g rAe10tig KNG KAl TOU E0MTEPIKOU ;

Mpédtaon 4.1.3. 'Eow f : (X, p) = (Y, 0). Ta axéfovda givar wobvvaua:
(a) H f elvar ouvexrg.

(B) a kade A C X woxver f(A) C f(A).

(y) Na kade B C Y wyver f~1(B) C f~1(B).
(6) Ia kade C C Y woyver f~1(C°) C (f~HC))°.

Anodeln. (@) = (B) Eoww A C X xaty € f(A). Tote, unapxet z € A pe y = f(x).
Agou z € A, undpyetl akodoubia (zp,) oto A pe z,, — x. H f eivar ouvexng oto z, apa
f(zn) = f(x) =y. Opag, f(x,) € f(A) yia xkabe n € N. Zuvenag, y € f(A).

(B) = (y) Av B C Y, 9¢toviag A = f~1(B) oto (B) éxoupe

f(f~4(B)) € f(f~1(B)) € B.
O 8ettepog eyrAeiopdg mpokurtet anto v f(f~1(B)) C B mou 1oxvet yia kKabe ouvdptnon
f: X —>Y rairabe BCY.
Topa, ané v f(f~1(B)) C B oupnepaivoupe ou f~1(B) C f~1(B).

(y) = (6) Ectw C' C Y. Ao v Ipoétaor 3.2.13 £xoupe

X\ (O =X\ f1(C)=f1(Y\O)
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kat xpnoworowviag v urndleon ot f~1(Y \ C) C f~1(Y \ C) naipvoupe

X\ (fTHO) S YN O).

Eruriéov, 1oxvet

FIYNC) = 1Y\ C°) =X\ FHCo).
ZUvenag,

X\ (f7HO)° X\ fHeo),
dnAadn f1(C°) C (F~1(C))°.

(6) = (a) 'Eot® G avoikto urtoouvodo tou Y. @étoviag C' = G oy (§) maipvoupe

(O a(coRerani(e)l

61011 G = G°. Enetat 61 10 f1(G) eivar avowktd. Ano v mpotaon 4.1.2 n f eivat

OUVEXNS. O

4.2 OpolopopPa CUVEXEIG OUVAPTNOELS

Opiopdg 4.2.1 (opowopopon ouvéxela). 'Eoww (X, p) xkat (Y, o) 8o petpkot xopot. Mia
ouvapton f : X — Y Aéyetat opotopoppa ovveyrg av yia kabe € > 0 untapyet § = d(e) >
0 dote av z,y € X kat p(z,y) < 6 wre o(f(x), f(y)) <e.

KdaBe opoiopopda ouvexrg cuvdaptnon eivatl mpopaveg ouvexrg. To avtiotpodo Sev 10xUeL.
[Ipaypat, n ouvapmon p : R — R pe p(x) = 22 8ev eival opod0pPa ouveEXNS: yia KGOe
d > 0, av ermAégoupe x5 = % Kat ys = % + g, 0tE |25 — Ys| < 0 aAAd
52
[p(ws) = p(ys)l =1+ - > 1.

Amo6 1oV 0p1opo €metat ot 1) p Hev givatl opoldpopda ouveXns.

Mapadeiypata 4.2.2. (a) Kabe ouvapmon f : (X,d) — (Y, 0) and éva ouvodo X pe tn

dlakpitr] PETPIKY] § 0L OIMOIOVOATIOTE UETPIKO XWPO £ival OPOIOP0PPA GUVEXT|S.

Anoben. Eow e > 0. Avz,y € X xatd(z,y) < % é¢netar ou x =y, dpa o(f(z), f(y)) =

0<e. O
Mze tov 1610 tporo BAéroupe ot kaOe akodoubia a : N — Y eivat opoidpopdpa ouvexng

ouvaptnon.

(B) Eote A urtoouvolo evog petpikou xopou (X, p). H ouvdptnon andotaong ano to ovvoio

Acgivarndy : X — Rpe

t — dist(t, A) = inf{p(t,a) : a € A}.
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H d 4 eival opoiopoppa cuvexng: Uropoupe va deifoupe ot
(%) |da(t) — da(s)| < p(t, s)
yia kafe t, s € X. Tote, yia 806év € > 0, erudéyoviag § = € éxoupe ot av t, s € X rat

p(t,s) < ¢ wavonoteitat n |da(t) — da(s)| < 0 =e.
Anobeiln g (x): 'Eotw t,s € X. Ta kdbe a € A éxoupe

da(t) < plt.a) < plt, ) + p(s, a).

Tuvenag, o da(t) — p(t, s) etvat kate @paypa tou cuvodou {p(s,a) : a € A}. Enetat 6u
da(t) — p(t,s) < da(s). Andadn,

da(t) — da(s) < plt, ).
To 1610 akpBwg srmuxeipnpa Seixvel Ot
da(s) — da(t) < plt, ),

art orou naipvoupe my (*). O
(y) Kabe cuvexrig ouvaptmorn f : R — R n omoia «undevidetal oto ameipor, ndadr

lim, 1o f(x) = 0, eivat opodpoppa cuvexrg (Yvootd ard tov Arelpootikd Aoyiopo).

O Xapaxinplopog g OPoIOPopPng CUVEXEIAS PEC® akoAoubinv (rou yvepiloupe a-
o tov Ame1lpootiké Aoylopd) petagépetal Xopig kapia addayr oto mAaiolo TV PETPIKOV

XOPOV:

Ipdétaon 4.2.3. 'Eotw (X, p), (Y, 0) uerpucoi xopor kai éotw f : X — Y. Ta axoiovda
glvatl woodvvaua:

(@) H f eivat opotduoppa ovvexmng.

(B) Av (x1,), (2n) elvar akofloudieg otov X e p(y, zn) — 0, Wte o(f(xy), f(2n)) — 0.

Amnodeiln. Yrobetoupe nmpota ot 1) f elvat opoldpopga ouvexrg kat dempouiie akoroubieg
(xn), (2n) otov X pe p(xn,2,) — 0. Eoww & > 0. Ano tov opiopd mg opotdpopdng

ouvéxelag, urapyet 0 > 0 dote
avz,z € X xat p(x, z) < d we o(f(z), f(2)) <e.

Ao p(xy, z) — 0, undpxet no(d) € N wote: avn = ng e p(xy,, 2,) < §. Eotw n = ng.
Tote, p(Tn, 2n) < 0 KA1 Ty, 2, € X, oni6te o(f(x4), f(2n)) < €. Adou 10 £ > 0 frav Tuxdv,
ouprepaivoupe ot o(f(xy), f(2n)) — 0.

Avtiotpoga: avn f 6ev eival opoiopopdpa ouvexrg, urapxet € > 0 pe v e§ig 1616t ta:
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Ta kaBe § > 0 unapyouv x5, 25 € X pe p(xs,ys) < d aAhd o(f(xs), f(ys)) = €.

1 1

75,...757.-

Larra o (f(zn), f(2n)) = €. AvOewpricoupe Tig axodoudies (7). (2,). xoupe p(2y, 2n) —

EmAéyovtag Siadoyika § = 1 ., Bplokoupe Geuydpia z,, z, € X oote p(zy, 2,) <
0 addd o(f(zn), f(2zn)) # 0 (&nynote yat). Autd eivat droro, ouvenog éxoupe arodeitet

Vv avtiotpodrn Kateubuvor). O
Ipdétaon 4.2.4. 'Eow f: (X,p) = (Y,0). Bewpovue ug npotaoeig:

(@) H f eivat opotdpuoppa ouvexmng.

(B) H f amewxoviler Baoucée akofoudicg tou X oe Baotkeg arxofoudieg tou Y .

() H f etvar ouveyrig.

Tote, woxvouv ot ouvenaywyss (a) = (B) xat (B) = (v).

Anobealn. (@) = (B). 'Eow (z,) Baoikr akodoubia otov (X, p). @a &ei§oupe ou n (f(zy,))
etval Baowkr) akodoubia otov (Y, o). 'Eotw € > 0. Apou 1 f eival opoidpopgpa ouvexrg,
unapxet 0 > 0 oote av z,y € X xat p(x,y) < 0 ote o(f(x), f(y)) < e. H (z,) eivar
p-Baoiky), ouvenwg unapxet ng € N oote av m,n = ng Wte p(Ty, Tmy) < . Zuvbualoviag
1a napandve BAénoupe 6t av m,n = ng e o(f(x,), f(zm)) < .

(B) = (v). Eow x € X. Oa &eifoupe o n f eivar ouvexng oto x. Apkei va Seifoupe 6t av
() ivat akodoubia otov X pe &, — 6t f(2,) — f(x). Oewpoupe v akoloubia
(yn) = (z,21,2,22,2,23,...). H (y,) ouyxdivel o0 z (yvooto) apa eival Baoikr. Ano
Vv unéBeor) €xoupe ou 1 (f(y,)) eivar eriong Baowkny. AAAG, 1 vrniakodouBia (f(y2n—1))
ms (f(yn)) etvar otaBepr) kat ion pe f(x), enopévag ouykhiver oto f(x). Apov n (f(yn))
etvatl Baoikn kat £xet ouykAivouoa unakodoubia, ouykAivel, kat pdadiota oto f(x) (av pa

akolouBia cuyKAivel TOTE TO OP1O TG CUMITIIITEL PE TO 0p10 KABe urtakoAouBbiag tng). O

Hapatnprosig 4.2.5. (a) Mropoupe va Sdooupe mapddelypa ouvexoug oUVAPTNONS 1)
ortoia fev amekovidel kK&Oe Paoikn akoloubia oe Baokn akodoubia (apa to avtiotpodo
g ouverayoyrns (B) = (y) dev woxve)). Av Sewpriooupe v f @ (0,4+00) — (0, +00) pe

1 1

f(z) = < Tote autr) eivail ouvexng, av opeg Yewproovpe v Paoikr) akodoubia (E)n N

oto (0, +00) tdte autyy dev anekovidetat oe Baoikr) akodoubia, apou f (%) =n.

(B) Emiong, 6ev toxvel 10 aviiotpopo tng ouvenaywyng (@) = (B), dndadn prmopei pa
ouvdptnon va aneikovidel Baoikég akoloubieg oe Baoikég akoAoubieg kat va pnv sivat
opodpopda ouvexrg. 'a napdaderypa, n ouvapmon p : R — R pe p(x) = z? Bev eivat
opodpopda ouvexng. Ilap’ 6Aa autd, av éxoupe pia Baoikny akoroudia (z,) oto R tote,
onwg £xoupe Setl oTtov Amelpootiko Aoylopo, autn ivat kat cuykAivouoa, dnAadr) uvnapyxet
x € R pe z, — = kai, enedn n p eivar ouvexng, p(z,) — p(x), 6nhadn n (p(z,)) eivar

ouykAivouoa Kat apa Baoiky.
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4.2.1 Zuvaptnoeig Lipschitz

Oplopog 4.2.6. Eow f : (X,p) = (Y,0) xkar C > 0. Aépe o6u n f eivar C-Lipschitz (4

ad\eg, ot kavortotet ouvOrkn Lipschitz pe otaBepd C' > 0) av yia kabe z,y € X 1oxvet

o(f(z), fy)) < Cp(x,y).

Aépe 6u n f eivat Lipschitz av ikavoroiel ouvBrkn Lipschitz pe kanowa otabepa C' > 0.

HMapatnprosig 4.2.7. (a) Kabe ouvaptnon Lipschitz sivat opoidpoppa cuvexng. To a-
vtiotpodo Sev 1woxvet. Av yia napadetypa dewprjcoupe ) ouvaptnon f : [0,00) — R pe
ft) = Vt, 1ote auty eivat opodpoppa ouvexng aAdda dev wkavorolel ouvOrkr Lipschitz
yla kapia 9eukr) otaBepa (Aoknon).

(B) ZupBoAidoupe pe Lip(X,Y) mv kAdon 6dev twv cuvaptjoewv Lipschitz f : X — Y.
Ly nepimwon Y = R, ypagpoupe ardwg Lip(X) avt yia Lip(X, R). H kAdon Lip(X,Y)
efvat mavrote pn kev) 8161 mepiéxel ug otabepég ouvaptioelg. H xkAdon Lip(X) eivar
ETTIONG I KEVI] KA1, VEVIKA, TIEPIEXEL «MOAAEG ouvaptroelg: av A eival oroodAmote pn
Kevo urtoouvodo tou X, tdte 1) ouvdptnon andotaong dg @ X — R pe dg(x) = dist(x, A)
eivat 1-Lipschitz.

(y) Av f,g € Lip(X), tote f + g € Lip(X) xatav A € R twte Af € Lip(X). Me dAAa Adyia,
n tpwada (Lip(X), -+, ) efvat ypappikog uroxepog tou C(X).

(8) Ma kabe ouvapmon f € Lip(X,Y') opioupe

I fllLip = inf {C > 0:0(f (), f(y)) < Cp(z,y), z,y € X}.
A¢rjvetal @G AOKN 0T yid ToV avayveotn va Seifetl ot

o(f(@). fy)

Il =sup { ORI 0y x4

katou o(f(z), f(y)) < || fllupp(z,y) yia kaBe z,y € X.

Mapabdeiypata 4.2.8. (a) O napayeyioeg ouvaptijoeig f : R — R mou éxouv ppaypévn
napaywyo eivat Lipschitz.

Andbeiln. YrnoBétoupe o6u unapyet owabepd C' > 0 wote |f/(z)| < C ya xabe x € R.
OewpPoUe TUXOVIEG MPAYHATIKOUG aptdpoug z,y pe ¢ < y. Egpappoloviag to Sswpnpa
péong g ya v f oto [z, y], Bpiokoupe £ € (z,y) wote

r—=y
Tote, mx%g(y)‘ <O, naddws, |f(z) — fy)| < Clz -yl O
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E1d1kotepa, o1 ouvaptnoelg sin, cos, arctan eivat Lipschitz.
(B) Eote X ypappikog xopog. Kabe vopua || - || : X — R eivar 1-Lipschitz, dpa opoio-
popda ouveXng ouvaptnon).
(y) Twa ) ouvapwmon f(z) =sinz, x € R, wxvet || f||Lip = 1. H anodedn eivar armin: ya
mv avieétna || fllLip < 1 xpnowponouwote to yeyovog ot |f/(x)] = |cosz| < 1 yia kabe

sint __
at — 1,

z € R, eved yia v avicowta || f]rip = 1 xpnowporomote 1o yeyovog ot lim+
t—0

Ipétaon 4.2.9. 'Eoww (X, p), (Y, o) 6v0 petpiroi yapor kai éotw f € Lip(X,Y). Tote, n f
amnecovilel gpayusva uroovvoia tou X oe gpayucva vroovvoia tou Y . ITio ouykerkpiugva,

av n f eivar C-Lipschitz, 10te yia kdde gpayusvo vmoovvoio A tou X,

diam(f(A4)) < Cdiam(A).

Anobealn. Eoww A C X gpaypévo. Tote, diam(A) < co. 'Eow o,y € A. Tote,
o(f(@), F)) < Cpla,y) < Cdiam(4) < oo,
[aipvovtag supremum &g 1ipog &, y € A oupniepaivoupe 6t diam(f(A)) < Cdiam(A). O

HMapatipnon 4.2.10. H undBeon ou n f kavorotei ouvOrkn Lipschitz e propei va
avukataotaBei ano v acBevéotepn unoOeon g opo1OPoPPNG ouvexelag. Av demprjooupe
v tautouky ouvdpton I : (R, ) — (R, |- |) 6mou § n Siakpiy petpiky), t6te autr) givat
opowspopga ouvexng. IMapawmprote 6t 1o N C R eivat gpaypévo otov (R, 0) adda dev

etvat gpaypévo otov (R, | - ).

4.3 Ioopctpicg, OHOLOPOPPLOPOL, LI00SUVANEG PETPLREG

4.3.1 Ioopcetpieg

Oplopog 4.3.1 (wwopetpia). ‘Eoww (X, p), (Y, o) &vo perpikoi xwpot. Mia ouvdaptnon f :
X — Y Aéyetan woouetpia (isometry) av Siatnpet g arootaocelg, 6ndadr)

o(f(x), f(y)) = p(z,y)
yla kabe x,y € X.

Mapatnprosig 4.3.2. (a) Kabe ooperpia eivat 1-1 ouvaptnon.

(B) Kdabe 1oopetpia eival ouvaptnon Lipschitz.
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, , , , isom , , ,
(y) Av untdpyxet wopetpia f : X — Y, tdte ypagoupe X — Y katAépe 6t o X gpgurtevetat
100uETPIKA otov Y. Av, erurtidéov, ) f eivat e, tote Aépe 611 o1 xwpotl X, Y eivat iooperpikot

(kat ocav perpkoi Xopot «tautidoviaw).

(6) Mmopoupe va opiooupie 100opeTpieg o1 omoieg va pnv eival emi. 'a mapdadetypa, av

Sewpricoupe tov tefleoty g defidg puetaromiong (shift operator) S, : lo — £o e

ST(mla 2,3, .. ) = (07'1;17'1727 .. '))
10T autdg eival wopetpia amno tov £5 otov eautd tou, 1 oroia dev eivat .

Hapadeiypata 4.3.3. (a) (Metapopég) Ot anekovioeg oy, : R — R pe o, () = 2 + u xat
Tu : R = Rype 7y (x) = —z + u (6rou u € R) eival woopetpieg. Tevikdtepa, kdbe petapopd

Ty : 03 — 0y pe Ty(x) =  +y, émou y € R, eivat 1oopetpia erti.
(B) Av n < m tote £y o 448

[Mpaypatt, n anewkovion ¢ : €5 — 5" pe

i(r1,z2,...,@y) = (1, T2,...,2,,0,...,0)

m—9¢oeilg

eivat woopetpia.

4.3.2 I008Uvapeg PETPLREG

Opiopdg 4.3.4 (100duvapeg petpikég). 'Eotw X éva pn Kevd ouvoro kat p, o U0 petpt-
kég oo X. Ot p xat o Aéyovial wodvvapeg (kat ypadoupe p ~ o) av opiouv 1g idieg

ouykAivouoeg akodouBieg. Andadn p ~ o av kat povov av woxvet i woduvapia

T, 1= 1, 2> 1.

IIpotaon 4.3.5. 'Eoww X éva un kevo ovvofo kat p, o 6vo uetpucés oto X. Ta axdiovda

glvatr woodvvaua:

(a) Ot p, o eivar woodbvvaueg.

(B) H tavtourn ovvaptnon I : (X,p) — (X,0) evar aupiovvexng. Andaén, n I sivar
ovveync karn I~ emiong.

(y) (Kourjoio Hausdorff) I'a kade € > 0 kat yia kade x € X umapyouv 61,02 > 0 @ote
By(x,01) C Bo(z,¢€) kat By (z,62) C By(x,¢).

(6) To G C X eivai p-avoikto av kat uovov av givat o-avoukio.

(e) To F' C X eivat p-kAelot0 av kat uovov av givat o-KAeioto.
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Anddeln. (a) = (B). AmAo amo v unobeon Kat v apXy g petapopdg ya ug [ kat 1 -1
B = (7). Eowe > 0rat z € X. A@ou n I sivar ouvexrig, uniapxet 417 > 0 dote
I(B,(z,61)) € By(I(z),e) 1y woduvapa B,(z,81) C By(z,€). ‘Opowa, agou n I~ eivat
ouvexng undpxet 92 > 0 wote By (z,62) C By(x,¢).

(y) = (8). Yrobetouye 6t 10 G givat p-avoikto. @a dei§oupe ot eivat o-avoiktd. Avzx € G,
agpou 1o G eivat p-avoktd unapxet € > 0 wote B,(z,e) C G. And v unéOeon undpxet
§ > 0 oote By(x,0) C By(x,¢€). Tehika, By (x,8) C G. Apov 0 xz € G frav txov, 0 G
eivatl o-avoikto. 'Opota deixvoupe v dAAn kateubuvor.

(6) = (g). ArAG: Sewpoupe to cuprAnpepa tou F' kat epappoloupe v urtoOeon Ot 1o UEL
10 (6).

(e)= (a). 'Eoww (z,) akodoubia oto X pe L5 2. @a deifoupe ou x,, 2y 2. Av bgv
oupBaivel autd, tote urtapxouv &g > 0 xkat unakodoubia (z, ) wg (x,,) dote o(xy, , ) = €
yaan = 1,2,.... @swpoupe to ovvodo F' = {y € X : o(y,z) > gp}. Tote w0 F eivar o-
KA£10T0 Kat and v unobeon €netatl ot eivat p-kAeoto. ErumAéov, éxoupe x, € I (ex
KATAOKeUNGg) yia n = 1,2, ... kat oy, 5 2. Eneta éu z € F, apa o(z,x) > &g, aroro.

ZUVETIOG, T, 5 . ‘Opola Seixvoupe v AAAn kateubuvor. O

ZUpgeva Pe v POonyoulevn) mpotact), av oto 1610 ouvolo €xoupe §Uo 1coduvapeg
HETPIKEG TOTE 01 HUO PETPIKOL XDPO1 ITOU TIPOKUITIOUV £X0UV aKP18iGg Ta 1610 avoiktd ouvoAd.

Aépe 0t o1 1008UvapEg PETPIKEG TIAPAYOUV aKP1B8wg v idta toroAoyia.

IIpotaon 4.3.6. Av p sivar wa petpucr oto ovvodo X, 10te undpyel tooduvaun UETPKn o

oto X n omoia givat gpayuévn.

Amnobeln. Opidoupe ) petpikn o : X X X — Rpeo(z,y) = li(fi;:y)y)’ z,y € X. Ho eivat
@PAYHEVH PETPIKY KAl p ~ 0, adou (T, ) — 0 av kat pévov av p(x,,z) — 0. O

4.3.3 Opolopopdropoi

Oplopog 4.3.7 (opotopopgiondg). Eowe f: (X, p) — (Y,0). H f Aéyetat opowopuoppionog

(homeomorphism) av eivat 1-1, eri xat apgovvexris GnA. n f xatn f~! eivar ouvexeig).

Av unapyet opotopoppiopos f 1 (X, p) — (Y, 0), ot perpkoi xwpot (X, p) xat (Y, 0)
, , , hom ,

Aéyoviat ouotopop@ukoi kar ypagpoupe X ~ Y X ~ Y.

HMapatnprosig 4.3.8. (a) H oxéon opolopopdlopou petail PETpIKOV XOpev eivatl oxEon
1oobuvapiag.

(B) 'Eote p kat o 8Uo petpikég oto ouvolo X. Av ot p, 0o eival 1006Uvapeg, t0Te Ol PETPL-

kol xopot (X, p) xat (X, o) eival opolopopgikoi (HE€o® g TAUTOUKAG aretkéviong). To
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avtiotpodo Sev 1o Uel: Propoupe va Bpoupe ouvolo X Kal HEIPIKEG p, 0 oto X ®OOTE Ot
xopot (X, p) xkat (X, 0) va eivatl iwoopetpikoi, addd ot p, o va pnv eival 1w0odvvapeg. Oew-
poupe 10 oUvoAo X = gy TOV TEAKA PNOeVIKOV akoAoubiov Kkat opidoupie ) ouvAaptnon

T : cop — cop pe
T(z1,22,...,%n,0,...) = (x1,2x9,...,n2,,0,...).

Méow tou T opioupe pia véa voppa otov ¢op S €§06: |lyllr = [|Ty]|co Via ¥ € coo. Tore,
ot xwpot (coo, || - ||eo) ®at (coo, || - ||7) eivat wopetpoi (néow tng 7)) aAAd ot petpikég rou

ETIAYOUV 01 vOpleg 6ev eival 1006Uvapeg otov cog (Aoknor).

Ipétaon 4.3.9. Eoww [ : (X,p) — (Y,0) ovvdpmon 1-1 kar eni. Ta axofovda eivar
woodvvaua:

(a) H f elvat opotopop@iouog.

(B) Av () eivar axofloudia otov X kairz € X, 10t T, — 2 av kat povov av f(z,) —

f(x).
(y) To G C X eivai p-avoikto av kar povov av 1o f(G) C Y evat o-avokio.

(8) To F C X eivar p-Kkiletoto av kair uévov av 1o f(F) C Y elvar o-kieoto.

() Hd(z,y) = o(f(x), f(y)) opiler puerpucn oro X 10o06vvaun pe mu p.
Amnobeiln. APrvetal wg AOKNO1). O

Mpétaon 4.3.10. Kade puetpucog xwpos (X, p) eivail opoopopPukog pe £vav goaypevo ue-

TOIKO X WPO.

Amnddeiln. 'Enetal apeoa ano v npotaon 4.3.6 kat v napatrpnon 4.3.8(B). O

1

Ocopnpa 4.3.11. Kade draywployuog Uetptcdg Xwpog eupuievetat otov ku6o tou Hilbert

Hee.

Anobeifn. 'Eoww (X, p) Saxwpioiog petpikog xwpog. Oa dei§oupe 61t undpyel ouvexng
ouvaptmon F : X — H™ n onoia eivat 1-1 katn F~!: F(X) — X eivat emiong ouvexng.
Tote, X ~ F(X) C H™.

@uniloupe 61t 0 H™ eivat o xopog tev cuvaptjoswv y : N — [—1, 1] pe ) perpiky
d(y,y') = 22021 27" y(n) —y'(n)].

'Aépe 6t 0 X epguretetal otov Y av urndpyet f : X — Y ouvexng, 1-1 xatn f7 : f(X) = X eivat

eriong ouvexng. Me dAAa Adyila, av o X eival Opolopop@ikog Pe Evav uroX®po wou Y .
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Xepig MePlopopd g YEVIKOTTAG Propoupe va urnobécoupe o6t yia tov (X, p) oxvet
p(z,y) < 1y xabe z,y € X (autd pag 1o egaopalider n nponyoupevny npoédtaon). 'E-
ow D = {z, : n =1,2,...} éva apiBunoyo rukvo uriocuvodo tou X. Opiloupe v

anewovion F': X — H™ pe F(x) = y énou y(n) = p(x,z,), n € N.
Ioxupiouog. H F eivar 1-1.

‘Eow z,y € X pe F(x) = F(y) 8ndabdn, p(x,z,) = p(y, z,) yia ke n = 1,2, . ... 'Eow

e > 0. Agou 1o D eivar mukvo, undpxet x, € D dote p(y, ) = p(r,2,) < 5. Torte,

p(x,y) < p(z,zn) + p(y, 2n) < €

Kat agov 1o £ eivat tuxov ouprepaivoupe ou p(z,y) = 0, dndady = = y.
Ioxuptoudg. H F' eival ouveyng (padiota Lipschitz).

@a deifoupe 6w woxvet d(F (), F(y)) < p(z,y) yia kdbe z,y € X, 6m0u d 1 PEPIKY TOU

KUBou tou Hilbert. 'Exoupe
d(F(z), F(y)) =Y 27" |p(x, 20) — ply, x)] < Y 27"p(x,y) = p(x,).
n=1 n=1

Téhog, deixvoupe ot n F~!: F(X) — X eival ouvexrig deixvovtag 6t av a,,a € X xat
F(ap) BN (a) tote ap, 4 a (1o IToUPEVO TPOKUITTEL AT TV ApXT] TS HETAPOPAS).
, . , d . , . , ,
[paypau: éoww ou F(ay,) — F(a). Agpou n d eival perpikr ywopevo, éxoupe

lim F(am)(n) = F(a)(n) yia xabe n € N, 8ndadn lim p(am,,z,) = p(a, z,) yia kabe
m—ro0 m—0o0
n € N. Eow € > 0. Apou 10 D eival ukvo oto X, unapxet ng € N oote p(a, x,,) <
$. Emméov, a®ou p(am,Tn,) — pla,rn,) vniapxet mo € N dote av m > mg tote
P(@m;s Tng) < § + p(a, Tny). Zuvenag, av m = mq 16te
e 2

+2 =g,

g
p(amaa) < p(amaxno) + P(a,$n0) < g + 2p(a,xn0) < § 3

6nAadn a., 5a Kabog m — oo. O

KAetvoupe avt v tapaypado pe €va rapddetypia (EUyoug HETPIKOV XWPWV ITOU eivatl
opotlopop@dikot adda Sev eival 1I00PETPIKOL KAl P& KATIOEG TTAPATIPTOELS ETTL T@V OF1010110pP-

PIKOV Sraotnuatev oto R.

Mapadeiypata 4.3.12. (a) Ta (—g, %) kat R (kat ta Yo pe 1 ouvhBn petpikn) eivat
OHO100PPIKA PEC® TG ouvaptnong arctan : R — (—%, g) opwg dev elval 1oopeTpika

dou diam((—7, §)) = 7 eved diam(R) = oo.
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(B) Ataotipata ta onoia «potaouws eival opotopopdikda, dniadn (0,1) ~ (a,b), [0,1) ~
[a,b) ~ (¢,d] ka1 [0, 1] ~ [a, b]. Tia v npet Kat tpitn Mepineon £XOUHE TOV OHOOHOP-
eopo f(t) = a+ t(b — a). Ta ) devtepn éxoupe o6u iy ouvaptnon g : [0,1) — (¢, d] pe
g(t) = d —t(d — ¢) etvar 1-1, eri kat apProuvexng.

(y) To (0,1) 6ev eival oporopoppxo pe to [0, 1).

Anobeln. Yrobétoupe ou unidpxet f : [0,1) — (0,1) opolopopdpiopdg kat Sétoupe ¢ =
f(0). Tote 0 < ¢ < 1 xat emiong n fl(o,1) : (0,1) — (0,1) \ {c} eivar opolopopeionos,
8ndadn ta (0,1) xat (0,¢) U (¢, 1) eivat opolopoppikd. ‘Onpwg tdte, 10 R eival ki autd
opoopopdiké pe to (0,¢) U (¢, 1), enopévag 1o R propet va ypagei wg &vn évaon duo
AVOIKTQOV (1 TEIPIPPEVOV) UTTOOUVOA®YV TOU, TO ortoio eivat atorto 616t oto R Sev urtapyxouv
U1 TEIPIPPEVA UTTOOUVOAd TIOU vad £1val OUYXPOVOS AVOIKTA Kal KAE10Td (AoKknorn amno 1o 30

KepdAaio). O

4.4 Baolkad anmoteAféopdata yia OUVAPTNOELS O HETPLKOUG XQ-
poug
4.4.1 To Afppa tou Urysohn

@cmpnpa 4.4.1 (Urysohn). 'Eotw (X, p) petpikdg ywpog kar A, B kigiota utoovvoia tou
X pue AN B = (). Tote, undpyet ovvexrig ovvapmon f : X — R ue ug axdiovdeg 1610tnteg:
(@0< f(z) < 1yuaradex € X.

B) f(x) =0 yua kade x € A.

) f(z) =1 yia kade x € B.

Anodeifn. Bewpouye ) ouvaptor f: X — R pe

B dist(z, A)
 dist(x, A) + dist(x, B)’

f(x)

n oroia etval kadd optopévn 8161 ta A, B eivat kAeiotd kat AN B = () (av o mapovopaoctig
pndevidotav yia kamow x € X tote 9a eixape x € AN B = AN B). H f eivatl cuvexnig
©g TAiko ouvexov ouvaptioeev. Erurdéov, 0 < f(z) < 1 yua kdbe x € X. Tédog,

napatnpovpe 6t f(z) = 0 yua kdbe x € A kat f(z) = 1 yia xabe = € B. O
Oplopég 4.4.2. 'Eotw A, B 600 &Eva uroouvolda evog petpikou xopou (X, p).
(a) Ta A, B 6uaxwpilovtar av unidpxouv avokta G, H dote A C G, BC HxatGNH = ).

(B) Ta A, B siaywpifovtar minpwg av Sayxwpilovial and avowkta G, H o6nwg oto (a) kat

eruridéov woxvet G N H = ().
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Ipdétaon 4.4.3. 'Eoww (X, p) uetpucog xwpog kar B, F' §vo §Eva kiewota vmoovvoia tou
X. Tote wa E, F diaywpifoviat mtAnpog.

Amndbeifn. H anddedn 9a Paociotet oto Afjppa tou Urysohn. Yridpxet ouvexng ouvdptnon
f:X = Ruype f(x) = 0 yia xdbe € FE ka1 f(x) = 1 yia xdbe z € F. @ftoupe
U=(-1/3,1/3) ka1 V = (2/3,4/3)). Tdte 10xvouv ta §ng:

(@ Ta G = f~YU), H=f"1V) eivat avoiktd otov X &6t 1 f eival ouvexrs.

B ECG, FCH.

(y) Ioxvel 6ut G N H = (). Tlpaypat, av z € G 9swpolje akoloudia (zn,) oto G. Tote,
f(zy) € U 6nAady f(x,) < 1/3 yia kd0e n € N. Anoé v apyr) mg Petapopdg €Xoupe
f(xn) = f(z), dpa f(z) < 1/3. Me tov i610 TpoT0 BAémoupe dttavy € H tote f(y) > 2/3.
Apa, oxvert G N H = (. O

4.4.2 Awapepioeig tng povadag

Oplopég 4.4.4. 'Eow (X, p) perpikog xopog kat f : X — R. O gopéag (support) ing f

eivatl to oUvoAo

supp(f) = {z € X : f(z) # 0}.

Ocopnpa 4.4.5 (Siapéplon g povadag). ‘Eotw (X, p) petpucds xwpog kar Uy, ..., Uy
avowcta vroovvoia tou X oote X = Uy U - - - U Ug. TOte, UTdpxouv OUVEXEIS GUVAPTHOELS
i X = [0,1], i = 1,...,k ue mv 6womra supp(¢;) C U; yiai = 1,..., k kat ¢1(z) +
ot dp(x) =1 yakade x € X.

®a ypelactovpe 10 akoAoubo Anpua:

Afjppa 4.4.6. 'Eoww (X, p) petpikdg yaopog kar Uy, . . ., Uy avoikta vroovvoia tou X @ote
X = Uy U---UU,. Tote, vndpyouv avowkta ovvofda Wi, ..., Wy oote W; C U; ya
i=1,....kkar X =W U---Wp.

Amodeiln. Apkei va dei€oupe ot unidpyet Wi avowkto odote Wi C Uy kat X = WUUU- - -U
Up. Katoruy, to oupriépaopa €netat pe enayeoyr). Hapampovupe 6tto X \ (U U--- U Uy)
etval kKAewoto kat givat &vo npog 1o KAewoto X \ Up. Zuvenwg, Siaxwpiovial minpeg.
Ed1kétepa, undpyet avoktd Wi aote X \ (Us U --- U Ug) € Wy ka1 Wi N m =0
(yiatt, av Ws etvat avowto pe Up € Wa kat WiNnWs = 0, tote WiNX \U; C WiNnWsy = 0).
‘Apa,

Wi CX\(X\U1) CX\(X\U)="Uh.

Tédog, woxvert X = Wi UUy U --- U Uy. O
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Anddeiln ov Jewpnuarog. Ao 1o ponyoupevo AfPpa UndpXouv avolktd ocuvoda V;, 1 =
1,...,k dote V; C U; kar X = Ule Vi. T tov 1610 Adyo undpyouv avowktd Wi, i =
1,...,kdote W; CViyuai=1,....,kxat X = Ule W;. Ao to Anppa tou Urysohn,
yia kabe i = 1,..., k uniapxet ouvexng ouvaptnon f; : X — [0, 1] oote fi(z) = 1 yia xabe
r € W; kat fi(z) = 0 yia xd@e x ¢ V;. Mlapatnpotpe ta e&ng:

@) fi(x)+ fa(z)+-- -+ fu(zr) >0yuarabe z € X 816u X = Wi U---UWj, apaz € W;

yua karow i = 1,..., k orote fi(x) = 1.
(i) supp(f;) CU;yiai=1,...,k, 8ounnav z € X oote fi(x) # 0 t6te = € V;. Apa,
supp(f;) = {z : filz) #0} CV; C U

Bcwpoupe g ouvexeig ouvaptoelg ¢; 0 X — R pe ¢ = f1+fil+fk Autég eival kada
optopéveg kat supp(¢;) C U; (e§nynote yiati). Tédog, Zle ¢i(x) =1yuaxabex € X. O

4.4.3 Taldavtwon Kai onpeia ouveéxeiag

Oplopég 4.4.7 (tadaviwon). 'Eoww (X, p), (Y, 0) perpikoi xopot kat f : X — Y ouvapn-
on. Av A C X, n taidvioon g f oto A opiletat wg &fjo:

77(A) = diam(f(A)) = sup{o(f(2), f(y)) : 2,y € A}.
Mapatnprocig 4.4.8. (a) A6 tov opiopd, 0 < 74(A) < +o0.

(B) Av 1 f 8ev etvat gpaypévn oto A tote 74(A) = oo.

WAvf:(X,p) > Rrat A C X tdte
7p(A) = sup{|f(a) — f(b)[ : a,b € A} < 2sup |/ (a)].
ac
6) Av f € Lip(X,Y), t6te n taddviwon g f oe kaBe @paypévo uroouvoro tou X eivat
nenepaopévn kat pdiwora®

7f(A) < || f||Lipdiam(A).
(€) H ouvaptnon 7 : P(X) — [0, 00] eivar «av§ouoar: av A C B tote 74(A) < 74(B).
TtaBeportoovpe €va onueio £ € X rat opidoupe wg tadavieon tng f : X — Y oo x

Vv 1oodtnTa
7¢(x) = inf{7¢(V) : V avowto, x € V'}.

®a deifoupe Ot pa ouvdaptnon eivat ouvexng oe éva onueio av Kat povov av 1 tadd-
VI®OT] NG OTo onpeio autod eivat undevikr. T'a 1o okord autd deixvoupe pota €va Anppa

10 oroio pag ivel pa 1o evxpnotn neptypadr) mg 7f(x).

2 Agite tv Iapatgpnorn 4.2.7 (6).
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Afjppa 4.4.9. 'Eowo f : (X,p) — (Y,0) karz € X. Tote, yta v taiavioon mg f oto
loxveL N 100TNTQ

7¢(x) = lim diam(f(B,(z,¢€))) = lm 7¢(B,(x,¢)).

e—0t e—0t
Anobeln. Eow V avowktd pe x € V. Téte, undapyel g9 > 0 oote B(x,g9) C V. Ano
) povotovia g taddaviwong éxoupe T¢(B(x,g0)) < T4(V). O@ewpoupe ) ouvdaptnon
g :(0,00) = [0,00] pe g(e) = 7¢(B(x,€)) n oroia eivar avgouoa. Apa to 6pto lim, o+ g(e)
unapxet oto [0, +-00] Kat

lim s (B(z,2) < 77(Bla,20) < 77(V).

Enetat ou limg o 7¢(B(x,¢)) < inf{7;(V) : V avowtd, z € V} = 7¢(x).

IMa v aviiotpopn avicotnta mapatnpoupe 0Tt
7i(x) < 74(B(x,€))

yia kafe € > 0, 81611 10 B(x, €) eival avoikto kat meptéxet 1o .

Apa, T¢(r) < limgjo7¢(B(x,¢)). O

Ocopnpa 4.4.10. Eowo [ : (X, p) — (Y,0) karx € X. Ta axéiovda eivar wobvvaua:
(@) H f eivat ovvexrg oto x.

(B) H tajaviwon mg f oto x sivar undevuer), dniadn 7¢(x) = 0.
Anodeln. (@) = (B). Eow € > 0. Agpou n f eival ouvexrg oto x, urapxet § > 0 wote
f(B(z,9)) C B (f(:v), %) A6 tn povotovia g Sapétpou éxoups

diam(f(B(x,5))) < diam (B (f(x), g)) <e.

'Opog,

Tf(x) = lgil(r)ldiam(f(B(:c,r))) <e

kat, agov 1o £ > 0 frav wydv, cupnepaivoune ot 74(x) = 0.
(B) = (a). YmoBétoupe 6t 1 f eivar acuvexrg oto x. Tote, umapxet €9 > 0 pe mv €8¢
Wota: yia kabe § > 0 unapyet x5 € X aote p(zs5,x) < 6 kavo(f(xs), f(x)) = €o. Apa,
Tt (B(x,6)) = €0 yia ka6e 0 > 0. Torte,
(o) = lin (B, ) > o
O
@copnpa 4.4.11. Eow f : (X,p) — (Y,0). Zuvuboiifovue ue C(f) 10 ovvofo twv

onueiov ou X ota onoia n f eivar ovveyrjg. Tote, 1o C(f) eivar Gs-unoovvoio tou X.
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Amodeifn. Ao 1o iponyoupevo Jswpnpa £Xoupe Ot 1 ouvdaptnor f ival ouvexng o éva

onpeio ¢ € X av kat povov av 7¢(x) = 0. Apa, C(f) = {z € X : 7¢(x) = 0} 1) 1006Uvapa

C(f):fjl{xeX:Tf(x)<71L}.

®a 6eifoupe ot yia kabe n € N, 10 ovvoro B, = {z € X : 74(z) < L} etvar avowro.

‘Ectw x € B,,. Ilapatwpouiie o6t

. 1
Tf(z) = %ﬁ)le(B(x’é)) <

Apa, urapxet 6 > 0 wote 7¢(B(z,0)) < %
Ioxuptouog. Ioxuelr B (33, %) C B, (4pa, 10 B, eivat avoiktd).

[pdypaty, ¢otw y € B (LL’, g) [Mapatnpouvpe 6u B (y, g) C B(zx,d). Auto woxvet 8iot, av
z € B (y, g) wte p(z,z) < p(z,y) + p(y,x) < g + % = 4. 'Etot, mpoxurtel 6t

75 (y) < 77 <B <y g)) < 71(B(2,8)) <+,

n
dndadn y € By. O

épiopa 4.4.12. 'Eowo f : (X, p) — (Y, 0). Zuubofilouue ue D( f) 1o ovvoio tov onusgiov

aovvéyewag mg f. Tote, o D(f) eivar Fi,-umootvofo tou X .

Anobeln. To D(f) eivat to cupmnpepa tou C(f), rou eivat ouvodo Gs. Tuvenog, eivat

ouvolro Fi.

4.5 AOR1NOelg

Onada A’

1. Eow f,g: (X,p) — (Y,0) 600 ouvexeig ouvaptioelg kat D mUKvO UIOGUVOAO TOU
(X, p). Aeigre ou:

(@) To ovvoro E = {x € X : f(z) = g(x)} eivar xAeiot6.

(B) Av f(x) = g(z) yia xabe z € D, t6te f = g.

2. Eow f: (X,p) — (Y,0) xat xg € X. Aeifte o n f eivar ouvexnig oto g av kat povo
av yua xkabe € > 0 unapxet 6 > 0 oote av z,y € X rat p(x,z9) < J, p(y,x0) < 6 ote

o(f(x), f(y)) <e.
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3. Eow (X, p) perpikog xopog kat G C X. Aeigte 6u 1o G eivat avoikto av kat povo av

undpyouv ouvexng ouvaptnon f : (X, p) — R ka1t V C R avowxto, oote G = f~1(V).
4. (a) Eow f : (X,d) = R ouvapmnon kat Z(f) 1o ovvofo unbeviouov tng f, 6niadn

Z(f) ={z e X : f(z) = 0}.

Aeigte 6u: av n f eivat ouvexng tote o Z(f) eivat kAeloto otov X.

(B) Eoww F' C X. Aci€te 6t 1o F' eival KA£10t6 av KAt Povo av UMApXEL OUVEXHS OUVAPTHOT)
f:(X,p) > Raowe Z(f) =F.

5. Eow (X, p) perpixog xopog kat A C X. ZupBodioupe pe x4 Vv xapakmploukn
ouvaptnon tou A, otou x4 : X — R opiletat wg

o teA
Y7V 0, t¢a

Arodeitte 611 10 0UVOAO TV onpeiev ouvéxelag g x4 ewvat o A° U (X \ A)°, to ouvoro
WV onueiev acuvéyeldg mg etvat o bd(A) xat 6t n x4 etvat ouvexiig av kat povo av to

A eivat avoikto kat kAeoto (clopen).
6. Eow [ : (X, p) — (Y,0). To yoapnua ng f eivat 1o ouvodo
Gr(f) ={(z, f(z)) ;2 € X} CX xY.

Aei€te O, av n f etval ouvexng ouvdpton, t0te 0 ypaenua Gr(f) g f sivar kAewoto
oov X X Y og npog kabe petpikn) yvopevo. Awote riapddetypa to oroio va deixvet ot 1o

avtiotpodo dev 10xUEL.

7. Eow f: (X, p) — (Y,0) ouvexiig ouvaptnon kat ¢0to A dtaxeopioo unoocuvodo tou
X (6nAabdn, o (A, pa) eival Siaxwpiopog). Asigte ot 1o f(A) eivatl Sraxwpiopo urtoouvodo

wuY.

8. Awmote mapddsiypa @payuévng, ouvexoug ouvaptnong f : R — R n omoia 8ev eivai
opolopoppa ocuvexns. Mropeti piia pn @paypévn ouvaptnorn) va givat opolopoppa CUveEXnS;

9. Anote éva rnapadstypa §U0 §EVeV UTIOCUVOAGV £VOG PETPIKOU X®POU Ta oroia diaxwpi-

fovtat, adda &g Saxwpidovial MANpw®S.

10. Eow f : (X,p) — (Y,0) opoopoppiopds. Asige 6t o (X, p) etvar Siayxepiopog av

kat povo av o (Y, o) eivar draxepiopog.
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Opada B’

11. 'Eow [ : (X,p) — (Y, 0). Asigre 6, av yia ke A C X woyvet f(A)) C (f(A)), wote

n f eivat ouvexng. loyuet to avtiotpogo;

12. Aivetat pia ouvaptor f : R — (Y, 4d), émou § n dakpir) petpikn otov Y. Aeifte 6u n

f elvat ouvexng av kat povo av sivat otadepn).

13. Mua ouvépwnon f : (X, p) — (Y, 0) Aéyetan tomika gpayuévn (locally bounded) av yia
ka0e = € X undpyet neproxyy U, tou x wote 1 f|y, va eivat gpaypévn.
(@) Eow f: (X, p) — (Y,0) ouvexiig ouvapmon. Téte n f eival torukd @paypévn. loyvet
10 avtiotpogo;
(B) Eoww f : R — R. Acsi€te 611 ta ak6Aouba eival wcoduvapa:

(i) H f sivat cuvexrg.

(ii) H f eival torukd gpaypévn Kat £Xel KA10TO ypagpnua.

14. Eow f : (X,p) — (Y,0) ouvexrjg ouvapion xat D mukvd unoouvoro tou X.
Egetdote av o1 mapaxkdte 10xXuplopol eivat aAnoeig.

(@) Av 1 f|p eival gpaypévn, tote n f eival paypévn.

(B) Av 11 f|p eival opotdpopda cuvexng, e 1 f eival opodpopPa CUVEXHS.

(y) Av 1 f|p etvar 1-1, tote 1 f eivar 1-1.

15. Eow (X,p), (Y,0) pepwoi xopot kat f : X — Y. Aeifte ou ta akdrouba sivat
1ooduvapa:

(a) H f eivat opoopopga ouvexrg.

(B) Ta xkabe € > 0 urapxel 6 = d(e) > 0 vote: av A, B C X pe dist(4, B) < J, ot
dist(f(A), f(B)) < e.

16. Eow (X, p) perpikog xopog kat A, B C X rAewota kat &va. Av [ : X — [0, 1] eivat

_ dist(x,A)
— dist(z,A)+dist(z,B

n ouvaptnon tou Urysohn, 8niady f(x) Ik arodeifte ot:
(a) Av dist(A, B) = 0, téte 1 f Sev eival opoidpoppa ouvexng.

(B) Av dist(A, B) = § > 0, téte ny f eivar 6~ '-Lipschitz.

17. Eow (X, p) perprog xopog kat A, B C X pe dist(A4,B) > 0 kat f1 : A — R,
fo : B — R (opoidpopda) ouvexeig ouvaptrjosig. Anodei€te 6t n ouvapmon f : AUB — R

ne
) filz), z€A
f) = { fo(z), z€B
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eivat (opodpopda) ouvexns.

18. Eow (X, p) petpirdg xopog kat A C X. Av f : A — R eivat opoidpopea ouvexng
ouvdptnor), anodeifte ot 1 f enexteivetatl oe pia opoGpopda ouvexr ouvaptnon F : A —

R.

19. Egstdote av 10xU0uV 1a napardaie.
(a) To R eivat opotopopdiko e 1o Z.
(B) To R eival opotopopdiko pe o Q.
(y) To Q eivat opolopopd1ko pe 1o Z.
(6) To Z sivatl opotlopopdiko pe o N.

20. Aivovtat ot petpkoi ywpot (Xi,dy),. .., (Xk, dr) Kat o xopog yvépevo Hle X; ne
HETPIKY Yvopevo v doo = max{d; : 1 < i < k}. 'Eow (X, d) évag perpirdg xwpog Kat
f:X—= HleXZ- ve f=(f1,.-., fx), 0mou f; : X = X;yvai=1,..., k. Aeifte ta e§ig:
(@) H f sivat ouvexrig av kat povo av ot f;, ¢ = 1,..., k eival cuvexeig.

(B) H f sivat Lipschitz av kat povo av kabe f; eivat Lipschitz.

(y) H f eivat opolopodpga ouvexrig av kat povo av ot f;, ¢ = 1,..., k eivat opoidpopgpa
OuUVEYEIS.

(6) Eival owoté ot n f eivatl woopetpia av kat povo av ot f; eival 1oopetpisg;

(e) Eivat owoto ot n f eivatl opolopopdiopog av Kkat povo av ot f; eivat opotopop@iouot ;
Opada B’ - ZUPNANPOHRATIKEG AOKIOELG
21. Eow (X, d), (Y, o) perpkoi xopor xkat f : X — Y ouvexng ouvédptnorn. Anodeigte ot:

(@) H ouvapmon g : X XY — Rupe g(x,y) = o(f(x),y) etvar ouvexng.
(B) To ouvoro A = {(z,y) € X x Y : f(x) € By(y,1)} eivar avoikts.

22. Eow f : (X,d) — R. Anodeifte ot ) f eivat ouvexnig av kat povo av yla kabe a, b € R
ta ovvoda {z € X : f(x) < a} xar {z € X : f(x) > b} eivar avokta.

23. Eow (X, d) perpikog xopog kat éote f 1 X — X ouvexnig ouvaptnon pe v douya
fof=f. Aei&e 6u 10 ovvodro f(X) eival kKAewoTo.

24. Eow f,g: (X,d) — (Y, 0) ovuvexeig ouvaptoeig kat éoww = € X aote f(x) # g(x).
Arnodeitte ot unapyet r > 0 dote: yia kabe y, z € B(x,r) wyvet f(y) # g(z).

25. Ozopoupne ta ouvoda N kat Q pe v cuvrOn petpky.
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(@) Awote apddetypa akodoubiag { Gy, }52 ; avolKTtOV Kat IMUKVGOV Urtoouvodev tou (Q, |-

|) pe myv 66uta (2, Gy, = 0.
(B) Arobeigte ot kaBe ouvapmon f: (N, |-|) = (Q,]| - |) eivat opoidpoppa cuvexrg.
(y) EZetdote av ou (N, |- |) xar (Q, | - |) eivat opolopopgikoi.
26. Eow (X, d) petpikog xwpog kat éotw f : X — R kat g : R — R. Ta xabepia anod ug
Mapakat® npotdoetg dwote anddeln ) avurapadetypa:
(@) Av o1 f xat g eivat opoodpopga cuvexeig, tote 1 g o f eival opoldpopPa ocuvexng.

(B) Av n f sivatl opoldpoppa cuvexng Kat epayuévn Kat n g stvat ouvexng, e n g o f
elvatl opolopoppa oUVeEXTS.

(y) Av n f elval ocuvexrig kat gpaypévn Kat n g €ivat opoldpoppa cuvexng, t0te 1 g o f
etvat opolopoppa ouvexr|g.
27. Eow f : (X,d) — (Y,0) ouvexfjg ouvapmorn. Ta kabepia and ug napakdaw
rpotdocelg doote anodeidn 1 avurapddsiypa:
(@ Av K C X eivai oupnayég, tte 1o f(K) C Y eivat oupnayég.
(B) Av K C X eivat gpaypévo, tote 1o f(K) C Y eivar ppaypévo.
(y) Av K C X eivat gpaypévo kat 1 f eivat ouvaptnon Lipschitz, tte 1o f(K) C Y

etvat gpaypévo.

28. Eow f, g : R — R ouveyeig ouvaptjoeig. Eivat to ovvoro K = {(f(z),g(x)) : x € R}

anapaitmta KAE10Tt6 uroouvodo tou R;

29. 'Eow F, F» §va kAeiotd uroovvoda evog petpikou xwpou (X, d). Eow f: X — R
kat g : X — R @paypéveg ouvexeig ouvaptrjoetg. Aeite 0Tl UnApXel @PAYHEVT] OUVEXTS
ouvaptnon h : X — R pe myv 1816tnta h = f oto F1 xat h = g oto Fo.

30. Asigte 6u bev unapyet ouvexng, 1-1 ouvapmon f : [0,1] x [0,1] — R.

Opada I

31. Eoww F pn revo kAe1oto untoouvodo tou R kat f : F' — R ocuvexr|g ouvdptnorn. Asite
0Tl UnApxet ouvexng ouvaptnon g : R — R pe myv 616uta g(z) = f(z) yia xabe © € F.
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32. Eow (X, p), (Y,0) perpkoi xopot xat f : X — Y. I'ia kabe § > 0 opiloupe 1o uérpo
ovvéyelag (modulus of continuity) tng f og €8§Ag:

wf((s) = sup{o(f(x),f(y)) : d(%,y) <4, z,y € X}

(@) Aei§te ot ) ouvaptnon wy : [0, 00) — [0, 00| eivat av§ouoa, dndadn av 0 < §; < do oTE
wr(01) < wy(2).

(B) Asi&te 611 n ouvaptnon f : X — Y eivat opotdpoppa ouvexrig av kat povo av 1oxUet
wr(d) — 0 xkabog & — 0T, [Yrobedn. Aeifre ou o(f(z), f(y)) < wr(d(z,y)) yia xabe
xz,y € X].

33. Eow f: (X,p) = (Y,0). H f Aéyetar avowktr av yia kabe avowktd G C X 1o f(Q)
elvatl avoiktd uroouvodo tou Y. Avddoya, n f Aéyetat kiswom) av yia kabe kAeoo F C X

10 f(F) eivat kAewotd urtoouvodo tou Y.

(a) Adote mapadetypa: ouvexoug ouvaptnong n oroia dev eivatl avoikir], AvVolKIng ouvdap-
ong n oroia dev eival ouvexrg, ouveXoug ouvdaptnong 1 ortoia dev eival kKAelotr), KAE1OTAG

ouvaptnong n oroia dev eivat ocuvexrg.

B)Avn f: (X,p) = (Y,0) etvar 1-1 xat er, Seilte 6 ta e8¢ sivat wodvvapa: (i) n f
etvat avowky), (ii) ) f eivat kAewoty, (iii) n ! efvar ouvexng.

Yuvenog, av 1 f eival ouvexrg Kat avoikty (1) KAelotr)) TOTe £ival Opo1010pPIoHAG.

34. Eow (X;,d;) . i =1,...,m perpot xopot kat X = [, X; o xOpog ywvopevo pe
petpikn) d = Y ;" | d;. H ouvapon i—mpo6ojin eivar nn m; : X — X; rou opiletat og e§ng:

Ti( X1y ey Ty ooy Tn) = T
Arodeite 61 ) m; eival CUVEXT|G, £ KA1 AVOIKTY).

35. Eow f : (X, p) — (Y,0). Aeife 6un f eivat avokty) av kat povo av f(A°) C (f(A))°
yia kabs A C X. Aoote mapddetypa piag ouvexoug, avolktig ouvaptnong f: X — Y kat
karnowou A C X oote 10 f(A°) va nepiéxetat yvrjowa oto (f(A4))°.

36. Eow (X, p) perpirog xwpog. AnodeiSte ot ta akodouba eivat 10oduvapa:
(a) H p eivat woobuvapn pe ) dakpiet) petpikr) otov X.

(B) KaBe ouyrAivouoa akoroubia otov X eival tedika otabepr).

(y) O X bev €xel onpeia cucowpeuong.

(6) Ta kAOe petpko Xwpo Y, kabe f: X — Y sival ouvexng.
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(e) H xAetotr) 911 kaBe avoiktou ouvodou G C X eival avoiktd ouvolo.

37. (@) Mia ouvdpmon f : (X, p) — R Aéyetar kdiw nuiovvexrc av yia kabe t € R 10
ouvodo {xr € X : f(z) < t} eivar kKAelot6 uroouvoro tou X. Aeidte 6u n f eivar kaww
NUOUVEXHS av Katl povo av, yia kaBe akodoubia (z,) otov X pe z, — = € X, woxvet

f(z) < liminf f(z,).

n—oo

A®ote Tapddelypa KAT® NHIoUVEXOUS oUVAPTNOoNG 1) ortoia Sev eival ouvexrg.
(B) Mia ouvaptnon f : (X, p) — R Aé¢yetat dve nuiovvexric av n — f eivat Kate nUICUVEXHS.
Alatunioote Kat anodeifte xapakinplopoug g Ave NI0UVEXOUG OUVAPTI OGS, AVTioTO1X0Ug

€ TOUG XAPAKINPEIOHO0UG TG KATK NIOUVEXOUG OUVAPTNONG TTOU MeplypadtnKav oto (a).

38. Arodeitte 61t untapyouv duo petpikoi xopot (X, p), (Y, o) ot oroiot Sev eivat oporo-
nop@koi aAdd kavorolouv 1o £8fjo: urnapyouv cuvaptoelg f : X = Y, g: Y — X o

omoieg eivat ouvexeig, 1-1 kat ermi.



Mépog II

IIAnpotnta Kait cupnayela
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Ke¢dpadawo 5

IIAnpotnta

5.1 IIAnpelg HETPLROL XOpPOL

Oplopo6g 5.1.1 (mAnpng petpikog Xopog). 'Evag petpikog xopos (X, p) Aéyetar minpng

(complete) av kaBe p-Baoikr) akodoubia (z,) otov X eivar p-ouyxkdivouoa.

Mapadeiypata 5.1.2 (Anpeig Xopoi). (a) Av I eival i Siakpitr] PETPIKY O éva Orolodr)-
rote ouvodo X, o petpikdg xopog (X, 0) eival mdfipng. Ipaypatt: av (x,) sival Baoikn
axkoAouBia otov X, 1ot autr) eivatl teAkd otabepr]. ZUVEN®OG, OUYKAivVeL.
B) O (R,]| - |) eivar mArjpng PeETPIKOG XOPOG. ETOV AMElpootKO Aoylopo eibape ot kabe
Baokn akodoubia mPAyRaTkoV aplOpov oUyKAivEL 08 TPAYHATIKO apiBuo.
(y) O (R™, p2), drou pa n EurAeidela petpik), eivat mARpng PETPIKOG XOPOG.
Anobeln. Eoww () Baoikny akodoubia otov R™. Tpagoupe z, = (z,(1),...,zn(m)),
orou z,, (i) € R.

Eow ¢ > 0. H (z,) eivar Baowkn akodoubia, eropéveg undpxet ng € N dote av
n,S 2= Ng TOTE

1/2
m /

(*) p2(@n, Ts) = Z(l‘n(]) — z5(j))? <EéE.

j=1

INapawmprote o1, yia kabe ¢ = 1,...,m,
. 1/2
|z (i) — 25(3)] < Z(xn(]) _xs(j))Q
j=1
ZUVEnIRG, av n, § = Ng, TOTE yla Kabe ¢ = 1,..., m Xxoplotd Exoupe

|z (1) — zs(3)] < €.

87
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Auto onpatvel ot yia kabe i = 1,...,m n akodoubia (z, (7)) eivar Baoikr) akodoubia oto

R. A6 v mAnpduta ou R énetat 6t undpyouv z(1),...,z(m) € R dote
xn (1) — x(3), i=1,...,m

kabog 0 n — oo. Opifoupe x = (x(1),...,z(m)) € R™ xat péver va beifoupe ou
p2(xn, ) = 0 KabOG 10 N — 0.

Eruotpépoupe oy (*): yia kaBe n, s > ngy éxoupe

1/2
m
Z(wn(]) — z4(4))? <e.
j=1
Lrabeporoovpe n > ng. And myv lim z4(j) = x(j), j = 1,...,m, éxoupe
5§—00
. 1/2 . 1/2
. NS . . N2
> (@n(d) — 2(4)) = lim Y (@nld) — 2s(5)
Jj=1 Jj=1
. 1/2
< swp [l - m()? | <e
s$=2ng 3
7=1
Aoy g (%). Apa, yia kabe n = ng €xoupe
1/2
m
oo ) = | (i) - 2G| <o
j=1
Agou 1o £ > 0 fjrav wxov, ouprepaivoupe ot po Ty, z) — 0. O

(¥) ‘Eowo {(X;,d;)}¥_| menepaopévn axoloubia petpikov Xopov. O (Hl 1X1,ZZ 1 di)
etvat mifpng av kat povo av ot (X;, d;) elvar mnpeigyiai = 1,2, ..., k. H anodeign autov
TOU 10XUPIoPoU akoAoubel ta Prpata tng anodeng oto rponyovpevo rnapddeypa.

6) Eowo {(X,,dn)}22, akodoubia petpirov xopov oote dy(x,y) < 1 ya xabe 2,y € X,
n=12,... @wpovpe tov X = [[>7 | X, pe perpkn uyv

=3 grdnlan), y(n)

orov z = (z(1),...,z(n),...) xkary = (y(1),...,y(n),...) € X. Av o1 X,, eivar mAnpeig
petpikoi xmpot wte kat o (X, d) eivar mAnpng petpikdg xopog. H anddedn eivat emiong

napopold Pe autnv mou dwoape oto napadeiypa (B) kat aprjveral yla tig AoKHoES.
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(e) O xepog tou Baire eivat o (NY, o) érou

1
e TFEY
U(x,y)Z{S"( 2 vy

kat N(z,y) = min{n € N : z, # yp} pe z = (z,),y = (yn). O Xopog tou Baire eivai
MANPNG HETPIKOG XOPOS (AoKnon).

Mapadeiypata 5.1.3 (un mAnpeig xopoy. Zwv §2.1.3 eidape napadeiypata PeTpkOV

X®P®V 0TOUG OIT0i0Ug UItapXouV Paocikég akoAoubisg rtou v cuykAivouv.

(a) ®ewpoupe 1o ouvodo Q v pntev apBpwy, pe petpky my d(z,y) = |z — y|. O (Q,d)
dev elval mMAnpnNg: auto MPOKUITIEL €UKOAA av Supnboupe ot Q=R. Ava eR \ Q tote
urnapyet akodoubia (g,,) oo Q wote ¢, — a. Apou 1 (¢,) ouyxrAivel (oto R) eivar Baowkr)
ot R dpa xat oto Q. 'Opeg, dev urapyet ¢ € Q wote |, — q| — 0, yati tote Sa eixape

q = «, 1o oroio givat drorro.

(B) O xopog (R, p) pe ) petpiky p(z, y) = |arctan x — arctan y| dev eivar mdnpng. E§nyn-
oape ot 11 akoAoubia x, = n eival p-Baoikrn adAad dev eival p-ouykAivouoa.

Oplopog 5.1.4 (xopog Banach). Eotwe (X, || -||) évag xwpog pe voppa. O X Aéyetal Xwpog
Banach av sivat Afjpng PETPIKOG XWPOS G P0G Tr| PETPIKI) ITOU EMAYETAL ATIO TH VOpHd,

8nAadn av o (X, d) émnou d(x,y) = ||z — y|| etvar mAnpng petpirog Xopos.

OAotl o1 KAAo1KOl X®pol akoAoubi)v mou opicape oto mpwio Kepddaio sival xopot
Banach: amnobsikvioupe €80 ot 0 /o, Kal 0 ¢y eival mAfpelg. H anddeiln yia tov £,
1 < p < 0o agrjvetal yua g aoxknoelg. e enopevo KepdAao Sa pedetfjooupe avalutukd

wov (C([0,1]),] - |leo) ka1, petagy aAdwv, Sa Sovpe 6 eivatl mMAfpng.

Mpédtaon 5.1.5. 'Eotw ' un kevo ovvofo. O xapog oo (I') tev gpayuévov ouvvaptioeov
z:I' = R, ue peroucr; tu

doo(,y) = sup{|z(y) —y(y)| : v €T}

elvar TtAnNpeng.

Anobeln. 'Eoww (z,) Baoikr akodoubia otov I (). Eow ¢ > 0. H (x,) eival Baoky
axkoloubia, dpa vnidpxet ng € N dote av n, s = ng ote sup{|zn(y) —zs(y)| : v € '} < e.

Zuvenog, av n, s 2> ng 10te ya kabe v € I' woxvet

(%) 20 (7) — 25 (V)] <e.
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Auto onpatvet ou yua kabe v € I' n akodoubia (z,(7))n eivar Baoikn akodoubia oto R.

Apa, urtapxouv z(7) € R oote

lim z,(y) = z(v), v eT.

n—oo

Opietat €to1 pua ouvapnon = : I' — R nou oe kabe 7 € T' avuotoiket tov apOpo (7).
[Mpénet mpota va deifoupe ot x € Lo ().

Ia kaBe v € T, éxoupe |2,(7) — zs(7)| = |zn(y) — 2(7)| kaBag s — oo. Apa, ard

mv (*) énetat on
() |zn(v) —z(y)] <& yuakdBe n > ng xat yua kabe v € T
Eropéveg, yia kabe vy € T,

2] < Jng (V)] + € < lznglloo + &
Enetat 6t sup., [2(7)| < [[2n,]loo + € < 00, 8ndadn x € Log(T). !
Erntiong ané v (xx), éxoupe on, yia kabs n > ng,
doo(@n, ) = sup{|zn(7) —z(y)| : v €T} <&
Agot 1o € > 0 eivat tuxov, deigape ot T, — & G P0G TNV doo. O

Epappoloviag v pdtaon oty €1d1kn niepirmwon I' = N, éxoupe:

épiopa 5.1.6. O xwpog Lo TV GPAYULVOU aKOAOUBIOV, UE UETOULT TNV
doo(7,y) = sup{|a(i) — y(i)| : i € N}

sivar minpeng.

Ipdétaon 5.1.7. 'Eotw (X, p) nineng uetpicog xopos kai éotw F C X. To F eivat kieioto

unoovvoflo tou X av kat povov av o (F, p|r) eivar mirpng petpinds xopog.

Amnodeifn. Yrobétoupe mpota ot to F' eival kAewoto uroouvodo tou X. @a &eifoupe ot
etvat mArpng petpikog unoxepog wu (X, p). Eow (x,) Paciky) akodoubia otoixeiov tou
F. Tote, n (zy,) eival Baowkr) akodoubia xat otov X kat, apou o X sivat mArpng, énetat
ot urtapxelt ¢ € X oote x, — . AAAd, and v undbeorn ot 1o F' eival KAe1oto, énetat ot

x € F. Apa, o F' eivatl mAnpng perpikog undoxmpog.

'AMGG: 1) (T5,) sivat Baoikn), dpa @paypévi). Av M = sup,, ||Zx||eo, T0Te yia ®4Oe v € T ka1 kGBe n € N
éxoupe |z, ()] < M xat ouvenag |z(v)| < M yua xdbe v € T, 8nAady) ||z]|ec < M < 00.
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Avtiotpoga- éotw ot 0 F' eival mAfjpng HeETpikog Xwpos. Oa beioupe ot eival KAe1oto
urtoouvodo ou X. 'Eotw (y,) C F pe y, — y € X. Agou 1 (y,) eivat ouykdivouoa, eivat
Baowkr] akodoubia kat repiExetal otov MAHP PeIpko Xwpo F. Apa, ouykAivel oe onpeio
tou F. An6 ) povadikotnta tou opiou, apouv ¥y, — Y, £xoupe ot y € F. 'Enetat 6t to F

eivatl KA£10t6 urocuvoio tou X. |

HMapatipnon 5.1.8. O Xxwpog ¢y TV PNSeviKOV aKOAOUOI®OV HE T PEIPIKT) IOV endyetat
aro v s glval mAnpng PETPIKOG XWPOS.

Amodeiln. O ¢y eival urtoxwpog 10U Y. Tia va 6ei§oupe 6Tt eival mAfpng, apkei va dei§oupe
Ot eival KAE10TO UTIOOUVOAO TOU V.

Eow x = (2(i)) € ¢ . Ipénet va deifoupe 6u = € ¢, dnAadn ou lim z(i) = 0. 'Eow
1—00

e > 0. Ynapxer y = (y(i)) € co pe ||y — 2[|c < €. Andadn, yia ke i € N,
(i) — y(i)] <e.
Hy = (y(i)) avhxel otov ¢, apa, urapyet igp € N wote, ya kabe i > ig,
ly(i)] <e.
Enopévag yia xabe ¢ 2> i,
2(0)] < [2(2) —y()| + [y())] <e+e=2e.

Apa, x(i) — 0 dtav to i — 0o, SnAadn z € ¢p. O

5.2 To 9smpnpa tou Cantor

To 9evdpnpa tou Cantor yevikeuet v apxt] 1@V KIBOTIOPEVOV dlaotnpdtev oto mAaiolo tov
HEPIKOV XOPOV. IV IpAyHatKointa, 1 apXt KiBetopou oto R ogpeidetat otov Cantor,
eve 11 eKOOYXT] TOU Je@PIIATOG OTOUG PETPIKOUG Xwpoug arodidetatl otov Fréchet. Ilap’ 6Aa

AUTA £XE1 ETUKPATHOEL VA PEPEL TO OVOLIA TOU TIPROTOU.

Afjppa 5.2.1. 'Eow (X, p) puetpucog xwpog kar éotw { Ay} akofouvdia unoouvofwv tou X

pe diam(A,,) — 0. Tote, 10 ovvofo (-, A, mepiéxet 10 moAU €va otoiyeio.

Anobeiln. Ymobétoupe ou undpyouv z,y € X pe v # y kv 2,y € (oo An. Apou
diam(A,,) — 0, uniapxer n € N aote diam(A4,,) < p(x,y). Atono, s16u z,y € A,. O

Afjppa 5.2.2. 'Eote (X, p) uetpikog xopog kat éoto (x,) axofouvdia otov X. Opifouue tnu
axojlovdia ouvoAwv

R, ={xk: k>=n}
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yan =1,2,.... Ta akoflovda sivar wvodvvaua:
(@) H axofovdia (x,,) eivai Baoikn.

(B) diam(R,,) — 0 kadag 1o n — 0.

Anobeln. Apxikd urobétoupe ou 1 (z,) eival Baokyy. Eoww & > 0. Yrdpxet ng € N
@oTe av m, n = ng 10te p(Ty, Tym) < 5. ATO 10V 0p1opd eV R, énetat ou diam(R,,) < §.

[Mapatnpovpe 6u n { R, } sivat pBivouca akodoubia (R; DO Ry D --+), apa av n = ng tdte
diam(R,) < diam(R,,) < €.

Ernetat 6u diam(R,,) — 0.

Avtiotpoga, urobétoupe 6t i akodoubia twv dapétpev (diam(R,)) sival pndeviky.
Eow ¢ > 0. Téte unapxet ng € N oote diam(R,,,) < €. Av m,n = ng W0t Tp, Ty € Rn,,
Orote

p(Tn, Ty) < diam(R,,) < €
Tuvenag, 1 (z,) eival Baoikr) akodoubia otov (X, p). O

Ocopnpa 5.2.3 (Cantor-Fréchet). 'Eotw (X, p) petpucog xopos. Ta axdfovda eivar w00-
dvvaua:
(@) O xwpog (X, p) elvar marjpng.

(B) Ia kade @divovoa arxofovdia {Fp}nen Un Kevav, kiewotov vmoovvdidwv tou X ue

diam(F,) — 0, wyver( o, Fn = {z} yia kanow = € X.

Anobaln. Ynobétoupe mpota ot o X eival minpng kat Sswpoupe pia akodoubia {F),}
Omnwg otnv urnobeson. Apou kabe F), eival un Kevo, prmopoupe va ermdédoupe x, € F, ya
kGOe n. 'Etot, oxnpatidoupe pia akodoubia (zy,).

TFpagpoupe R, = {x : k > n}. Apou n {F,} eivat pbivouoa, éxoupe R, C F,,. Apa,
oxvet n avioouua diam(R,) < diam(F,). Apou diam(F),) — 0, énetar ou diam(R,,) — 0
KAt and 1o mponyoupevo Anppa n (x,) sivat Baowkr. O (X, p) eivar mdfpng, ouvenog
unapxet x € X oote p(zp,x) — 0.

Aetyvoupe wpa 6u = € (o2, Fy,. 'Eoww m € N. Téte, 1 (Zpntm)nen EXEL 6AOUG TOUG
6poug tng oto F, kat eivat unakodoubia g (). Enopéveg, ouykAivel Kt autr) oto & Kat
ene1dn 1o Fi,, eival kAewotd énetat ot x € Fiy,.

Aro 1o Afppa 5.2.1 1o ﬂflozl F,, €xe1 10 TI0AU éva otoixeio, apa £xoupe 10 {nroupevo.
Avtiotpoga, urobétoupe ou woyvetl 0 (B). Eow (x,) pa Baokn akoloubia otov X.
@ewpovpe ta ouvoda R, = {zj : k > n} énwg oo Afppa 5.2.2. Tote, ta R, eival un

Kevd, oxnpatidouv @bivouoa axoloubia uroouvérev tou X xkat diam(R,) — 0. Ta
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va XPnolporow)ooupe v undbeon Sewpovpe ta R, ta omoia sivat ermuAéov KAeloTd.

Ivepidoupe 6u diam(R,) = diam(R,) — 0. 'Etot, aro myv undbeon, undpxet = € X oote

Mo, Ry, = {z}. 'Opag, yia ka0 n € N wox0et T,z € Ry, dpa
p(2n, ) < diam(R,) — 0
KaBwg 10 n — 00, 6nAadn x, s a2, O

HMapatnprosig 5.2.4. (a) H untobson 6t ta ouvoda F), eival kAsiotd dev propei va rapa-
Aepbei. Erov mAnpn perpkd xwpo (R, | - |) n akodoubia Gy, = (0, %) givatl gpbivouoa kat
diam(Gp) = 1 — 0, addé 22, G, = 0. Hapawmpriote 6t ta G;, Sev etvat KAeotd oto R.
(B) H unobeon 6u diam(F,) — 0 dev propet va mapadeipBei. Ttov mAnpn HETPIKO XMOPO
(R,| - |) ta ovvora E,, = [n,+00) eivar kAewota xat B, D E,11 yuun = 1,2,..., adAa
Nory Ep = 0. Mapanpriote 6t diam(E,) = oo yia kabe n.

(y) ZUpoova pe 1o Sewpnpa 5.2.3, og KABe PETPIKO X®WPO Iou dev gival AN png, Unapxet
@Bivouoa axodoubia {F),},en BN Kevav, kAgiotov unoouvodev tou X pe diam(F,) — 0
Katl kevy topr). Ta mapadeypa, av Sewpriooupe to petpiko xopo (R\ Q, | - |) xat myv

11

axroAoubia KAelotov ouvodev F, = [—5, E]OQC 10te woyvouvor F,, D Fiyian=1,2,...

kat diam(F,) — 0 xkabog 1o n — 0o, adda (o, F, = 0.

5.3 To Sedpnpa katnyopiag tou Baire

e autr) v apaypago Sa xpnoyporowrjooupie 1o Sewpnua tou Cantor yia va arodei§oupe
10 decdpnpa katnyopiag tou Baire. To Sewpnpa tou Baire é€xet roAAég epappoyeg otn
Yuvaptnolakr) Avaduor (0niewg eivatl np apxr] opo1op0pdou eEAYHATOG, T0 YemPNA AVOIKTHG
ATEIKOVIONG, 10 Yewpnpa KAewotou ypapnparog). Edw 9a dwooupe pia yevon and tug
EPAPHOYES TOU OV KAAOIKY avdduor, napouoctiadoviag 10 dewpnpa tou Osgood kat v
aroedegn tou Banach yia v Uniapdn ouvexwv Kat oubevd mapay®yioiiov ouvaptr)oemy.
[Tp1v O®G MePACOUNE 0T S1aTUMOOT) KAl Ty arnodeiln 1ou Semprpatog, KAvoue KAmod
oxOAla.

Te éva perpiko xopo (X, p), av éxoupe pia nenepaocpévn akodoubia Gy, Ga, ..., Gy,
and avolktd Kat MUKvA urnoouvoda tou X, tote 1o ()2, G; eival mukvd (kat guotkd, a-
VO1KT10). Avtiotoixo amnotédeopa dev 10xUel av Semprjooupie anelpa to nmArog cuvoia. a
rapdadetypa, otov (Q, | - |) Sewpoupe pia apibunon (g,) tou Q xat opidoupe ta cuvoda
Gn = Q\ {gn}. Tote, ta G, eivat avoikta kat rtukva otov Q, addd n topr) toug eivat kevr).
Autd ouvbéetal pe 1o yeyovog ot to Q dev eival mArpng petpikog xopos. To Sewpnpa tou
Baire pag A¢et 0t o€ évav MATPn PEIPIKO XOPO, ortoladrIiote aplBunoijin topr] avolkKiov

KAl ITUKVQV OUVOAGV £ival in Kevn (kat PdAlota ITUKVO UTTOCUVOAO TOU X®MPOU).
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Ocopnpa 5.3.1 (Baire). 'Eoww (X, p) mijong uetpikdg xaopos kat éotw (Gy) axofouvdia
avoiktev kat Tukvev unoouvoiev tou X. Tote, 1 ovvofo (-, Gy, eivar nukvo otov X.
Ewucotepa, ooy Gn # 0.

Amnobeifn. @swpoupe TuXov pn Kevo, avolktd ouvodo V otov X. ®a &eifoupe ou V N

(N3 Gu) # 0.

Agou 1o G eival ukvo, éxoupe V NGy # (). To V N Gy sivat avoikto, apa vnidpxouv
0<ri<lxratz € VNG rbo—tsB(xl,rl) CVnNnaG.

To ouvodo B(x1,71) eival avoiktd, dapa to ouvoro Go N B(x1,r1) eival pn kevo kat

avokto. Yriapyouv g € Go N B(z1,7r1) kat 0 < ry < % WoTE

B(ﬂfg,?‘g) C GoynN B(Il,Tl) CVnNGiNGs.

Zuveyidoviag pe tov 1610 tporIo, aipvoupe pia akoAoubia ano KAE10TEG PIAAEG é(mn, Tn)

IOV 1KAVOITO10UV Ta £EG:
o diam(B(zp, 7)) < 2
° B(xna rn) CGpN B(mn—la Tn—l)’ apa B(wnarn) c B(mn—la Tn—l) Kat

o B(zn, ) CV NG N---NGh.

Ao 1o 9ewpnpa tou Cantor, undpxet € X oo z € (|-, E(wn,rn). Tote = €
VNGiN...NG, yiaxabe n € N. Zvveriwg, € V N (72, Gn). Auto anodeikviet 1o
Sewpnpa. O

IIépiopa 5.3.2. 'Eotw G nukvd kai G s-umoovvoio tou R. Tote, 10 G givar unepapiduroiuo.

Anoben. Me anayoyt) ot droro. Yrobetoupe ou G = {x1, 29, ..., Ty, ...} Kat 6t undp-
xouv Gy, avoikta uvnoouvoda tou R pe G = (2, G,,. Hapatpovpe ou ta ouvoda Gy,
etvat rukvd (6ot to G etvat nukvd). Emiong, yia kdbe n € N to ovvodro V,, = R\ {z,}

etvat avoktd (apov {x,} kAelotd) Kat ukvo (agou int{z,} = (). ‘Opag,

(ﬁ Vn> N (ﬁ Gn> =(R\G)NG=0.
n=1 n=1

AuTto épyetal oe avtipaon pe 1o Sedpnpa tou Baire. O
IIépropa 5.3.3. To agvvofo v pntov Q bev givar Gs-umoavvofo tou R.

éplopa 5.3.4. Acv undpyet ovvaptnon f : R — R ue ovvoio onueiov ovvéxeiag C(f) =
Q (6nAabdn ovveyric oe KASe PNTO KAl ACUVEXTC 08 KASE APOENTO).
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Anobeiln. Ilpoxrurttel apeoca and 1o nopopa 5.3.3 kat o Sewpnpa 4.4.11: ya rabe
f:(X,p) = (Y,0), 1o ovvoro C(f) wv onpeiov ouvéxewag g f eivar Gy-uroouvolo tou
X. O

Mia 1006Uvapn Kat mo eUxpnotr popdr tou dewpnpatog tou Baire eival ) akoAoubr:

@cdpnpa 5.3.5 (Baire). 'Eotw (X, p) minpng usipucog xopog kar éotw F, arxofouvdia
kiewtov uroouvoiev ou X eote X = | Jo2 | Fy,. Tote, unapyerk € N oote int(Fy,) # (.

Anobein. Ynobétoupe ot yia ka0e n € N woyvet int(F,) = 0. Tote, ta G,, = X \ F, etvar
avoiktd kat rukvd, dwou X \ F, = X \ int(F,) = X. Eniong,

(N Gn=X\|JF.=0.
n=1 n=1

Auto eivat datoro oupgpeva pe 1o Sewpnpa 5.3.1. O

Ao v ponyouievr) 1006Uvain popdr) tou Ssmpnpatog tou Baire o6nyoupaote otoug

ETTOJIEVOUG OPLOJI0UG:

Op1opdg 5.3.6. 'Eotw (X, p) PeETpikog XOPOG.

(a) 'Eva urtootvodo A tou X Aéyetat movdevd mukvd 1) apaid av 1oxvet int(A) = (.

(B) 'Eva urtoouvoro B tou X Aéyetat mowng kamnyopiag (otov X) av ypadetat g apdpr)-
owan évworn 1oubevd rukvev uroouvodev tou X, 6nAadr) av urtapxouv E,, n = 1,2,...

riouBevd rukvd unoouvoda tou X, oote B = oo E,.

(y) 'Eva unioouvodo C' tou X Aéyetar Sevtgpng katnyopliag (otov X) av 8ev givatl mpong

Katnyopiag.

Me autr) tv opodoyia, 10 9ewpnpa Baire diatuniovetal wg €§ng: kade mANong Uetoteog
X®pog givar ouvoflo beutepng karnyopiag (0tov eauto Tou).
5.3.1 Ed¢appoyeg tou dewpnpatog tou Baire

@cdpnpa 5.3.7 (Osgood). 'Eotw f, : [0,1] = R, n € N, ovveyeic ovvaptioeg. Yrodérou-
ue ouya kade t € [0, 1] n axofovdia (f,(t)) eivar gpayusvn. Tote, unapyouv |a,b] C [0, 1]

kat M > 0 wote, yia kade t € [a, b] kat yia kaden € N,

[fn(t)] < M.

Andabén, n (fn) elvar opuoduoppa gpayusvn oe kamoiwo [a, b] C [0, 1].
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Anodeiln. Ta kdOe m € N opidoupe
Ap ={t€[0,1]:¥n €N, |fu(t)] < m}.
Mapatnpoupe ta egng:

(i) Kabe A,, sival kAs1ot6: napatnprote ot

A = (€ 10,11 [fu(D)] < m)

n=1

kat kabéva ard ta ouvoda {t € [0, 1] : | fn(t)| < m} eivar kAeiotd agpou kdabe f,, eival

OUVEXNG.

(i [0,1] = Uyo_; Am: Eow t € [0,1]. Anoé wv vnébeon, n (fr(t)) etvar gpaypévn,
fuld)] < M. Yrapxer

m =m(t) € Npem > M, xat yt" autd to m éxoupe t € Ay,.

dnAadr) vnapyet My > 0 tétolog wote, yia kabe n € N,

O [0, 1] eivar mAfipng petpikog Xopog, ondte to Yewpnua tou Baire pag e§aopadidet ou
KATI010 Ay, £XEL PI) KEVO £0MTEPIKO, OMOTE urdpxet daotpa [a, b] C A,,,. 'Opweg te, 1)
(fn) elvat opowdpopda @paypévn oto [a, bl: yia kabe t € [a, b] kat yua ka0e n € N, 10x0et
[fn ()] < mo. O

@cmpnpa 5.3.8. Ozwpovue 10 xwpoC([0,1]) tov ovveyov ovvaptioeov oto [0, 1] ue petpucr
M doo(f, 9) = maxejo 1) |f(t) — g(t)| (0e endpevo kepdaAaio Ia eifoupe ou eivar minpng
uetpikog xwpog). To avvoio M wwv f € C([0,1]) mou bev éxouvv mapdywyo oe kavéva onueio

wou [0, 1] elvar tukvo orov C([0, 1]).
TMa v anodedn Ya xprnowonotrjooupe 10 dewpnpa tou Baire kat 1o e€fg Anppa:

Afjppa 5.3.9. TNa kade ovveyr) f : [0,1] — R kait kade ¢ > 0, umopovue va Boolue ovvexr
moAvyevikr ouvaptnon g : [0,1] — R pe mu bdmia doo(f, g) < €.

[Mia ouvexrig ouvdptnon g Aéyetatl mojuyouikr av 1o ypddnpd g eivat mMoAuyevikn ypap-
pry, dndadr av undpxet duapépon P = {0 = tp < t; < --- < ty = 1} wou [0,1] wote
g(t) = ajt + b; oe xabe (t;_1,t;),i=1,...,N.]
Anobeifn tov Anupatog. Oa XprnoOow|coUnE TV opoldpopdn cuvéxela g f: Ta to
Boopévo € > 0 urtapyet 0 > 0 oote: av t,s € [0,1] kat |t — s| < d wre | f(s) — f(t)| < e/2.
Bpiokoupe @uokoé apibpo N rou wkavorotei tnv 1/N < § kat xepidoupe to [0, 1] oe N
toa pApata. Haipvoupe dnAadn ) dapépon P = {O =tr<thi < - <itny= 1} pet; =
%. Opidoupe v g Gote va eivat g popeng g(t) = a;t + b; oe xabe [t;—1,t;], i =1,..., N
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Kat rpoodiopiloupe ta a;, b; Hote ota dkpa KaOe UTIOS1ACTATOG VA CUNITIITIEL PE TV f:
2

g(ti):f(ti), ’iZO,l,...,N.

‘Eow ¢ € [0,1]. Yndpxet deiking 1 <@ < N oote ;1 < t < t;. Tote,
(%) Lf() — g < @) = f(t)| + | f(E:) — g()].

‘Onag |t —t;| < 0 apa |f(t) — f(t:)| < § xat, ané m poper) g g oto [t;_1,t;] Kat 1o
yeyovog ou [t — ti—q| = % < J, BAéroupe dul

[£(t:) — 9()] = lg(t:) — g(O)] < lg(t:) — g(tia)| = [f(t:) = f(tia)] < %

Eruotpépoviag oy (x) BAémoupe ou |f(t) — g(t)] < § + § = . Agpou 10 t fTav Tuxov,
doo(f,9) <e. o

Amnidbeiln rou Jewpruarog. Ta kabe n € N Jewpoupe 10 cUvoro
1 1
D, = {f eC((0,1]) Ve e 0,13y € (= —,t+ =) N(0,1): |f(y) — FO] > nly tr}.

Ioxupopdg. Kabe f € (o2, D, eivat ouvexrg, moubeva napayeyion ouvaptnon.
Anobeiln. Eow f € ()2 Dy. Twa xabe t € [0,1] xat kaBe n € N unapxet y, = yn(t) €
(0,1) oote |t — yn| < % wat | f(yn) — f(&)] > nly, — ¢

, dpa Yy, # t. AQou y, — t kat

n f'(t) dev unapyet. O

Apkel Aoy va deigoune ou o ()2, D, etvat ukvé otov C([0, 1]). Zupgeva pe

®sopnpa tou Baire, apkel va dei§oupe ot kabe D), eival avolkto Kat ITUKVO.
Ioxupioudg. Kabe D, eivat avoiktd urnioouvoro tou C([0, 1]).

Anobeiln. Eival mo gukolo va Sei§oupe ot to ocuprnpepa DS tou D, sivatr kAeioto.
Eowo f, € DS xat fr, = f g nipog v deo.
Agou fi, € DE, undpyet ty, € [0, 1] oote yia ka6 y € (0, 1) pe |y — tx| < 1/n va 1oxvet

(1) [f(y) = f(tw)] < mly —til.

Agou t; € [0,1], n (tx) €xe1 ouykAivouoa urnakodouBia: umdpyouv t € [0, 1] xat
urnakodouvbia (tg,, ) g (tx) pe tg,, — t.

29(t) = f(ts) + LG g gy e it

ti—t;_1
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®a &eifoupe dntavy € (0,1) kat |y —t| < 1/n e |f(y) — f(t)] < nly — t| (ouvenag,
feD:g)
Eow e > 0katy € (0,1) pe |y — t| < 1/n. Hapawmpovpe ta egrg:
(@) Av y,, = y + (tg,, — t), Wte Yk, — y. Apa, yua peydda m éxoupe yk, € (0,1) rkat
Yk, — tk, | = |y — t| < 1/n. Zuvenag, and myv (1),

| frem W) = From ()| < 0YR,, =t | = 1|y — 2.

(ii) H f eivat opoidpopea ouvexng kat tg,, — t. Eniong, yi,, — y = t,, —t — 0. Apa, ya

peydda m 1oxXuouv ot

[f @) = f ()| < exat|f(y) = f(Yr,)| <&

(i) TIaA yia peyada m, doo(fk,,, f) < € (616 fr,, — f).

[Maipvoupe m 1600 Peyddo mou va kavoroouviat ta (i), (i) kat (iii), kat ypagpoupe

1f) = O < 1fY) = Fk)l + 1 Wrn) = Fom W) |+ 1 e k) — Frn ()]
| fon o) = f ()| + [ () — F(2)]
< e+d(f, frn) tnly —t[+d(fr,.. f) +e
< nly —t| + 4e.

To € > 0 Arav tuxov, apa |f(y) — f(t)| < n|ly — t|. Auto wxvet yua 1o tuxov y € (0,1) pe
ly —t| < 1/n, dpa f € DE. O
Ioxupropdg. Kabe D, eival tukvé uroouvolro tou C([0, 1]).

Anobeln. 'Eow f € C([0,1]) xat éotw £ > 0. Ao to Anppa, vngpyet g : [0,1] — R
OUVEXNG, TIOAUYGVIKY, Qote doo(f,g) < €/2. Zuvenwg, apket va Bpoupe h € D, oote
do(g,h) < €/2.

H g eivat moAuyevikn, dnAadn vniapyxouv 0 =ty < 1 < ... <ty = 1 oote n g va €xet
otaBepr) napdywyo oe kKaOe (t;—1,t;). 'Eotw [; n kAion mg g oo (t;—1,t;).

Opigoupe pia pikpr) «odoviet) ouvaptnon w : [0,1] — R étot dote: () 0 < w(t) < e/2
owo [0,1] xat (i) o1 KAioewg g w eival (kat” amdAutn tpr ioeg kal peyadutepeg aro
Q =n+max{|l;| : j = 1,..., N}. Auté propei va yiver og e&rg: xopidoune to [0, 1] oe
Sradoyikd draotpata PrKoug PIKPOTEPoU aro /2@, opidoupe v w va naipvel evaddag
g tpég 0 kat /2 ota dkpa autov TeV 1a0TNPATGOV, KAl EMEKTEIVOUNE THV W O TIOAUY®VIKT)
ouvaptnon. @étoupe h = g + w, onodte

13
doo(g, h) = ] < =.
(g, h) trg[gg]lw()l 5
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@a &ei§oupe 6u h € D,,. Ecww t € [0, 1]. Yrdpxet beiking i < N yia tov onoio ¢ € [t;—1,;].
Erdéyoupe |s| < 1/n 1600 pikpo wote oto Sidotpa pe akpa ta t, t+ S 01 g Kat w va £Xouv
Kat ot U0 otabepég apaydyous (to s propet va eivat 9etiko n apvnuko). Av y sivat éva
y—t] < 1/n ka

onpeio tou avoiktou dlactjpatog pe akpa t,t + s, éxoupe y € (0,1),
9(y) = g(®)] = [lilly =t

) )] > us) ~ w)] -~ la(w) o)
Qly 1~ tlly =] = (-4 max )y =l = lilly

= nly—t|

, dpa

V

Zuvenog, h € Dy,. O

5.4 IIAfpwO1 HETPLKOU XWPOU*

Ze autr) v napaypado 9a Soupe pe moiov tporno Kabe Petpikog Xwpog X |ropet va «yiver
TTUKVOG PE€0A 0g €vav TATP1 PETPLKO XWPO X o ortoiog eivat pe pia évvola povadikog Kat
Aéyetal mAnpwon tou X. AxpiBéotepa 9a arodeifoupe to €81 Kdde UEOKOG XWPOG

EUPUTEVETAL IOOUETPIKA KAl TUKVA O £vav TANPN UETPIKO XWPO.

Opiopdg 5.4.1 (rArjpwon petpikou xopou). Eoww (X, p) petpkog xopos. 'Evag mArpng
petpkog xopos (Y, o) Aéyetal mijpwon tou X av unidpxet wopetpia T : X — Y yua my

oroia o T'(X) eivat ukvog undxwpog wou Y.
AnoSeikvuoupe TIpoOTa 0Tl KAOE PETPIKOG XMPOG £XEL Pld TTANPWOOT).

Ocopnpa 5.4.2 (Unapdn minpeong). 'Eoww (X, p) uetpikdg xwpog. Tote, umdpyouv mwily-
ong uetpucoe xwopos (X, p) karT : X — X wouetpia dote 0 T(X) va sivar nukvdg unéypog

wou X.

®a rieprypaywoupe dUo arodei§elg. H nmpwtn Baoiletat oto enodpevo Arjppa (unievBupidoupe
ot 0 Lo (X) elvat o xopog tev gpaypévev ouvaptoenv f: X — R. Av epodiacbei pe v
HETPIKY dog 0T0U dog(f, ) = sup{|f(z) — g(z)| : @ € X}, etvar mifpng petprdg Xopog).

Afjppa 5.4.3. 'Eoww (X, p) pepikdg xwpog. Tote undpyet wouetpikn eugutevon T :

Amniddeiln. Emdéyoupe kat otabeporoovjie éva onpeio a € X. Ta kabe x € X, opidoupe

v ouvapton fz : X — R and tov o

fo(t) = p(t,x) — p(t,a), teX.
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[Mapatnpoupe 6u 1 f, etval @paypévn oto X. Ipaypaty, yia kabe t € X éxoupe | f,(t)| =
lp(t,x) — p(t,a)| < p(x,a). Anradn fr € loo(X) agot |
P anekovion

fzlloo < p(z,a). Opiderat Aouov

T:X = loo(X)pex — fy.

H anekovion auty) eivat woopetpia. [paypau av z,y € X, tote yia kabe t € X éxoupe
[fo(t) = fy(D)] = |p(t,z) — p(t, y)| < p(z,y), dpasup{|fa(t) — fy(t)| : t € X} < p(z,y) xar
sup{|fz(t) — fy(t)| : t € X} > |fa(y) — fy(v)] = p(z,y), ondte w0xvet w0étnta. Andadr)

doo(T'(), T(y)) = p(,y).
O

Amnobeiln tov Yewpnuarog 5.4.2. Ovopaloupe X Vv KAglotn) 91Ky W g ekoévag tou X
péoa otov (Lo (X), dso) Béow g anekéviong T’ tou mponyoupevou Afjppatog. H 7' eivat
oopetpia kat 1 ewova g, 7'(X), eivat anod v Kataokeur) g IMUKVY) 0tov X. 'Opwg o X
etval KAE10TOg UMOX®POG TOU TANPOUG HETPIKOU X@POoU (oo (X)), doo) Kal ouvenog pe v

ETIAYOMEVI HETPIKI) €ival MANPNG PETPIKOG XDPOS. O

Aevtepn amodeiln v Yewpnuatog 5.4.2. H anobedn tou Yewprjpatog 9a yiver oe 1pia
Brpata.

(i) Optoudg U (X ,p). Opidoupe pia oxéon 1o0oduvapiag ~ o010 CUVOAO TOV BACIKWV a-
kohouBiwv Tou X: Aépe 61 o1 Baowkés axodoubisg (x,,) xar (z),) eival 1006Uvapeg xkat
ypagoupe (2,) ~ () av

nh_}rgo p(zn,x)) = 0.

Euxkola sAéyxoupe ot 1) ~ glval Oviwg oxéorn ooduvapiag. [Mapatnprote emiong ot av pa
axkoloubia (y,) ouykAivel oe kanoto y € X tote eivat woduvapn pe ) otabepr) akodoubia
Zn = Y-

Yn =y € X avratpovo av (y,) ~ (y,y,...).

Opidoupe X va eivat 1o 6Uvodo 1oV KAGoE@V 1oobuvapiag g ~. XupBoAidoupe T11g KAAOEIG
ooduvapiag (ta otoixeia tou X) ve Z,9,2,... Av (z,) € T téte Aépe ou n (z,) eivar
avumpoo®Tog e KAdong .

It ouvéxela, opidoupie PETPIKI P OTOV X. Eow z,y € X. BemPOUPE TUXOVIEG aVTLl-
npooonous (), (yn) v T, g, kat 9étoupe

ﬁ(j,g) = lim p(xmyn)'

n—oo

[Tpérnet mpota va deifoupe 6t autd 1o 6plo urapyet. Ouunbeite 6w ot (xy,), (yn) eivar

Baowkég akodoubieg:
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ano Vv IPLY®VIKI] aviocotnid,

(T, Yn) = P(Tm, Ym)| < p(Tns Tm) + P(Yns Ym)

aro to oroio mpokurtel 6w 1 (p(Ty,yyn)) eivar Baokn akodoubia oto R, dpa to 6plo
lim p(z,, y,) vniapxet.
n—oo

[Mpénel akopa va deifoupe on n nmooouta f(Z, Y) eivat ave§aptnt and v ermdoyn
WV avurnpooonev (z,) € T kat (y,) € §. Av opeg unobécoupe ou (z),) ~ (x,) Kat
() ~ (yn) 616 am

|02, Yn) = p(@n, yn)| < p(@n,27,) + p(Yn, y) — 0
BAéroupe 6t
lim p(ay, yn) = Hm p(an, yn).
TéAog, TIPErEL va eAeyoupe OTL 1] P IKavortolel ta adlopata g Petptkig. ‘Odeg ot 1610trteg
Mg petpkyg edéyyoviat dpeoa. Eow (z,) € &, (yn) € § xat (z,) € Z. Tote, ya
napadeypa, av p(z, §) = 0 éxoupe lim p(x,, yn) = 0, apa (x,) ~ (y,) Kat auto onpaivet
n—oo
ot ¥ = g. Emiong, 1 tpiyoviki avicotnta
p(@,9) < p(Z,2) + p(Z,79)

elvatl apeon ouveEnela g

P(ZTns Yn) < p(Tn, 2n) + p(20, Yn)-
‘Eto, éxoupe opioet tov (X, j).

(ii) Hurvn woustpkn eupvtevon ou X otov X. Se kabe y € X avuotoixel QUOIOAOYIKA 1)
otaBepry axodoubia (y,y, . ..), kaboOg xkat n KAdon g, rou eivatl ototxeio tou X.
Opidoupe
T:(X,p)—= (W,p):b—b

émou b eivat n xkAdon g otabepng akodoubiag (b, b, .. .). Mapatnpeoviag ot
p(br,b2) = lim p(by,bs) = p(by,bs)
n—oo
av by, by € X, BAénoupe apéong ot i anewkovion 1 eivat 1oopetpia. @Etoupe
W={b:be X}.

Agixvoupe ot W'=X(©X EPQPUTEVETAL (TTUKVA» OTOV X). IMpaypaty, €0te T € X xat

éotw (x,) évag avurpdoernog g KAaong Z, dndadn (z,) € Z. Ta kabe £ > 0 unapyet
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no € N aote p(Tm, zn) < £/2 yia kabe m,n > ng (auto wyvet 616w ) (z,,) eivar Baokrn).
Eow T'(y) € W n xAdon g otabeprig akodoubiag y = (yp,) OOU Y, = Ty, YA KAOe M.
Tote,

<e.

| ™

p(E,T(y)) = lm p(@m,yn) = Hm_ p(@m, 2n,) <

m—00

~—

EAéy€ape 61, yia kdBe & € X xat yia kabe € > 0 woxvet W N Bj(z,¢e) # 0. Apa, o W eivat

P-TIUKVOG otov X.

(iii) ITAnpoma tou (X,p). 'Eoww (i,) Baowkr axodoubia otov X. Agpou o W eival j-
rukvog otov X, yia kaBe n € N propovpe va Bpovpe Jn = T((Yn, Yn,-..)) € W Gote
P(Zn, Un) < 1/n. A6 v pyeviky aviootta,

1 e 1
< —+ ,O(ZCm,J:‘n) + -,
m n
art” érou ouprnepaivoupe ot 1 (y,) eival Baowkty akodouBia otov X. '‘Eote § n xddon

woduvapiag g (yn) = (y1,Y2, ... ). Tote,
P o PR .
P(@n, §) < p(Zns Gn) + P(Gns §) < — + (G, §)-
‘Opwg, apoV ¥, = T ((Yn, Yn, - - -)),
ﬁ(gm g) = ﬁ(T((ym Yny - - - ))a T((yb Y2, ... ))) = lim p(ym ym)7
m—00
apa 1
p(Zn,§) < -+ 1m p(yn, ym)-

Av 600el € > 0, ermAéyoviag apketd PEYAAO 1 €xoupe 0Tl 1 tedeutaia moootnta yiverat

HiKpOTEP Ard € (eENynote yiati). Suvenog, &, — §. Andady, o (X, p) etvai mineng. O

It ouvéxela deixvoupe OTL 1 MANP®ON £VOG PEIPIKOU X®POU IOU IIPOKUITIEL PE THV

MAPATIAVe KATAOKEUT €lval povadikn pe tv akoAoubn €vvola.

Ocpnpa 5.4.4 (novadikémnta mirpwong). 'Eotw (X' 1, p1) Kai ()2'2, p2) 6U0 TANpooElg ToU
610U uetpikov ywpou (X, p). Tote, unapxel T : X'l — Xg, wouetpia kat eni. Majwta, av
T;: X — X; (i = 1,2) eivai o1 800 wopetpiréc supurevoeg, te (Ty () = Th(z) y1a kade
xeX.

TMa v andden ou Sswpnpatog 5.4.4 Sa xpelaotoupe éva dedpnpa enEKraong ya
opolopopda CUVEXEIG OUVAPTIOELS OPIOPEVEG O€ TTUKVA UTTOOUVOAA PETIPIKOV XOpav. [0

OUYKEKPIIEVA, 10XUEL 1] aKOAouOn) :
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Ipdétaon 5.4.5. 'Eow (M, p) petpucos xwpog kar €otw D nukvo vroovvoio tou M. Av
(N, 0) evar tinpng petpucog xywopog kar f : D — N givar opoidpoppa ovvexng ovvaptn-
on, 101 auty) eneKteivetal povadikd o uia opotduoppa ovvexn ovvapmon F : M — N.

Emniéov, av n [ eivar wouetpia, t1ote n F eivar woouetpia.

Anobefn. ®¢doupe va enekteivoupe v f ouvexog, oe onpeia tou M \ D. Eow z € M.
Eneidn) to D eivat mukvo oto M undpxet akodoubia (t,,) otoixeiov tou D oote t, L.
Ebkdtepa, n (t,) eivar p-Baoikr). A@ou n f eival opoidpopgpa ouvexng, Amelkovidet
Baoikég akodoubieg oe Baoikég akodoubieg, dpa n (f(t,)) eivar o-Baoikr. Ermiong, o
(N,0) eivar mnpng, ornéte undpxel y € N dote f(t,) — y. Opifoupe Aowév v
anewovion F: M — N pe x — F(z) := lim, o0 f(t,), 0mou (t,) € D xat t,, — x.
Ioxuptouog 1. H F' eivat kadd oplopévn ouvaptnor.

Av (ay), (by) eival akodoubieg otoixeiwv tou D pe a, — = xat b, — =, détoupe

y1 = lim f(ay), y2 = lim f(b,). 'Opws, p(an, by) — p(x,z) = 0. Enctat 6u

olyn,2) = lim o(f(an), f(bn)) =0,

8101 n f eival opotdpopga cuvexng. Enopévag, n sikova y tou x 6ev e§aptdtal and v
ermdoyrn g akoAloubiag rmou mpooeyyidet 10 .
Ioxupioudg 2. H F eivat enéxtaon g f dndadn, F|p = f.

Avt € Diwdteyiamvt, =t, n=12 .. 1wxvett, —t, apa F(t) = lim, o f(tn) =
f(t).

Ioxupiouog 3. H F' eivatl opoiopopdpa ocuvexng ouvaptnorn.

Eotww ¢ > 0. Agou 1 f sival opoidpoppa cuvexrig, urdpxet § > 0 oote av t1,t € D
pe p(ti,t2) < 9, wre o(f(t1), f(t2)) < 5. Eow x,y € M pe p(z,y) < g. ®a &ei§oupe
ouo(F(y), F(x)) < e. Yuapxet a € D oote p(a,x) < % xat o(F(x), f(a)) < § (e&nynote
yiati). Opoiwg, urtapyet b € D wote p(b,y) < g kat o (F(y), f(b)) < §. A6 v 1PIYOVIKA
avieéta npokurttet ot p(a, b) < d. Zuvernwg, o(f(a), f(b)) < 5. TIaAt ano my TPIYOVIK)
aviootnta éxoupe o(F(y), F(z)) < €.

Av 1 f eivat 1oopetpia t0te 10XVOUV 01 160THTEG

o(F(z), F(y)) = lim o(f(an), f(bn)) = lim p(an,bn) = p(z,y)

orou (ay,), (by) eivat akodoubieg oto D pe a, — = xat b, — y.

H povadwotnta ng F' eivar andr (deite tnv ‘Aoknon 4.1). O

Aniddeiln v 9Yewpnuarog 5.4.4. 'Eoww 17 : X — XixkaTh: X = Xy ot LOOPETPIKEG

KAl TUKVEG gpgutevoetg tou X ot rinpwoelg tou X1, X9 avuotoixwg. Tote, éxoupe 1o
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dtaypappa
X1 5= X
U U
T (X) T5(X)
T 1T13
X 45 X

Bspouus v mpodavyy cuvaptnon 1h o Tl_1 : Ty (X) = Ty(X) € Xy n onoia eivat
kadd opiopévn 8161 ) T} eivat wopetpia erd tou T4 (X)) kat n Ts woopetpia emi tou To(X).
Eropéveg, 1 T o T ! eivat pia opetpia ané to 71 (X) oto Xo. Ermuridéov, to T (X) eivat
rukvé oto X 1 apa, and v npdtaon 5.4.5 énetat ot ) wopetpia T o T ! enextetverat oe

pia woopetpia 7 o’ 6Ao tov X;.
Ioxupiopog. H woopetpia 7 : X 1 — X'g etvar ert.

Eow y € X5. Agou 10 T5(X) etvat ukvé oto X5, unapyet akoAoubia () otov X
oote To(zy) — y. Apa, n (Ta(xy,)) eivat Baokr). 'Enetat ou n (z,) sivat Baoikn xkat teAdika
n (T1(zy)) sivar Baoikr). Luverag, vniapyet « € X oote Ty (z,) — . 'Etot, naipvoupe

7(z) = lim 7(Th(z,)) = nlLrgO(Tg o Tl_l(Tl(xn))) = lim (Ta(z,)) = y.

n—o0 n—oo

AnAabr), n 7 eivat emi tou X 2. O tedeutaiog 10XUPIOPOG OAOKANPGOVEL TV arddeidn. O

5.5 To 9swpnpa otabepov onpciov tou Banach

Ze auty] Vv napaypado arnodeikvuoupe 1o dedpnpa otabepou onpeiou tou Banach to
oroio e§aodalidel ot kKGOe ouvdaptnon oe évav AP PEIPIKO XOPO IoU givatl yvrota ou-
otofln €xel povadiko otabepod onpeio. Ta Sewprjpata otabepou onpeiou €xouv moiKideg
epappoyeg otnv Ap1bunukr AvdAuor, otnv eriduon aplOunuKkeov e§1000e@V KAl OtV £ITi-

Auon Slagpopikwv e§l000EDV.

Oplopdg 5.5.1 (0tabepo onueio). 'Eoww [ : X — X ouvdpuon kat éotw xg € X. To xg
Aéyetat otadepo onueio g f av woxvet f(xg) = xp.
TupBodidoupe pe Fix(f) to ovvoro v otabepov onueiov g f.

Ipétaon 5.5.2. 'Ectw f : (X,p) — (X, p) ovvexrc ovvdpmon. Tote, 1o Fix(f) elvar

KAe10t0 vrtoovvoo tou X.
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Anobeln. Eow (x,) akodoubia otabepov onueiov g f pe , 5 z. ®a beioupe ort
0 z eival otaBepd onpeio g f. Ao ) ouvéxewa g f éxoupe ou f(xy,) SN f(x).
ANG f(zp) = xn 25 2. Ané m povadikémta wu opilou éxoupe 6T f (x) = z, énAadn
z € Fix(f). m]

@copnpa 5.5.3 (Banach). 'Eoww (X, p) ninong uetpikdg xoposkarT : X — X ovvapinon
ue mu bomra: vrapyxel 0 < ¢ < 1 wote

p(T'(x),T(y)) < c-p(x,y)
yia kade x,y € X. Tote, unapyet povabuco z € X woe T'(z) = z.

Amnobeifn. Lrabeporoovpe tuxov x € X. Oewpoupe v akodoubia rou opiletat avadpo-

HIKA and TG oXEoelg g = & Kat 41 = T(x,) yan =0,1,.... Andady,
(zn) = (z,T(x), T*(x),...).

Ioxuptoudg. H (T"(x)), eivar Baowkn) akodoubia.

Ia xkabe n > 1 €xoupe
p(T"(2), T (2)) < e p(T" (), T (2))
KAl EMAy®Y1Ka naipvoupe
p(T"(2), T"(2)) < - p(a, T(x))
yuaan = 0,1,... 'Etol, yia kabe m > n €XoUupe amnod Vv IPIy@VIKY aviootnta

(6.5.1)

pT" (@), T™(2)) < (" + ™ o+ e )p(, T(w)) < £ (e, T(x)) = 0

krabog ta m,n — 0o, apov 0 < ¢ < 1. Apa, n (T"(x)), eivat Baowkr). Ao v mnpouta
ou X énetat ont undpxet z € X wote T"(x) — z. AAAG, n T eival ouvexrng diou sivat
Lipschitz. Zuvenog, T (z) = T(T"(z)) — T(2). Apou n (T"F!(x)) ouykAiver emiong
oto x, ®g urtakodoubia g (177 (z)), and ) povadikotta tou opiou €xoupe ou T'(z2) = z.

I'a ) povadikotnta tou otabepoy onpeiou napatnPoUE 0T, av UTIAPXEL KATIO10 AAAo

otaBepd onpeio 2’ ing T', téte

p(z, Z/) = p(T(Z),T(Z/)) Sc /0(27 z/)

Agou 0 < ¢ < 1, énetat 6u p(z,2) = 0, nAadyy z = 2. Apa, 10 2 eival 1o povadiké

otaBepo onpeio g 7. O
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Hapatnproeig 5.5.4. (a) Ot opot 7" (x) tng akoAdoubiag rou xpnowponor)Onke oty a-
rodegn Aéyoviat Sradoxikég npooeyyioelg tou otoixeiou z. MMapawmpovupe 6wt T"(z) — 2
avegaptna and wmyv apyXikn Aoyt ToU T KAt 0Tl 10 opdApa ot n-00tr) [POoEyylon dev
<

Senepva tov 1 p(z, T'(z)). Mlpaypat, av m > n 16te eidape ot

'

1—c¢

p(T" (), T™(x)) < oz, T ().

Av agrjooupe 10 m — 00 BAEroupe ot

7

p(T"(),2) = lim p(T"(z),T™()) <

m—0o0 1—c

(@, T(x)).

(B) H ouvbnikn p(T(2),T(y)) < p(z,y) efaopadider 6t n T £xet 1o TOAU éva otabepo
onpeio, dev propel 6pwG va eyyunbet v Unapsn evog toudayxiotov otabepou onueiou. H
ouwvdpmon T : R — R pe T'(z) = log(1 + e*) wkavonoiet tnv aobevéotepn ouvOnkn, ot
|T' ()] <1 yia xaBe x € R, addd bev éxet otabepd onpeio.

(y) H mAnpouta tou (X, p) 6ev propet va napareipbei: av Sewprjocoupe myv f : (0,1) —
(0,1) pe f(z) = £ tote wxvet | f(z) — f(y)| < 3|z — y| yia kéBe z,y € (0,1), adda n f ev
éxel otabepod onpueio. Mapawmpriote ot o ((0,1),] - |) dev eivar mMAfpng HETPIKOG XWPOS.

5.6 Aoknosig

Opada A’

1. Zto ouvodo N v guokev Sewpoupe g petpikég d(m,n) = |m — n| xat p(m,n) =
11

m T ml
(@) Aeitte 6u o (N, d) eival mAnpng adda o (N, p) dev eivar mAfpng.
(B) Aeifte 6t kaBe povoouvoro {n} eivat d-avoiktd Kat p-avoikto.

(y) Aeifte 6T o1 petpikég p xat d etvat woduvapeg (Gpa, ot (N, d) kat (N, p) eivat oporopop-

@1KOT).

2. @swpoupe 10 R pe pepikny my d(z,y) = |arctanz — arctany|. Aeifte 6u n d eivat

1008uUvaun pe ) ouvyOn petpikn tou R aAdd o (R, d) dev eival mAnpng.

3. Bswpoupe U0 petpikég di Kat dg oto 1610 ouvoro X . Yrobitoupe ot urtapyouv a, b > 0

®ote: yua Kale x,y € X,

ady(x,y) < da(z,y) < bdi(z,y).
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Aei&te 6t pa akoroubia (z,,) otov X eivar Baowkr) otov (X, d;) av kat povo av eivat Baoikr)
owov (X, da).

4. Eow (X, p) petpikog xwpog kat D rukvé urtoouvodo tou X. Aeigte ot av kabe Baoikn

axkoloubia (z,,) otoixeiowv tou D ouykAivel oe karow x € X, téte 0 X eivat mAnpng.

5. AeiSte 61 évag petpikog xopogs (X, p) eivat minpng av kat povov av kaBe xkAelotr) pridda
Bla,e) = {z € X : p(z2) < e},
orou z € X xat € > 0, eivat mAfpng PeTpkog unoxwpos tou X.

6. Eoww (X, p) mAnpng petpikog xmpog kat D rukvo uroouvodo tou X oote to X \ D va

etvat eniong rukvé. Aei€te ou touddyiotov éva ano ta D, X \ D 8ev eivat ouvodo F,.
7. Aeigte 6u: av (Ly,) sivar akodoubia eubeiiv oto R? tote int (02, Ly,) = 0.

Opada B’

8. (@) Aei§te 6t o (fp, || - [|p). 1 < p < 0o etvar mAnpng.
(B) Aei€te 011 0 kUBog tou Hilbert H eival rmArpng PETPIKOG XWPOS.
(y) Aei&te 6t 0 (cgo, || - ||oo) BeV eivarl mAnpng.

9. @czwpoupe tov C([0, 1]) pe perpikyy v

1
pMﬁm:iA!ﬂwg@ﬂﬁ.

Aeire ot 1 (fn)n>2 ne

0 avOété%
fu(t) = n(m—%) av%<x<%—|—%
1 av g+ 5 <t <1

etvat akoAouBia Cauchy wg mipog v p; adda Sev eival ocuykAivouoa.

10. 'Eow (X, p) perpikog xopog. Aeifte ot o X eivar mArpng av kat povov av kabe

apdunotpo, KAE10To UrtoouvoAo tou X eivatl IAPng HETPIKOS UTIOXOPOG.

11. 'Eow (X, p) petpirog xopog. Acigte ot o (X, p) eival mAfjpng av kat povo av kabe

axkolouBia ppaypévng kupavong otov X eivat ouykAivouoa.
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12. Eow (X,p) perpkog xopos, (x,) axodoubia owov X kat xz € X oot z, — .
@ewpoupe to ouvoro A = {z, :n=1,2,...} U{z}. Anobdei€te 6t o (A, p|4) eivart mArjpng
PETPIKOG XWMPOS.

13. 'Eow p petpikn oo R dote: (i) o (R, p) sivar mAnpng xat (ii) n p sivat 10odvvapn pe
) ouvrOn petpiky). Aeifte ot unapxet § > 0 wote diam,([n,00)) > § yia kabe n € N,

14. 'Eoww X mAfpng Xopog He voppa Kat B (Zn,Tn) @Oivouoa axodoubia amd rAeiotég
prédeg. Anodeigte ou (102, B(2n, ) # 0.

15. Eow (X, p) mArpng petpikog xopog xkat f : X — Y ouvexng ouvaptnorn. Anodeigte
ou av (E,) sivat pbivouoa axodoubia xdelotov uroouvodev tou X, pe diam(FE,) — 0,

01

16. Eow (X, p) mAnpng petpikog xopog kat G jun Kevo avolkto uroouvoro tou X. Opi-
Joupe ) ouvaptnon

1 1
dist(z, X \ G)  dist(y, X \ G)

o(z,y) = p(x,y) +

oo G X G. Aei&te on o (G, 0) eival mMANPNG PETPIKOG XOPOG Kat 6Tt 1) o eival 100duvaun pe

mv plG-

17. Eow (G,) axoloubia avolKt®v Katl MUKveV uroouvodev tou R. Aeife out o G =

ﬂflo:l G, eivar uniepapBurjopo.

18. Eow f : R — R. Aeite ou n f eival aouvexrg oe €va ocUVoAO mpwing Katnyopiag av

KAl POVo av eivatl OUvexrg og €va IUKVO UTooUvoAo tou R.

19. Aci&te ou 6ev unapyet petpikr d oo Q wote n d va eival 1w0oduvaun e m ouvron

petpikr) kat o (Q, d) va eivar mfpng.

20. Eow (X, p) mifpng petpikog xopog kat duo cuvaptroeg f,g : X — X. AnobeiSte
ot:

(@) Av urapxet k € N gote n f¥ = fo--- o f va eivat ouotodr), t6te UIAPXEL POVABIKO
onueio x € X wote f(z) = x.

(B) Av n f eival ouotodry kat f o g = g o f, tote unapyet povadiko = € X oote f(z) =

g(x) = x.
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21. Eow (X, d) mAnpng petpikog xopos, E mukvo kat Gs-urnoovvodo tou X. Arnodeigte
ot yua kdfe opotopopdiopd h : X — X woxvet ENA(E) # 0.

Opada B’ - ZUPNMANpOHATIKEG ACKNOELS

22. 'Eow (X, d) mAnpng petpikog xowpog xat f : X — Q ouvexig ouvdptnorn. Aeifte 6u
undapxet ) # G C X avowktd wote 1 f|g va etvat otaBepry.

23. 2o X = R\ {0} Sewpovpe ) perpikn

d(z,y) = |z -yl +

Y

1 1 ’
Aei&te o1 1 d eivat 10o08Uvapn pe ) ouvhdn petpiky) kat ot o (X, d) eivatr mfpng.

24. 'Ectww d petpiky) oto Q n oroia eivat 1coduvapn pe tv ouvnn petpiky. Amnodeifte ot
0 (Q, d) dev eivat mAnpng.

25. Yoto 1 Adbog; Av f : R — R eivat ouvexrjg ouvaptnor, Kat av
Fn = fH([=-m,m]) = {z € R: |f(z)] <m},
10te TouAayiotov éva F), nepiéxetl draotnpa.

26. Eow (X, d), (Y, 0) perpikoi xopot kat éowo f : X — Y ouvexng ouvdptnon. Ta kabe
y € Y opidoupe
Ay={z e X f(x) =y} = F'({y})

Aeigre ou:

(@) Av 1 f eivar opowdpopga ouvexrg, e yia kabe y,y € f(X) pe y # v, woxvet
dist(Ay, Ay) > 0.

(B) Av o (X, d) etvat mAripng kat o Y eivat apiOprioypog, vnidpxet y € Y odote (A4,)° # 0.
27. Eow X = {x1,x2,...} anepo apiOpfopo ovvodo kat 0t d petpikn oto X Gote o
(X, d) va eivat mfipng. Aeigte 6t o (X, d) éxer pepovopévo onueio.

28. Eow f : (X,d) — (Y,0). Yrobétoupe 6u n f eivar ouvexrg, emi kat d(z,y) <
o(f(z), fy)) yia kabe z,y € X. Avote anodeln 1) avurnapddelypa ya tg akoloubdeg

TIPOTACEG:

() Av o (X, d) eivar mAnpng tote o (Y, o) eival mAfjpng.
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(i) Avo (Y, 0) eivar mdfipng tote o (X, d) eivat mAfpng.

29. 'Eow (X, d) mAnpng petpikog xwpog kat fr, : X — R yian = 1,2,... ouvexeig
ouvaptroetg. AeiSte ou: eite undpxet xg € X wote fr(z) # 0 yia kaBe n € N 1) urtapyouv
0 # G C X avowtd xat k € N oote fi(z) =0 yia xkdbe z € G.

30. 'Eoww N 10 0Uvodo tov guoikov aptbuev. Oswpoupe tnvd : N X N — R pe
1

m-+n

d(m,n) =1+
avm # n katd(m,n) =0 avm = n.
(a) Asi&te 6u ) d eivat petpiky).
(B) Asitre out o (N, d) eival mAnpng.
(y) Asige out: orov (N, d) untapxet pBivouoa akodouBia ard KAe10TEG PITAAeg IO 1) TOPH

TOUG £ival 10 KEVO OUVOAO.

Oopada I

31. Asi€te ou Hev undpyxel akodoubia cuvexav ouvaptioewv f, : R — R pe mv 181otnta

ya xkabe z € R, nh_)rrolo fn(z) = xo(2).

32. (a) Eow A = {ay,a9,...,ay,...} api®pfiopo uroovvodo tou R. Aeigte 6t n ouvap-
mon Fa : R — R pe
Fa()= > 27"
{n:an<z}

eivat avgouoa, ouvexrg anod ds81d maviou Kal acuvexhg akpiBag ota onueia tou A.

(B) Ectw A api®priopo mukvo urtoouvoro tou R. Aeifte 6t ev urdpxet ouvdptnon g :

R — R &ote 1o ouvodo v onpeiov acuvéxeiag D(g) g g va eivat o R\ A.

(y) Ectw E rAeioto unoouvodo tou R. @étoupe G = E° N Q kat opidoupe ) cuvdaptnon
h:R— Rupeh(z) =xp(r) — xg(x). Anobdeigte out D(h) = E.

6) Eow E = J,2, E,, éva F,-unioouvodo tou R. Opidoupe f : R — R ne

min{n:lmEEn}’ rcQnk
fe(z) = —m’ € (R\QNE

0, r€e€R\E
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Arnodeitte ou D(fg) = E.

33. Eow f : [0,00) — R ouvexng ouvaptnorn. YrioBetoupe ot urdpyet avolktd Sidotnpa
(a,b) C [0,00) pe v e&ng GW0mTa: ya kabe y € (a,b) wyvel lim, o f(ny) = 0.
Arodeitte ou lim, o f(z) = 0.

34. Eow f: R — R danelpeg @opég napaywyiomin cuvdaptnon. YroBétoupe ot yia kabe

z € R undpxet n, € N dote, yia kdbe n > ny, f) (z) = 0. Aeifte 6t n f eivat moAucvupo.






Ke¢dpalaio 6

Zupnayewa

6.1 Oplopdg TtTng cupmnayelag

'Onwg 9a @avel otnv apéomsg emMopevn napdypado, undpxouv Sidpopot Tporot pe T0Ug
OIt0loUg UIopel KAVEIG va €10AYEL TV €vvold TOU OUUTAyoUS UETPKOU x@pou. O TIAE-
OV €UANITIOG €ival AUTOg TG AKOAOUOIOKIG OCUNITAYELAG, O OI0I10g YEVIKEUEL TV «id10TTd
Bolzano-Weierstrass» to@v kKAe1otov diaotpatev [a, b tng npaypatkng eubeiag oto mai-

010 TRV PEIPIKOV XOPpaVv. Oa prnopovoaype va dwooupie tov €€ Oplopo:

'Evag petpikog xopog (X, p) Aéyetat (akodoubiakd) ouprayng av kabe akolou-

9ia (zy,) otov X éxet unakodoubia (xy, ) n omnoia cuykAivet oe karow x € X.

Hervape ano évav H1adopetikd 0plopo g ouprayelag, o oroiog priopei va 600el kat
OTO VEVIKOTEPO TTAQIOI0 TOV TOTIOAOYIKAV XOP®V Katl Baociletal oty 16€a o1l o1 oupnayeig
HETPIKOL XOPO1 £XOUV ATIO TIOAAEG ATIOWELS Tr) «BOJr] EVOG TIEMEPACHIEVOU PETPIKOU X®POU».
Zinv enopevn) napaypado deiyvoupe o1t o1 Vo oplopoi eival 10odUvajiot Kat Ot 1) CUPIIA-
Yela oUVOEETAL OTEVA [E TNV £vvold TNG TTANPOTNTAG (0TOUG AEYOHEVOUG «OAIKA (PPAYHEVOUG

HETPIKOUG XWPOUG).

Opiopdg 6.1.1 (kdAuppa). Eotw X tuyov pn kevo ouvodo kat A C X. Mia owkoyéveia

(Ui)ier vroouvodev tou X Aéyetat kadvpua tou A av

AC U U;.
i€l

Av yua xdrowo J C I woxver A C J;c; Ui, wte Aépe ou n (U;)ies eivar umokdAvpua tou
(Ui)ier yra o A.

113



114 KE®PAAAIO 6. ZXYMIIATEIA

Oplopog 6.1.2 (avoktd kaduppa). Eowe (X, p) perpikog xwpog kat (U;);er owoyévela
avoiktv uroouvodev tou X. H (Us)ier Aéyetat avowktd kadvupa tou X, av X = J;c; Us.

Tevicotepa, av A C X, n (Us)ier Aéyetat avokto kdAvppa tou A, av A C (J;c; Us.

Opiopdg 6.1.3 (oupnayewa). Eote (X, p) petpikog xopog. O X Aéyetar ovunayrig (co-
mpact) av kabe avoikto kaAuppa tou X €xel nenepacpévo uriokdluppa. Me aAAa Aoy,

av 10xUet 1o €§10:

Ia kaBe owoyévewa (U;)icr avolktov uroouvodev tou X mou kavorotei v
X = Ui Ui propovpe va Bpovpe m € N kat iy, ...,0, € I dote X =
Uy, u---uby,,.

‘Eva urtoouvodo K tou X Aéyetat ouprnayeg, av eival oupnayrfg HEIPIKOG XWPOS HE T
OXEUKN PETPIKY. AUTO eivatl 1008Uvapo pe 1o e8¢ yia kabe kabe kdduvppa (V;)cr tou
K ano avoikta urnoouvola tou X, UMAPXEl TMEMEPACHUEVO UMTOKAAUPIA (Vij );”:1 wote
K g U;n:1 ‘/;‘j (dGKnon)

Hapadeiypata 6.1.4. (a) 'Evag Siakpitog perpikog xopos (X, ) eivat oupnayng av xat
povov av 1o X eival Ienepacpévo oUvoAo.

(B) To ouvoro tev npaypatkev apOpov R pe ) ouvhbn petpiky) 6ev eival cupnayng
Hetpkdg Xwpog. Ilpaypartt, av Sewpriooupe 10 avoikto kadvppa {(—n,n) }pen, t0Te auto
Bev €xel MEenepPaoc€vo UoKAAuppa.

(y) To ouvoro Sy, = {x = (z5) € U : ||Z]|c = 1} Bev eivar ouprnayég urtoouvoro tou
ls. Tpaypat Sewpoupe 10 avoktd kadvppa {B(x,1/2) : ¢ € Sy}, 1o ornoio dev £xet
MEMEPAOEVO UMIOKAAUPHA, 10Tt ||ey, — em|loc = 1 yia n,m € N, n # m.

(6) Eow (X, p) petpirdg xwpog, = € X xat (z,) otov X oote x,, — x. To ouvoro
K={x,:n=12,...}U{z}

etval oupnayég otov X. Ilpaypatt éote (G;)icr avoiktd kdAuppa tou K. Tote unapyet
i9 € I oote x € G;,. Apou z,, — = kat 1o G, eivat avowkto, vrapxet N € N oote z,, € G,

yia kaBe n > N. IN'a kabe 1 < j < N unapxet i; € I dote 7 € Gij. Tote, K C U;V:o Gi]..

Ipdétaon 6.1.5. 'Eotw (X, p) petpucos xopos kar éotw K ouvunayég vnoovvoilo tou X.

Tote, 10 K elvar kAsioto otov X.

Anobeiln. Eow y € X \ K. TNa kabe = € K Séoupe §, := ’)(IT’y). Ot pndAeg {B(x, d,) :

x € K} amotedovv avoiktd kdduppa tou K. ‘Apa, Undpxouv i, xe,..., I, € K dote
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K C UjL, B(%j,05,). Eow § = min{dy; : j = 1,2,...,m} > 0. Téte, B(y,0) € X \ K.
Mpaypat, av z € K tote unapyxet 1 < j < m oote p(x, ;) < dz;. Apa,

p(x,y) = P(y,xj) - P(mj,l') > 25% - 5J:j P 57
dndadn = ¢ B(y,d). Aei§ape 6uto X \ K eivat avoikto, ouvenog 1o K eivat kAewoto. O

Mpétaon 6.1.6. 'Eow (X, p) puetpucog yopog kat éo0tw K un kevd, ovunayég unoovvoio

wu X. Tote, 10 K eivar gpaypuévo vroovvofo tou X.
Anobeifn. Ermdéyoupe tuxov x € X kat Sewpoupe v owkoyévela {B(z,n) : n € N},

[Napatprjote 011 auty €ivatl avolkto kaAvppa tou X, apa kat tou K:

K C G B(z,n).

n=1

Agou 1o K eival ouprayeg, unidpxouv ni, ..., Ny, € N oote

K C B(z,n1)U---UB(z,np).

Av 9éooupe = max{ni,...,n,} éxoupe B(z,n;) C B(z,r) yia kde j = 1,...,m,
dnAadn

K C B(z,r).
Zuvenwg, 10 K eivat gpaypévo. U

Ipdtaon 6.1.7. 'Eoww (X, p) oupnayrg uetpids xwpog kat F' kieioto vroovvoio tou X.

Tote, 10 F' eivat ouumayéeg.

Anoddeln. 'Eow (U;) avokto kdAuppa tou F. Tote ) owoyévela {X \ F} U{U; : i € I}
arotedel avolktd kaduppa tou X (egnynote yiati). Agou o X eival ouprnayrg, urapyouv
11,...,1; € I oote X = Uy, UUUlkU(X\F) Tote, F' C Uy, U...UUik. O

6.2 Xapartinplopog tng CURNAYELAg

ZKOIOG pag 0g auty) v mapaypado eival va Xapakinpiooupe ToUg OCUNIIAYElS PETPIKOUG
X®POUG pEom akodoubiav. 'Onwg Sa doupe, évag petpikog xopos (X, p) eival oupnayng av
KAt povo av £€xel v 1610tta Bolzano-Weierstrass: 6nAadr|, av kabe Are1po urtooUvoio
A tou X éxel touddyiotov éva onueio oucoopeuong oto X (A’ # (). Ziv nopsia Sa
doooupe GAdov €vav Xproto Xapakinpiopd g ouvprayewag: o (X, p) eivar oupnayng
av Kat povo av eivat mAnpng Kat ojikd gpaypuévog. Atvoupe mpta toug arapaitntoug

0p1lopoUug.
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Oplopog 6.2.1 (axoroubiaxkda cuprayng Xopog). 'Eotwe (X, p) perpikog xopog. O X Aé-
yetat axoflovdiard ouunayric (sequentially compact) av kG0s akodoubia (z,) otov X éxet

urniakolouBia (xg, ) n oroia cuykAivel oe karow z € X.

Op1opdg 6.2.2 (0Aka @paypévog Xopog). 'Evag petpikog xmpogs (X, p) Aéyetat ofika gpay-
uévog (totally bounded) av yia ka0e € > 0 vrtapyxouv m € N kat x1,...,xy, € X oote

m

X =J B0
=1
AnAabn, yua xkdbe € > 0 priopoupe va Ppouvie menepacpéva 1o nAnOog onpeia oo Xwpo
WOTE 01 PITAAEG e KEVIPA autd onpeia kat aktiva to oopévo € > 0 va KaAUTITouv To XwPo.
Tevikdtepa, av (X, p) eivat petpirdg xopog kat A C X, tdte 10 A Aédyetat oAkd gpaypévo

av yua kabe € > 0 unidpxouvv z1,...,Tm € X oote

m
AC | B(ai,e).
=1
Me Bdorn tov oplopo mou daoape, av o A C X sivat ohika gpaypévo tote kabe B C A
elvat emiong oAka @payuévo (eSnynote yati).

[Mapatnprote £miong OTt PIMOPOULE VA ATIATHCOUNE TA «KEVIPA» T; VA avijkouv oto A:
npaypart, ag vrobécoupe 6t to A sival odikd @paypévo kat ag Sewprjcoupe tuyov € > 0.
Yriapxouv 21, . .., Tm € X oote A C |-, B(z;,£/2). Mniopoupe va urobécoupe 6t 6Aeg
ot B(x;,e/2) éxouv pn revy) topn) pe 1o A (adAiog Sa «Sioxvaper Tig TIEPITIEG Ao auteg).
Mropoupe Aourtdv va Bpouvpe a; € B(x;,e/2)NA, i =1,...,m. Tote, ai,...,am € A xat
B(x;,e/2) C B(a;,¢) (e§nynote ylati). Zuvenag,

m
A< | Baie).
=1

Hapadeiypata 6.2.3. (a) O (R, |- |) dev eivat eivat oAdikd @paypévog Hetptkog XOpog. Av
Arav, Sa urmpxavry < 9 < -+ < T € Rooe R = Ule(x,-—l,xi—i—l) C(r1—1,2x+1),
atorno.

(B) 'Evag 81akpitog petpikog xopog (X, d) eival odikd @paypévog av kat povov av 1o X
eivat rerepaopévo ouvodo (e§nynote yati).

(y) O n-6tdotatog kUBog tou Hamming H, kat o kuBog tou Hilbert H°, eivatr oAwkd

ppaypévol Xopot (aoxknor).

Ocopnpa 6.2.4 (xapakuplopdg g ouprnayeiag). 'Eotw (X, p) petpidg xopog. Ta arxo-

Aouvda givar woobvvaua:
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() O (X, p) eivar ouumayrg.

(i) Kade ameypo vmoovvoio A tou X éxet toufdyiotov éva onueio ouoowpeuong oto X
(6niadn, A" # ).

(iii) O X eivar akofovdiara ovurayrng.
(iv) O X egivar mAnpng kat oAkd GoayUevog.

Anobeailn. (i) = (ii): 'Eotw A urtoouvodo tou X 1o oroio Sev éxel Kavéva onpeio CUCOMPEU-
ong oo X. Téte, yia kabe x € X undpxete; > 0 oote B(z,e,) N (A\ {z}) = . ®ewpoupe
10 avoiktd kaduppa {B(z,e;) : € X} tou X. Agou o X eivat ouprnayrg, priopoupe va

Bpoupe menepacpévo uvnokdAuppa. Andadn, urtapxouvy q, ..., T, € X ©ote
X = B(z1,64,) U---UB(xpm,eq,,)-

Tote,

A= (ANB(z1,62,)) U+ U (AN B(xm,ca,,))-

'Opeg, yia kabe i = 1,...,m, andé mv B(zi, e5,) N (A\ {z;}) = 0 oupnepaivoupe ou
AN B(LL’“ 5%‘) - {l‘l}

‘Enetat 61
ACH{xy,...,zn}
dnAadn 1o A sival nmenepacpévo ouvolo.
(i) = (iii): 'Eoww (x,) akodouBia otov X. Oa &ei§oupe 6u n (x,) €xel ouykAivouoa
urtakoAouBia.

@cwpoupe to ouvodo A = {x, : n € N} twav 6pev g (x,). Av 1o A eival nenepaopévo
ouvolo, tote urapyouv = € A kat deikteg ky < -+ < ky < kpg1 < --- QOtE T, = T ya
ka0e n € N. Anhadn, n (x,,) £xet otabepty urtakoloubia Kat o LNTOUPEVO 10X VUEL IPOPAVAS.

Yrobétoupe Aortdv 6t 1o ouvoro A v dpev g () eivat anelpo. Tote, undpxet & €
X 10 oroio sivat onueio cucowpeuong ou A. TUVENW®G, 08 KAOE MEPIOYT] TOU & UTIAPXOUV
arelpot 6pot g akodoubiag (z,) (5o mepiéxet anepa otoikeia tou A). Emdéyoviag
dradoykd e =1, %, ceey %, . .. KA1 XP1O1POI0OI)VIAg AUty TV 1810ttd T0U T, PIT0POUHE va

Bpoupe yvnoing avgouca akodoubia dewktav (k) oote p(x, zk, ) < % Apa, Tk, —> T.
(iii) = (iv): YroBétoupe o o (X, p) eivat akodoubiakd cupnayrg.

1. O X evai tinpng. Eoww (x,) Baowkn) akodoubia otov X . Ao v unobeon, 1 (x,) éxet

urntakodouBia (z, ) n oroia ocuykAivet oe kanowo = € X. Tote, x,, — T (yvwpiloupe o1, oe



118 KE®PAAAIO 6. ZXYMIIATEIA

KABe PETPIKO XWpo, av pa Paocikr akoloubia £xel cuykAivouoa urtakolouBia tote eivat
ouykAivouoa).
2. 0 X &ivai oflika epayuévog. Me anayeyr) os atorno: av o X dev eivat oAkda gpaypévog,

10te unapxet € > 0 pe v €gng 8ot ta: yia kabe m € N kat kabe uq, . . ., Uy € X 100l

m
() X\ | Bluj.e) £ 0.
j=1
Xpnowonolwviag v (*) opioupe enayoyikd akodoubia (z,) otov X og e§ig: erdéyoupe

wyov 1 € X rat xpnowonoovrag my (*) ermdéyoupe
x9 € X \ B(z1,¢).

[Mapawmpniote ou p(ze, 1) = €.
Ag urobéooupe Ot €xoupe emAEtel Xy, . . ., Ty £TOL WOTE, av i,J € {1,...,n} xati # j

e p(x;, x;) > €. Tote, Xpnoponodvag Kat rdait mv (*), ermdéyoupe
Tyl € X\ B(z1,e) U -+ U B(zp,¢).

[Mapatnpnote 6t p(Tp41,2;) = e yarabe i =1,...,n.
Kat” autd tov tporo, opiletal akodoubia (x,,) otov X pe my e§iig otta: avn # m
wte p(xy, Ty) = . H akodoubia (x,) dev £xe1 ouykAivouoa untakodoubia (egnyrote yiati).

ZUVEN®G, KATAANYOUPE O ATOTTO.

(iv) = (1): Me anaywyr) oe droro. YroBetoupe ot o X Sev eivat cuprnayrg. Tote, unapyet
avoikto kdAuppa (U;)ier tou X 1o onoio 8ev éxel menepaopévo unokdAuppa. Anladi,

X = Uz‘el U; adAd, yua kabe m € N kat Ka6e iy, ..., 1, € I 10x0e1

X\ (U, U---0U;,) #0.

Xpnoponowwvrag v undbeon ot o X eivat oAkd @paypévog, Bplokoupe 11, ..., T1N, €
X wote
Ny
X = B(x1;,1/2).
=1
Ioxuptopdg. Yrapxet jo € {1,..., N1} oote, yia k&0e m € N kat kabe i1, . . ., iy, € [ 1001

B(a1jo, 1/2)\ (Ui U---UU;,) # 0.

[(Mpaypau, av kG6e B(x1;,1/2) kalurndtav and nenepacpéva 1o mAroog oUvoda g ot-
royevelag (U;)icr tote kat o X = U;V:ll B(z14,1/2) 9a kadunotav and nenepacpéva to

rAn0og ouvoda g owoyevelag (U;)ier, Grorol.
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@¢toupe 1 1= x1j,. Iapampovpe ot, apov B(z1,1/2) C X, uniapxouv xa1, . .., Tan, €
X wote
No
B(x1,1/2) C | B(x2;,1/27).
j=1

MropoUpe va urobécoupe out B(z1,1/2) N B(xg;,1/2%) # 0 yia xabe j = 1,..., Na,
aAlwg napaleinoupe exeiveg g B(za;,1/ 22) rou Sev Xprnotponolovvial yid v KAaAuyn
g B(x1,1/2).

'Onwg Kat oto mponyoupevo Brpa, Bpiokoupe ji € {1,..., Na} oote, yia kabe m € N

KAt KAOe i1, ...,4, € I 10x0e1
B(w,,1/2%) \ (Ui U--- U Uy,,) # 0.

®ftoupe 1o 1= Taj,. Ilapatnprote 611

(erag) <ty L3
p:Bl?xQ 2 22_22

&0t B(x1,1/2) N B(x2,1/2%) # 0 (maipvoupe w oty Topr 10Ug Kat epappédoupe v
TPLY®VIKY aviootnta).

Yuvexidoupe pe tov 1610 tpodmo (n anddeiln tou enaywykouy Prjpatog eival opola pe
autiiv tou Sevtepou Prjpatog). Enaywyikd, opidetar akodoubia (z,) pe ug napakdte

18101n1eg:
(i) Twa kabe n € N, yua kabe m € N kat kébe iy, ...,1, € [ oyxvel
B(xp, 1/2")\ (U, U---UU;, ) # 0
(n B(xy, 1/2™) 8ev kaduretat and kapia nenepaocpévn vnoowoyévewa wg (U;)ier)-

(ii) Twa xkaben € N,
3
p(xmmn—i-l) < on+1-

'Exoupe dg1 611 1)

o0 [o¢] 3
D P(@ns 1) < Y gy < 00
n=1 n=1

egaopalidet ou n (x,) eivar Baokn akodoubia otov X. 'Exoupe unobéoet ot o X eivat
mArpng, apa, uvnidpxet ¢ € X oote x, — T.
KataAnyoupe oe droro wg §ng: apou 1 (U;)ier kadvret tov X, undpxet ig € I wote

x € Uj,. To U;, eivat avoiktd, dpa unapyet § > 0 oote B(x,0) C U;,. Bpiokoupe n € N
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oote 1/2" < §/2 xat p(xp, ) < 0/2 (auto etvar Suvatd, dou z, — x xkat 1/2" — 0). Tote,
ya k40e z € B(xy,, 1/2™) éxoupe

1 )
,O(Z,:C) < p(z,xn) + p(azn,x) < 27 + 5 <.
AuTto onpatvetl 6T
B(zy,1/2") C B(x,6) C Ui,

10 011010 £fval ATOIO APOU, A6 TV KATAOKEUT) IoU Kavape, 1 B(zy, 1/2™) 6ev kaAurtetat

and xkapia nenepaopévn vrnookoyévela mg (U;)ier. O

Yxeuxot pe v anoden tou Sewprjpatog 6.2.4 eival 01 Mapakdt® XapaKInelopol 1ou

OAKA @PAYHEVOU KAl TOU TTAI|POUG HETPIKOU XOPOU :

(i) 'Evag petpikog xwpog (X, p) eivat oAikd gpaypévog av kat povov av kaBe akoloubia

(z5,) otov X éxe1 Baoikr) unakoloubia.

(i) 'Evag petpikog xopog (X, p) eivat minpng av kat pévo av kabe arelpo, oAka @pay-

1EVO UTIooUVOAO Tou X £XE1 ONIEI0 CUCOMPEUOTG.

210 UTIOAOUTO AUTHG TN IApAypadou MePyPAPOUNE v ouviopia v anodeidn autov tov

6Uo npotacemv.

Afjppa 6.2.5. 'Eow (X, p) peicog xwpog kat éotw A = {x, : n € N} 10 ovvojo twv

pwv pag axkofovdiag () oto X. Tote woxvouv ta akdfovda:
(@) Av n (z,,) elvar Baowcr; akofovdia, t6te 10 A eivar oflika gpayusvo.

(B) Av 10 A eivar ofua gpayuévo, t0te n (x,) éxet Baoucn vnarxoiovdia.

Anobeln. (a) 'Eow ¢ > 0. Enedn n (x,) eivat Baowkyy unapyxet ng € N dote av m,n = ng

wWte p(Tp, Tm) < €. [apatnpovpe ot

apa to A givatl odikd @paypévo.

(B) Apou 10 A eival odikd @paypévo undpyouv Ci, ..., C’,%l C A pe diam(C}) < 1 ya
t=1,...,k1 xan A = Uf;l C} (g {C}} maipvoupe tig topég tou A pe menepaopiéveg
10 TAN00G avolktég pradeg axtivag 1/2 mou n éveor) toug kaAuret 1o A). Enedr) 1o A
TIEPIEXEL ATIEIPOUG OPOUG NG akoAoubiag (cav ouvolro BéBaila priopel va eivat IEMePACIEVO)
Kat ta C'Z-1 etval nenepaopéva 1o MAN00g, KAMO0 Ad autd MEPIEXEL ATIEIPOUG OPOUG TNG

(xp)-¢0w@t0 C L. Téte, 1o C eival urtootivodo t1ou 0Akd @paypévou cuvodou A Kat Iieptéxet
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arelpoug 6poug g akoloubiag (x,). Aoudevoviag topa pe 0 C 1 ¢xoupe 6t auto sivat
OAIKA @PAYHEVO, Apa PITOPOUHE VA TO KAAUWOUHE HE TIEMEPACHEVA TO TTANH0G UTTOOUVOAQ
touC? ..., C,?Q dlapétpou pikpoTEPNS 1 1ong pe % AnAady, C1 = Ufil C? e diam(C?) <
% vai=1,..., ks. 'Onwg ripw, to C I nepiéxer drnielpoug dpoug g akodoudiag (zn) xa,
enedn ta C’f etval mernepaopéva 1o mAr0og, KAIO0 aro avtd IMEPIEXEL AEPOUG OPOUG
(art6 autoug rou riepiéxet to C' 1 g (x5,). Zuveyidoviag pe autd Tov TPOIo KAtaokeuddoupe
@Bivouca akodoubia uroouvedovou A, v Cr D C2D ... D C" D ... pe diam(C™) < %
yian =1,2,..., ériou kaBe C" mepiéxetl Anelpoug 6poug g akoloubiag (). Ano kabe
C" erudéyoupe €va Otoixeio x,,, ®ote va oxnuatotei unakoloubia g (z,) dndadn va
woxuetmy < meo < -+ < My < ---. AUTO propet va yivet, 81611 kaBs C™ Tiep1EXel AMEIPOUG
opoug g ().

Ioyuptopdg. H urakodoudia () eival Baoik.

Eotw € > 0. Tote untapxet ng € N cote n% < e Avi,j = ng tote CY,C7 C C™ xat dpa

Ty Ty € CM0L ZUVENOS p(T;, T, ) < diam(C™0) < % <e. 0

Hapatipnon 6.2.6. H akodoubia z, = (—1)" éxet 0Aikd @paypévo ouvodo 6pwv kat dev
etvat faokn. ‘Apa, n eUpeorn Paoikng urtakoAoubiag eival 10 KAAUTEPO OTO OTI010 PITOPOUE

va eAmioupe.

Ipdétaon 6.2.7. 'Evag ustpikds xwpog (X, p) eivar oflucd gpayuévog av kat povov av kade

axofovdia (x,) otov X &yet Baoikr unarxoouvdia.

Anobeiln. 'Eote ot o (X, p) etval 0Aikd @paypévog HETPIKOG XWPOog Kat 0o (X, ) akoAou-
9ia otov X. To ouvoro A = {z,, : n € N} eivat odika gpaypévo og urocuvodo tou X kat

and 1o Afjppa 6.2.5(B) énetat to {nrovupevo.

Avtiotpoga, urtobetoupe 6tt KABe akoloubia otov X £xel Baoikn) urtakoloubia. Oa Bei-
Soupe 6u o (X, p) etval oAikd @paypévog. Av 6x1, 10te unapxet €9 > 0 oote yla kabe
n € N kat yua k4Be 21, ...,z, € X va woxver X \ Ui, B(zi,£0) # 0. Emdéyoupe tuxov
x1 € X. Téte, X \ B(z1,e0) # 0, apa vndpyet 22 € X aoote p(x1,z2) = €9. 'Opoq,
X\ U?Zl B(zi,e0) # 0, dpa vndpxer 3 € X oote p(xs, ;) > €9 yia i = 1,2. Zuvexi-
Jovtag Kat’ auto Tov TPOTo, opidoupe enaywylkd akodoubia (z,) otov X pe myv 6idtta
(T, Tm) = €0 Yia n # m. [popavog, auty n akodoubia dev £xel kapia Baocikr) vnako-

Aoubia kat £tot £xoupe KataAriel o ATOIIO. O

Ipdétaon 6.2.8. 'Evag uetpicog xopos (X, p) elvar tirpng av kat povo av kade amneypo,

oAkd epayucvo uroouvofo tou X Eyel onueio ouocowpeuong.

Anobeiln. Yrobétoupe npata ot o (X, p) eival minpng. 'Eotew A dneipo, oAkd @paypévo

urtoouvodo tou X. Yrdapyet akodoubia (a,) otoxeiov tou A pe an, # ap, yia n # m.
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To ouvodo B = {a, : n = 1,2,...} nepiéxetal oo oAkd @paypévo ouvodo A, dpa eivat
K1 autd OAKA @paypévo. Ao to Anppa 6.2.5(8) 1 (a,) €xet Paoiky) urtakodoubia (ay,, ).
Agou o X eival mAfpng, vnidpxet ¢ € X oote ag, — x. H (ak,) anotedeitat and époug

dlagopetikoug avd duo kat niepiéyetat oto A. 'Enetat otz € A’.

Avtiotpoga, urobetoupe 611 KaBe Arelpo, oAka @paypévo uroouvodo tou X €xetl onueio
ouoompeuong. Bewpoupe tuxouoa Baoikyy akodoubia (x,) otov X. To eruyeipnua mnou
Xproponotjoape oty anodedn g ocuvernaywyrg (i) = (iii) tou Sewprpatog 6.2.4 Seixvel
ou n (z,) éxer ouykAivouoa urnakodoubia. Agou eival kat Baoikr), eivat ouykAivouoa.

Apa, o (X, p) etvar mAnpng. O

6.3 BaolkEG 1610TNTEG TOV CUPNAYOV CUVOA®V

'Exoupe 116n arnobeifel karnoieg Baoikeg 1810TNTEG TV CUPIIAYGMV UTTOCUVOA®Y £VOG LETPTKOU

xwpou. Av K eivat ouprnayég uroouvodo tou (X, p) tote:
(i) To K eival kAe1otd kat gpaypévo urtocuvolo tou X.

(i) K&Be axodoubia (z,) oto K €xel urtakodouBia (xg, ) n oroia cuykAivel oe KATO0
€ K.

Emiong, kaBe oupnayng PEIPIKOg XWpog eivatl ANeng Kat oAka @paypeévog. To emopevo

Oewpnpa deiyvel 6T 01 cUPnayeig PeTPIKol Xwpot ivat Siayxwpioot.

Ocopnpa 6.3.1. Kade oAkd epayuevog uetpikdg xwpog sivar diaywpiouog. Eiducotgpa,
KAde ouumayng UEIPLKOG XWPo¢ slvat diaxwpioyuog.

Anobeln. Eow (X, p) 0AkG @paypévog HETPIKOg XOpog. ZUpgeva He Tov 0plopd, yia
KGOt € > 0 unapyet rerepaciévo uroouvolo F. 1ou X (ote 01 AVOIKTEG PITAAES HE KEVIPA

oto JF: kat aktiva € > 0 va kadurouv tov X. Eogappddoviag Stadoyxikda tov oplopod ya

1, %, %, ... maipvoupe pa akoAoubia D1, Dy, D3, ... nenepacpéveov unoocuvodev tou X
wote )
x=1|| B (x 7>
U 5oy
z€D,,
yia kaBe n = 1,2,.... Ofétoupe D = J,,cy Dn- To D eival apibpnotpo g api@urion

£€VOOT) TIETIEPACEVROV OUVOARV.
Ioxuptouog. To D eival ukvo otov X.

Apkel va 8ei§oupe ot kGOe avok) pridda tpvel o D. 'Eotw B(z,€) pa avoikt) prndda

1

otov X. Tote, unidpxet n € N oote ;- < €. Emiong, X = UyEDn B(y,%). ZUVETIOG,
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T € UyGDn By, %) dnAadn vnapxelt y € D, wote z € B(y,%). Tote, x € B(y,¢), §
woduvapa, y € B(x,¢e). Apa, D, N B(z,¢) # 0, énhadn D N B(x,e) # 0. O

Oplopdég 6.3.2 (1619tta nenepacpévev opov). Eote X pn kevd ouvodo xkat (F;)ier
olkoyévela urnoouvodwv tou X. Aépe ou 1 (F))ier éxel v 1816tnta nenepacpéveov
TOp®V av yia kabe pn xkevo nientepacpévo J C I woxvet

() F #0.

i€J
lNa napadeiypa, n owoyévela {(—oo,z] : © € R} unoouvodev tou R éxet v 161otta

MENEPAOPEVRV TOR®V. To 1810 10xUe yia Vv 01KoyEvela 6AaV v urtoouvodev A tou N yia

ta orota to N\ A eivat menepaopévo ovvodo (e§nyriote yiati).
Ocopnpa 6.3.3. 'Eotw (X, p) petpucog yaopog. Ta &g eivar wodvvaua:
() O (X, p) eivar ouumayrg.

(i) Av (F})ier evar oucoyeveia kiewotov urtoovvoiwv tou X mou gyet tu iidtnia meme-
OAOUEVOV TOUDV, TOTE
() Fi #0.
el
Anodeiln. (i) = (ii): YoBEtoupe Ot UTIAPYEL O1KOYEVELD (Fz)ze 7 KAE10TOV UTTOCUVOA®GV TOU

X mou éxet v 1816Ta nenepacpévev opoy, addd (o Fi = (). Tote,

X ={Jx\F).
el

AnAadr), n owoyévela (X \ F;);er etval avoiktd kdAuppa tou X. Agou o X eivatl ouprnayng,
UMApXOouV i1, ..., im € I Gote X = L (X \ Fy;). Tote, (i, Fi; = 0, 10 omoio eivat
datoro.

(i) = (@): Ymobétoupe ot o X ev eivar ocupnayng. Tote, umdpxel avoilkid kKaAuppa
(Gi)ier tou X yia 1o oroio ev priopoupe va Bpoupe Menepacpévo urokdAuppa. @étoupe
F;=X\G;,i€l. Thaxdbe m € Nxatiy,..., iy € I éxoupe X # G;, U---UG;,,, dpa

m
Fyn--nF, =(X\Gy)N---N(X\G,) =X\ J G, #0.
j=1
AnAadr), n owoyévela (F;)ier €Xel v 1810tTta MEMEPAOPEVOV TOPMV. AT v unobeor,
ﬂieIFi # 0, dpa
Ue=x\FE#X,

iel iel
1O OTT1010 £ivatl atoro. O
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Oplopog 6.3.4 (apBpog Lebesgue). 'Eotw (X, p) petpikog XOpog. A£pe Ol €va avoikto
kaduppa (Vi)ier tou X €xet api®Opoé Lebesgue, av urapxet 6 > 0 pe myv akodoubn

dotta:
TNa kdbe £ C X pe diam(F) < 6 unapyeti € I oote E C V.

KdaBe ap1Opog § mou kavoroiei to maparndve Aéyetat apiduog Lebesgue tou kaAuppartog.
Aépe eriong ot 0 X eivat xcypog Lebesgue av ka0e avoikto kaduppa (V;)icr tou X éxet
ap1Buo Lebesgue.

Ia napadeypa, o petpkog xopog (Z, d) pe d(n, m) = |n — m| eival xopog Lebesgue.
[paypat, ¢oww (V;);er avoiktd kdAuppa wu Z. Téte, yia § = 1 éxoupe: av E C Z kat
Z # 0 pe diam(E) < 1 énetar 6u uniapyel n € Z oote E = {n}. 'Opog, uvndpxet i, € I
oote n € V; , éndabn E C V; . Iapdpoia, av (X, 9) etval évag diakpitdg xwpog, tote
autog eivat xopog Lebesgue.

O (R, |- |) 8ev eivat xopog Lebesgue. Av Sewpriooupe ) ouvdpmon 7 : R — (0, 00) pe

1

T ¢ Ty 1= 135 KA1 TO QVOIKTO KAAuppa

Uy =B(z,ry) = (x — 1,2 +715), z€R

e yua kabe § > 0 undpyxet Es C R pe diam(FEs) < § dote yia kabe © € R va oxvet
Es ¢ U,. Tlpaypau, av pag docouv § > 0, téte undpxet ro > 0 @ote 74, < §/4. Bewpoupe
Yo > xo+ 1. ®toupe E5 = [yo, yo+0/2]. Tote, yia kabe 2 € R oxver E5 € U,. Tlpaypan,
av urtjpxe ¢ € R wote E5 C Uy, 16t

T—1y <Yo<yYyo+0/2<x+1y

Ao v tedeutaia netat du ry, > §/4, dpa z < xp (EPooov r5, < §/4). Etor, yo < 471y <

xo + 1, aroro.

Ocopnpa 6.3.5 (Lebesgue). 'Eotw (X, p) oupnayric puetpucoc xyopos. Kade avoikto ka-
Avppa tov X €xet apduod Lebesgue. Anjiadn), kade ouumayng UETPUKOS X@POS glval X@pog
Lebesgue.

Anobeln. 'Eoww (U;)ier avoiktd kdAuppa tou X. Tote, yia kabe z € X undpyouv e, > 0
kati, € I oote B(x,e,) C U;,. Howovyévewa {B(z,e,/2) }rex eival avoiktd kdAuppa tou
X. Agou o X etval ouprayr|g, untdpyouv 1, X2, ..., T € X dote X = U§:1 B(wj,e4,/2).

®¢toupe

T . .
5::§m1n{51j j=12,... )k} >0
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@a &ei§oupe 6u yua ke A C X pe diam(A) < 0, vnapxet i € I oote A C U;. 'Eoww
A C X pn xevo, pe diam(A) < J. Ava € A e uniapxer z; € X wote a € B(xj,e4,/2).
Tote, A C Uizj. [Mpayparn, av z € A 16te 10XUel

P(Z,-T)j) g p(z,a) +p(aa .’E]) < 5 +€33j/2 < Efﬁj

6ndadn), z € B(xj,ez,) C Uiy, - U

To ertopevo Sevpnpa e§aoPpadilel, o€ KAMOEG MEPUTIOOELG, T CUPIIAYELA Y1d TOV X®WPO

Y1VOIEVO OUNTIAY®V PETPIKAOV XOPRDV.

Ocdpnpa 6.3.6. (a) 'Eoww (X, d;)!", ouunayeis petpwrot xopor. Av X = [, X; eivai o
Xwpog ywiuevo tov X; kat d eivar onowabnmote petpucr ytwouevo oto X, wte o (X, d) sivar
ovunayng.

(B) '‘Eotw (X,,dy), n = 1,2,... akofouvdia ouurayav uetpikav ywpav pe dy(x(n), y(n)) <
1 yia kade x(n),y(n) € Xn, n=1,2,.... Tote, o xopos ywduevo [[12 | X, pe perpucr) mu
d(z,y) => 02127 "dp(x(n),y(n)) eivar oupmayng.

Anobeln. (a) ®a deifoupe ou o (X, d) eivar akodoublakd cuprayng. H anodedn eivai
opotla pe autiv tou dewpnuatog 2.1.13. ‘Eow z, = (x,(1),...,2,(m)) akodoubia otov
(X,d). Apou o X eival oupnayng, n akodoubia (z,(1)) éxer ouyxdivouoa urakoloubia
(2, (1))

xp, (1) = z(1) € X;.

Agou o X eival oupnayng, n (7, (2)) €xet ouyrAivouoa unakodoudia (7, (2)):
Ty, (2) = 2(2) € Xo.

[Mapatnprjote ot

Tk, (1) = z(1),

d1ou n g, (1) — z(1) karn (g, (1)) eivar unakodouvbia g x,, (1). Apa, n vrtakodoubia
(xkxn) €XEl oUYKAlvouoa TIPOT Kal SeUtepn ouvietaypévr). Xuvexi{oviag pe mapopotlo
TPOT0 PEXPL TNV M-00Tr] OUVIETAypREvn Kat naipvoviag m §1adoxikég umaxkoloubieg tng
(z5,) Bpiokoupe urntakodoubia g n oroia éxel kKAOe ouvietaypévn g ouykAivouoa. H d

etvat petpikn ywopevo oto X, dpa n (z,) €xel ouykAivouoa urtakoloubia. O

(B) A¢prjvetat yia TiG GOKIOELG. u

IIépiopa 6.3.7. O kv6og tou Hilbert H™ eivar ouumayrg Uetoteog X wpog.
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Y10 RepdAaio 2 (fempnua 2.1.13) eibape 611 kGO ppaypévn akodoubia otov R™ (pe v
EuxAeideia petpikn) €xel ouykAivouoa uriakoAouBia. Amo autd 10 arotéAeoiia IIPOKUITIEL

0 811G XAPAKINPIOPOG TRV CUPITAY®V Urtoouvodmv tou R,

Osopnpa 6.3.8. Ozwpouvue ov R™, m > 1, ue v Evkeibeia puetoin. 'Eva umootvoAo

K 1ou R™ givat ouunayég av kat uovo av givat KAt Kat goayuevo.

Anobeiln. H pia kateubuvorn 10X Uel YEVIKA : 0€ KAOE PETPIKO X®POo, KABe ouprnayEg ouvoAo
givatl kAe1oto kat gpaypévo. Ta v avtiotpodn Kateubuvor, £0to K KA£10TO KAl @payévo
urtoouvodo tou R™. @a 6&ei§oupe ot 1o K eivar akodoubuakd ouvprnayés. Eotw (xy,)
axoloubia oto K. Apou 1o K eivat gpaypévo, n akodoubia (x,) eival gpaypévn. Amno
10 9ewpnua 2.1.13, vndpxet vniakodouvbia (xy,) wg (=) 1 omoia cuykAivel oe KATO0
x € R™. 'Opag, 10 K eivat kAelotd kat 1) (zg, ) nepéxetat oo K. Apa, © = nh_{rolo xk, € K.

A@ou kaBe akoloubia oto K €xet urtakodouBia rou ocuykAivel oe onpeio tou K, 10 K

elvatl ouprnayeg. O

Znueiowon. Eibikdtepa, xkabe kAewoto Swdotpa [a,b] eivar cupnayég vroovvodo tou R.
‘Opoia, kabe opboyovio Ry, = [a1,b1] X -+ X [am, by] kat kaBe xAelow) prada Bp2 (z,¢)
etvat ouprnayég vrtoouvoro tou EuxkAeibeiou xopou (R™, ps).

210 yeviKOTEPO TMAAIOI0 TOV MANPEV PEIPIKOV XOPW®V Oev 10XUEL O0TL KaBe KAE10TO Kal
@paypévo ouvodo etvatl oupnayég: oto napadetypa 6.1.4(y) eidape ott, otov (Yoo, || * [loo)s

n opaipa Sy, dpa Kat ) KAewot) prada B (0,1), dev eival ouprnayég ouvolo.

6.4 ZTuvexeig OUVAPTI|OELG OE CURIAYL] OUVOAa

Ze aut) v napaypado Seixvoupe 0Tl Ta MEPLOCOTEPA ATTOTEAECPATA ITIOU 10XUOUV yid
ouvexeig ouvaptioeig f ¢ [a,b] — R g§akodoubouv va 1oxUouV yia ocuvexeig ouvaptroelg

mou opidovial og Evav CUPIAy1) PEIPIKO XDPO.

@copnpa 6.4.1. 'Eotw (X, p) ovunayrc uetpikog xwpog, (Y, o) uetpucos yaopog kar f
X — Y ovveync ovvdotnon. Tote, n f elvail opuoiduoppa ouvexrg.

Anodeiln. ®a dwooupe 6uo arnodeielg. H npotn Paociletal oto yeyovog 61t kabe ouprna-
YIS HEIPIKOG XWpog gival xopog Lebesgue, sve n Sevtepn Paociletal otnv akoloubiaxkr)
oupnayea.

Hpaot anodaln. Eow € > 0. Apou n f eival ocuvexrig, yia kabe x € X undpyxet 0, =
0z(e) > 0 wote f(B(z,d;)) € B(f(x),e/2). H owoyévela {B(x,0;) : v € X} arnotedei
avoilkto kaduppa tou X, dpa undpyxet apidpog Lebesgue § > 0 wote: av A C X pe
diam(A) < 0 wote unapxet ¢ € X oote A C B(x,0,). Eow 21,22 € X pe p(z1,22) < 9.
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Tote, 10 A = {21, 22} £€xe1 duaperpo p(z1, z2) < 0, ondte unapxer z € X wote A C B(x, dy).

'Etot, ano ) cuvéxela mg f 010 & Kat Vv IPIyRVIKY avicotnta raipvoups

o(f(2), f(2)) < o(F(21), F(@) + 0(f(z2), fla)) < 5 + 5 = <.

Tuvenwg, 1 f eival opoidpopda cuvexrg. O

Aevtepn anoderln. Yrobétoupe ot ) f Sev elval opoidpoppa cuvexrg. Tote, propoue va
Bpoupe € > 0 xat akodoubieg (), (Yn) otov X oote p(zy, yn) — 0 adAd o (f(xn), f(yn)) =
€ yuia kabe n € N. Ané v (akoAoubiakr)) oupriayeia tou X PUropoupe va BPoupe UMaKo-

douvbia (zg, ) g (z,) kar z € X oote x, — x. Tote, and v

BAémoupe O Y, — . A0 ) ouvéxela g f oto x oupnepaivoupe ou f(x,) — f(z)
kat f(yg,) — f(x). Tote, o(f(zk,), f(yk,)) — 0, o onoio eivar atoro (SupnBeite o1
o(f(xg,), f(yk,)) = € yia kGe n € N). O

Ocopnpa 6.4.2. 'Eoto (X, d), (Y, p) ueroucoi yapor kar f : X — Y ovveyrg ovvaptnon.

Tote, n f aneucoviler ouunayn vmoovvoia tou X oe ouurnayr urtoovvoda tou Y.

Anoben. Eow K C X oupnayég. @a 8ei§oupe o 1o f(K) etvar oupnayég otov Y.
Av (V;)ier eivat avoiktd kaAuppa tou f(K), tote 1o {f~1(V;) : i € I} eivat avoikto
kdAuppa tou K. Apa, Umdapxouy i, ...,i, € I wote K C U;nzl f_l(V,-j). Tote, f(K) C

U;'nzl Vij : O

Mépopa 6.4.3. 'Eow (X, p) ovurmaynis uepieds xopog, (Y,0) puetpucog xwpog kar f
X — Y ovvexrg ovvaptnon. Tote, 1o f(X) eivar ouurayég unoovvoilo touv Y .

Ocopnpa 6.4.4. 'Eoww (X, p) ovunayrc petoucog yapos kat f : X — R ovvexric ovvdp-
mon. Tote, n f maipver ueyrot kar eAayiot ).

Amnobeln. Ano 1o ropiopa 6.4.3 £xoupe 6t o f(X) eival oupnayég urtoouvodo tou R, dpa
KA€10T0 Kat @paypévo. Tote, uniapxouv ta min f(X) kat max f(X) (egnynote yatd). O

Mia dAAn xprjowan ouvénela tou dewprpatog 6.4.2 ivat n eEAg:
Ipdtaon 6.4.5. 'Eow f: (X, p) — (Y,0) ovveyrig, 1 — 1 kar eni ovvdptnon. Avo (X, p)

givar ouumayng, e ng = 1 : (Y,0) — (X, p) sivar emiong ovvexrig. Anfadn, n f eivar
OLLOIOUOP PLOUOG.
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Anobeln. Eoww F' kAewot6 unoouvoro tou X. Ano to Sevpnua 6.4.2, 1o B = f(F') eivar
oupnayég, dpa KAe10t6, uoouUvodo tou Y. Agov 1o g H(F) = f(F) = B etvat xAewot6
otov Y kat to F' ftav tuxdv, €xoupe Ot Ta KAE10TA UrooUvoda tou X avtiotpépovial o

KA€10Td UTIooUVoAd tou Y péom tng ¢, dpa 1 g £ivat ouvexng. O

Znueiowon. H undbeon 6u o (X, p) eivar oupnayrg dev prnopei va nmapadeipBei. Ta rapa-
deypa, Sewpnote ) ouvapmon f 1 [0,1) U [2,3] — [0,2] pe f(z) =z av 0 <z < 1 xat
f(r) =2 —1av2< 2z < 3. Mapampnote ot 1 f eivat ouvexng, 1-1 kat er, opeg n f 1

ev etvat ouvexng (n £~ eival acuvexnig oto onpeio y = 1).

6.5 To ouvoldo tou Cantor

1. Kataokevus. ®swpovpe 10 ddotpa Cy = [0, 1] kat 1o xepiloune oe tpia iadoyxika
ioa Swaotuata. Agalpoupe 10 avoilkid peocaio Sidotnua (1 /3,2/ 3). Ovopadoupe Ch 10

OUVOAO ToU aropévet, Sndadn
C1=[0,1/3] U [2/3,1].

To C' eivat mpopaveg KAeloto ouvoro. Xepidoupe kabéva amno ta dwaotrjpata [0, 1/ 3] Kat
[2 /3, 1] oe 1pia 6iaboyikd ioa Sraoctpata Kat apaipovie, aro Kabéva, 1o Peoaio avoikto

d1aotnua. Ovopdloupe C 10 KA£10TO 0UVOAO TOU aropévet, SnAabdr)
Cy = [0,1/9] U [2/9,1/3] U [2/3,7/9] U [8/9,1].

Tuveyidovtag pe auto tov Tporo, Kataokeuadoupe yia kabe n = 1,2, ... éva KAE10T6 OUVOAO
C,, étot ©ote 1 akodoubia (C,) va €xel 1g e&ng 1816t TEG:
G Cio2CyDC3D---.
(ii) To C, eival i éveor 2" §Evev ava 6o rAewotov Staotpdtev, kabéva and ta oroia
¢xel prkog 1/3™.

To ouvodAo tou Cantor civat 1o cUvoAo

C={)Cn
n=1

Ta dwaotmpata mg popprg [k/3", (k+1)/3"].n € N, k =0,1,...,3" — 1, ovopadovrat

owadika draotnyuata.

2. I&wotnteg. To C sival oiyoupa pn Kevo, apou MEPIEXEL TA AKPA OA®V TRV TPLASIKGOV

dlaotnuatev rou arnaptiouv kabe C), (6rwg 9a Soupe MAPAKATE MEPIEXEL KAl ITOAAA dAAa
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onpeia). Emiong to C' eival kAe1oto, agou 1 topr] KAE1I0TOV 0UVOA@V gival KAE10TO GUVOAO.
ErurmAéov, 1o C €xet ug €8¢ 1610tteg:

(1) To C elvar t¢Aci0 gvvofo, 6ndadr eivar kAelotd kat kabe onpeio tou C eivarl onpeio
oucowpeuorg tou C.

Eibape out 1o C eivar kAgiotd. Tia va &eifoupe 6t kabe & € C eivar onpeio ouo-
onpevong tou C, mapatnpovpe 6t yua 1o twuxov ¢ € C' undpyel povadikr] akoloubia
rAewotov pradikav Saompdawey I, (x), n =1,2,..., pe x € I,(z), I,(z) C C), ka1 pixog
((In(z)) = 3. Ot akoloubies (an(z)) kat (6,(z)) TV aplotepev Kat 5§ty AKPOY TV
I,,(z) avtiotoixa nepiéyoviat oto C, kabepia anod autég ouykAivel oto x, Kat 1) pia TouAd-
Xtotov aro tg duo Sev sival tedikd otabepr). Apa, 1o z eival onueio cucowpeuong tou C.

g

(2) To C b6ev mepiéyer kaveva Saomua. Ag urobiooupe Otl, yia karowa a < b €xoupe
[a,b] C C. Ta xabe n € N é¢xoupe C' C Cy, apa [a,b] C C,,. Apou 10 (), eival évaoon
2" Evev avd 8uo KAewotov Sactpatev pnkoug 1/3", 1o [a, b] mpénetl va nepiéxetat oe
KAIO10 anod autd, Kal GUVENKG, MPLTEL va 1oXVel 1) avioota b — a < 1/3". Auto obnyei
ot avtipaon, apou b — a > 0 ka1 1/3" — 0. O
(8) To C' sivar ungpapdunowo. Lug AoKroelg Tou Kedpalraiou 3 eidape ot kaBe pn Kevo
1éAe10 urtoouvodo tou R sival uniepapiBuroo. Agou dei§ape ot to C eival tédeto, Enetat
0 10XUpPlopog. Ba dwooupe opwg pia deutepn anodelr), 1 oroia pag Sivel v adoppr) va
doupe ma Sapopetiky meptypadrn tou cuvodou C': propoupe va opicoupe pia éva mpog

éva kat erd anewkovion P tou C' oto clvoro
{0,21Y = {(@)52 | via kGBe n, ap = 0 1) oy = 2}

To {0, Z}N etvat untepapBurnomo (Supndeite 1o drayodvio ermyeipnpa tou Cantor). ‘Apa, 10
C eivat uriepapiOpriopo. H aneikovion P opiletat wg £&ng:

Ma kdBe x € C undpyet povadiky akodloubia xdelotwv Sactpateov I, (z), n =
1,2,..., twa oowe: [1(x) D Iy(z) D -+, kat yia kabe n, = € I,(z) xat o I,(z)
etvat éva armo ta pradika Saotpata PHKoug 3%, rou artapti¢ouv o C,.

Me Bdon autfiv v akodoubia Stactnudtev opioune pia akodoudia (o), € {0, 2}
®g 81|6:

(@ n = 1: @éoupe af = 0 av I1(z) = [0, 1/3] (6ndadn, av x € [0, 1/3]) Kkat af = 2 av
Ii(z) = [2/3,1] (6nAadn, av z € [2/3,1]).

(B) Enayayucd Bripa: Twa k&be n, av I (z) = [k/3", (k + 1)/3"] t6te 10 [y41(x) eivar éva
ané ta 8vo Swaotipata [k/3", (k/3") + (1/3"T1)], [(k/3™) + (2/3"F1), (k+1)/3"]: exeivo
rou Tepiéxet 10 . @¢troupe o | = 0 av [, 1(x) eivat 1o mpeto Sraotnpa, Kat o | = 2

av I4+1(z) eivat 1o devtepo draotpa.
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[Tapatwmpovpe 6t av & # y, ot yla karow n 9a wyvel I, (z) # I,(y), adivog Sa

énpere va gxoupe |z — y| < 3% yia kaBe n € N. Av ng eivat o ipotog @uolkog yla tov

T

o #* a%o, apa ot §vo

oroio I, (x) # In,(y), tote and tov opiopo v ai BAénoupe ot o
akoloubieg (o), xat (ah)S; eival Slapopetikég. AuTd AMOdEIKVUEL OTL 1) ATIEIKOVIOT)

®:C — {0,2}N pe &(2) = ()22, eivat éva mpog éva.

n/n=1

Ta to e, av ()02 eivat pua akodouBia aro O 1) 2, n akodoubia auty opidet po-
vadikr) akodoubia tpradikav Stactpatev (1,)22 pe I1 O Ip O - -+, kat rola wote yia

KGOt n 10 I, va eivat éva ano ta 1pradikd daocuparta prKoug 3% rou artapti¢ouv 1o Chy:
(@) n = 1: @étoupe [ = [O, 1/3} ava; =011 = [2/3, 1] av oy = 2.
(B) Tevika, 1o I 41 eivat éva anod ta dvo pradikd vrodlaotrjjpiata PrKoug 371% tou [,, Tiou

niepiExovrat oto Ch 418 TO aplotepo av an4+1 = 0, 1) 10 8810 av ay+1 = 2.

AgoU ta pnxkn v dactnpatev I, @divouv oto 0, 1 Tojr) Toug £ival OVOOUVOAO: £0T®

{z} =) In.

(®upnBeite 611 1) Topr eival P Kevi] A0y 10U Sempratog 1oV KIBOTIOPEVRV d1a0TtPAteVv).
Agovu I, C (), yua kabe n, eivat gavepo 6u x € C. Emiong, I,(z) = I, yia ka6e n, kat

arod 1ov TPoro oplopou twv I, éxouus

(an)nZy = (ap)nzy = ().

Auto anobeikviet 6t n P eivat entd tou {0, Q}N, apa 1o C eival uniepapOproyo.
O 1po10g oplopou g P pag odnyel oe pia dAAn nieprypagrn tou cuvodou tou Cantor.

3. Tpwadikn napdotaon apdOpov. Av (a,)0° ;| eival pia akodoubia pe a,, € {0,1,2} yua

kGBe n € N, tte n oepa ) 7 | §% ouykhivet oe évav apiBpo = € [0,1]. Avae =5 > o
pe apn € {0,1,2} yia kaBe n, n oelpd Y o7 | 52 (1) n akodoubia (ay)5e ) Aéyetar tpradirg

napdaotaon tou . [pagouvpe = = (ay, az,...) avii gz = > | 2.

Kabe apdpog z oto Saotpa [0, 1] éxet pia tpradikr) napaoctaon). H akodoubia (ay,)02 ¢
propei va erdeyei og e§ng: Xwpidoupe to [0, 1] ota tpia vnobiactpata [0,1/3], (1/3,2/3)

kat [2/3,1]. ®ttoupe

0, z€(0,1/3]
ayp = 1, 566(1/3,2/3)
2, x€[2/3,1]

Me autdv tov 0ploo, o€ KABe TePItoor EXoupe
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Ag urobéooupe ou = € [0,1/3]. Xeopiloupe auté 1o daotpa ota tpia vrodactjpata
[0,1/9], (1/9,2/9), [2/9,1/3] xat 9¢toupe az = 0,1 1} 2 avtiotola av to = avrkel oto
aplotepod, oto peoaio 1 oto 6e€16 arod auvta ta Swaotpata. Avaloya opiletatl to az otav
x € (1/3,2/3) 1 x € [2/3, 1], £t01 wote oe kKGOe mepimmon va éxoupe

ai a2 ay az 1

n
ag ag 1
Do ST ot
k=1 k=1
Apou Aoutov

€retat 0Tl n oepa 220:1 g—’,: ouykAivel otov z, dnAadn
oo
T=2 3
k=1

Mapabeiyuata. ExéyEre ou 1/8 = (0,1,0,1,0,1,...) ka1 1/4 = (2,0,2,0,2,0,...).

Eivat gavepd 6t av ¢ # y 10te 11 1p1adikr) mapaoctacr tou T ival dapopetkr) and
auvtv tou ¥y, adou pia ospd dev priopel va ouykAivel oe 6o Srapopetika opta. Yrmap-
Xouv opwg apdpoi = € [0,1] mou €xouv &uo dagpopetikég tpradikég napaotdoelg. a

rnapdadetypa, av z = 1/3 tdte

1 1 X0 1 X2
375" 2 g g g

(Me tov tpdrio erdoyng g (a, ) MOV Mapouclacape napanave, da Bpiokape ) dev-
TePT MAPAOCtTAot).

Tevikdtepa, oxvet o0 e&ng: O = € [0, 1] éxel duo dragopetikég tpladikég napaotdoetg
av kat pévo av o x eivat tpradikog pnrog: dndadn av x = k/3" yia kanowov n € N xat
karowov 1 < k < 3" (aoknon).

To Bewpnpia rou akoAoubei 6ivel Eévav AAAo Tporo meptypadrg Tou cuvoAou tou Cantor.

@cdpnpa 6.5.1. 'Eoww z € [0,1]. Tote, z € C av kat uévo av o x éxer pia pradun

mapaotaon n onoia weplExel povo ta yneia 0 kat 2. O

Anobeén. Eow x € [0, 1]. Av nj akodoubia (ay,) ermdeyel pe tov TPOIo Iov rapouctacape
napanave, tote woyxvet 1o e§hg: « € C av kat pévo av a, # 1 yia kaBe n. Autd arodeikvuet
ou av xz € C 16te 0 x €xel pia Pradiky napdotacn) mou mneptéxel povo ta ynoeia 0 kat 2.

H oloxkAnpwor g anodeigng aprivetal cav Acknon. O
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6.6 Aoknoeilg

Opada A’

1. 'Eva urntoouvodo K tou X Aéyetatl ouprayég, av eivat oupnayng HETPLKOS XWPOS He
11 OXETIKI METPIK. Asifte o1 auto eival 1008Uvapo pe 10 e€ng: yia Kabe KAbe avoikto

kdAuvppa (V;)ier tou K unapyouv iy, . . ., iy, € I oote K C UTZI Vij-

2. Eow a < b oo R. Xpnoworoioviag povo tov 0plopod ToU CUNIAyoUS HEIPIKOU
Xwpou Beitte 61 10 [a, b] eival cuprnayég uroouvodo tou R pe ) ouvhOn petpiky, eve ta
Saotipata (a,b), [a,b) kat [a,00) dev eival oupnayr) vrtoovvoda tou R pe ) ouvron

HETPIKT).

3. Av A, B eivat ouprnayt) urtoouvolda evig petpikou xopou (X, p), arnodeiSte ot to AU B

etval oupnayeg.

4. 'Eow (X, p) petpirog xopog kat E, F urtoouvoda tou X ¢ote 1o E va eivat oupnayég,
10 F rAewot6 kat E N F = (). Anodeige ou dist(E, F) > 0.

AeiEre emtiong 6t untdpyxouv A, B kAetotd, &va uroouvoda tou R? dote dist(4, B) = 0.

5. Eow (X, p) petpikdg xopog. Arnodeitte ott:

(@) Av z € X kat A ouprnayég urtoouvodo tou X, tote unidpxet y € A oote dist(z, A) =
p(z,y).

(B) Av A, B eivai ouprnayr) urtoouvoda tou X tote, untapxouv x € A,y € B oote dist(A4, B) =
p(z,y).

6. Eow (X, p) petpirdg xopos.

(@) YroBetoupe ot undpxet € > 0 wote yia kabe x € X 10 0UVOAO E(a:,a) va eivat

ouprnayeg. Aei€te 6t o X eival mArpng PeEIPIKOg XMPOos.

(B) Av yia xabe x € X urntapyet € > 0 wote 10 oUvoAo E({L‘, €) va eivat ouprayég, tote eivat

o X xkat’ avayknv m\fpng;

7. 'Eoww (X, p) oupnayng petpikog xopog kat f : X — Y. Aeifte 6 ta akddouba eivat

1ooduvapa:

(a) H f eivat ouvexng.

(B) H ouvapon yodpnua Gy : X — X x Y pe G¢(x) = (w, f(x)) eivar ouvexng.
(y) To ypagpnpa Gr(f) = {(z, f(x)) : © € X} eivar ouprnayég otov X x Y.
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Eivatl avaykaia urtoBeon o petpikoég xopog X va eival cupnayng;

8. Eow (X, p) petpikdg xopog xat FF C X. Anobei€te ot to F' eivat kKAe10t6 av kat povov

av yla kabe ouprnayég unoocuvoro K tou X to F'N K eivatl kAeloto.

9. I'vopidoupe ot kGOe cuprayég uroouvodo K evog petpikou xmpou (X, p) eivat ppay-

Hévo. Arnodeitte ot undpyouy z,y € K oote p(x,y) = diam(K).

10. Eow (X,d), (Y, p) perpkoi xopot pe tov Y oupnayr) kat f : X — Y ouvapinon.

Aeigte 6t ta akddouba eivatl wobuvapa:
(@) H f eivat ouvexng.
(B) To ypaonpa Gr(f) wng f eivat kAewoto otov (X x Y, p1).

11. 'Eow (X, p) perpikog xwpog. Asifte ot:
(@) Av Ay, ..., Ay, eival odikd @paypéva urnoouvoda tou X tdte to Ap U -+ U Ay, sivat

eriong OAKA @paypévo.

(B) Av A eivatl ohikda @paypévo urtoouvodo tou X tote 1o A givatl emiong oAKA @paypévo.

12. (@) Eow f : (X, p) — (Y, 0) opoidpoppa ouvexng ouvdaptnor). AeiSte ou n f anewo-

videt ta oAkd @paypéva uroouvoda tou X o 0AKA @paypéva uroouvolda tou Y.

(B) Aeigte ot n 1610tTa U OAKA @paypévou Sev Slatnpeitat and OPoOPoPPIoHoUS.

(Yrobedn: Ta R xat (0, 1) eivat opolopoppika.)

13. 'Eow (X, p) perpikog xopog kat () Baoiky akodoubia otov X. Aeifte du 1o oUvodo

A = {z, : n € N} eivat ohika gpaypévo.

Onada B’
14. Eow (X, p) oupnayng petpikog Xopog. Arodeifte ot:
(a) KaOe 1oopetpia f: X — X eival eri.

(B) Av (Y, 0) eivat petpirog xOpog wote va urtapyouy wopetpieg g : X — YV kath: Y — X,

10te kat o Y eivat ouprnayrg.

15. 'Eow (X, p) oupnayng petpikog xopos kat (F,) @bivouoa akodoubia kAelotev uro-

ouvoAav tou X. Aeite ou:

(@) Av G etval avoktd uvrtoocuvodo tou X @ote ﬂ;ff’zl F, C G, t6te unidpyxet ng € N pe
F,, CG.

(B) Av 2, F, = 0, wote unapxet mo € N oote Fy,, = 0.
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(v) Av (o~ F, etvat povoouvodo, téte diam(F,) — 0.

16. Eow [ : (X,d) — (Y, p) ouvexiig kat K1 O K3 O ... akodoubia cupraymv uroouvo-
Awv tou X. Arobeigte ot

17. Eow E C R pn ouprnayég. Aeifte 6t undpyet ouvexng ouvdptnon f : E — R n
oroia:

(a) Bev eival @paypévn.

(B) eivar ppaypévn adda dev maipvel peEyLoT TIL.

18. 'Eow (X, p) ouprniayng petpikog xopog kat ouvaptnon f : X — X oote p(f(z), f(y)) <
p(x,y) yia kdbe x,y € X pe x # y. Anodeifte 6u n f éxer akpiBag éva otabepd onpeio.

19. 'Eow (X, p) perpikog xwpog. AnobdeiSte ot ta akodouba eival 10oduvapa:
(a) O X eivat oupnayng.

(B) Kabe @bivouoa akodoubia (F),) pn Kevav, KAEOTOV UMIOOUVOA@V Tou X €Xel II) KeVY)
topn, dnAadn (o, Fr, # 0.

20. (a) Eow (X, p) mAnpng petpikdg xopog kat A C X. Aei&te ou 10 A eivat oupnayég av

Kat povov av eivatl KAE10TO Katl 0AKA QPAYLEVO.

(B) Eowe (X, p) oAika @paypévog Hetptrdg Xopog. Acsifte ot n mAnpeor) wou (X, ) eivat
OUPTTIAYHS PETPIKOG XDPOS.

21. Aceifte 61 0 petpikog xwpos (X, d) etval oAdikd @paypévog av kat povov av o (X, p)

etvatl oAka @paypévog, omou p = —ﬁ‘f g

22. (a) Eow (X1,d1),...,(Xg,d;) nenepaopévn o1koyévela 0AKA @PAyPEVEV HETPIKGOV
Xopav. Aei€te o6u o xopog (X, p1), érou X = Hle X; xat p; = Zle d; eivar oAdwkd

PPAYHEVOG PETPIKOG XDPOS.
(B) Aeite 611 €va urtoouvoAdo A tou RF givar oAdka @PAYHEVO av Katl POvVov av givat ppay-

pévo.

23. 'Eow (X, p) petpikdg xwpog. Aeifte 6t ta akorouba eival wooduvapa:
(a) KaBe kAe10t0 KAt @payprévo urtoouvolo tou X eival CUPIAyYEG.

(B) O X eivar mArpng kat Kabe @paypévo uroouvoro tou X eival 0AKA @PayHEvo.
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24. (a) Eotw A C R @ote kabe ouvexrg ouvapmon f : A — R va sivat opoidpopgpa

ouvexng. Acsitte ot 10 A eival kAeloto urtoouvodo tou R. Eival kat’ avayknv @payuévo;

(B) Eotw A C R gpaypévo kat ox1 kAeiwotod. Acsi€te ot undpyxet g : A — R Lipschitz kat
@paypeévn, 1 oroia dev nmaipvel pEyiotn pn.

(y) Eoto K C R xAeiot6 xat @paypévo. Asi€te ou kabe ouvexng ouvaptnon f : K — R
eival opolopoppa ouvexrg.

(8) Eow f : R — R opodpopga ouvexnig kat A C R gpaypévo. Aei€te 6t 1o f(A) eivar
erTiong @pPaypEvo.

Opada B’ - ZUpnAnpopatikég ACKNOELS

25. 'Eow (X, d) oupnayng petpikog xopog, (Y, o) petpikdg xopog kat f : X — Y ouvexrg

ouvaptnon. Anodei€te 6t1: av K C Y etvat oupnayég tote 1o f~1(K) C X eivatl oupnayég.

26. Eow (X, d) ouprniayng petpikog xopog kat éotw f : X — X ouvexng. Opiloupe pia
akolouBia urnoouvodev tou X og e&ng: K = X xat K11 = f(K,) yia kabe n > 1.
Arnodeigte ou n { K, } eivat pbivouoa axodoubia oupraywv urnoouvodev tou X. Av K =
N2 | Ky, anodeigre ou K # 0 xat f(K) = K.

27. Eow (X, d) oupnayng petpikog xwpog kat éotw f : X — X ouvexng. Yrobétoupe
ot undapxet akodoubia (x,) otov X wote d(zy, f(x,)) — 0. Aeifte 6u n f €xer otabepo

onpeio.

28. Eow (X, d) petpikog xwpog kat £0te D mukvo uroouvodo tou X. Av kaBe akoAou-

9ia otoeiov tou D éxet unakoloubia nou ouykAivel (otov X) bei€te ou o (X, d) eivar

oupnayng.

29. Eow [ : (X,d) — (Y, 0) ouvexrig ouvaptnor. Asifte 6t av o X eivat oupnayng wte

yia kaPe A C X 1oxvet out f(A) = f(A).

30. E&etdote av o1 apakdaie mpotacelg eivat aindeig 1) weudeig (attiodoyriote v ana-

vinon oag):

) Av f : (X,p) — (Y,0) eival opotopopgiopdg kat o X eivat oAkd @paypévog, tote

kat o Y 9a eivat oAkd @paypévog.

(i) Av (x,) etval Baowkr) akodoubia oe évav petpko xopo (X, p), tote 1o ouvodo A =

{zy, : n € N} eivat oAdikd gpaypévo.
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31. Eow (X, d) oupnayng petpirdg xmpog kat £¢0te (K,) @bivouoa akodoubia rAeiotov

unoouvedev tou X wote o (-, K, va eivat povoouvodo. Aeigte ou diam(K,,) — 0.

32. 'Eow (X, d) petpikog xwpog kat ¢0te g € X. Avyla kabe £ > 010 ovvoro X\ B(zo,€)

etvat ouprnayég, anodei€te 6 o (X, d) eival oupnayrg.

33. Av A, B sivat 6o cupnayr urtoouvoAa tou R, arodeite 6t 1o guvoro
A+B={a+b:ac Abe B}

etvatl oupnayég.

Oopada I
34. (a) Eow {(X,, pn)} akodoubia perpirav xopov pe pp(z,y) < 1 yua kabe z,y € X,
katn = 1,2,.... Aeigte ou 0 xopog ywopevo ([[02 X, > 7, 2%pn) eival oupnayrg.

(B) Aei€te ot kUBog tou Hilbert H eival ouprnayrg PeIpikog X0pPos.

35. Eow (X, p) oupnayng petpikog xopog kat (G)I avoiktd kdAuppa tou X. @étoupe
f:X = Rype f(zr) =max{dist(z, X \G;) : i =1,...,n} yia x € X. Anobeifte 61

(@) Twa kaBe x € X wyver f(x) > 0.
(B) H f eival ouvexng.

(y) Xpnowponowwviag ta (a) kat (B) arodeiSte to Afjppa tou Lebesgue.

36. (a) Aeifte ou n ouvaptnon R : [0,27) — S, pe R(t) = (cost,sint), émou St = {z €
R? : ||z||2 = 1} o povadiaiog xUKAog eivat ouvexnig, 1-1 kat erti. Etvat ot xépot [0, 27) kat

S1 opotopoppxkot ;

(B) E&etdiote av ot xopot ([0,27], | - |) xat (S1, || - ||2) etvat opotopopgixot.
37. (a) Eow (X, p) oupnayrg petpikog xopog kat f : X — X ouvédptnon pe my 1810tta

p(f(x), f(y)) = p(z,y)

ya kafe x,y € X. Aeifte 6u n f eivat 1oopetpia kat ermi.

(B) Eow (X, p) ouprnayng petpikog xopog kat f : X — X 1-1, end wote

p(f(x), f(y)) < plx,y)

yia kabe x,y € X. AeiSte 6u n f eival wopetpia.
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38. (a) Eow (E,,) akodoubia Evev avd uo dtactpatev tou [0, 1]. Asigte ou diam(E,,) —

0 xabog n — oo.

(B) Eow § > 0. Bpeite akodoubia (F;,) Evav ava 8o kAelotov unoouvodev tou [0, 1] oote
diam(F,,) > 1—-0yian =1,2,.... E§nynote nou ogeidetat n Si1adopd tov anotedeopdteov
(a) xat (B).

(y) Aei&te ou yia kdBe € > 0 undpxet akodoubia EEvav avd dUo kAelotev urtoouvodev (F,)
tou povadiaiou diokou D = {(z,vy) : 22 +y? < 1} dote diam(F,) > 2—cyuan=1,2,....
(6) Eotwo K C R? gpaypévo xat (B,,) axoloubia améd Eveg ava 630 KAe10TéG PrtdAeg oTo
K. Aeite 6u diam(By,) — 0 kabag n — oo.

() Eoww (X, p) oAMkd @paypévog Hetptkog Xwpog Kat B, akodoubia amnd &Eveg ava 6uo

pndlAeg otov X. Acsifre 6ut lim (diam(Bn)) =0.
n—o0

39. 'Eow (X,p) perpkog xopog kat 6 > 0. 'Eva uroouvodo A tou X Aéyetat d-
Sraxwpiopévo av yia kabe x,y € A pe x # y woxvet p(x,y) = 9.

(a) Asi&te 61t av kabe J-Giayxwplopévo uroouvoro tou X eival MEMEPACHEVO KAl AV TO
A C X eivat 6-dlaxwpiopévo, tote urtapxet B C X peyiouko d-8axwpiopévo wote A C B.
(B) Acigte 61t av kabe J-Glayxwpiopévo uroouvoro tou X eivatl renepaopévo, tote o (X, p)

etvat Staxwpiopog.

40. Eow (X, p) perpirog xwpog. Aeifte 6t ta akéAouba eivat woobuvapa:
(a) O X eivat oAikd @paypévog.

(B) Tha xdbe § > 0, kABe I-Blax®P1oEVO UTTIOCUVOAO Tou X £ival MEMePacpévo.

41. Eow (X, p) petpkog xopog kat A C X. To A Aéyetal oxetikd OUUTAYEG UTTOGUVOAO
tou X av 10 A sivat eival cupnayég urtoouvolo tou X.

(a) Arodeitte 6t 1o A eival oxeukd ouprayég av kat povov av kabe axkodoubia (ap)
otoixeiwv tou A €xet urtakoAouBia rmou cuykAivel (0X1 Kat” avayknv oe ototxeio tou A).

(B) Eow (Y, p) perpirdg xopos xkat f : X — Y ouvexrg. Asi€te ou n) f anewovidet oxeukd
ouprnayr] urtoouvolda tou X 0g OXETIKA OUPITIAYT) Uroouvola tou Y.

(y) Arobei€te ot kaBe oxetkd ouprayég urooUVvoAo eivat oAkd @paypévo. loyxuet 10

avtiotpogo;

42. Eow (X, d) perpirog xmpog pe v e§rg 181otnta: kabe ouvexrg ouvaptorn f : X — R
etvat gpaypévn. Asie ou o (X, d) eivat ouprnayrg.
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Kepalaio 7

AroAou0icg Kal Oe1pEG

OUVAPTICEDV

7.1 AxrolouOieg oUVAPTIOEWV: KATA ONRELO OUYKRALON

Opiopég 7.1.1. 'Eotw X ouvodo, (Y, p) petpikog xopog kat fr, f: X =Y n=1,2,...).
Aépe 6u n akofouvdia ouvaptroewv (f,) ouykAivel katd onueio (pointwise) otn ouvaptnon
f avyua xdbe x € X 1oy0et

f(x) = nh_)Holo fn(2).
Iooduvapa, av yia kabe z € X rat yua kabe € > 0 vndpxet ng = no(x,e) € N oote av
n = ng wte p(fu(z), f(x)) < e. Tpagpoupe tdte o6u f, P 4 fo — f katd onpeio 1
axopn out f(z) = f(x) yia kabe x € X.

Hapadeiypata 7.1.2. (a) Eow (X, d) petpikog xopog kat (z,) akodoubia otov X wote
xn, — x. Opiloupe myv akodoubia cuvaptjoewv fp, : X — R pe f,(t) = d(t,z,) rat
f: X —=Rupe f(t) =d(t,z) yiat € X. Tote, f, — f kata onpeio. Ipaypan, yia kabe
t € X éxoupe
fo(t) = d(t, zn) — d(t,z) = f(T)

otav n — 00.

(B) Eowwo X # 0 xat f : X — R. Av 9¢ooupe f,(z) = f(x) + % yia kabe n € N, tote
fn: X = R xat f,, — f katd onpeio: ya kabe x € X éxoupe fn(z) = f(x) + % — f(x).
(v) ®ewpoupe v akodoubia tev cuvaptoeay fr, : R — R ue fu(x) = . Tote, fu(xz) — 0
yva kd0e x € R. AnAabdn f, — 0 xata onpeio.

n
T+n2"

(8) ®ewpoupe v akodoubia v cuvaptioewv f, : [0,00) — R pe fr(z) = Tote,

fn — 0 xatd onueio (§nynote yati).

141
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(e) ®@cwpoune v akodoubia tov cuvaptioeav fi, : [0,1] — R pe f,(z) = 2™. Hapatnpou-
peom: avae = 1,0t fr,(1) =1 — 1. Av0 < z < 1, wte fp(x) = 2" — 0. Apa, fn — f

katd onpeio, érou n f : [0, 1] — R opiletat ano v

0, 0<z<1
€Tr) =
/@) {1, z = 1.

(01 Bswpoupe v akodoubia tewv ocuvaptoeev f, : [0, 1] — R pe twino
1 1
T, - X

— T+nax>

2

N N
NN

S L

[Mapawmprote 6u: av x = 0, tote f,(0) =0 — 0. Av 0 < x < 1 t6te unapyet ng € N oote

ng = i TUVENKG, yia KaBe 1 > ng éxoupe fr(x) = 7 +1m 'Enetat ot

1
li (x) = i =
g, In(@) = g Ty =0

Apa, fn(z) = 0 yia xabe x € [0, 1]. AnAadn f, — 0 xatd onpeio.

(@) ®swpoupe v akodoubia twv cuvaptioewv f, : [0,1] — R pe

1 1
f (SL‘) _ (n+hz—1° n szl
o =

nQ:E, 0<x < %

[apawmpovpe 6u: av z = 0, tdte f,(0) =0 — 0. Av 0 < z < 1, t6te av 10 n eival apketa
Heyddo 1oxUel % < z, apa fp(x) = m — 0. Andady) f,, — 0 xatd onpeio.

Ipétaon 7.1.3. 'Eotw X ovvofo, f,g: X — R xai (f,), (gn) axoilovdieg ouvaptrioewv
armd o X oo R. Av f, — f xatd onueio kar g, — g kata onueio, w1e: (i) yia kade t,s € R

oxvelt fn + sgn — tf + sg xata onueio, kai (i) frng, — fg xKata onusio.
Anodbdeiln. 'Eow x € X. Tote,
(tfn + Sgn)(x) - tfn(x) + Sgn(x) - tf(x) + sg(x) = (tf + Sg)(x)

Kat

(fngn)(x) = fn(z)gn(x) - f(m)g(a:) = (fg)(:L“),
ano 11§ avtiotolxeg 181011EG TV 0PIV AKOAOUBIOV PAYHATIKOV aplOpov. O
'Onwg Ya darmotwooupe, 1 Katd onpeio ouykAlon eival acbevrg: Sev oupnepidpEpetal

TTAVTOTE KAAAQ O OXEOT) 1€ T OUVEXEL, TO OAOKANPOUA, TNV IIAPAYAY10N KAl TV evaddayn

opiov. Ta Baocikd epeIpata ou cuNTAPe MAPAKATO £€XOUV APVITIKY ATIAVINOT :
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Ipo6inua 1: Eow (X, p) petpirog xopog xat frn, f : X — R. Av f, — f
Katd onpeio kat kabe f, eivalr ouvexng cuvaptnon, eivat owotd ou n f sivat

OUVEXNG;

H anavinon eivar apvnukr): éva mapadstypa pag Sivel n akodoubia cuvaptroeeov f, :

[0,1] = R pe f,(x) = 2™. Eidape o6u f, — f kata onpeio, érou 1 f : [0, 1] — R opietar

aro myv
0, 0<z<1
€Tr) =
/@) {1, z=1.

[Mapatnprjote 6t 1 f elvat acuvexr|g oto onpueio zg = 0. Mropoupe pdiiota va dwcoupe
napadetypa akoAoubiag ouveX®V CUVAPTIIOERMV 1] OTI01A CUYKAIVEL O GUVAPTNON 1€ ATElPa
10 TAR00¢ onpeia acuvéxelag: Yewpoupe 1o ouvodo A = {1/k: k =1,2,...} xai, yia kabe
n € N, opidoupe ouvapmon f, : [0,1] — R og e&ng: pe kévipo kabéva and ta onpeia 1/k,
k=1,...,n 9eopovpe w0 daotnpa Iy, = [ — 3n(11+1) R 3n(rll+1)] Kat opidoupe v fi,

va givat «plyevikep oe kabe Iy, ,, wote oto onpeio 1/k va natpvet v upn 1 kat fp(z) =0

avzx ¢ UZ:1 Ij, . Tote, KAOe f,, eival ouvexng kat ouykAivet (katd onpeio) otn ouvdptnon

f:00,1] - R pe
1, z€A
ﬂ@:{o,xEMH\A

n orota stvat acuvexrg os kabe onueio tou A.

Hpo6inua 2: 'Eow fn, f : [a,b] = R. Av f, — f kata onpeio, kat k&be fy,
efvat Riemann-oloxkAnpwown oto [a, b, eivat oeoto ou n f eivat Riemann-

oloxAnpoon oto [a, b] kat ot

/abfn(x)dx—)/abf(x)dz:;

H antdvinon eivat apvnukn: ya napadeiypa, Sewpovpe v akoAoubia 1@V ouveX®v ou-

vapwjoeav fp : [0,1] = R pe

o2n2z, 0<z< &
@)= —m(e-1), A<e<)
0, l<egt

EuxoAa eAéyyoupe ou f,, — f = 0 katd onpeio. 'Opwg,

/Olfn(:n)dx:;ﬁ()/olf(x)dx.
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‘Eva dAdo napddeiypa pag divel n akodoubia twv ouvaptroeav f, : [0, 1] = R pe f,(z) =
n?z(1 —2)". Avz = 0 tte f,(0) = 0 — 0. 'Opowa, avz = 1 éte fr(1) = 0 — 0. Sy
niepimmoon 0 < z < 1 epappodoupie To KPP0 T0U AGYoU

frr1(z)  (n+ D2z(1 —2)"" (n+1)2

O T T AR A

Tuvenag, fn(x) — 0 étav n — oo.

Ao ta apandave BAérouvue ou f, — f = 0 katd onueio. 'Opwg,

1 1 1 1
_ 2 o\ — 2 _ n g 2 n __ gn+l
/0 falx)de = n /0 x(1—z)"dx =n /0 (1—-t)t"dt =n /0 (t" =" dt

o 1 1 n?
= n — = — 1.
n+1l n+2 (n+1)(n+2)
Yuvenwg,

/Olfn(x)dm—u#o:/olf(x)dx.

Ipo6Anua 3: 'Eoww I 6waompa oo R xat f,, f: I — R. Av f,, — f xata on-
peio kat kabe f,, eivar mapaywyiowmn oto I, 1oxvel o ) f eival mapayoyion

oto [ xat ou f], — f’ katd onueio;

'Onwg deiyvouv ta endpeva nmapadetypata, n anavinon eivat apvnukr :

(a) ®swpoupe Vv akodoubia cuvaptoewv (f,), 6rou n f, : [0,00) — R opiletar anod v

fn(®) = 157 Tote: () avz = 0 éxoupe f,(0) =0 — 0 kat (ii) av z > 0 éxoupe

T 1 =z

= = — — 0.
l+nz nlig

Apa, fn(z) — 0 ya kdbe = € [0,00). Zuvernwg, f, — f = 0 katd onpeio. 'Opeg,
fi(x) = m katyla z = 0 éxoupe f,(0) =1 — 1, eve yia z > 0 woyvet ou f) (z) — 0.
Andadn, n (f]) dev ouykAivel katd onpeio omyv f/ = 0.

sin(nx)
e

mpoupe Oty yia kabe z € [0, 27] woxvet | fr ()| < % — 0. Apa, f, — 0 xkata onpeio.

(B) ®ewpovpe v akodoubia twv ouvaptiioewv f, : (0,7) = R pe f(z) = IMapa-

'Opwg, n akodoubia f) : (0,7) — R pe f)(z) = cosnz ev ouykAivet yia kapid tpr
wu z € (0, 7). Mpaypat av uniapxet z € (0, 7) dote cosnr — a € R, tote cos(3nx) — a.
Amé v tavtotnta

cos(3nz) = 4 cos®(nz) — 3 cos(nx)
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BAémoupe o1t a = 40> — 3a. Tuvendg, a = 01 o = 1. Av o = 0 téte and v tautéTIa
sin?(nz) + cos?(nx) = 1 ouprnepaivoupe ot sin?(nx) — 1. ‘Opag,

1 — cos(2nx)

sin?(nz) = 5

omote cos(2nz) — —1, atoro. Av o? = 1, and v tauvtdmta sin?(nx) + cos?(nz) = 1

éxoupe ou sin(nx) — 0. Tdte, anod myv
sin(n 4+ 1)z = sin(nx) cos x + sin x cos(nx)

naipvoupe

sin z cos(nx) — 0

kat erewdn) sinz # 0 yua x € (0, 7) énetar ou cos(nz) — 0, atoro.

(y) ®swpovpe v g, : (—1,1) = R pe

(1) = tHt/n, 0<t<1
n —(—t)yH/ _1<t<0

IMapawmpovpe ou g,(t) — t yia xabe ¢t € (—1,1), adda ¢,,(0) = 0 yia kdbe n € N gve
/
g'(0) = 1.

Znueioon. H xatd onpeio ouykAilon Sev oupnepipepetal KAAd oUte oG IPog v evadAayr
opiev: undpxouv ouvexeig ouvaptioeg fn, : [0,1] = R xat f : [0,1] — R aote f(z) —
f(z) yia xabe z € [0, 1] adda limy, o0 limg_o fr(x) # f(0). Me dAda Adyia dev woxvet )
evaddayr) 1@V opiev

lim lim f,(¢t) = lim lim f,(¢).

n—o0 t—x t—x n—0o0
'Eva napdadetypa pag divouv ot fy, : [0, 1] — R pe f,(t) = (1 — t)™. Exoupe fn(t) — f(t)
yua xabe ¢ € [0, 1] 6rou
1, t=0
o]

0, 0<tg1

[Napatnprjote 6T
lim lim f,,(t) =1 # 0 = lim f(¢).
t—0

n—oo t—0
[ToAU Tep1006TEPO, PITOPOUHE va £Xoune akodoubia ocuvexmv ouvaptioeav f, : [0, 1] — R,
n oroia va ouykAivel oe pia ouvapmon f : [0, 1] — R n oroia va punv éxet 6p1o oto onpeio

0. I'a napadeiypa, Sewpriote ug fr : [0,1] — R pe

|, 0<t<1/n
fa®) = { sin(r/t), 1/n<t<1
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Eukola BA¢moupe ot

0, t=0
sin(m/t), 0<t<1

falt) = f(t) = {

7.2 AxrolAouOieg ouvapTCE®V: OHOLOpOPGPI CUYKALOY)

Opiopog 7.2.1. 'Eotw X ouvodro, (Y, p) petpikog xopog kat fr, f: X — Y, n=1,2,....
H axkoloubia (f,) ouyrAivel opowdpopga (uniformly) oy f av yua kabe £ > 0 vriapyet
no = np(e) € N oote: yia kabe n > np kat yua kabe x € X va woxvet p(fn(x), f(z)) < €.
Cpagoupe tote f, — f opotdpopea (oo X) 1 fp un f.

Aoyoloupaote kKuping pe v nepimoon mou o X eivat petpikdg xopog xat (Y, p)
eivat 1o R pe ) ouvnOn petpikn. Tote, 0 0p10110G G OH1010POPP1S CUYKALIONG IIAipVEL TNV
aroAoubn popor :

'Eoto fn, f: (X,p) > R,n=1,2,.... Hakxofouvdia (f,) ovyrkiiver ouoduop-
@ea omv f av yua kade € > 0 unapyetng = no(e) € N dote: yia kade n = ng
rat yra kade x € X wyvet |fn(z) — f(x)| < e.

YrievOunidoupe 6t o (X) eivat o xopog tov ppaypévev ouvaptoewv [ : X — R pe voppa
v

lglloc = sup{lg(z)| : = € X}.

Zuvenwg, £€vag AAAog TpOIog va MePTypAYPoUE TV OPOIOPopdn oUyKALon ivat o €&ng:

H axofouvdia (f,) ovykiiver opoiduoppa oy f av yia kade ¢ > 0 undpxet
no =no(e) € N oote: yia kade n > ng wyvet || fr, — flloo < €.

Ex0Awa 7.2.2. (a) [eouerpucn spunueia: Ag urobéocoupe 6t 1o X eivatl urtoouvoiro tou R.
H avicomnta || frn, — flleo < € onpaivet 61 1o ypdonpa wg f,, Ppioketat 0AokAnpo avapeoa
oto ypagnpa ing f —e kat o ypaenpa g f +¢, dnAadr) péoa o {ovn nou Snuioupyeitat
YUpo ard 1o ypddnpa mg f Kat £xe1 Katakopupo matog 2¢. AnAabdr, f,, — f opoopoppa
oto X av yia kabe € > 0, and évav deikin kat répa, ta ypapnpata 6Aev v f, Bpiokoviat
0AOKANPA PEoa otr {@Vr KAtakopupou mMAGtoug 26 yUpm amo to ypaenua mg f.

(B) Zuyrpion pe v kata onueio ovykiion: Tapawpnote 6t, av f, — f opoldpopda oto
X tote, yua kabe € > 0 undpyxet ng, 1o onoio eaptatar ano 1w &, oot |fn(z) — f(x)| < e
vy oha tan = ng katyta 0da ta x € X. Av f, — f xatd onpeio oo X tdte, yia kabe
e > 0 xat yua kabe z € X undpyet ng, 10 OMoio £§aptdtal amno 10 € Kat anod 10 T, AOTE

|fn(z) — f(x)] < € yia 6da ta n > ny.
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Me dAAa Adyua, otrv opoldpop@n cUYKALOT 1) EMMAOYT) TOU N £§aptdtatl aro 10 € aAda
givat «opodpopdrp wg pog € X. Yrdpxetl kdmoto ng rou «boulever yua 0ia ta x €
X. 'Opwg, oy katd onpeio oUykALOL, yla Stadopetika x Xpetddetal 100G va ermdéioupe
Brapopetird ng (ya to 1810 € > 0) dote va wkavoroeitat 1 |fr(x) — f(x)] < € yia kabe

n = ng.

Zuykpivoviag toug §U0 0p1opoug BAEMTOUE OTL 1] OJ10100PPT CUYKALOT) £lvat IT0 10X U-

p1 aro v Katd onpeio ouykAlon:
Mpédtaon 7.2.3. 'Ecto fn,f: (X,p) > R,n=1,2,.... Av f, = f ouowouoppa oo X,
wte f, — [ kata onueio oto X.

Anobeln. Eow x € X xate > 0. Apou f, — f opodpopga, undpxet ng € N oote: yua

KaBe n > nyg,
[ = flloo <e
'Onwg,
[fn(@) = f(@)| < 10— fllo-

‘Apa, yua kaBs n = ng EXoupe

(@) = ()] < o= flloo <e

Enetat ou f,(z) — f(x). O

Znueiwon. Topgava pe ty npotaoct) 7.2.3, MPOKEIPEVOU va e§ETACOUHE av pia akoAoubia

ouvaptjoewv (f,) ouykdivel opoidpopda kavoupe dUo amid Bripata:

(i) Etetdloupe av undpyxet f wote f,, — f katd onpeio. Autd eival eUKoAo: yia KABe
x € X éxoupe pua akoloubia apduwv, myv (fr(x)). Bpilokoupe 10 6p1d g, av

UTIApXeEL.

(ii) Avto nh_)rgo fn(x) unapyer yia kdbe z € X, opidoupe [ : X — Rype f(x) = nh_)rglo fn(x)
Kat pével va egetacoupe av f, — f opotdpoppa. IToAu cuyxvd, autod sivai ermiong
ar\o: dewpoupe ) ouvapon f, — f kat vriodoyioupe v || fn — flloo- Exoupe
opowopopdn ouykAon g (f,) omv f av kat povo av n akodoubia mpayuatikov
apBua (|| frn — flleo) ouyxAiver oto 0 6tav n — oo.

IMapadeiypata 7.2.4. Ilapakdte e§etadoupe ©G IPOg TtV OPOOHoPdr CUYKALOL ta ra-
padeiypata ng rponyoupevng rapaypadou (PAémne §7.1.2).

(@) Eowe (X, d) perpikog xwpog kat (z,) akodoubia otov X wote x,, — x. Ia v ako-

doubia ouvaptioswv f, : X — R pe f,(t) = d(t,z,) eibape ou f, — [ kawa onpueio,
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orou f : X — Rpe f(t) = d(t,z) yia t € X. Tapaumpovpe ou |f,(t) — f(t)] =
|d(t,x,) — d(t,z)| < d(xn, z) yia xkabe t € X. Tuvenag,

[ = flloo = sup{[fu(t) = f(¥)] : t € X} <d(zp,2) = 0.

‘Enetat ot ) oUykAlon givat opotopopdn).
(B) Eowo X # 0 kat f : X — R. I'a mv akorouBia cuvaptioeav fn(z) = f(z) + 2 eidape

ou f, — f xata onpeio. IMapatnpovpe ou f, — f = % apa

1
[fn = Flloo = — = 0.
n

‘Entetat 6t ) ouykAon givatl opolopopon.
(y) ®swpoupe v akodoubia v ouvaptioewv f, : R — R pe f,(z) = % Eibdape ot
frn = 0 xatd onpeio. 'Opowg,

|z

||fn_0||oo :SUP{nZl"ER} = +00

yvia kabe n € N. 'Entetat 6t 1] ouykAton Sev eivat op1010110p¢1).
(8) ®ewpoupe v akodoubia twv ouvaptioewv f, : [0,00) — R pe f,(z) = Rl
Aéyxoupe eukoAa ou f, — 0 xatd onueio. To 1610 ouclactkd emiyeipnpa deixvel ou 1

OUYKAlON eivat opowdpoporn: ya kabe x > 0 éxoupe

n n

[fal@)] = ——= < — =

1
x4+n2 " n2 n

Zuvenag, || frn — 0lloo < 2 — 0.

(e) ®ewpoupe v akodoubia v ouvaptoewv fp, : [0,1] = R pe f,(z) = ™. Eidape ou

0, 0«1
xTr) =
/(@) {1, z=1.

fn — f xatd onueio, orou

IMapatnpoupe ot

[fo = fllo Zsup{z" : 0 <z <1} = lim 2" =1
z—1

yia ka0e n € N. Apou || fr, — flloo 7 0, n 0UYKAL0D) Bev eivatl opodpopdn).

(01) Bewpoupe v akodoubia twv cuvaptjoewv fp : [0,1] — R pe wono

NN
3_\'—' —

T <
2 37<

1 1
() = I4+nz’> n
@) =93 ]
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Eibape 6u f, — 0 xatd onueio. [Mapatpoupe 6t
[fn = Olloc = fn(1/n) =1/2.

Agov || fr, — 0]|co 7 0, n oUyKAl0n Bev eival opoidpopen).
(@) ®swpovpe Vv akodoubia twv cuvaptioeav fi, : [0,1] — R pe
1 1
fule) = { TR @ ST
n2x, 0<x < %
Eibape 6u f, — 0 xatd onueio. Mapatpoupe 6t
[fn = Olloc = fn(1/n) = n — oc.
AoV || fr, — 0]|so 7 0, n oUyxkAton dev etvat opoldpopPON.

Oplopoég 7.2.5. 'Eow f, : X — R, n € N. H axoloubia ouvaptiioewv (f,) Aéyetal
ouowduoppa epayusvn oto X av vniapyxet M > 0 oote

|fr(x)] < M yia kaBe x € X kat yua kabe n € N.
AnAadr), av o M eivat koo @paypa yia odeg ug | fi .
Ipdétaon 7.2.6. 'Eotw X ovvofo, f,g: X — R xai (f,), (gn) axoilovdieg ouvaptrioewv

ano o X oo R kart,s € R.

(@) Av f,, — f ouowduoppa kai g, — g ouowuoppa oto X, wie tf, + sg, — tf + sg
ouowouoppa oto X .

(B) Av, emuiéov, ot (fr), (gn) eivar ouodpuoppa gpayusveg, 1te frngn, — fg opoduoppa oto
X.

Anodeiln. (a) ITapatnpoupe 6t
1(fr+5gn) = (Lf +59) oo = [1E(frn = f) +5(gn = 9)lloc < [t [1fr = flloo + sl Ign —glloc — O.

(B) Yrapxer M > 0 oote |fn(z)] < M xat |gn(z)] < M yia kdfe n € N kat yia kabe
rz € X. Andaby,
opodpoppa oto X, éxoupe f, — f katd onpeio. Apa, yia kabe z € X woxvet |f(z)| =
nlir{:o | fn(x)| < M. Andabn,

falloo < M xat ||gnllcc < M yua xa6e n € N. Ermiong, agouv f, — f

flloo < M. Topa ypagpoune

I frngn — f9lloo < 1(fn = Flgnlloo + 11f(gn — 9)lloc < M| fr = flloo + M|lgn — gllcc = 0,
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XPNOHOMOIWVIAG Kat TV

[(fn = Fgnlle = supf{lfu(z) — f(@)[lgn(2)] : 2 € X}

< sup M sup{[fn(z) — f(z)| : € X}
= M| fo— fllo
(6powa BAéroupe 6t || f(gn — 9)llco < M||gn — glloo)- O

7.2.1 Kpiujpira opoiopopedpng oUyKRALoNg

Ze autr v apdypapo oudntdpe XProlHeg KAVEG 1)/Kal avaykaieg ouvlnKeg yla v

opo1d0popdn oUyKAtlon pag akodoubiag ouvaptroewv (fr,).

@cmpnpa 7.2.7 (xpurplo Cauchy). 'Eoww f, : X — R, n € N. H (f,) ovykiiver opows-
uopga oe kanowa ovvdapmon f : X — R av kai uoévo av yia kade € > 0 undapyer ng = no(e)

oote: avn, m = ng 0t || frn — finlloo < €.

Anodeifn. Yrobétoupe mpwta ot untapyet ouvdaptnon f : X — R oote f,, — f opoopoppa

ow X. Eow € > 0. Tote, undpxet ng = no(e) oote, yia kabe n = no, || fn — flloo < /2.
ZUVenag, yla KABs n, m = ng EXOUHE
e €
1= Floo = 10 = £+ (F = Fndlloe < W= Flloe 115 = fnlloo < 5 + 5 = 2.

Avtiotpoga, urobétoupe 6t yia kabe € > 0 unapxet ng = no(e) Gote: av n,m = ng t0te
Il — finlloo < €. Zradepomoiovue x € X. Tia kdBe € > 0 unApyel ng WOTe: av n, m = ng

01

() [fn(2) = fm(@)] < | fn = fimlloo <&

Apa, n akodoubia (f,(z)) eivar Baokr) akodoubia oto R. Zuvernwg, ouykAivel oe KATO10V
apdpo, o onoiog etaptatat ard w x. Opidoupe f : X — R pe f(x) = nl;rgo fn(z).
Ipogpavag, fr, — f katd onueio.

Agrivovtag 1o m — oo oy (k) napatnpovpe ot (yia tuxov € > 0 kat to ng = ngo(e)

IOV XPN OO0 |OAE TIPONYOUHEV®MS): yia kabe x € X kat yla kabe n, m = ng,

() = f@)] = T |fue) ~ ()| <.

Zuvenaog, ya kabe n = ng €xoupe

[fn = flloo = sup{|fu(z) — f(z)| : 2z € X} <e.

A@ou 1o € > 0 frav tuxov, cupnepaivoupe ou f,, — f opodpopda. |
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Ipdétaon 7.2.8. 'Eow (X,d) puetpidg xopos kat fp, : X — R arxofouvdia ovvaptioeov
wote [, — [ ouowouopea, yia kamoia ovvexn ovvapmon [+ X — R. Tote, yia kade xg € X
kat kade (ry,) C X pe x, — xo woyxver fr(x,) = f(x0).

Anobeiln. Tpapoupe

[fn(@n) = (o)l < [fulwn) = f@n)| + [f(2n) = F(@0)| < [lfn = Flloo + [f (2n) = F(0)].

Aro v opodpopdn ouykAon g (fy) oty f éxoupe || fr — flloo — 0 kat ané ) cuvéxeia
g f ot zp (kat v unobeon ou z, — x) éxoupe |f(x,) — f(zo)] — 0. Enetat 6u
Faln) — F(z0)] 0. 0

@copnpa 7.2.9 (Dini). 'Eote (X, d) ovunayrg uetpucog ywpog kat fr, : X — R povdrovn
akojlovdia ouvEx®V oUVaptroe®Y, 1 OToia OUYKIVEL Katd ONUEIO O pUia OUVEXT oUVApTnOoN
f: X = R. Tote, f, = f opotduopga otov X.

Anobeiln. Ynobetoupe, Xwpig meploplopd g yevikotntag, ot f = 0 (Srapopetird, Sew-
poupe v g, = fn— f, 1 omoia eivat povotovr akodoubia cuvexdv ocuvaptroemy pe g, — 0
kata onueio). Ermiong unobétoupe 6u n (fy,) eivat @bivouoa (Sragopetikd Sewpoupe v
— fn). Zuvenwg, 0 < fr41 < fn yia k@Be n € N,

Ipotn anddeifn: Oa XPnoONOI|00UHE TtV £§1G Apleon ouvérela tou dewpnpatog 6.3.3:
av pua @Bivouca akoloubia KAE0T®V UTTOOCUVOA®V £VOG OUNIIAYOUS PETPIKOU XOPOU £XEL
KEVH] TOUT], TOTE KAIO10 Ard autd ta oUvoAd sivatl Kevo (dpa kat 6Aa ta endpeva).

'Eotw € > 0. Oswpouje v akoloubia tov cUVOAGV
Ko ={r€X: fola) 2 c}.

Kdabe K, eivat kKAe10t6 oUvoAo amo 1 ouvéxela g fp,. Ta kabe n € N éxoupe Ky C K,
aro ) povotovia g fr (av z € K,q1 tte fr(z) = fryi(x) > €, dpa z € K,)). Emiong
Ny K =0 (yia xabe z € X éxoupe fr(z) — 0, dpa fr(x) < € edika dndadn, unapxet
n € N oote z ¢ K,,). Apouv o (X, d) eivar oupnayng, vniapxet ng € N oote K, = () kat 1o
810 1oxvet yia ka0e Ky, n > ng. Andadr), 0 < fr(z) < € yia kdBe n > np xkat yla kabe

z € X. Enetat 6t || fnlloo < € yia kGOe n > ng. O

Aevtepn anddeiln: Eotw € > (0. Opidoupie ta ouvoda
Bye)={zeX: fulz)<e}, n=1,2...

H (By(¢)) eivar avfouoa akodoubia avoiktov uroouvédev tou X (Biott kabe f, eivai
ouvexis Kat fn, = fu41). Emiong, X = oL, Bn(e). Hpaypar av z € X, and my
fn(z) — 0 BAémoupe 6u undpxer n € N wote fr(x) < e, 6ndadn = € By(g). Apou o
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X eival oupnayng, unidpyouv ni, N, ..., Nk € N oote X = U;?:l B, (€) = Bnp,(e), omou
ng = max{ni,...,ng}t. Apa, yia kabe n = ng woxvet By,(e) = X, 8ndady f,(z) < € yua
K40e xr € X. Agpou 1o € > 0 ftav tuyov, f, — 0 opoidpoppa. O
Znueioon: H unobeorn ou n opakr) ouvaptnon f eival ki autr] ouvexng dev propel va
napaAeidpBei. Autod @aivetal amo 1o apddsiypa g edivovoag akodoubiag ouveEX®OV ouU-
vaptjoewv f, : [0,1] — R pe fp(x) = ™. Exoupe det 6u 1 (f,,) ouykAivel katd onueio

aAdd ox1 opoldpopda (n oplakr] ouvaptnon f eival acuvexrg oto onueio xg = 1).

7.2.2 Zuvéxela, OAOKANPOHA KAl MAPAYWYOS

v napdypago §7.1 €idape ot n Kata onpeio oUykAlon dev oupnepiPEpeETal MAVIOTE
KaAd O€ OXEOT HE T OUVEXELD, TO OAOKANP®HA KAl Vv rapayoylon. ‘Onwng Sa doupe ot
aut myv napaypado, av urobEcoupie opoldopopdn oUYKALon ot 9€on g KATd Onpeio
OUYKA101G TOTE £X0OUpE 10XUPA Jetikd anoteAéopata.
Ocopnpa 7.2.10. 'Eoww (X, p) pueikdg xwpog, f, fn: X = R xkarxg € X. Ynodétouue
ot:

(i) f. — f ouowouopga oro X, kat

(ii) xade f, elvar ouvexrg oto xg.
Tote, n f elvar Kt aut) GUVEXNS OTO Xg.

Ewbucdtepa, av kade f,, eivar ouveyne oto X, tote n f eivar ouveyric oto X.

Anodeiln. 'Eoww € > 0. Apou f, — f opoopopgpa, urapxet ng € N dote
€

o = Flloo < 5

Agou 1 fp, elvat ouvexng oto g, undpxel § > 0 oote: ya kabe x € B(xo, ),

3

|fno(x) - fno(x0)| < g

Tote, yia kabe = € B(xg,0) ypapoupe
[f(@) = flto)l < 1f(2) = fao(@)] + [fro () = fro (@0)[ + | fro (w0) — f(20)]
< fno = Flloo + | fno (@) = fro (@) + || frg — flloo

- € N € n €
-+ -+ -==c
3 3 3
Apa, 1 f eivat ouvexrg oto zg. O

Znueioon. Zupdeva pe 1o mponyoupevo Seopnpa, av pia akodoubia ouvexmv ouvaptr)-
0£®V OUYKAIVEL KATd onpeio og acuvexr) ouvAaptnor, Tote 1] oUyKAlon dev pmopel va eivat

opo1010p¢1.
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Ocopnpa 7.2.11. 'Eoww (f,) axofovdia ovvaptrioewv Tou eivat 0ploueveg o éva KAgoto
bwaompua [a, b]. Yrodétouue ou kade f, : [a, b] — R eivar Riemann-ofjokinpaoyn oto [a, b]

kat ou f, — f ouowduoppa oo [a,b]. Tote, n f eivar Riemann-ofokinpwown oto [a, b] kar

/abfn(x) dx — /abf(x) dx

Anobeifn. Asixvoupe mpota ot n f eivar oAokAnpwoprn. Oswpoupe tuxov € > 0 rat
Bpiokoupe n € N aote || fr, — flloo < m. Auto etvat duvarto, 8ot f, — f opotopoppa
ot [a, b].

Agou 1 f, eivat odoxAnpooun, priopovpe va Bpouue dapépton P = {a = 29 < 21 <

- < Ty, = b} toU [a, b] wote

>—‘

m—

U(fn, P) = L(fn, P (My(frn) — mi(fn))(@pg1 — xx) <
=0

DN ™

orou My, = sup{ fn(x) : x € [, Tp41]} xar my, = inf{f () : © € [xk, Tp+1]} (OupnOeite
10 Kpur)plo tou Riemann). Xpnowonowoviag my || fn — flleo < ﬁ, gAéyxoupe ot

() = gy < ) < M) < M)+ o
yiakabe k =0,1,...,m — 1. 'Eneta1 ou
m—1
U(fap)_L(faP)gU(fn> ) fna + 2 $k+1—$k)<€
k=0

Aro 10 kpurpto tou Riemann, n f eivat oAokAnpootyn).
H ouyxkAwon tev odorAnpepdteov sivat wpa dpeon ovvénewa g || fn — fllo — 0:

apatnPoOUpE 0Tt

/abfn(x)dq: - /abf(a:) dx

arnt” orou £netal 1o depnua. O

b b
< / fnla)— ()] de < / 1 fueFlloodz = (b=a)l| fa—fllso — O,

sin(nz)
n

To napdadetypa g akodoubiag ouvaptijoewv (fy,) oto (0, 7) pe f(z) = deiyvet
OTL 8ev PIopoUE va TIEPTHIEVOUNE AVAAOYA KAAT] CUPIEPIPOPA Yid TI§ ITAPAYOYOUT: £X0U-
pe frn — 0 opodpopga oto (0,7), addd n akodoubia f)(x) = cos(nz) dev ouyxdivel yia

kapia rpr ou z € (0, 7). IMap™ 6Aa autd, woxvel 1o £&ro:

Ocopnpa 7.2.12. 'Eoto f,9 : [a,b] = R, n € N. Yrnodéwouvue ou kade f, eivar napa-
yoyiown oto [a, b] kat du n tapaywydg g, f,. elvar ouvexrig oto [a, b]. Ymodérouue emiong
ot
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() f} — g opoduopga oo [a,b], kar
(i) vmdpyerzo € [a,b] wote n (frn(xo)) va evar ouykAivovoa oe kamowv & € R.

Tote, 1 (frn) ovykiiver opuoduop@a oe pa ovvaptnon f : [a,b] — R, n f eivar napayoyiown
oto [a,b] kat f' = g.

Anodeiln. Ano 1o SepeAdiddeg Sewpnpa tou Arelpootikoy Aoylopou,
xT
fu(x) = fr(xo) +/ fh(s)ds, x € la,b].
xo
A6 10 TIPONyoUpEvo Sewpnla CUPIEPAivouE OTL

/I: fals)ds — /x:g(s) dzr, z€[a,b].

Yuvenwg,
x

fula) = €+ / o(s) ds.

Zo

Opidoupe

T

fla) =€+ / o(s) ds.

0
A6 10 Sepedindeg empnua tou Anelpootikou Aoyopou éxoupe f'(z) = g(z) yia kabe
x € [a,b]. Mévet va 8ei§oupe ou f,, — f opowopoppa oto [a, b]. Tpapoupe

Ful@) = F@)] = |fulwo) + / fi(s)ds — € - / o(s) ds
< |fulwo) — €| + / (F1(s) — g(s)) ds
< |f”(m0)_§’+|x_$0|Hf7/7,_g||00
< Valwo) — €1+ [b—al £} — gllo.
Erteren 61 || fo — flloe < |fa(0) — €] + [b— al [|f} — glloo — 0. 0

Av xavoupe v 1oxupdtepn unobeon 6u n (f,) ouykAvel katd onueio oe kamow
ouvdpwmon f : [a,b] — R téte 10 mponyoupevo Sedpnua naipvetr v £§Ag ardovotepn
Hopor).

Ocopnpa 7.2.13. Av f, : [a,b] — R givar ovveyog napaywyioues ovvaptroeg, wote
fn(z) = f(z) yra kade x € [a,b] kat f], — g opoduopga oo [a,b|, wie n [ eivar tapayw-
ylown Ue ouvexn Tapdaywyo v g.
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Anobein. Aoy g opoouopgns ouyrAong fi — g, yia kdbe x € [a, b] éxoupe

/: fr)dt — /:g(t)dt.

AXAG ano 1o Ogped1ndeg OBewpnpa 10U ATElPOOTIKOU AOY10H0U £X0UE

/ S0t = fale) — fula).

Enedyy f,(z) = f(z) xat fr(a) — f(a) énetar 6u

AM\d n g elval ouveXNG OUVAPTNOL, WG OUOIOUOPPO OPl0 CUVEXHDV ouvaptnoenv. Katd
OUVEIEW TO a0P10TO0 OAOKANP®HA NG elval mapaywyiotun ouvaptnorn pe napdyeyo my g.

AnAadn n f eival napayeyiopn xkat f/ = g. O

7.3 Zepég Tuvaptnocwv

Opiopog 7.3.1. Eow fr : X — R, k € N. Ta kaBe n € N Jewpoupe ) ouvdptnon
Sp X — Ryue

sn(x) = fi(z) + fa(@) + - + fu(2).
Av unapyet ouvaptnon s : X — R oote s, — s katd onpeio oto X, tdte Aépe Ot ) ogpd

Y rey fr ovykiiver kata onueio oty s oto X Kkat ypagpoupe

s = Z fr-
k=1

Av, srurdéov, s, — s opoldpopga oto A, tote Aépe o1 i) ogpd 220:1 fr ovykiiver opoio-
uopga oty s oo X.
Me Bdon Toug mapandve oplolous, 1) CUYKALON H1ag O£1pAg OUVAPTHOE®V AVAYETAL OTX)

oUyKAlon pag akodoubiag ouvaptroev, g akodoudiag (S, ) ToV pHEPIKOV aBpolopdtev.
Hapadewypa 7.3.2. H yewperpikr) oeipd ZZ‘LO z". 'Exoupe

fel@)=2%  k=01,2,....

I'vepidoupe 6t oto Sidotnpa (—1, 1) n oelpd ouykAivel katd onpeio ot ouvaptnon s(x) =

ﬁ. AnAabn,

= 1
Zxk:l—x

k=0
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yla kafe x € (—1,1). Egetaloupe av n oUykAlon g oe1pdg eivat opoopopon oto (—1, 1).
Ia xabe x € (—1,1) éxoupe

n
1 — gntl
_ k _
) =D ot =
k=0
Kat
xn+1
sp(x) — s(x) = 1.
IMapatnpoupe ot
‘x’nJrl
lim = +o0,

—1- 1—x
apa
sup{|sn(z) — s(z)| :z € (-1,1)} = 40
yia kafe n € N. Zuvenag, n ouykAon wg (s,) omy s dev eivat opoidpopdn.
Mpétaon 7.3.3. Eow fr : X — R, k € N. Avn oeppa > o, fr ovykiiver opoduoppa

otv s oto X, 10te ouykAiver kata onueio otnv s oto X.
Amnobein. Apkel va Supnboupe 6t av s, — s opoldpopPa tote S, — S Katd onpeio. O

Mpétaon 7.3.4. 'Eotw fi,gr : X — R, k € Nrara,b € R. Av ) 2, fr = s kat
Y req gk = t opowpoppa oto X, wie Yy - (afr + bgr) = as + bt ouoduopga oo X. To

610 1wy UeL y1a MU Katd onueio ovykon.
Amnobein. Apeon anod TG aviiotolKeg MPOTACELS yia akoAoubieg ouvaptoenmv. O

Mpétaon 7.3.5 (xpurpo Cauchy). 'Eote fr : X — R, k € N. Hoepa ) -, fi, ovyriiver
ouowouopga (oe kanowa ovvaptnon) oto X av kat uévov av toxvet 1o eng: yia kade € > 0

urapxetng = no(e) € N oote: yia kaden > m > ng karyia kade x € X,

|[frma1(x) + -+ fulz)| < e

Anobealn. Epappoloupe 1o kpurjplo Cauchy otnv akodoubia ouvaptoewv (s,). Mapatn-
PHOTE OTL: AV 1L > M TOTE Sy — Sy = fma1 + -+ + fo- O
Ocpnpa 7.3.6 (kpurjpro Weierstrass). 'Eotw fi : X — R gpayuévec ovvaptroeig, k € N.

Ynodtouue ot
sup{|fx(z)| : € X} < My, keN

, Kat ot

éniaén ot o My, eivar ave gpayua mg | fx

[o¢]
Z M, < 4o0.
k=1

Tote, n 220:1 fr ovykAiver opoouoppa oto X.
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Anddeiln. Tlapatnpovpe pwta ot yia kabe x € X n oepa 220:1 fr(z) ouyxkAiver aroAu-
TG, apou

D (@) < My, < oo

k=1 k=1

ZUVETIRG, 1] OE1PA OUVAPTHOE®V Zzozl fr ouyrAiver kata onpeio oo X. Ofoupe s =

> pey fr. Tote, yia kdBe n € N kat yia kdBe z € X éxoupe

= | > ful@)

k=n+1

|s(x) = sa(@)] = D fule) =D fulx)
k=1 k=1

o0

< ji: | fr(z)] < j{: M.

Ao my Y o2 My < +oo éxoune

o
Is = $nlloc < Y Mj —0
k=n+1

otav n — 0o. ‘Apa, 1 OUYKA0N NG OE1pAg 220:1 fr elvar opodpopoen. O

Mapadewypa 7.3.7. Oswpolpe ) oelpd CUVAPTHOEDV Zzozl Sink(f x), x € R. 'Exoupe Ed®

fr(z) = smlgifx) onote

@)l < 1

sink(éfr) ouyKAivel opodpoppa

yia kabe € R. H oepd Y ooy k:% ouykAiver, apan Y ooy

oe karowa ouvdptnon oto R.

Ta enopeva tpia Yewpnpata npokunouv dpeca and ta Yewpnpata 7.2.10, 7.2.11 kat

7.2.12 (av ta epappocoupe yia v akodoubia twv ouvaptroswy s, = f1 + -+ + fa).

@copnpa 7.3.8. 'Eotw (X, p) puetpikdg xopos, f, fr : X — R xrarxy € X. Ynodérouue
ot

(i) nospad ;o fr ovykiiver opoduopga oy f oo X, kat
(ii) xade fi eivar ouvexng oto .

Tote, n f elvar Kt aut) oUVEXTNS OTO Xg.

Eibikotepa, av kade fi. elvar ovvexric oto X, 101e n f elvar ouvexrig oto X.
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Ocopnpa 7.3.9. 'Eow (fi) axofoudia ouvaptrioewv mou gival opiouéves oe éva KAgoTo
buaomua [a, b]. Yrnodéroupe ot kade fi : [a, b] — R givar Riemann-ofdokinpaoyn oto [a, ]
Kat Ot 1 oslpa Zzozl fr ovyriiver opodouopga otnu f oto [a, b]. Tote, n f eivar Riemann=-

ofokAnpwoyn oto [a, b] kar
b o b
[ t@ar=3" [ fiw s

a k=1 a
@copnpa 7.3.10. 'Ecto fi,g : [a,b] = R, n € N. Ynodérovue ou kade fj, eivar napa-
yoyiown oto [a, b] kat 0t n tapdywyog mg, f/{C elvar ouveyrig oo [a, b]. Ymodétouue emiong
ot

(i) noewad ro, fr ovykiiver opowdpoppa oty g oto [a, b], kat

(i) vmapyetzo € [a,b] oote n ogpad Yy oo fr(z) va ovykiiver o kamowv £ € R.

Tote, n ogpad Y poy fr ovykiver opowpoppa oe wa ovvdpton f : [a,b] — R, n f eivar
napaywyiown otwo |a,b] kar f’ = g. Anfadn,

(z fk) S
k=1 k=1

7.4 Aoxrnosig

Opada A’

1. Eow fu(t) = ﬁ, t € [0,1]. Aeige 6u n (f,) ouykAivel kata onpeio, aAAd ox1

opowspopda, oe kKanowa ouvaptor f oto [0, 1]. Iow eivat ) f;

t2n

2. 'Eoww fn(t) = W,
opoopopa, ot Karola cuvaptnor f oto R. Tlowa sivat n f;

t € R. Aeigte 6u n (f,) ouykAivelr katd onpeio, adda oxt

0, t< - al<t
3. Eow f, : R — R pe f,(t) = Do ) 1 " Aeigre ou 1 (fn)
sin® (F), s <t<y

ouykAivel katd onpeio oe karnowa f ouvexry oto R. Ioxvet 6u f, — f opoidpopga oto R;

4. Eowo f,(t) = nPt(1 — t?), t € [0,1], pe p > 0 mapdpetpo oto R. Asifte o1t yia kdbe
p > 0 n (fn) ouyrAivel kata onpeio oe xarowa f oto [0, 1]. Ta moiég tpég tou p eivat )

oUyKkAlon opodpopdn ; T'a moEg TiEg Tou P 1oXUEL OTL fol fn— fol I
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5. Eoww f : R — R opowopopga ouvexrig ouvaptnon. AciSte 0t n akoAoubia ouvaptrjoemv

1
fn(a:)—f(a:—i-n), neN
ouyKAivel opoldpopda oty f.

6. YroBétoupe 6t 1 0e1pd Y oo | Gk OUYKAivel amoAvteg. Aeifte 6T o1 Oelpég oUVAPTHOEDY

Y pey agsin(kt) kar Y2, a cos(kt) ouykdivouv opoidpopgpa oto R.

7. Aei€te 6uin oepd Y oo WC%IQ ouyKkAivel yia kaBe & # 0 xat aroxAiveryia z = 0. Aeite
Ot 1) oe1pd oUYKAivel opoldpopda ot Kabe Sidotnua tng popeng [A, 0o) 1 (—oo, —AJ, drou
A>0.

8. Eow a > 1/2. Aei€te 61 1 oe1pd ouvaptoeov

o0

> e

— k(1 + kx?)
ouyKAivel opotopopga oto R.

9. (a) Awote apadetypa akoAouBiag aouvex®V CUVAPTIICER®V TTOU CUYKAivel opolopopda
0€ [l OUVEYXT] oUvApTnon.
(B) Awote mapadetypa akodoubiag oAokAnpoopey cuvaptjoeav f, : [a,b] — R mou ou-

yKAivel katd onpeio oe pa pn oAokAnpootpn cuvaptnon f : [a,b] — R.

10. (a) Eoww X ovvodo, f, : X > Ryuan =1,2,...xkat f : X = R oote f, = f
opowspopga oto X. Anodeigte ou | f,,| — | f| opodpopea oo X.

(B) ‘Eote fy : [0,1] = Rue fo(z) = (=1)" (1+ 2) yuan =1,2,... Anodeifte 6u n (| fn|)
ouykAtvel opotopopga oto [0, 1] eved n (f,,) dev ouyxdivert.

11. Eow X ouvoro, fn,gn,f,9: X - Ryuan =1,2,... oote f, = frat g, — ¢
opotdpoppa oto X. Arnobeilte 6t av ot f, g eival ppaypéveg tote f,g, — fg opoldpoppa

oto X.

12. Bpeite akodoubieg (), (gn) opropéveg oto R, o1 oroieg ouykAivouv opoidpoppa, arrd
N (fngn) 6ev ouykAivel opodpopoa.

13. 'Eow (X, d), (Y, p) perpkoi xwpot kat fy,, f : X — Y oot f,, — f opoidpoppa oto
X. Av xdBe f, eival opoldpopda ouvexrg ouvaptnon, arnodeilte 6t n f eivar opoidpoppa

ouveXHS.
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14. Eow f, : X — R, n € N. Aei€te ou: av f, = f opowopoppa oto X kat kébe f, eivar
epaypévn oto X, tote 1 (fy,) eivat opodpopea @paypévn oto X.

15. Eow f, fn : (X,p) — [a,b] yua xabe n € N xat f,, — f opoidpoppa oo X. Eoww
g : [a,b] = R ouvexnig. Asitte 6 g o f,, — g o f opoidpopea oo X.

16. Eow 6 > 0 xat f, f,, : X = R aote |fr(z)] > d yiawdbe x € X xarn =1,2,.... Av
frn — f opoidpoppa oto X, Heigte ou:

(@ f(x) # 0 yia xabe z € X.
B f% — % opodpopda oto X.

Onada B’

17. Eow f,(t) = H#’ t € R. Asifre 6u unapxet [ oote f,, — f opodpoppa oto R.
Aeire ou f)(t) — f'(t) avt # 0, adAd f),(0) 4 f/(0). T'a nowd daotpata [a, b] wxvet

ou f) — [’ opowdpoppa oto [a, b];

18. Eow f,(t) = %e*”Qtz, t € R. Aeigte 6u f,, — 0 opodpopga oto R xat f), — 0 xata
onpeto oto R. Anodeifte 611 oe kGO dractpa 1o ornoio mepiéxet to 0 n f), Sev ouyrAivel
opolopopda ot PNdeVIKY] OUVAPTNOL, £V 0 KAOs KAe10TO S1dotnpa 1o ortoio Hev rmeplExet

10 0 1 f], ouykAfvel opoldpopPa otn UNdeVIKY) CUVAPTNOT).

19. Aci€te 61 nj akodouBia cuvaptioeav f,, : [0,00) — R pe
Al@) =V, fop(z) =V + fulz)

ouyKAivel Katd onpeio, Kat Bpeite v 0plakr ouvapinon.

20. Eow f, : [a,b] — R axodoubia auovomv cuvaptjoewv. YmoOetoupe ou 1 (fy)
ouyKkAivel katd onpeio oe pa ouvexry ouvaptnorn f. AeiSte o n f eivar avdouoa kat éu

OouUyYKA101) givatl opolopopdr.

21. 'Eow f, : [0,1] — R akoloubia cuvexwv ouvaptrioemv rou ouykAivel opoidpoppa oe

ma ouvdapton f : [0, 1] — R. Aeigte o

/01’11 Fult) dt — /01 F(t) dt.

Ioxuel mavia 1o 1610 av r cUyKALon €ival Katd onpeio;
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22. Opidoupe axodoubia cuvaptiioewv f, : [0,1] — R pe
fn(z) = n%z(1 — x)"°.

Aei&te ou n (f,) ouykAivel katd onueio kat Bpeite v oplakr cuvaptnon f. Bpeite 1o 6pro

TV OAOKANPOUATOV
1
I, = / fn(t) dt.
0
Eivat n ovykAton g (fy,) oy f opodpopon;
23. Opioupe f, : [0,7/2] — R Qétovrag fi(x) = sinx kat
fro+1(z) = sin(fn(z)). neN.
E&etdote v (f,) ©¢ mpog tv katd onpeio kat v opoidpopdn oUyKALo).

24. Aelgre oun Y oo (1 — z)z* ouykdivel kata onpueio, addd 6xt opotdpopga, oo [0, 1].
Avuibétag, deifte ot n Y peo(—1)*2F (1 — ) ouyrAwer opodpopea oo [0, 1].

25. Acitte 611 n 0g1pd CUVAPTHOEDV
[o¢]
(=DF . ( x
Z sin (1+ 7)
k=1 \/E k

ouykAivel opotopopda oe kGOe Sidotnua g popoeng [—A, A], A > 0.

26. Acsitte 6u n ogpd Zzozl(—l)k% ouykAivel opodpopda oe onolodrnote Siaotnpa
g popors [—A, A], A > 0, addd 6ev ouykAivel anoAuteg yla Kapid Tar tou .

27. Aei€te 01 1 0g1pd OUVAPTIOERV

i 22k+1 - s
2k+1 2k+2

k=0

ouykAivel katd onpeio, addd oxt1 opodpopea, oto [0, 1].

28. Opitoupe I(x) = 0 av e < 0 kat I(z) = 1 av e > 0. Eow (zr) akoloubia
Slagopetik@v ava 6vo onpeiov oe karoo didompa (a,b) Kat 0tw Yy ¢ AMOAUT®G

ouykAivouoa oelpd. Asite ot 1)

> o (z — )
k=1
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ouykAivel opoopopga oto (a, b) kat 6t ) cuvaptnon nou opiletat ard avty  oelpd eivat

ouvexng oe kabe g € (a,b) \ {zx : k € N}.

29. Eow (X, p) perpkog xopog, A C X, f,fn : A - Ryua kdbe n € Nxat f, — f
opowspopga oo A. ‘Eowe ty onpeio ocuocowpeuong tou A xat limy .y, frn(t) = =, € R.

Aeigte ou:
a. H (x,) ouyxkdivet oto R xat
B. limyy, f(t) = limy—00 T Andabn),

lim lim f,(¢t) = lim lim f,(¢).

t—tgp n—o0 n—oo t—to

30. Eow fy(t) =t" oto [0,1] kat g : [0, 1] — R ouvexrg oto [0, 1] pe g(1) = 0. Aeigte on
n (9fn) ouyxdivel opowdpoppa oto [0, 1].

31. Eow (X, p) daxwpiopog petpikog xwpog kat D = {x, : n € N} nukvéd unoouvodo

tou X. Opicoupe v akodouBia mpaypatikev cuvaptjoeav f, : X - R, n=1,2,... pe
fu(z) = dist(x, {z1,22,...,2n}), x € X.

Aeigte ou:
(@) H (f,,) eivat pBivouoa kat f,, — 0 kata onpeio.

(B) fr = 0 opoopoppa otov X av kat povov av o X eivatl oAkdA @paypevog.

32. (a) 'Eow (X,d),(Y,p) pepwoi xopot pe tov X ouprnayr. Av f, : X — Y yua
n=12..xa f: X — Y ovvexrig vote yla kabe x € X kat yua kabe (z,) akodoubia
owv X pe z, —  woyvet fr(x,) = f(z), anodeige ou f, — f opodpopea.

(B) AroSeigte 6t ) oupndyela eivat anapatu, dewpoviag v akodouvdia f,, : (0,1] - R
ne

katmy [ : (0,1] = Rpe f(z) = % Awaruotoote Ot ikavorotettat n unodson, addd f, A f

opolopopda.

33. Av fy, gn : [0,1] — [0, 1] eivar ouvexeig ouvaptijoeig kat f,, — f, g — g opodpopea
oto [0, 1], &ei&te 6u n akodoubia (hy,) omou h,, = fr,og, GnA. hy(t) = frn(gn(t))) cuyrdiver
opowopoppa otv h = fog.
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34. Eow (f,) akodoubia ouvexov ouvaptioewv fr, : [0,1) = Rype f, = frp1 = - =0
kat f, — 0 xkatd onueio. Egetdote av kabepia and 11g mapakdte mpotdoslg sival aAndng

1) Peudng (attiodoyrote MANP®S TV ANAVIN oL 04g).

(i) Ta kdbe a € [0,1) n axodoubia (f,) ouykAivel opodpopoa oto [0, a.

(ii) H akodoubia (f,) ouykAiver opodpopoea oto [0, 1).
35. Eow f, : [0,1] — R akoloubia ouvaptrjoeev kat é¢ote ou f, — f opoidpopoa, orou
f:]0,1] — R ouvexng. Av xabe f, éxet pida, deigte ou n f éxer pida.

36. (a) Etetaote wg mpog v Katd Onpeio Kat v opotopopdn oUYKALOn 11§ aKoAoubieg

ouvaptoERV fr, gn : [0,1] — R, drou
fn(z) =2" kat  gp(z) =2"(1 —x).

(B) Egetaote yia noida x > 0 cuykAivouv ot oelpég

o0 o0
" z"
E — Kat E —5-
n n
n=1 n=1

Ia notég tpég ou a > 0 eivatl n ouykAton opodpopen oto diaotpa [0, al;
37. ®@zwpoupe v akodoubia cuvaptiioewy f, : [0,00) — R pe
fo(2) = nwe Ve,

Arodeitte ou f, — f = 0 xatd onpeio aAAd 6x1 opodpoppa oto [0,00). Egetaote av
frn — 0 opodpopoa oe k4O Sraompa [a, ), a > 0.

38. 'Eotw f, : [0,00) = Rpe fu(z) = 257, Aeifre ot

(i) H (f,) ouyrAivel katd onpeio. Iowd eivat n oplakn ouvapnon f;

(i) Twa ka6 a > 0, n (fy,) ouyxkAivel opodpoppa oto [a, 00), addd dev ouyKkAivel opoto-

popoa oto [0, a.

39. Eow f : R — R opowdpoppa cuvexrg kat £ote (0, ) akodoubia pe 6, > 0 yia kabe n

xat &, — 0. ®étoupe fp(z) = é f;+5" f(t)ydt, z € R. Aeigte ou f,, — f opodpopoa.

40. (a) Arodeite OT1 1 CE1PA CUVAPTLOEWV
2

i xsin(n’x)
n2

n=1
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ouyKAivel katd onpeio oto R. ArobeiSte 011 nf cUYKA10n £ival opoopopdn o KABe KAL10TO
Swaompa [—a, a] C R.

(2
(B) Anodeite 6t ny ouvaptnon f R — Rpe f(z) = 07, % eivat ouvexrg.
41. Eow (X, d) perpikog xwpog kat éotw (K,) @bivouoa akoroubia pn keveov oupnayov
uroouvodev tou X. Opiloupe f,(z) = dist(z, K,). Asifte 6t undpyet f : X — R wote

fn — f opoldpopea. Iowa sivar n f;



Ke¢dpadawo 8

LUVeXELG OUVAPTIOELS OE CUPRMAYELG

HETPLROUG XWOPOUG

8.1 O xopog C(K)

L& auto 1o Kepddato oupBodidoune pe (K, d) évav ouprnayn petpiko xopo. Lo Kepddaio
5 Yewprioape 10 X0po Lo (K) tov gpaypévov ovvaptrioewv f 1 K — R pe voppa wmyv

[flloo = sup{[f(x)[ : = € K}

kat arodeifape 6t 0 o (K) eival mAnpng ©g mpog ) HETPIKY) IoU erdyetat arnd myv || - [|eo:

L. O (boo(K), || - loo) eivar miriong.
TupBoAidoupe pe C(K) 10 Xwpo tev ouvexov ouvaptjoenv f 1 K — R. 'Onwg idape oto
Kegpddato 6, apou o (K, d) eival oupnayrg, kaOe ouvexng ouvdptnon f : K — R eivat
@paypévn. ‘Enetat ot:

2. O (C(K), || - lloo) eivar umoxapog 10U (foo(K), || - llsc)-
Lo Kepddawo 7 eibape 6u av f,, f : K — R e ||fn — flloo — 0 av xat pévo av
fn — f opodpopoa oto K. Andadry, n ouykAon &g rpog my || - || eival n opoidpopen
ouyrAon. Eibape eriong ou: av (f,) eivat pia akoloubia ouvexov ouvaptroeov kat
fn — f opoldpopea, tote 1 f sivat smiong ocuvexrig. Mia 1ocobuvapurn diatunwor (e€nyrote
ylati) eivat n €&ng: av (f,) eivar akodoubia otov C(K) xat f, l% f € lo(K) tote
f € C(K). Zuvenog:

3. OC(K) givar kiewot6 umootvoo 1ou (Leo(K), || - ||eo)-

Zuvdudadoviag ta mapardve raipvoupe apeong to £Eng:

165
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Ocopnpa 8.1.1. 'Ectw (K, d) ovunayng puetpikdg xopos. O xwpog (C(K),| - ||s) elvar
Tinong.

Amnobern. Xpnoponoloupie 10 YEYovOg 0Tt KAOe KAE10TO UITOOUVOAO £VOG ITANPOUG PETPIKOU
XWPOU givat ANPNG HETPIKOG XDPOG HIE T OXETIKY] PEIPIKY, O OUVEUAOHO HE Ta IIPONyoU-
peva tpia arotedéopara: o o (K) eivar mifpng pe my || - || xat o C(K) eivat kAeiotd

UITOOUVOAO Tou. |

ZKo1mog pag og auto 1o Kepddaio sivat va doupe karola Baoikd anoteAéopata OXETKA
He ) dopr) tou xopou C(K). Tinv endpevn napdypado Sempovpe v nepirtoon mou o K
etvat éva kAeioto diaompa [a, b] oto R. @a anodei§oupe 61t ) 0Koyévela TV MOAUGVUPGV

(meploplopévav oto [a, b)) etvat rukvr) otov C([a, b]).

8.2 To 9scpnpa npoocyylong tou Weierstrass

Arnobeikvuoupe €66 10 Sepnpa npootyylong tou Weierstrass.

Ocopnpa 8.2.1 (Weierstrass). 'Eoto f : [a,b] — R ovvexrig ovvaptnon. INa kadee > 0

unapyer mroAuavupo p : R — R oote o negpiopiopog tou p oo [a, b] va ucavomoiei v
Hf -p Hoo <e.
Ioo6vvaua, yia kade r € [a, bl,
[f(z) — P(z)| <e.
Znueiowon. Epappoloviag Sadoyikd 1o Sedpnpa pe € = % (n € N) pnopoupe va Bpoupe

axkoloubBia noAvevupwv (py,) pe v 1doumta

If = Pnllo < =, meEN.

1
n
'Etot, naipvoupe v akodoubr) 100duvayrn diatunwon tou dewprnpatog 8.2.1:

@copnpa 8.2.2 (Weierstrass). 'Eoto f : [a,b] — R ovvexric ovvdptnon. Ymdoyet arxo-

Aovdia mofveviuev (py,) oote p, — [ ouoduopga oo [a, b].

Ia mv anodedn, napatnpovpe ot apkel va eetdooupe myv nepirmwon wou C([0, 1]).

AUTO TIPOKUITIEL A0 T0 ak6Aoubo Afjupa:

Afjppa 8.2.3. 'Eotw a < b oo R. Yrdpyet yoauuucr wouetia eni T : C([a, b]) — C([0, 1])

TovU amnetkovifel ToAuavuua og ToAUOVUUA.
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Anobeén. TMapampovpe 6ut o petaocxnpatiopsg o : [0,1] — [a,b] pe o(x) = a + z(b —

a) eivat 1-1 xat erd, pe aviiotpo@o tov petacXnpatiopo U’l(y) = %. Optdoupe T' :

C([a,b]) — C([0,1]) pe T(f) = g, émou g : [0,1] — R n ouvéptnon g = foo. Hg=T(f)

eival Kadd opilopévn Kat OUVEXHS ®G OUVOEDT) OUVEX®OV OUVapPToewV: yia Kabe x € [0, 1],

9(x) = fo(z)) = fla+ (b —a)).

Euxkola eAéyyoupe o1

IT(f)lloo = max{[f(a +x(b—a))| : z € [0,1]} = max{[f(y)| : y € [a,b]} = [ f]loo

ya kdbe f € C([a,b]). Erniong, n T eivar ypappiky anewovion: av fi, fo € C([a, b]) rkat
a,b € R, tote

T(af1 + bfz) = aT(fl) + bT(fQ).
Tédog, av p(y) = > r_o Aey® etvat éva moAudvupio, éxoupe

n

[T(p))(2) = pla+2(b—a)) =Y Ala+a(b-a)t
k=0

dndabdn n ouvaptnon T'(p) eivar ertiong noAvwvupo. O

Znueioon. Me Bdon 1o Afjppa 8.2.3 BAéroupe eukoAa 611, av arodeifoupe 1o evpnpa
oy nepirmtwon wu C([0, 1]) wte éxoupe 1o 1610 oupnépaocpa yia orowovdnrote C([a, b]).
[paypat, éotwe f : [a,b] — R ouvexng kat éotw € > 0. HT'(f) : [0, 1] — R eivat ouvexrg,

Aapa UTapXel ITIOAUOVUHO ¢ QOOTE

HT(f) - quoo <eE.

Opioupe p : [0,1] — R pe p(y) = q(0(y)). Téte, n p eival modudvupo (akpiBéotepa,
neplopilopodg roAvmvupou oto [0, 1)) kat T'(p) = ¢ (e§nynote yatd). Tote,

1f = Plloe = IT(f = P)lloc = IT(f) = T(P)lloc = [IT(f) = qllo <&

Luvenag, apkel va anodeifoupe 1o Yevpnpa oy nepirttwon) ou C([0, 1]). Ba xpeiactovpe

1a MAPAKATE Anppara.

Afppa 8.2.4. a kade x € [0, 1] wxvovv ot tavtdtnieg:
(@ Spo (M1 — )" F =1.

(B) kg 1 (R)a* (1 —2)" " =

0 Sico (£)” (et =)™ = (1= ) @” + o
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Amnobeiln. (a) [Ipoxurtel apeoa arnd tov S1VUPIKO TUIO

n

k=0

(B) Mapatnpouvpe o1, yaa kdbe k =1,...,n,

fi(Z) " (k —(711)!—(71)i I (Z: 1)

‘Enctat 6t

(y) Hapatnpouvpe ot av k > 1,

EN*(n\ _k(n-1\ n-1k-1(n-1 L L(n-1
n k) n\k-1) n n-1\k-1 n\k—1)

Kat, av k > 2, n tedevtaia noootnta woovtat pe

(=) () (o)

Tote,

Afppa 8.2.5. a kade x € [0, 1],

B () (o=

k=0
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2 2
Anobeiln. Ano v (% — :c) = (%) — 2%:13 + 22 xat 1o mPONYOUHEVO AfHaA, oUpEPai-

voupe ot
n 2
k 1 1
Z ( — x) <n>xk(1 —z)" k= (1 — ) 24 g — 227 a2
n k n n
k=0
_ z(1—x) < i’
n 4dn
apov 4z(1 — z) < 1 yia xdbe x € [0, 1]. O
Afjppa 8.2.6. 'Eotw 0 > 0 karx € [0,1]. Av F = F(§,z) eivar 1o ovvofdo wwv k €
{0,1,...,n} yia ta onoia ‘% — x‘ > 0, 101
Yk n—k 1
> ()0 <
keF

Anodeiln. Ilapatnpoupe ot

n\ n—k 1 k 2\ n—k
Z kx(l—x) < 5 . k:r(l—x)
keF keF
1 i k 2 n k —k
R (e
k=0
< 1
= 4Anés?
anod 1o mPonyoupevo Anppd. O

Oplopog 8.2.7. 'Eow f : [0,1] — R ouvexnig ouvapmorn. Ta kdBe n € N opidoupe 10

n-ooté noAucvupo Bernstein B, (f) g f og £&ng:

[Bn(f)l(z) = kzn::Of <7]z> : <Z>xk(1 —z)"k  zelo,1].

[Napatpriote ot 0 B, (f) eival évieg roduovupo (pe Babpd to modv ico pe n) kat ou
[Bn()1(0) = f(0) xar [By(f)](1) = f(1).

Eriong, to Afppa 8.2.4 Seiyvel 6t av fy(x) = zF, k =0,1,2,..., wre, yla Kabe
n €N,

Bul) = for Bulf) =i Balie) = (1- 1) fo+ L

Edwotepa, yia k =0,1,2,
1fi = Bn(fi)lloc = 0

otav n — oo.
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@cdpnpa 8.2.8 (Bernstein). I'a kade [ € C([0,1]) wxvet 6u B, (f) — f ouoduoppa oro
[0,1].

Anobeln. Eow f :[0,1] — R ouvexng xat éotw € > 0. H f eival opoidpoppa ouvexng,
dpa undpyet 0 > 0 wote: av x,y € [0,1] xat |z — y| < § e |f(z) — f(y)] < €/2. Adyw
mg Y po ()"l — 2)" % =1, yia k&8 x € [0, 1] éxoupe

7(@) = B @) = f(x)—éf(i)-(’;)xk<1_x>n—k
= Xn:f(x%(’;) (1—a)" Zf( ) (> TF(1— z)nh

k=0
) kz=0<f 1(2)) ()t ar
) - 7 () (3)eru—ar

Eote F = F(6,2) 0 ovvoro v k € {0,1,...,n} yia wa onota | £ — 2| > §. Ané 10 Afppa

8.2.6,
ny\ n—k 1
S (1)< g
keF

N

k=0

Emiong, mapatnprote ott:
(@ Av k € Fote |f(x) — f(k/n)| < 2||flloo, ka1
B)Av Ek ¢ F e |f(z) — f(k/n)| <e/2.

MropouUpe Aoutdv va ypayoupe

@)~ BaN)@)] < kZ:f(x)— ()] (7)o
< %0 a2l 3 ()t
< S 2legs
< g,

avn > ng = [||f|lee/(€6%)] + 1. H ermdoyn tou ng etvar avefaptntn ané to z € [0, 1], dpa,
ya kdBe n > ng €xoupe
1f = Bu(f)lloo <&
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Agou kabe B, (f) eivat modudvupo, o Jeopnua 8.2.1 eival dpeon ouvéneia tou dew-

prpatog tou Bernstein.
8.3 Aokrnoslg
Opada A’
1. Eow f : [0,1] — R ouvexrig ouvaptnon pe myv 1810uta
1
/ 2" f(x)dx =0
0
yua ke n =0,1,2,.... Arnodeigte ou f = 0.

2. 'Eow f,g : [0,1] — R ouvexeig ouvaptijoeig. Av 10xUel fol 2" f(z) de = 01 x"g(x) dx

yiakabe n =0,1,... 6ei§te 6u1 f = g.

3. Eow f : [0,1] — R ouvexig ouvapmorn. Av ioxuet fol 22" f(z)dx = 0 ya kaBe
n=20,1,2,... 8ei&e ou f = 0.

4. Acote rapadetypa akodoubiag moAvevupey p, ¢ [0,1] — R pe py(xz) — 0 yia kabe
z € [0, 1] xat fol pn(x)dz — 1.

5. Awote mapddeiypa ouvexoug kat gpaypévng ouvaptnong f @ (0,1] — R oote va pnv
unapxet akodoubia roAvevipey py, : (0,1] — R pe p, — f opowdpopea oto (0, 1].

6. (a) Eow f,g : [0,1] — R ouvexeig ouvapmoeg pe f(x) < g(z) yua xabe = € [0, 1].
Arodeigte 6u unapyet moAvawvupo p : [0,1] — R oote f(z) < p(z) < g(r) yia kabe
x € [0,1].

(B) AroSeiEre 6Tt undpyet moAumvuno g dote e < q(z) < 2 yia kdbe = € [0, 1].

(y) Av h : [0,1] — R ouvexng ouvaptnor, arodeite 6t unapyet yvnoing avgouoa akolou-

9ia oAvevipev (p,) oote p, — h opowdpopea oto [0, 1].

7. Eow f :[0,1] — R ouvexwg mapaywyiomn cuvapton. Asife ot yia kabe € > 0

undpyet oAUVUNO0 p Oote || f — plloc < € kat || f/ — p|leo < €.

Opadéa B’

8. Acei&te 611 0 C([0, 1]) eivar Sraxwpiopos.

9. Eow f : [0, 1] — R ouvexng ouvaptnon.
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(@) Aeigte out | By, (f)| < Bu(|f]) xat Bp(f) = 0av f > 0.
(B) Aeigre ot [| B (f)lloo < I f]loo-

10. Eow 0 < a < b < 1 kat f : [a,b] — R ouvexng ouvaptnon. Asifte 6u undapyxet
akoloubia (p,) MOAUGVUNGV Ue aképaioug ouvtefeotég, wote p, — [ opoldpopda oto
[a, b].

11. Eow f : [0,1] — R ouvexrig ouvapton, n oroia dev eivat moAuovupo. Av (p,,) sivat

akoloubBia noAvevipev wote p, — f opoldpopda, Seilte ot deg(p,) — oc.

12. Eow f : [1,00) — R ouvexng ouvapmon pe lim, o f(z) = L € R.

(@) Av n f Bev eival otabepr), ei€te 6u Sev undpyel akoloubia moAuwvupey (p,) Gote
pn — f opodpopoa oto [1, 00).

(B) Arodeigte 6t unapxet akodoubia moAvevupey (p,) dote pn(%) — f(x) opodpopoa wg

ripog = oto [1,00).

13. Aeifte 6t 10 0UVOAO TOV MOAUGVURGVY (tev Teploplopev toug oto [0, 1]) eivat ouvodo

npatng katnyopiag otov C([0, 1]).
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IIapaptipata
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Iapaptnpa A’

Ap1Ounowya rKat unepaplOunopa

ouvoAa

A'.1 IoomnAnOika cuvoda

Opiopdg A'.1.1 (wworAnBikoémra). 'Eoww A, B 800 pn kevd ouvoda. Ta A, B Aéyoviai
10omfinducd av unapyel pa ouvdptnon f : A — B, n oroia eivat 1-1 kat emi!. Tore,

ypagoupe A =, B 1y |A| = |B| i ka1 A ~ B.

Hapadeiypata A'.1.2. (a) Ta ovvoda (0, 1) xat (0, 2) etvatl w0ormAnOikd, péoe g avuotot-
xiag f : (0,1) — (0,2) pe f(x) = 2x. Tevikdtepa, kabe avoiktd dwaompa (a,b), a,b €
R, a < b, eivar worAnOiko pe to (0,1) péow tng avuotoiag f : (0,1) — (a,b) pe
F(t) = (1—t)a + tb.
(B) To ouvoro twv guokev apiBpov N = {1,2,...} eivat 100mAndko6 pe 10 oUvodo twv
aptev A = {2n : n € N} péoo g avuotoiag N — A pe n — 2n.
(y) To ouvolo twv @uoikev aplBpwev N eival 100rmAndikéd pe 1o oUVoAo TV arepaiov Z.
[Mpdaypat: Sewpovype ) ouvapmon f : N — Z pe

ks avn=2k—1, keN
g )_{ 1—k, avn=2k, keN
H ouvdptnon f avuiotoixet otoug meptttoug puolkoUg Toug JeTIKOUg aKepaioug Kat otoug
ApTI0UG PUOIKOUG Toug 11 JeTIKOUG akepaioug.
(8) Ta ouvoAa [0, 1] kat [0, 1) eivat worAnOika. Mpaypatt: Sewpoupe to ouvodo A = {% :

n=1,2,...}, to onoio eivat urtoouvodo tou [0, 1] kat opioune ) ocuvapton f : [0,1] —

"Mia tétowa ouvéptnon ovopddetal avuotoyia. Aépe tdte 6Tt éxoupe jia avriototyia aré w A oo B kat

ypdgoupe A — B.

175
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[0,1) pe
{ L GV.%’EAKCII.%:%

z, dlagpopetika
Euxkola edéyyoupe ot 1 f eival avuotoia.

H enopevn npotaon pag Aéet 0t i 100mAnOKotnta petady ouvodav eivatl oxéorn 10odu-

vapiag.

IIpétaon A.1.3. 'Ectw A, B, C un keva ovvoia. Tote woxvouvv ta axdiovda:
(@A~ A,

B) av A~ B, t6te B ~ A kat

YVavA~BraB~C,twtecA~C.

Amnobeiln. ‘Apeon. O

ZupBoAlopdg. ZupBoAidoupe pe 15, 10 OUVOAO TOV MPATOV N EUOKGV, dnAadn T, =
{1,2,...n}.

Oplopdg A'.1.4 (nenepaopéva kat dreipa ouvoda). (a) ‘Eote A jn kevo ouvodo?. To A
Aéyetal mengpaouévo av vniapyouv n € N xkat ouvaptnon f : A — T, n oroia eivat 1-1 kat
erti. Tdte, Adpe ot 0 mANddpduog tou A eivar n 1) 6t 10 A €xel n otorxeia kat ypagpoupe
card(A) =n 1 #A =nnxa |4 =n.

(B) 'Eva ouvodo A Aéyetat aneioo av dev £ival MEMEPACHEVO.

IIpdétaon A.1.5. 'Eva ocvvoflo A eivar daneipo av kat uovo av umdpxet 1-1 ovvaptnon
f:N—= A, éndaén vnapyet B C A oote B ~ N.

Anobdeailn. YnobBétoupe mpota ot 1o A sivar drnieipo. E18ikotepa, 10 A eivar pn kevo.
Apa, vrapxet a; € A. Tote, 1o ouvodo A\ {a1} eivar pn kevé. ‘Apa, undpxet as €
A\ {a1}. Opoiwg, A\ {a1,a2} # 0 xar propovpe va emmdégoupe az € A\ {a1,as}.
Enayoyikd, opiletat akodoubia (a,,) otoikeiov tou A. Ipdypatu: av uripxe n € N oote
A\{a1,az,...,a,} = 0 téte 9a eixape A = {aq,as,...,a,} karto A 9a frav nenepacpévo.

Opigoupe e f : N — A pe f(n) = a,. H f eivar 1-1 &i6u 1a a, sivar Sapopetxa
ava 8vo. Av 9¢ooupe B = f(N) tote B C Akain f: N — B givat 1-1 kat erti. Andadn,
B ~N.

Avtiotpoga, uriof<toupe 6t untapxet 1-1 ouvdpmon f : N — A. Av to A eivat me-
nepacpévo, tote unidpxouv m € N kat g : A — Ty, n onola sivar 1-1 kat eri. Téte, 1

ouvdaptnon go f : N — T,, eivat 1-1, dtoro (s§nynote yati). O

I'a 1o Kevd oUvoho Bexdpaocte 6T stvat renepacpévo e rmndapdpo 0.
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ZupBoAlopog. 'Eotw A, B 8Uo ouvoda. Av urntdpyet 1-1 ocuvapton f : A — B, ypagoupse
A <. B A= B xat Aédpe 611 10 A €xe1l mAnOap10po 1o mnoAvu ico pe autdv tou B. O
oupBoAlopdg Kat 1 opoAoyia SikaitoAoyouvial aro 1o yeyovog ot 1o A eival 100mnoko pe

10 f(A) 1o orwoio eivat urtoovvodo tou B.

Mapadeiypata A'.1.6. (a) To ouvoro Z twv akepaiov eivatl arepo, diout N C Z.
(B) To ouvoAo twv pntav eivat arelpo dou N C Q.

(y) Kabe pn tetprippévo Sdotnpa eivat dreipo ouvoAo.

Zx6Awa A'.1.7. KaOe dreipo ovvodo A sivatl 100mAnOiké e KATMO0 YVIO10 UMOGUVOAS
tou. [pdyparty, otv npotaon A'.1.6. Sei§ape 6t av 1o A eivat arnelpo téte vrapyet 1-1
ouvdpmon f : N — A. Tpagoupe b, = f(n) yian = 1,2,... xat 9étoupe B = f(N) =
{b1,b2,...} C A. ®ewpoupe 10 ouvodo C' = A\ {b;}, 1o oroio eivat yvrjolo urtoovvoro tou

A rat opidoupe pia ouvdptnon g : A — C wg €§1g:

bn+1, avzx = b, ya karow n
g(z) =
x, avz € A\ B

EukolAa gAéyyxoupe ot 1 g eival 1-1 kat erd (Goknon).

A.2 ApiOpnoypa xat unepaplOprfopa cuvoia

Opiopog A'.2.1 (apBurnoa kat uvnepapiOpnopa ocuvoda). 'Eote A éva drneipo ouvolo.
To A 9a Aéyetal dmeipo apdurjoo av vrnapxet 1-1 kat eri ouvapmon f : N — A, 6nAabdr
av A ~ N. 'Eva ouvolo A Aéyetal aodurjoio av eival merepacpévo 1) Aanelpo apdproo.

Av 10 A bev gival apibunowpo, Sa Adyetal ungoaod@uroo.

ZupBoAlopog. Tov rmAnOap1duo twv uolkev apBuwv tov oupBolioupe pe w 1) Ny (GAed
0). 'Etot, av to ouvolo A eivat apiduriopo ypagoupe |A| = Ny.

Mapadeiypata A'.2.2. (a) To ouvoro Z tev arepaiov eival arnepo aplOpropo.

(B) To Nx N = {(m,n) : m,n € N} eivar dnieipo api®prowo: nouvvépwon f : NxN - N
pe f(m,n) = 2™ 1(2n — 1) eivat 1-1 kat emi. To yeyovdg Ott gival emt érmetat arné to
Aepedindeg dedpnpa ng apdunukrg (beite 6t eivar 1-1).

(y) Av A, B eival anepa apiBprjopa ovvolda, e 0 A X B = {(a,b) : a € A,b € B}
givat emiong arepo apiburfjopo. Ipdypat, av ta A, B sival anepa apiBurompa tote
unidpyouv f : A = N kat g : B — N ouvaptijoeig 1-1 kat erti. @sopoupe ) ouvaptnon
h:Ax B — NxN érouv h(a,b) = (f(a),g(b)). Xpnowponoiwvtag 1o yeyovog ot ot f

Kat g eivat 1-1 xat eni priopovpe eukola va edéyoupe ot n h eival 1-1 kat erd. Apa,
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A x B ~ N x N, Ané to nponyoupevo napadetypa €xoupe N X N ~ N, ordte anoé mv
npotaorn A.1.3. énetat out A X B ~ N.

H eniépevn npdtaon 6ivel Xprjotioug XapaKinpilopous yia ta aplfpnotia oUvoAd.

IIpdétaon A'.2.3. 'Ectw A dmnsipo ovvofo. Ta e&ri¢ eivat icodvvaua:
(a) To A sivar apduroiuo.

(B) Yrapyxet ovvapmon f : N — A, n onoia givat emi.

(y) Yrdpyxet ovvdptnon g : A — N, n omoia eivar 1-1.

IMa mv anoddeiln mg npotaong da xpelactovpe éva Afjppa to oroio rmapouotddet ave-

Eaputo evblagepov.
Afppa A'.2.4. 'Ectw A ansipo vroovvoio tou N. Tote, 10 A sivar apidurnaoiuo.

Anodeiln. To A eivatl aneipo, sropéveg sival pun Kevo. Ao v apxr) g KaAng diatagng
(apxt) tou edayiotou) undpxet o a; = min A. To ouvodo A \ {a1} eivat emiong pn xevo
(aAA10g 0 A Sa ftav nenepacpévo) ondte, At arod v apyr g Kadng didtadng, unapyet
w0 ay = min A \ {a1}. H &wbikaocia autyy ouveyidetal e’ arnepov, yiati av otapatovoe
oe kanow Brpa ng Sa eixape A\ {a1,...,an,} = 0, 6nhadn 1o A 9a frav nenepacpévo.
‘Etot, opiletal emayoyikda pia akodoubia (a,) dagopetikmdv avda 8Uo otoixeiov tou A.
[Mapatnpriote 6t 1 (ay) eivatl yvnoieg avouoa akodoubia QUOKGV, apa a, > n yia Kabe
n € N.

Ioxupwouog. A ={ay,ag,...,an,...}.

Eivat npogavég 6u {ai,as,...,an...} € A. Av urobécoupe Ot 0 eyKAel010g givat
yVvriolog, 10te urtdpyxel a € A wote a # a, ya kabs n € N. Ilpogpaveg, eivat a > a1 Kat
eriong unapyelt n € N wote a, > a (6101 a, = n). Apa, undpyet PEY10Tog N Hpe v 1810t ta
a > ap. Tote, a, < a < ap41. AUTO gival atoro, &ou éxoupe a € A\ {ay,...,ay} xat

a<minA\{ai,...,a,}.

A1o tov 1oxuplopo énetal aueoa ot o A sivat apidprnoo. O

Twpa eipaocte o 9éon va amodeifoupe v rpotaon A'.2.3.

Amnobeiln g mpotaong A'.2.3. H ouvenayoyn (a) = (B) eival dpeon amo tov oplopo tou
apBprnoou cuvodou.

YroBétoupe ot 1oxvet to (B), 6ndadn undapxet ouvaptnon f : N — A, n oroia sivat
erti. Tote, yia ka0 a € A woxvet f~1({a}) # 0. @¢woupe n, = min f~1({a}), a € A (o0
min undpxet anod wy apxrn mg kadng dwaragng). H ouvdpmon g : A — N, pe g(a) = n,
eival kadd opilopévn kat 1-1. Tpdypatt: mapatnpouus 6u av a,b € A pe a # b, tote

£ (a0 = O épa g £ .
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'Eote 6t 1oxvet o (y) 8ndadn, undpxet 1-1 ouvéapnon g : A — N. Téte, 1o B = g(A)
gival ArePo UoouvoAo T®V QUOIKGV. A6 1o Anuua sivat api®prfopo, 6nAadn uvnapxet
h : B — N, n oroia etvat 1-1 kat eni. @swpoupe ) ouvapton ¢ : A — N pe ¢(a) =

h(g(a)). EukoAa edéyyoupe o eivat 1-1 xat ert, dpa 10 A gival apiOpfopo. |

Mapadeiypata A.2.5. To cuvodo Q v pnov apBpwv eival apBurfopo. Agou to Q
sival anelpo, apkei va dei§oupe 6t untapyet 1-1 ocuvapton g : Q — N. Apou N~ Z x N,
apkei va deifoupe o urapyetl 1-1 ouvdpmon f : Q — Z x N. @swpolpe ) cuvaptnon
[:Q—=ZxNype f(*) = (m,n), 6mou m € Z, n € N xat ged (m,n) = 1.

To emdpevo Yewpnpa ogeidetal otov Cantor kat Seiyvel ott apOurnoipeg 10 mAndog
npddelg petadu apbunopev ouvodev riapdyouv apibptfjopa ouvoda. To eruyeipnpa mou

Xpnowornoteitat yla tmyv anédedn eivatl yvwoto og moato dtayodvio entyeipnua tov Cantor.

Ocopnpa A'.2.6 (Cantor, 1899). 'Eotw (A;)icr pHa otkoygveia apidunoov vtoouvoiov
evog ovvofou X. Av 1o I eivar apidunowo, 10te kat 1o Uie 1 Ai eivat apdunowo.

Amnddeiln. To I sivat apibprjoio, priopovpe Aourtov va Urobecoupie X®pig rmeploptopod mg
yevikotntag ot eivat 1o N. 'Etot, éxoupe v owkoyévela Aq, Ao, ..., Ay, . ... Emiong, kabs

A; gival api®uriopo, emopéveg PUITopoUe va anaplOprcoupe ta GTolXEid T0U g
A; ={a},as,...,a5,...}, 1=1,2,...

(av karoto arod ta A; sival nenepaocpévo, «eravalapBavoulier KAMO10 OTOIXEI0 TOU ATIEIPES
POPEG). AplOp@vIag pe autdv ToV TPOTIO Ta OTOLXEIA TOU EKACTOTE CUVOAOU Taipvoupe Evav

Amelpo mivaka, 6Nnwg @aivetat oto akoloubo oxnua:

. 1 1 1 1
A ¢ oay ay az ... a
L2 2 2 2
Ay ¢ a7 a3 a3 ... ai
. 3 3 3 3
Az ¢ a] a3 a3 ... ap
. n n n n
A, ¢ adl ay a3y ... ay

Tote, sival mpogaveg o1l 0 Tivakag autdg TeplExel 0Aa ta otoixeia tou A = Ufil A;
(evdexopévag pe ernavaAryetg). ArnapiOpouviie Ta OTotXeia AuTtoU TOU IivaKd KAtd PHKOG

10V Slayeviev pe kateubuvor anod ta apilotepd rpog ta 6e§1d, g egng:

1 2 1 .3 2 1
ay,ay,ay,ai, ay,as, . . .
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Ao v napanave dadikacia apibunong npoxuret aneikévion m : N — A enti (opiote

v 7). To cupniépaopa énetat anod 1o (B) g potaong A'.2.3. O

H enopevn npoétaon amodeikvyet 0Tt untdpxouv cUvoAa ta oroia dev eivat apibunomaa.

Auto pdAtota woyvet yia ta pn) tetpippéva Swaotpata oto R.
Mpédtaon A’.2.7. To ovvoio [0,1] = {x € R: 0 < = < 1} givar ungpapduroyo.

Amnobeiln. To ouvoldo [0, 1] eivat drepo. Eotw 6u eivar apibpropo. Téte, priopovpe va
ypawyoupe
0,1] ={zp:n=1,2,...}.

Mapouvpe 1o [0,1] oe tpia adoyika 1oopnkn dactipata wg egng: [0,1] = [0,1/3] U
[1/3,2/3] U [2/3,1]. Téte, touddyiotov éva ard autd ta tpia daotjpata dev nepiéxet 1o
x1. Ovopddoupe auto to Sidotnua I; kat to Siapovjie o tpia woprkn Siadoxikd kAsiotd
Sraotpata prkoug 1/9. Touddyiotov éva and autd Sev mepiexet 1o 2. Ovopaloupe autd
10 Stdotnpa Io. Tuvexidoupe pe tov 1610 1porto, orodte raipvoupe pia @Oivouca akoAoubia
rAsiotov Saompatey I, = [an, by] pe z, ¢ I, xat b, — a, = 37" — 0. And v apxy
xiBotiopou wxvet (02, I, = {z}. Apou = € [0, 1], urapxet ng € N Gote © = . Atoro,
8wz € I, yiaxkabe n € N eve xy, ¢ In,. O

Znueioon : Mapatnpote 0Tt N MANPOTNTA TOV IIPAYHATIKOV aptOpov naiel ouotaotiko
poAo otV anoddeln: XPNOoonotjoape Vv apXr] Tou KiBeTopou. Ze avudiactodr, 1o

ouvodo Q N [0, 1] etvar api®proo.

Mépiopa A'.2.8. To oUvoo twv mpayuatikav apduav R kat to ovvoio twv apprjtov R\ Q
eivat umepapdunotua.

TéAog, Heixvoupe 011 10 oUVOAO TV SUabIKOV aKOAOUBI®OV eival urtepap1Ouropo.
Ocwpnpa A'.2.9 (Cantor). To ovvoo tov dvadikov axoiovdiav
N = 0,1 = {z = (z(n) : z(n) € {0,1}, n=1,2,...}
glvat umep apdunouo.

Amnddeifn. To eruyeipnpa g anddeilng sival yvwoto wg SeUtepo diayovio emyyeionua tou
Cantor. Apxikd mapatnpoupe ot 1o ouvodo 2V sivat dreipo. 'Eote ou sivat apiBurioo.
Tote, untapxel pla apibpnon TV oTolXEi®V Tou: oN — {zy, : n = 1,2,...}, orou kdaBe

Ty €lvat duadikr) akodoubia. Mmopoupe TOTE va TIAPACI|COUHE Td OTOXEld T, KAl TIG
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OUVTETAYHEVEG TOUG O PNOPQT) ATIEIPOU TTivaKda :

rp = ($1(1),:L‘1(2),:L‘1(3),...,:L'l(k‘),...)
o = (.21?2(1),.21?2(2),222(3),...,:Bz(k),...)
r3 = (.733(1),.733(2),333(3),...,a,’g(k),...)

Tn = (2p(1),2,(2),2,(3),...,2n(k),...)

Kottape 1o mpoto otoixeio otnv mpoin OUVIEIAyPEVH], To HeUtepo otoixeio otn Heutepn
OUVIETAYHEVI], TO TPITO OTOXEI0 OTNV TPiT OUVIETAYHEVH K.0.K. AnAadr), Kivoupaote oty

«uUptla Slaydvio» Tou mivaka Kat PAacet autr)g opidoupie 1o £§r)g OTO1XEIO TOU oN.
Yy = (1 —.’131(].),1 - $2(2),.. '71 - $k(k), )

Téte, yia kabe n € N givat x,, # y 816w z,(n) # 1 — z,(n) = y(n). Me ddda Adyia, 10 Y
drapépet anod 1o 1 oy npwtn Y€or, anod 1o 2 ot deutepn Yon K.0.K. 'Eto1 obnyoupaote

ot aviigaor. O



