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CHAPTER 1

POSETS

1.1 Preordered Sets
In these notes we shall need many implication symbols. To fix notation, we shall use
e ‘=" for ‘implies’;
e ‘&’ for ‘if and only if’;
e ‘== for qualitative (lattice) implication;
e ‘«=v=’ for qualitative (lattice) co- implication;
e ‘=c=" for quantitative (monoidal) implication.
e ‘==’ for quantitative (monoidal) co-implication.
e ‘——’ for function arrow.

1.1.1 Definition. A preordered set is a pair (P, <), consisting of a set P and a binary
relation “<” on P such that:

(i) Reflexivity: (Vp € P)[p < p]

(ii) Transitivity: (Vp,¢,r € P)[(p < q) A (¢ <7) = (p <7)]

A preordered set it is not required to satisfy the antisymmetric property:

(iii) Antisymmetric: (Vp,q € P)[(p <q) A (¢ <p) = (p=q)]
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If (iii) is satisfied by P then it is called a poset.

Two elements p, g € P are said to be comparable if p < q or ¢ < p (dichotomy property),
otherwise we say that p and ¢ are incomparable, denoted by p || ¢. A totally ordered set
or a chain is a poset in which every two elements are comparable.

Often we shall present the properties of a poset in a Gentzen-like style:

reflexivit
g ( y)
r<y y< e
transitivit
2 <2 ( y)
r < <z
T=99=7 (antisymmetric)
r=1y

One line means that the statements above the line imply the statement below, two lines
mean that the above and below are logically equivalent.

1.1.2 Remark. Given any preordered set P, there is a naturally associated poset, denoted
by P/ = obtained from P, as a quotient structure, where “=" is defined as

(Vp,a e P)[lp=q) f (p<qg)A(¢g<p)

Similarly for the order on P/ =. Because of the above and the fact that in Category Theory
“equality” means “isomorphic”, preordered sets are more naturally adapted to a categorical
treatment of order.

1.1.3 Definition. 1) Given a poset P = (P, <) we may define the dual of opposite of P,
denoted by PP = (P, >).

The duality principle for posets allows us to dualize any theorem by interchanging <
with >.

2) The direct product of a family of posets (P;, <;);cr is a poset <HP¢, <), where “<” is
el
defined componentwise, i.e. (x;)icr < (Yi)ier iff x; <; y; forallie 1.

If the index set [ is also endowed with a total order, then the lexicographic product

”

of the above family is a poset (HR, <lex) Where “<j..7 is defined as
el
(zi)ier [jex Wiier it (i€ D[(z; <yi) A (VE < i)z = yil]
If in addition to the above, we have that P; N P; = (), whenever ¢ # j, then we may define
the ordinal sum of the above family, as: <UB, <), where “<” is defined as
el
x<y iff (Fiel)x<;yl or (Fi,jel)i<j and ze€P, & yecbPk.
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1.1.4 Definition. (i) Let (P, <) be a poset, and S C P. Then an element u € P is called
an upper bound of S iff for every p € S, we have p < u. Dually we may define lower
bound of S.

(ii) A poset (P, <) is called directed upwards iff every pair of elements p,q € P has an
upper bound. Similarly, (P, <) is called directed downwards iff every pair of elements
p,q € P has a lower bound. If (P,<) is directed above and below it is called simply a
directed set.

1.1.5 Definition. Let (P, <) be a poset. If for every pair of elements p,q € P, the set of
upper bounds of {p, ¢} has a least element r, then r is called the least upper bound (join)
of p and ¢ and is denoted as r = p V ¢q. The greatest lower bound (meet), denoted p A g
is defined dually.

More precisely, let us denote by S*, S C P, the set of all upper bounds of S (upper
cone), and S¢ the set of all lower bounds (lower cone), i.e.

pl}  and
pl}

S* = {peP|(VseS)[s

<
St .= {peP|(VseS)s>

Now we define:

supS = \/SE \/s::infS”

seSs

inf S = /\SE/\S::supSZ.

ses
In particular we have:
\/@E\/pzo and /\@E/\pzl
pel peD
the bottom and top elements if they exist.

If for every pair of elements p,q € P, the joint p V g exists in P then (P, <) is called an
upper semilattice. Dually, if p A ¢ exists for every pair p,q € P, then (P, <) is called a
lower semilattice. If (P, <) is both an upper and a lower semilattice, then it is called a
lattice. Compaire with the concept of ‘directed set’.

1.1.6 Example. Posets.

1. Any set X with the discrete order: z < y iff x = y;
2. N,Z,Q and R with the usual order;

3. 2=(2,<) where 2=1{0,1} and 0 < 1
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4. if (P, <) is a poset and X an arbitrary set, then the set PX := {f | f: X — P},
endowed with the pointwise order,

f<g it (Vo e X)[f(z) < g()]
is a poset.

5. For any set X, (P(X),C) is a poset. If 7 C P(X) is a topology on X, then (7, C)
with the restriction order is also a poset.

6. The specialization order between points in a topological space,
<y iff (VGer)[zeCG = yed|

is in ceneral a preorder. The specialization order is antisymmetric iff 7 is a Tj space.
If 7 is a T} then the specialization order is a discrete order.

7. Formulae of a propositional logic form a preorder under provability .

8. Let G = (Gy,G1) be an oriented multigraph with loops, see [I]. A subgraph X =
(X0, X1) is defined as: Xy C G, X7 C G; such that for every edge in Xy, its source
and target are in Xy, i.e.

P(G) = {X = (X(),X1> | Xy € Goy, X1 € G such that

(Vf € X1)[dom(f), cod(f) € Xpl}.
We now define on P(G) a partial order by: For X,Y € P(G),

XCY iff XoCYy and X;CY.
Then (P(G), C) is a poset.
1.2 Order ldeals and Filters

Let (P, <) be a poset and @ C P.

1.2.1 Definition. (i) @ is called an order ideal (or o-ideal or a down-set) iff
(Vp)(ve)lp e @) A (g <p) = (g€ Q)]
(ii) Dually, @ is called an order filter (or o-filter or an up-set) iff

(Vp)(Vg)l(p e Q) A (¢ =p) = (¢ €Q)].

1.2.2 Proposition. @ is a down-set iff P\ @ is an up-set.
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Given an arbitrary subset (@ of P and =z € P, we define:

1Q = {yeP|[@ErecQ)y<z]} (down Q)

1Q = {yeP|GFreQy=z1} (w Q)
le=l{z} = {yePly<uz} (Principal order-ideal)
te=1{z} = {yeP|y>ax} (Principal order-filter)

1.2.3 Remark. A preorder (P, <) can be considered as a category C(P, <):

The objects of C'(P, <) are the elements of P

If 2,y € P and x < y then C(P,<) has ezactly one arrow from x to y denoted,
x — y of (z,y). Note that dom(x — y) =x, cod(x — y) =y.

If z || y (x,y are not comparable) there is no arrow from z to y.

The identity arrows of C'(P, <) are those of the form (z,x) or xt —— x. The transitive
property of “<” is needed to ensure the existence of composition of two arrows, so
that:

r—Y Yy —2z

Y or  (r——y)oly — 2) = (x — 2).

Slogan. Think of a category as a generalized preordered set.

We shall take the above slogan seriously and try to see what is the special form which
category concepts take in the enviroment of preordered sets. Thus, a down-set, |z = {y €
P |y — =z} is all the arrows y —— x, for y € P, which is what is called a slice category
Plx. Sometimes, when we would like to emphasize a categorical flavor we use the notation
Pz instead of |x. Similarly an upper set Tz can be regarded as the category Pz of all
arrows £ —— ¥y, y € P. The above notations are extended to the case of | @ and TQ, i.e.
P| @ is the up set generated by @, similarly for PTQ.

1.3 Mappings Between Posets

What we say for posets holds also for preorders but equality “=" should be changed to
equivalence “x”.

1.3.1 Definition. Let P = (P, <p),Q = (Q,<g), be two posets and f : P —— ( be
a function. Then we say that f respects order or it is isotone iff p; <p ps implies

fp1) <q f(p2).

In categorical terms, an isotone function is essentially a covariant functor.
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An isotone function f: PP —— (@ is called an antitone function (a contravariant
functor).

The function f: P —— (@ preserves suprema (infima), when they exist iff for all S C P,
FN 9=V 181 (NS =N F8D.

1.3.2 Remark. Every isotone function f: P —— (@ satisfies always the following
inequalities:

FINS) <o N\ £5) <o V £(5) <@ F(\/ 9).

seS seS

Thus, in order to prove that f preserves suprema, it is enough to show that:
N/ S) <V f(s)
sesS
and similarly, to show that f preserves infima, it is enough to prove that:

N f(s) < FNS).

seSs

Let (P, <p),(Q, <) be two posets, then we denote by Q'P) the set of all isotone functions
f: P —— @ and Q") the set of all antitone functions f: P —— Q. In particular we
consider (@, <q) = (2, <) the poset with 2 = {0,1} and 0 < 1. Every function f: P —— 2
is a property or predicate and at the same time the indicator or characteristic function of
a subset S C P, defined as: Sy :={z € P| f(z) = 1}.

1.3.3 Proposition. (i) f € 27 iff S; is an up-set.
(ii) f € 2(P7) iff S; is a down-set.

PrOOF: (i): Let f € 2P ie. 2 <y = f(z) < f(y). Let also Sy := {x € P | f(z) =
1}, x € Sy and  <y. We should prove that y € Sy. Indeed, since x € Sy we have f(x) =1,
and since x < y we have f(z) < f(y) so that f(y) =1 and thus y € Sy, i.e. Sy is an up-set.

Conversely, let Sy be an up-set and let © <y. Consider f(z) and f(y). If f(z) = 0 then
f(z) < f(y). On the other hand if f(x) = 1 then & € S; and since Sy is an up-set then
y € Sy, thus f(z) < f(y). 40

(ii): is proved similarly. -l

1.3.4 Remark. 1) It is clear that each element f € 2(P") determines a unique down-set
and conversely.

If we denote by O(P) the set of all down sets then we have:

O(P) = 2(P")
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The following Lemma is very helpfull in proving inequalities and equalities.

1.3.5 Lemma. Let (P,<) be a poset and x,y € P. Then the following are equivalent:

i)z <y
(ii) 1z C |y or 1y C Tz, Le.
(VpeP)p<z=p<y] or (VpeP)[p>y = p=>a1]

(iii) (VD € O(P)) [y € D = x € D], where O(P) is the set of all down sets of P, ordered
by inclusion.

PRrROOF: (i) = (ii): Let z < y and a € |z then a < z by definition and so a < y, thus
a€ |y. alll

(ii) = (i): Let |z C |y. Then for alla, a € |z = a € |y, ie.a <z = a <y and for
a=xzwegetr <z = x<y. 0

(i) = (iii): Let |z C |y and D € O(P) with y € D. Since D is a down-set and z < y
then x € D. all

(iii) = (ii): Let D = |y then y € D and by (iii), z € D, i.e. x € |y ie. x < y or
lz C ly. -l

1.3.6 Corollary. The following are equivalent:

(i)z=y
(i) lz = ly, ie. (Vpe P) [p<x iff p<y

(iii) Tx = Ty, i.e. (Vp€ P) [p >z iff p > y]

Thus in order to prove that z = gy it is enough to prove either (ii) or (iii).
Lemma 1.3.5/Corollary 1.3.6| are very helpful in proving inequalities and equalities and
especially in proving adjuctions in Chapter 2.

1.3.7 Theorem. If P, are posets and f: P —— ( is any mapping, then the following
conditions are equivalent:
(i) f is isotone.

(ii) For all D € O(Q), f~'[D] € O(P), i.e. for all ¢ € Q, f~[lq] is either empty or a
non-empty down-set.
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(iii) For all U € O(Q°P), f~1[U] € O(P), i.e. for all ¢ € Q, f~'[1q] is either empty or a
non-empty up-set of P.

ProOOF: (i) = (ii): Suppose (i). Then if f~![|q] = 0 there is nothing to prove. So let
F g #0, y€ fYlq] and z < y. We have from (i) and 2z <y, f(2) < f(y) < ¢, so that
z € f~!|g]. This shows that (i) = (ii). all

Conversely, suppose that f satisfies (ii). For each p € P, we have trivially, f(p) < f(p)
and so p € f~1[| f(p)]. Since by (i), f~*[| f(y)] is a down-set of P, it follows that » <y =

vefT W] = fl) < fly). D
A dual argument yields (i) = (iii). -l

Define the functor:

Pl(=): P—O(P) 22" ) &~ Plz= |x
then we have the Yoneda Lemma for posets:

1.3.8 Theorem. (Yoneda Lemma). The embedding P|(—) satisfies the following:

(Plz) € (Ply) iff z<y.

PROOF: This is just Lemma 1.3.5. -1

The above theorem says that P|(—) is isotone and full.

1.3.9 Proposition. For any down-set D C P, we have:

PlxCD iff z€D.

PROOF: Easy. -1

We know that the Yoneda Lemma is extremely important in representing structures
and objects in general, using generalized elements (in going to the object arrows) or
generalized properties (out going to the object arrows). In the case of posets and
preorders we have a similar situation.

(i) Covariant or extensional representation: Every element x € P can be represented
as the down-set P|x, which is just the in going to x arrows. Similarly z < y can be
represented as an inclusion set operation: (P|z) C (Ply).

(i) Contravariant or intensional representation: Every element x € P can be
represented as the up-set PTx, which is just the out going from x arrows. The order
x < y can be represented as the inclusion (P1y) C (Plx).
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O(P) = 2P} can be considered as a completion of P in the following sense:

1.3.10 Theorem. (i) For every ordered set { P,<p ), the poset (O(P),C) is a complete
lattice.

(ii) The embedding,
Pl(=): P=0O(P) [ p— Plp

has the following universal property: If (X, <x) is another complete lattice and f: P —— X
is any isotone function, then there exists a unique function, preserving arbitrary suprema,

f:oP) — X
such that the following diagram commutes:

P2 o(p)

~

ie. f(Plz) = f(x).

PRrROOF: (i): O(P) is complete as a set lattice, since if {D;}icr € O(P) then UDi and
el

ﬂDi belong to O(P). all

i€l

(ii): Let, for every down-set D € O(P), define:

f(D) = \/{f(z) € X |z € D}.

The function f preserves order since if (P|z1) C (Play) then f(Plz1) = \V{f(z) e X |z €

(Pla1)} < V{f(z) € X |z € (Pla)} = f(Plas) since {f(z) | x € Pla1} = {f(x) | = <

1} C{f(z) | x < x2}. The function f, indeed makes the above diagram commutative:

fPle) = \/{fly) € X |ye Pla}
= \V{fyeX|y<a}

Since f is isotone then y < z implies that f(y) < f(z), so that,
Vi) e X |y <a}=f(a).

Furthermore f preserves arbitrary suprema:

Let {(Plz;)}ier € O(P), we should prove that:

FIU@Lz)

i€l

= \/ fl(Plx:)).

i€l
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Indeed,

U@l

i€l

=V {f(y) €X|ye U(lei)}

el
= V{fw) e X | GieDy <z}
= V@ e X y<a)

el
=\ f@) =\ flPlzy)]. A
i€l i€l

1.3.11 Remark. From the above Theorem it is clear that elements of the form (P|x),
freelly generate O(P) = 2(P”) | and thus every element D € O(P) can be expressed as a
union (supremum) of elements of the form (P|x). Since f preserves suprema, it is enough
to check only for elements (P|z) in O(P).



CHAPTER 2

ADJOINTS FOR PREORDERS

2.1 Adjoints
Let ( P,<p) and ( Q,<q ) be two preorders.

2.1.1 Definition. An adjunction between P and @), in symbols,

F
F:P=Q@:G or P:;i:é:j@ oreven P__—~>Q
G

is a pair of functions (F,G) such that:

(i) Both F: P — @, G:Q — P are isotone.

(ii) For all p € P,q € Q,

(AD) F(p)<qq iff p<pG(q).

Sometimes we say that F' is left or lower adjoint to G, and G is right or upper adjoint
to F. This is also denoted by F' -4 G. On occations we shall also use the notation F* for
the right adjoint G.

2.1.2 Remark. 1) In the case that we have two different preorders, i.e. ( P,<p ) #
(Q,<q ), then we may freely apply the above definition to anyone of the following pairs:

(i) (P,<p),(Q,<¢g) (adjunction)

11
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(ii) (P, <por),(Q, <ger) (dual adjunction)

(iil) (P, <per),(Q,<q)  (Galois connection)
Sometimes when we write P°? we mean (P, <pop). It is clear that:
F:P=Q:G iff G:Q®P?=P?P:F
2) Adjunctions for preordered sets are also known with various other names:

(i) F is also called residuated and G residual.

(ii) An adjunction can be also called a covariant Galois connection and the usual Galois
connection it is then called contravariant Galois connection.

2.1.3 Example. 1) Let XY # 0 and RC X x Y. Let

P=(P(X),C) and Q= (P(Y),2);

then,
F:PX)=PY):G
with
F(A) = {yeY |(VzxeA(r,y €R]}, ACX
G(B) = {xe€X|(Mye B)[(x,y) €R]}, BCY

defines an adjunction, called polarity.

2) Let L be a lattice, and
S L— L

be a possibility modal operator, i.e. $(0) =0 and {(zVy) = $(x) V $(y), and
U:L —L
be a necessity modal operator, i.e. (1) =L and O(z A y) = O(x) A O(y). Then,
$:L=L:0O

is an adjunction. Usually when the elements of L are some kind of sets e.g. “open sets”
then,

x € O(y) means that: “it is known (by a finite investigation) that z is in y”, and

x € {(y) means that: “x cannot be finitely distinguished from y”. As an example,
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2.2 Triangle Inequalities
and Basic Properties of Adjunctions.

2.2.1 Theorem. Let ( P,<p ) and ( Q,<q ) be two preorders and F: P — Q, G :
Q —— P are isotone maps. Then the following are equivalent:
(i) F4G Q

Gl N FoG<idg

(ii) Triangle inequalities. N

\

F
(CK)GOFZPidP Pf)Q
(B) FoG <qidg GoFsidp N lG

P

PRrOOF: (i) = (ii): Let F 4 G, then for all p € P,q € Q,
F(p) <@aq iff p<pF(q)
Choose now ¢ = F(p), then,
F(p) < F(p) it p<pG(F(q))

i.e. idp Sp GoPF.
Similarly it we take p = Q(g) then we get F o G <q idg. gl

(ii) = (i): Let (ii) holds and assume F'(p) <¢ ¢. Then since G is isotone (by hypothesis)
we have G o F(p) <p G(q). But (ii) implies idp(p) <p G o F(p) and thus p <p G(q).
Similarly, if p <p G(q) then,

F(p) <q (FoG)(q) <gq. I

2.2.2 Remark. 1) If we have G o F' = idp then G is called a section of F, whereas if
F oG = idg, then G is called a retraction of F'. In the case that G o F' = idp and
F oG =idg we say that I': P = (@) : G forms a duality between P and Q.

2) The triangle inequalities have a geometric connotation. However it is instructive always
to look for the basic duality of Lawvere: Geometry vs. Logic. Indeed an adjunction
expresses just a dialectic system, see e.g. [28]. later when we apply adjunctions to monoids
we will see that G o F' > idp expresses a quantitative (algebraic) property whereas F'o G <
idg expresses the logical principle of “modus ponens”.

2.2.3 Theorem. Left and right adjoints when exist there are unique, that is:

IfF 4G and F 4G then G =G and if F 4G and F' 4 G then F = F'.
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PROOF: Let F 4 G and F 4 G’, then using the triangle inequalities we have:

G=idpoG < (G'oF)oG, since F -G

= G'o(FoQ@),
< G'oidg, since FAHG
= G

Similarly, G > G’, whence G = G'. The same method gives F' = F’. -1

2.2.4 Lemma. For everyp € P,q € @, F -G implies:

lG(@)=F'[lq) and  TF(p)=G '[Ip].

PROOF:
F'lq = {peP|F(p)<q}
= {peP|p<G(q)} since FH4G
LG(q).
The second relation is dual. ql

2.3 Adjoint Functor Theorem

2.3.1 Theorem. (The Adjoint Functor Theorem) Let ( P,<p ) and ( Q,<¢q ) be ordered
sets and F' : P — @Q, G : Q —— P are isotone functions. Then the following are
equivalent:
(i) FAG
(ii) For each q € Q,

G(q)=\/{re P|F(p) <q ¢}

(iii) For each p € P,
F(p)=N{geQ|p <G}

Furthermore, if F' has a right adjoint then F preserves all existing in P, suprema and dually
if G has a left adjoint then G preserves all existing in () infima.

PRrROOF: (i) = (ii). First we will prove that if F' 4 G then F' preserves all suprema that
exist in P. To this end let p = Vp; exists in P, then since F' is isotone we know that

\/F(Pi) <qQF (\/Pz) €Q

icl el
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so that \/ F(p;) # 0 exists in Q. To prove now that F (\/,c;pi) = V;c; F(pi) we may prove
the equivalent condition:

(Vg € Q)

F(\/) <qgq iff \/F(p)<qaql.

iel icl

Indeed,

F (\/pz> <gq iff \/p,- <p G(q) since F 4G
iel el

it  (Viel)pi <p G(q)]

it (VieD)[F(p)<g d

if \/F(p:)<q Al

Next we shall prove that (i) < (ii).

(i) = (ii): Let FF 4 G. Since G(q) € |G(q) = F~'[|q] we conclude that F~1[|q] # 0.
Finally we know that for all o-ideals,

\/ 1G(g) = G(q).

Thus \/ | G(q) always exists in P and since |G(q) = F71[lq] = {p € P | F(p) < q} we
finally get

Gla)=\/{preP|Fp)<qy. Al

(ii) = (i): Let F~1[|q] # 0 for all ¢ € Q and that there exists p € P such that F~![|¢] =
|p. Suppose further that

G(g)=\/{re P | F(p) < q}.
To prove (i) let p € G(q), i.e. F(p) < ¢ we should prove that p < G(g). Indeed,
F(p) <q iff F(p)€ lq iff pe F'[lq] = |G(q)
ie. p < G(q).
The proof that (i) < (iii) is dual to (i) < (ii). I

2.3.2 Theorem. (The Adjoint Functor Theorem: The Complete Case)

Let ( P,<p ) and (Q,<qg) be complete lattices and F' : P — Q, G : Q —— P are
isotone functions. Then

(i) F: P — @ has a right adjoint, say G : Q —— P, iff for all {p;};c;1 C P,

F (\/m) =\ F(p)

iel icl
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and G : Q —— P is uniquely determined by:
Glg)=\{peP|Fp)<qoq}, q€Q.

(ii) G: Q —— P has a left adjoint, say F': P —— Q, iff for all {q;};e; C Q,
Gl ANaw)=N\Gg
Jj€J JjeJ
and F : P —— () is uniquely determined by:

F(p)=N\la€@QIp<Gg)}

PrOOF: Using the previous Theorem, it is enough to prove that if

F <vp1> = \/F(pl) for all {pi}ie[ - P

el

then G(q) := \/{p € P | F(p) <q q}, q € Q, is isotone and F' 4 G. Indeed: If F(p) < ¢ then
p € P is one member that makes up the supremum of G(q) and so p < G(q). Conversely, if
p < G(q) =V{p e P|F(p) <q q}, then since F' preserves suprema we have:

F(p)

IN

F(G(a) = F (\/{pe P| F(p) <q a})
V{F®) €Q| F(p) <q ¢}
q.

IN

Thus F' H G. ol |

Let us go back to the functor P|(—). We have seen that P|(—) satisfies following
properties:

1. (Va,y € P)[lz <y iff Plaz C Ply]

2. For any down-set D C P,
PlpCD iff peD

3. If F' 4 G then the adjunction condition
z<pG(y) iff F(z)<qy
is translated into

(Plz) € (PLG(y)) iff QLF(x) € (Qly)
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4. If F*:= G~ ! and G* := F~! then
F*(Plp)=QlF(p) and  G*(Qlqg) =P|lG(q)

Let Op = (O(P),C) and Og = (O(Q), C). Consider the following diagram:

*

F
Op—=0q

G*
ip j\iQ
F
P——=0Q

G
We shall prove the following theorem:
2.3.3 Theorem. F -G iff F* 4 G*.
PROOF: (=) Let F' 4 G. Then,
r<pGly) it Flx)<qy
which is equivalent with
(Plz) € (PIG(y)) iff QLF(x) € (Qly)
Using (4) above we get

FY(Plz) € Qly iff (Plz) < G (Qly)

that is F* 4 G*. Since O(P) is generated by elements of the form (P|x),z € P, then the
above proves that indeed F* 4 G*. Simiarly for < . 1

Compositions of adjoints.

Let,

If F4G and H 4 K then HF 4 GK.
ProOF: GK(r) <piff G(K(r)) < P, iff F(p) < K(r) iff r < HF(p). Al
2.3.4 Theorem. Let A, B,C be posets and let,
f+A— B, g:B—C

be residuated mappings. Then g o f is residuated with

(gog)t =fTog™.
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PRrROOF: Clearly go f and f™og™ are isotone. Moreover the isotonicity of f, g together with
the triangle inequalities

frof>ida, fof™ <idp, gTog>idg, gog" <ido
yields
(ffogh)o(gof) > froidpof = fTof >ida;(gof)o(fTog™) < goidpog’ = gog™ <idc
from which we deduce, using the uniqueness of residuals, that (g o f)* exists and

(gof)T=fTogh. Hi
2.4 Closure operators (monads) on preorders

2.4.1 Definition. Let (P, <) be a poset. By a closure operator (or a monad) on P
we mean an isotone mapping:

cd:P — P

such that,
cl=clocl > idp.

Alternatively, cl(-) is a closure operator iff

(i) pr < p2=cl(p1) <cl(p2) (isotonicity)
(ii) (Vp € P)[p <cl(p)] (increasing)
(iii) (Vp € P)[cl(p) = clocl(p)] (idempotency)
If instead of (ii) we have (i7)" (Vp € P)[p > int(p)] then we have an interior (or
co-monad) operator, that is int : P —— P is an interior operator iff int is an isotone

and
int = intoint < idp.

2.4.2 Theorem. If(P,<) isa poset and f : P—— P is a mapping, the following conditions
are equivalent:

(1) f is an interior operator

(2) (Ype P)LfHLP] = fHLF()]]-

Likewise, the following conditions are equivalent:

(3) f is a closure operator

(4) (Ype P)f TP = f 1 f(p)]]
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PRrROOF: We prove that (1) < (2); the proof of (3) < (4) is similar. Suppose that (1)
holds. It is evident that for each x € P,

(%)- v € fLf(@)] € fla]
Moreover,

(+*) y e [l f(y) <zfly) < fla)y € fHLf(2)]
Then,

= )] o
Conversely if (2) holds, then we have:
voe P, fTHla] = L)) = FHLA(f (@)
Now x is an element of the second of these sets. It therefore belongs to the other two and
S0,
(Vo e P) [f(z) <z and f(z) < (fo f)()]
Giving f <idp and f < fo f. Now f is isotone; for
y<af(y) <y<azye fHla]= (@) f(y) < fla).

We therefore deduce from f < idp that fo f < f. Thus f is an interior operator. -1

2.4.3 Theorem. If P is a poset then f : P —— P is a closure mapping iff there exists a
poset Q and a left adjoint map (residuated map) g : P —— Q such that f = g* og, where
g" is the right adjoint to f (the residual).

PROOF: Suppose first that g : A —— B is residuated. Then since ¢ is isotone and g™ o g >
ida, gog" <idp we have gogT og>goidys =g and gog' og <idgog= g so that

g Og+ og=g¢g and similarly gJr ogogJr = g+.
From the above relation we get
gtog=(g"0g)o(goyg)

thus g™ o g is a closure mapping, it is also an isotone mapping for being the composition of
two isotone mappings. alll

Conversely, suppose that A is a poset with f : A —— A a closure mapping. On A the
function f induces an equivalence relation: for all x,y € A,

vpy i f(x) = f(y)
Let A/ ~¢ be the quotient set. We define on A/ ~

af ~p 2yl e~y = f(@) < fy)
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It is readily seen that =< is an ordering on A/ ~; and since f is isotone, the canonical
surjection

k:A— A~y

is isotone. Now each equivalence class modulo ~; has a greatest element, the greatest
element in the class of  modulo ~ being f(x). We can therefore define a mapping

g: Af ~vp ——= A ) x) ~pogla) ~p) = f2).

We then have

(gok)(z) = glk(@)] =g(x/ ~f) = f(z) = z;
(kog)(x/~p) = klf(@)] = f(x)) ~p=2/~f.

from which it follows that k is residuated with g = k™ and that f = k™ o k. 1

An alternative treatment:

Question: Is every monad defined by means of a suitable pair of adjoint morphisms? The
answer is YES!

2.4.4 Definition. Let 7" be a monad on the preorder P. Let
Pri={peP|T(p)<p}C P
Since T is a monad we have (Vp € P)[p < T(p)]. Thus
Pr:={pe P|T(p)=rp}

That s Pr consists exactly by the “fixed points” of T'.

Also since T is a monad we have
(Vp € P)[TT(p) = T(p)]
we can therefore regard 7" as a morphism
Fr:P — Pr /| p— Fr(p):=T(p) =TT(p)

T(p) is a fixed point of T" and thus T'(p) € Pr.

Also we will denote the inclusion of Pr into P by
Gr:Pr —— P [ g~ Gr(q) :==q=T(q).

Then we have:
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2.4.5 Theorem. For all p € P and all ¢ € Pr

Fr(p)<q iff p<Gr(q)

ie. FT = GT-
PROOF:
Fr(p)<q & T(p)<q <+ T(p) <T(q)
& p<T(p)<T(q)
& p<T(9)=Gr(g). Al

2.4.6 Theorem. Let T be a monad on the preorder P. Then there exists an adjunction
Fpr: P= Pyp:Gp such that, T = Gy o Frp.

Comparison Morphism.

Let F: P = @ : G be an adjunction and let the monad T': P —— P with T := GF'. Let
Pr:={pe P|T(p) =p}.
How do Q and Pr compare?
From the triangle inequalities, for any ¢ € @
TG(q) = GFG(q) < G(g)-
Thus G(q) € Pr and so we can regard G as a morphism,
G:Q — Pr [ ¢— G(g)
We will denote this morphism by
K:Q— Pr [ q— K(q) :== G(q)

and call it the comparison morphism for the adjunction ¥ 4 G.

2.4.7 Definition. A morphism F': P —— () is called conservative iff

(Vp,p' € P)[F(p) < F(p')p < ']
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A weaker than isomorphism association between preorders is “equivalence”. Equivalence
allows us to identify the preorders.

2.4.8 Definition. A morphism G :  —— P is called a quasi-inverse for the morphism
F.:P— Qiff

(i) (Vp € P)[GF(p) = p, i.e. GF = idp]

(i) (Vg € Q)[FG(q) = q, i.e. FG =1idg)]

N FoG=idg
N
Gi !
\
F
P—— Q
N
N
. G
GoF=idp \* \L
P

Note. If G is a quasi-inverse for F', then G is both left-adjoint and right-adjoint to F', and
moreover F' is a quasi-inverse for G.

2.4.9 Definition. A morphism F': P —— (@ is called an equivalence iff it has a quasi-
inverse.

2.4.10 Theorem. Let F' : P = @) : G be an adjunction and let T'= GF' be the associated
monad on P. If G is conservative, then the comparison morphism

K:Q— Pr

is an equivalence.

PROOF: Let
J:Ppr — Q@

be the the restriction of F' to Pr,i.e. F' | Pr.

Since G is conservative then,

(Vg € Q)[FG(q) = q= JK(q)]
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FG(q) < q (Triangle ineq.)
Glg) = G(q)
F(G(q) = F(K(q))
= o F(K(q))
= JK(q)

Moreover, if p € Pp, then
KJ(p) = GF(p) = p.

Thus J is a quasi-inverse for K and so K is an equivalence. 1

Interior morphisms or comonads.

The dual concept of a monad is that of comonad.

2.4.11 Definition. A comonad or an interior morphism on a preorder () is an
endomorphism,

Satisfying,

(M7?) (Vg € Q)[H(q) < ql;
(M3") (Vg € Q)[H(q) < HH(q)]-
Dually we define, Qi :={q € Q| ¢ < H(q)} and
Gy: G —— Gpu [/ ¢~ Gulq) == H(q) = HH(q)

Fy: Gu — Q [/ ¢~ Fu(q) :==q= H(q).
Then, Fg : Qg = Q : Gy is adjunction and H = FgGy.

2.4.12 Theorem. If A is a poset and f : A —— A is a residuated mapping, then the
following are equivalent:

(a) f is a closure mapping;
(b) f* is an interior mapping;
(c) f=Ffof;

(d) ff=Ffoft.
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Likewise, the following conditions are equivalent:

() f is an interior mapping;
(B) f* is a closure mapping;
(v) f=fof*;

(0) fr=frof.

PRrROOF: (a) < (b): Since f is residuated then,

f<ida & ft>ida
and
f>ida & fT <ida.

Indeed let f <ida, then by the triangle inequality f is residuated iff
ida < ftof<ftoidg=f" sothat fT>ida

Similarly for the second equivalence.

Now let (a), i.e. let f be a closure mapping then
f=fof>ida, iff fr=fToft<ids, ie. (a)e (b).

Now we shall establish (a) = (¢) = (d) = (b). Suppose that (a) holds; then (c) follows
from the inequalities

frof = ffofof>idsof=f
fo= foffof>idaoffof=fTof
If now (c) holds then from f = f*o f we deduce that fof* = fTofof™ = f* which is (d).

Finally, if (d) holds, then fT o f*t = foffofoft=foft=ftand ff = foft <ida
and hence (b) holds.

The equivalence of («), (8), (7), (8) is proved similarly. -1

2.5 The Adjoint Lifting Theorem.

Suppose that,
T:P— P and S5:Q — @

are monads on the preorders P and () respectively.
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2.5.1 Definition. A mapping U : P —— (@ is proper for T and S iff

r—Y-q
AN
AN ls

N\

Ur =SU

For any such U : P —— (@ are obtained by restriction

r—Y .0 Uoir=igolU
7

Tj js

Pr —5>QS

2.5.2 Theorem. (Adjoint Lifting Theorem). Let T' and S be monads on P and Q
respectively. Let U : P —— (@ be a proper morphisms for T' and S and let U : Pr —— Qg
be the restriction of U. Then,

(I) IfU : P — @ has a right adjoint R : Q —— P then
U:Pr —— Qg has a right adjoint R:Qg — Pr
That is the following diagram is commutative:

U
—_—

—Q
is

P

R

U
Pr—=Qs

T <—

R

given by the restriction: R(q) := R(q) for q € Qs.
(IT) If U : P —— @ has a left-adjoint R : Q —— P then

U:Pr —— Qs has aleft-adjoint R:Qs — Ps,q— R(q) = R(q), q € Qs.
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CHAPTER 3

LCOMMUTATIVE, INTEGRAL, RESIDUATED, ¢-MONOIDS
(cir-MONOIDS)

3.1 Introduction

With the revival of many-valued logics, fuzzy logics, linear logic etc. there is a strong
interest for quantitative (not necessarily idempotent valuation structures (structures for
truth values)).

To give a rationale for choosing the commutative, residuated /-monoids as a kind of
a generalized framework structure, it is helpful to begin with Bourbaki’s mother-structures:

(i) Posets;
(ii) Topological spaces;

(iii) Algebraic structures.

To reach to a general structure which incorporates all the above mother structures, we find
that posets are the primal basic structures and thus the starting point. This is clear since
e.g. in set theory, ‘€’ essentially is an ordering. We would like to express (ii) and (iii)
in a way which incorporates ordering. This means that we would like to see topology as
the study of lattices of “opens” and algebra as the study of lattices of “ideals”. Thus for
topological spaces one may be forced to take locales and frames i.e. the lattice theoretic
study of ‘opens’ (pointless topology) [26]. These structures are idempotent and thus they
express qualitative concepts, associated with topology, in a lattice theoretic way. A locale is
a complete lattice in which arbitrary joins distribute over meets, i.e. we have: For arbitrary

I?
an(\bi)=\(anb)

icl icl

27
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A locale is then equivalent with a complete Heyting algebra, i.e. with a complete lattice
with top and bottom elements, in which for every element b € A, the functor,

(JANb:A— A ) a—aANd
has a right adjoint, denoted by,
b:/\:>(7)A—>A // c—b==c¢

The above adjunction essentially expresses the Lawvere’s duality:
Geometry vs. Logic

in its qualitative version. This is clear since the open sets express the geometric-
extentional part, whereas the logical-intentional part is expressed by the Heyting algebra of
intuitionistic propositional logic, where an open set is construe as “a finitely observable
property”[33]. The element which connects the two interpretations is the concept of
adjunction, which converts the extensional-geometric algebraic operation ‘A’ into a more
sophisticated antithetical intentional-logical operation of implication. The ‘synthesis’ of
the above two operations is a logic which incorporates the qualitative algebraic and logical
operations. There are also negation operations, —ra := (a == 0) and —~va = (1 <v=a)
where <= is the co-implication, which coincide with the corresponding pseudocomlements
of a i.e.,

—Wz:\/{x\a,/\x:()} and ﬂva:/\{x\a\/le}.

Passing now to the third element, i.e. algebraic structures we would like to generalize
the Heyting algebra case by choosing a structure which is minimal, but at the same time rich
enough to do logic and mathematics. This is the structure of commutative, residuated
¢-monoid where the monoidal operation is not necessarily idempotent. If we want the
idempotent (qualitative) case to be embedded into the non-idempotent one, we should
chose:

1) The monoidal structure (4; <,®,1) to be lattice ordered which implies that it is also a
po-monoid.

2) The monoidal operation ‘©®’ has a right adjoined (or residual) operation ‘=6=", i.e. for
all a,b,c € A:

(AD) a®b<c iff b<a=0=c

In the sequel we shall denote: —ga = —a := a == 0. To the adjoint pair (®, =c=)
there is a dual adjoint pair (monoidal addition and co-implication) (@, <&=) with the
co-implication a <®=b identical with difference a ©b := a ® —b satisfying the following
dual adjunction: For all a,b,c € A,

(DAD) a®b>c iff b>ced=a
There is here a corresponding co-negation oparation defined as:

ga =1 <>=a.
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3) When we restrict ourselves to the center (the idempotent elements) of the structure we
would like to recover the Heyting algebra case in (ii).

From the above reasoning it is clear that the structures that constitute the basic framework
are the “commutative residuated l-monoids” as studied e.g. in [24], with some additional
conditions. In this Chapter we will follow closely [24].

3.2 The Qualitative Case: Heyting Algebras.

Heyting algebras have a dual interpetation:

(i) An extensional-geometric, and

(ii) An intentional-logical.

(i) Extensional-geometric. Heyting algebras are models of lattices of open sets.
Depenting on the morphisms used Heyting algebras may be termed as locales or
frames. These structures show that a generalized topology is the study of lattices
of opens. In contradistiction, algebra can be conceived as the study of lattices of
ideals and its main object concerns a quantization of geometry, based on either
‘measurements’, ‘measures’, or ‘normalized metric spaces’ which amounts to a kind
of indistiguishability. As R. Street said in a forthcoming book [34]: “...commutative
algebras are really spaces seen from the other side of your brain.” We would like to add
that this other side essentially is the left hemisphere of your brain, space perception
on the other hand, resides as we know in the right hemisphere.

(ii) Intentional-logical. Heyting algebras are also thought as models of systems of
propositions in the first-order intuitionistic logic. Based on this dual interpretation
one expects that the lattce order will be dialectically connected to logical implication
operator through an adjunction, which is exactly the case.

Let (L <) be a poset, in which every pair of elements a,b has a join a Vb. Then (L, <,V,0)
where 0 := \/0 = Vpe(Z) is a commutative, integral /-monoid in which every element is
idempotent. We term such monoids qualitative. Conversely,

3.2.1 Theorem. Let (L,V,0) be a commutative monoid in which every element is
idempotent. Then there exists a unique partial order on I such that a V b is the join
of a and b, and 0 is the least element.

PROOF: See, [26, p.2]. 1

A lattice is a poset in which every finite subset has both a join and a meet. This means
that (L, V, A, 0, 1) is a structure such that both, (L, V,0,) and (L, A, 1) are semilattices and
the partial orders on L induced by the two semilattices are opposite to each other.



30 Residuated Monoids

3.2.2 Proposition. Suppose (LL,V,0) and (L, A, 1) are semilattices. Then (L, V,A,0,1) is
a lattice iff the absorption laws,

aN(aVvb)=a and aV(aAb)=a
are satisfied for all a,b € L.
PROOF: See, [26, p.3]. -l
If for every element, a € IL we require that the functor,
(-)hNa:L — L J z+— (x ANa)

has a right adjoint,
a==(—=):L —L J 2~ (a == x)

then the resulting structure is called a Heyting algebra.
Peudocomplements and Negations
Bi-Heyting Algebras
Boolean Algebras = Involutive bi-Heyting Algebras.

Structure of the ldeal Lattices

To be continued...

3.3 The Quantitative Case:
Non indempotent generalizations

Let (L <) be a lattice, i.e. (L <) is a poset such that joins and meets of finite subsets of L
exists. In particular,

/\@E/\xi:—l— (resp. \/(Z)E\/xizj_)

i€l i€l
the universal upper (lower) bounds exists in L.
We always suppose that L contains at least two elements, i.e. 1# T.
On L we consider an additional binary operation

O:LxL — L

such that, the structure (L,®, T = 1) is a commutative monoid i.e.
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(M1) (Ve,y,z€e L)z 0 (yo2)=(xOy) O 2]
(M2) Vrel)zol=z=104
(M3) (Vz,yeLl)zoy=yo1l]

We use here the integrality condition, where T = 1.

3.3.1 Remark. In a commutative monoid (M, ®, 1) we may define the set
N:={z,z0z,20x0u,...}.

If the elements of N are all different, we may prove that N is isomorphic to the natural
numbers N. This means that having a commutative monoid we have at the same time a set
N acting as the set of natural numbers. Thus when we construct various logics based on a
commutative residuated /-monoid we have always at our disposal a set of natural numbers.
In this way commutative residuated /-monoids are logico-mathematical in nature.

Commutative, residuated /-monoids are also known as commutative autonomous posets,
i.e. a commutative autonomous poset is a partially ordered set (P, <) together with an
commutative and associative binary operation ® such that foralla € P, a® _: P — P
is residuated.

e Clearly every quantale is an autonomous poset but not conversely (completeness may
not be present).

e Usually the term residuated monoid for an autonomous poset is used, and the term

residuated lattice is used in the presence of a certain amount of completeness.

3.3.2 Definition. The structure (L, <, ®, 1) is called commutative /-monoid (short for:
lattice ordered monoid) iff

(Lo1) (L, <) is a lattice
(L02) (L,®,1) is a commutative monoid
(L03) (Va,y,z e L)[zO(yVz) = (zOy)V(z0z) and (2Vy)Oz = (202)V(yO2)]

3.3.3 Remark. Property (LO03) implies that (L,<,®1) is a po-monoid, i.e. : For all
a,b,x €L,
a<b=20a<zx0b and aG®z<bGxz (isotonicity)

Indeed: Since z ® (aVb) =(z®a)V(x©b)and a <b

we have: a Vb =b, so that,

r@(aVvVb)=z0b or (x@a)V(xOb)=x0b
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ie.x®a <x®b. Similarly fora ©x <b©® .

Exercise. Let (M,®,1) be a monoid and m € M. Define a new operation on M by
Om:MXMx —M [ (z,y) »2Ony:=c0maoy.

Show that this defines a semigroup. Under what conditions on m do we have a unit relative
to Om?

3.3.4 Definition. Let f: X x Y —— Z be a function of two variables. Then we define:

(i) The z-section: For allz € X, f,: —Z ) y+— fo(y) := f(x,y)

(ii) The y-section: Forallz € X, fY: X — Z J) x> fY(z) = f(x,y)

Let F: L x . —— L be an associative operation on IL, and let:
F,:L — L J o~ Fy(z) = F(a,x)
be the a-section, a € L, of F', and
F':L — L J x+— F°x):= F(z,b)
be the b-section, b € L, of F.
Then we have
3.3.5 Theorem. The operation F is associative iff

F,oF®=F’0F, for all a,be L.

PROOF: . For all a,b, x € L, the associativity of ' means
Fla, F(w,b)) = F(F(a,),b)

which is equivalent to
Fa(Fb(x)) = Fb(Fa(x)),

N (Fyo F)(x) = (F* o F)(x).

Thus
F,oF*=FloF,. Al

3.3.6 Theorem. The operation F is commutative iff

(Ya € L)[F, = F.
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PROOF: For all a,z € L, by commutativity of F' we have: F(a,x) = F(z,a) or F,(x) =

Fe(x). al

3.3.7 Corollary. The operation F' is associative and commutative iff for all a,b € L,
F,oF,=F,oF,.

3.3.8 Theorem. Let F' be an associative operation on L. If the element a € L is
idempotent under F' then both F,, F® are idempotent functions,

ie. if F(a,a) = a then F, o F, = F, and F® o F* = F°.

PROOF:

F}(x) = Fo(Fu(x)) = Fu(F(a,2)) = F(a,F)a,z)) =
= F(F(a,a),z) = F(a,z) = Fy(z). -l

3.4 Monoid actions.

Let M = (M,®,e) be a monoid. Then for any m € M we define the left multiplication
or left translation:

Am M —— M [ ©— Ap(z) :=mx2x

Consider the set Sy = {A\p, : m € M} of functions. Then we have:

(1) Ae =idps since Ae(z) =e®x =z and
(ii) Mo = Amon since A\, oA, (2) = AMn(An(2)) = meO (nOz) = (mON) Oz = Apen ().
So on Sj; we have an operation:
OISM XSM —_— SM // (/\m,/\n)H)\mo)\n

such that (Sys, 0, A.) forms a monoid with identity Ae.

This can be generalized. Let X be a set and
A(_) M — XX // ml—>)\m

i.e. the family, (\n,)menrs, where A\, : X —— X, and m € M (M is our original monoid),
is a set of functions such that:

i Ae = idx;

(ii') Am © Am = Amop.
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The collection of \,,’s is called an action of M on the set X.
(Am)menm can be replaced by a single function,
A MxX — X. J (myz)— A(m,x) := A\p(x)

The above two conditions become:

(i) Ae,z) = x;
) A A( ) = Am on,2).

Let M be a monoid. An M-set, is defined to be a pair (X, \) where A\: M x X — X
is such an action of M on X.

For a given monoid M, the M-sets are objects of a category M-Set which is a topos.
An arrow

(X, A — (Y, M)

is an equivariant or action-preserving function

f: X —Y
i.e. such that,
f
X\HY fodn=pumolf
SN
Q

X 4f> Y

Qualitative . Qualitative (Boolean, Heyting,etc.)
o t .L o

Quantitative Geometry vs. Logic Quantitative (MV-algebras, quantales, etc.)

3.4.1 Definition. Let (L, <, ®,1) be a commutative ~-monoid. We say that (L, <,®, 1) is
a residuated, commutative /-monoid iff all translations

Fob=a0(-):L—L J2xz—~aGx
are residuated, i.e. have adjoints (or residuals)

Go=a== (=)L — L ) o~ (a =0= 1)

Thus we have,
(AD) Fo(x) <b iff o< Gq(b)
ie. a®x<b iff z<(a=0=0)

or

(Va € L) [F, 4 Gql.
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3.4.2 Remark. The logical operation of implication is a more sophisticated notion
than the algabraic monoidal operation, the adjointness here explains the emergence of
one concept from the other, and at the same time the dialectical link of algebra and logic.
Here we encounter again a logicomathematical reality, any separation of which into logic
and algebra, results into unnutural mathematical settings.

3.4.3 Definition. A homomorphism between residuated, commutative /-monoids is a
structure preserving map, i.e.

h: <L17§17®1711> — <L27§27®2712>

such that:

(i) h is a lattice-homomorphism;
(ii) h is a monoid-homomorphism;
(iii) h(a =5=1b) = h(a) == h(D).

3.4.4 Proposition. Let (P,<;,01), (Q,<2,02) be two commutative residuated (-
monoids, and let h : P —— () be a homomorphisms, then for all a € P,b € @),

hT(h(a) =o=2b) = (a =o=1 h* (b))

PRrROOF: To fix the notation let us consider what we have in a diagram: Ya € P,b € )
We hayve,
ht (h(a) =0=9b) <1 a =o=1 hT(b) iff a ®1 ht(h(a) =o=2b) <1 AT ()

iff hla ®1 ht(h(a) =e=2b)] <2 b
iff h(a) ®2 h(h*(h(a) =e=2 b)) <3 b.
By adjointness (triangle inequality), for all ¢ € @,
h(hT(c)) <a c
Thus, h(a) ®2 h(ht(h(a) =5=2 b)) < h(a) @2 (h(a) =o=2 b) < b (triangle).

) <
Thus, the relation h(a) ®2 h(h*(h(a) =2=2 b)) <z b holds true and so we proved that,
ht(h(a) ==9b) <1 a =o=1 bt (D).

Conversely,
a =o=1 hT(b) <1 h™ (h(a) =e=2 b) iff h(a =2=1 hT(b)) <2 (h(a) ===2 b)

iff h(a) @2 h(a ===, AT (b)) <2 b
iff h[ ®1 (CL == h+( )] <9b
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This holds iff a® (a == 1 h* (b)) <1 T (b). The last inequality always holds by the triangle
inequality. -l

Residuated commutative ¢-monoids and homomorphisms in the preceding sense form a
category.

Interpreting the general characterizations for adjunction, we have the following basic
properties:

3.4.5 Proposition. The following are equivalent:

(i) VaeL) [F, 1Ga]  (AD)
(ii) Triangle inequalities.

1. a == (a®x) >z (fusing: from x we deduce ‘a implies a and x))
2. a®(a == x) <z (modus ponens: from a and (a == z) we deduce x.)

a®(a=0=>12)<z<(a=c= (a®x))

(iii) For each principal ideal |z :={y € L:y <z} of L, and for all a € L
F, ' [la]
is a principal ideal of L.

(iv) For all a € . F, preserves arbitrary suprema, i.e. if x = \/,.; x; exists then for all

a€l,
Fo(P) = \/Fa(x1>
el
a® (\/azz> = \/((l@l’z’)
iel iel

In particular,
a® (z1 V) =(a®x)V(a®x)

Furthermore,

Ga(x)z(a@@x):\/{yelza(aygx}
(v) For all a € L, G, preserves arbitrary infima, i.e. if y = )\, ;y; exists in L. then
Ga(y) = \ Galy))
J€J
ie.

a == /\yj :/\(a=®:>yj)

jeJ JjeJ
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In particular,
a == (y1 Ay2) = (a =2= y1) A (a == yp)

Furthermore,
a@xEFa(x):/\{yEL:xSa:@y}.

Note that since F, 4 G, then for all a € L,
G F,G, = G, and F,G,F, = F,
or
a==[a®(a=0=2)] = (a=c=x)
a®la=0= (aGzx) = aGx
Now if F*: L — L J/ o — F%x) := F(x,a) = x ® a then since L is commutative we

have,
F,=F* and a<b= F,<F, & F*<F"

However if G*: L — L J/ o +— G%z) := (z == a) then,
a<b impliess G, >Gp & G*<G?
ie.
(a == xz)>(b=0= 1) and (a == a) < (x == b)
That is,
(x)  a<b implies (Vx € L)[(z == a) < (z == b) and (a == x) > (b == x)]

This means that G(.,.) is antitone in the first and isotone in the second variable or
equivalently
G, is antitone and G is isotone

We can see the second relation in (x) as follows: Let a < b then,

(%) F, < Fy

This in turn implies:
GbSGaOFaOGbSGaOFbOGbSGa-

Thus Gy < G, or (b =e= z) < (a =c= z).

More precisely, all functions F,, G, Fp, Gy are isotone functions, thus taking the
composite from the left and right of (x*) gives again an inequality, i.e.

FaSFb = GaoFaéGaoFb
= Guol,o0Gy<GuolyoGy

but due to the triangle inequalities we have

G,o F, >idp and Fy oGy <idg.



So that,

Thus,

We summarize results which have beeen already prooved or will be proved for easy

refference. If something reffers to e.g. (i) etc., it will reffers to these properties:
(AD) a®x<b iff xz<(a=0=10) forall a€cl,
i.e. (Va € L)[F, 4 Gg]
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Gy <GgoF,o0G, <GyoFpoGy <G

Gy, <G, 1.

SUMMARY OF THE BASIC PROPERTIES

(i) po-monoid: (L;<,®,1) is a po-monoid, i.e.
Va,b,zeLl)ja<b = a0z <bOx

(ii) Triangle Inequalities: For all a € L,

a==> (a@z)>2x
a®(a=0=12) <z

1.€.

GaOFaZidP}

i.e. F,o0Gq <idg

(iii) For all a,b,c € L
(a == (b=c=¢)) = ((a®b) == ¢) = (b == (a == ¢))

(iv) a © (+) preserves finite joins and infinite suprema when ezist, i.e., when the

sups involed exist,
a® (\/xz) = \/(a@xi)
iel iel
(v) a =e= () preserves finite meets and infinite infima when exist, i.e., when the
infs involed exist,
a == (/\xz) = /\((I == 1‘2)
i€l el

In addition we have: (a Vb) == ¢ = (a =o= ¢) A (b =c= ¢)
where, a®z := N{ueL:z <a=c=y}and (a=c=>z):=\/{y € L:ady = x}.

(vi) Forall z,y €L,

O (x=0=>y)=y iff (Fzel)ly=z0 72|

(vii) For all z,y € L,
iff (Fzel)ly=(z=0= 2)]

z == (xOy) =y
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Integrality implies:
(iix) aG©b<aAb.
(ix) a<biffa=c=b=1.

(x) The universal bound L is the zero element with respect to ®, i.e.: L =0.

Divisibility implies:
(xi) a®(a=c=0b)=aAb.
(xii) a®a=athen (VbeL)jaANb=a® D
(xiii) a1 < ag implies a1 ©® b= a1 © (az == (a2 © b))
(xiv) a®©(bAc)=(a@b)A(aGc)
(xv) a=0=(bAc)=(a==0) O ((aNd) == ¢)

(MV) ((a == b) =o=b) =a Vb

Finally if @ < b then (a = z) > (b = ), ie. Go > Gy and (x = a) < (x = b) ie. .
G <GP

3.4.6 Theorem. Let (L,<,®,1) be an commutative, residuated { — monoid and z,y € L,
then:

(i) zo@==y) =y ff(Fzel)ly=z20;]
(ii) z=0= (z0y)=y iff (Fzel)y=(z=0= z2)]
(iii) (y == z) =0=> z =y iff (Jz € L)y = (z == )]

PRrooF: If f : A —— B is a residuated map then by Theorem 2.6 in Blyth & Janowitz,
the following (i), (i7), (iii) as well as (i'), (i), (#i7) are equivalent:

(i) ffof=ida (i) foft=idp

(ii) f is injective & (ii")  f is surjective

(iii) f* is surjective (iii’) f7 is injective.
Thus,

ftof=idy iff fT is surjective iff (Vo € A)(3y € B)[z = fT(y)]
foft=idgp iff [ is surjective iff (Vy € B)(3z € A)[y = f(2)]

Applying these observations in turn to Fj, F,;f = G, we have

(i) (Vy € L) [Fo(Galy)) =y] it (VyeL)Fz€eLl)y=Fy(2)] or
Vyel)jz0 (z=0=>y)=y] iff (Wel)Fzel)ly=x20 2] ol
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(ii) Similarly, (Vy € L) [G2(Fy(y)) =y] iff (Vy e L)(3z € L) [y = Gx(2)] or
Vyel)z == (z0y)=y] iff (VyelL)(Fzel)y=1z=0= 7] all

(iii) Since,
rOb<a ffb<z=0=a iff x<(b=0=a)

If we define,
o : LP — L /] z+ go(z) := (z =0= a)

and,
g :L — LP J x|—>gj(x) = (x == a)

then, gq(z) <? b iff x < gf(b) i.e. go 197

Applying the above to g4, g} we have

(Vy eL) [g2(97 () =y if  (Vyel)(Fzel)ly=g.(2)]
(y=e=x)=0= )=y if (Wel)Fzecl)[y=(z=c=2).

3.4.7 Theorem. The following conditions are equivalent:

(i) (L, <,®,1) is a commutative residuated ¢-monoid;
(ii) (Vo,y, 2z € L) [z == (y =o= z) = ((y © 2) == 2)];
(iii) (Vx,y,z € L) [z == (y == x) = (y == (z =e= x))];

(iv) (Va,y,z € L) [z © (y =o= 2) < (y O (2 =0= 2)) < (2 =0 (y O 2))]

PrROOF: (i) = (ii): (First proof) Due to commutativity and associativity we have (Th.
6.6)
(Vy,z €L) [Fy o F, = F, 0 F,| = Fyo.

Since Fy, F, are residuated maps then Fy o F, = F} o F,, is also residuated with residual,
(*) G.o Gy = Gy oG, = Gy@z
But this says that, for all z,y, z € L,

z == (y == x) = (YO 2) == . all
(i) = (iii): By (*) we get also the equivalence of (i) < (iii), i.e. from G, 0 Gy = Gy 0 G,
we get,

z == (y =0=> ) =y == (2 == x).

(Second proof of (i) = (ii): We can see that: For all a,b € L

a=b iff (Vzel)[z<a iff <) ( see Remark 3.1)
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Thus in order to prove that (z == (y == z)) = ((y ©® z) == x) we have to prove that for
all w e L,
w< (2 =07 (y =0 x)) iff w<((yoz) =021

But w < (2 =0= (y =e= 1)) X wOz < (y=o=1x) X wOyOz <z R w < ((yoz) == x).
We note that we could easily prove that (ii) < (iii). Indeed from (ii) we get
(z == (y =o= 2)) = (2 O y) =c= ).
But z ®y =y ® z since L is commutative. Thus:
(z0y) === (yOz) == x@y == (z == z) = (iii)

and conversely. Or alternatively use (®) to prove (ii) < (iii). all

Before we prove (i) < (iv), we shall prove a lemma.

3.4.8 Lemma. If (I, <) is a poset and F1,Fy € Lt are residuated maps with residuals
G = Ff“, Gy = F; respectively, then

FioFy, <FoF, iff Fo0G1 <Giok,

PROOF: Let F} o Iy, < Fy 0 Fy then

idoFy0Gy < GioFio0F,0G; (triangle inequality)
= Gio(fioFy)oG1 <Gio(FyoFy)oG; by hypothesis
= (GyoFy)o(F10Gy) <GpoF, since F} oGy <idp

and conversely, if F» o G < Gy o F5 then,

FloFQSFloFQO(idL) FloFgo(GloFl)
FioGiolyol

FQOFl. '|I

ININ TN

(i) & (iv):(continuation of Th./Theorem 3.4.7) The commutativity and associativity is
equivalent to (Vy, z) [F, o F, = F, o F,)]. But this is equivalent with

FyoF,<F,oF, and F,oF,<F,oF,.
Using the Lemma, these are equivalent to
F.oG,<GyoF, and FyoG,<G,0oF,

which are exactly relation (iv). al
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3.4.9 Remark. If (L, <,®) is a commutative residuated ¢-monoid then it is also a po-
monoid, see also/Remark 3.3.3i.e. :

a<b=a0x<boOx for all z € L.
Indeed, from triangle inequalities we have:
(Vb,z € L) b < (x == (bO x))]
By the transitivity of <, we get:

a<[r=0= (bOx) @n) a®zr<bouz,

hence, (L, <,®) is a po-monoid.

3.4.10 Example. Any complete abelian po-group (G, ) is a commutative quantale with

Fyx):=a-x and Go(z) = (a == z) :=a ' - 2.

3.4.11 Proposition. Foralla € L,let Co() : L—L ) x— Cy(x) := ((z=0=a) =0=a),
then C,(+) is a closure operator.

PROOF: (i): Cy4(+) preserves order, since if z1; < x9 then
(x1 == a) > (z2 =0=> a) andso a =t= (r; == a) < a == (x2 =C= a).

but (a == (z1 == a)) = ((x1 == a) == a) and (a == (22 == a)) = ((v2 =c= a) == a),
thus Cy(z1) < Cy(2) 0

(ii): (Vxz € L) [x < Cy(x)]. This is clear since from triangle inequality we have

x®(x=0=a)<a @n) z < ((x == a) == a).

(iii): Idempotency. We have to prove that: C, o C, = C, or
(x == a) = (((x == a) == a) == a).
From (ii) since z < ((x == a) == a) it follows that
((r =o= a) == a) < (x == a) since (—) == a is antitone.
The reverse inequality follows, since from triangle inequality we have:

(x == a) ® ((x === a) === a) <a. Al
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3.5 Integrality.

Let (L, <,®,1) be a commutative residuated ¢-monoid. Let also T be the top element in
the lattice (L, <). The interrelationships of the top element and the unit element 1 of the
monoid (L, ®, 1) is interesting.

We may say that our element a of (L,®,1) is integral iff « < 1. If all elements of
(L,®,1) are integral, i.e. (Va € L) [a < 1] then (L, ®, 1) is called integral /-monoid.

If T =1 then an /-monoid is integral. More precisely we have:

3.5.1 Definition. A residuated, commutative f~-monoid (L, <, ®) is called integral iff T =
1, i.e. the universal upper bound T acts as the unit element w.r.t. ©.

3.5.2 Lemma. Let M = (L,<,®) be a commutative residuated ¢-monoid, and 1 be the
monoidal unit element, whereas T is the universal upper bound of the lattice (L, <). For
every element x € L,

(a) The following assertions are equivalent:

(al) x = 1;
(a2) v < (a == b) iff a <V;
(a3) a = (x =0= a) for all a € L.

(b) Likewise the following assertions are equivalent:

(b1) (L, <,®) is integral;
(b2) 1 =(a == b) iff a <b;
(b3) a = (1 == a) for all a € L.

(c) If there exists x € L, with T ®x =1 then T = 1.

PROOF: Assertion (b) is an immediate consequence of assertion (a). In order to verify (a)
we proceed as follows:

(al) = (a2). This is obvious, since if = 1 then by (AD) we have
a®1<b iff 1<a=c=b.
(a2) = (a3). Let (a2), then since a < aiff x < a == a iff a <z == a.
To prove now that (xz == a) < a we use the triangle inequality

rO®(x =0 a)<a iff < ((z=c=a)=0=a)=(a=0=>(x=0>a)).
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(a3) = (al). Since a = (z == a) for all a € L then by Th. 6.12 (iii) with y = a,
z =x, x = a we have
((a == a) =e=a) =a

By Theorem 3.4.6 (ii), we have with y = a,x = z,z = a,
x == (rG@a)=a
But z©a=(z == (xxa)), thenz®a=aorz=1.
(c) Because (L, <, ®) is a po-monoid we have
T=TOl1LTOTLT.

On the other hand we infer from the hypothesis of assertion (c): T ® (T == 1) = 1.
Multiplying both sides by T we have

T=10T=ToTeo(T==1)=T6(T==1=1. -l

e In any integral, residuated, commutative /-monoid the following relation holds:

(*) a®b<aANb

e Due to integrality Va,b e L, b<1iff b <a =0=aiff a®b<aorsincea®@b<aAb
then
a®b<a, &aOb<DH

From (%) we have:
(anb) == 2 <(a®b) =02 and =z == (a®b) <z == (aAD)
So that:
zO(x == (a®b) <aAb<k, where ke {a,b}

and
(a®b)®[(aNb) == x] < z.

3.6 Algebraic strong de Morgan’s law:

Distributivity of the underline lattice structure

The logical principle:
(p==q)V(g==p)=1
is clearly true in Boolean algebras. However it need not hold in a frame or in general in

an integral commutative, residuated ¢-monoid. This principle was termed by Johnstone
[SLNM # 753 (1979), 479-491] Strong de Morgan’s law (SDML).
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A related property to SDML is the property:
—(aAb)==-aV-b (DML).

(The first de Morgan’s law —(a V b) = —a A —b automatically holds in IL by the adjointness
of A and =c=.)

P. Johnstone proved that:

“Let X be a topological space. The frame Q(X) of open sets of X satisfies DML iff X
is extremally disconnected” (disjoint opens have disjoint closures).

3.6.1 Definition. An integral, commutative, residuated ¢-monoid is said to satisfy the
algebraic strong de Morgan’s law (ASDML) iff for all a,b € L,

(a == b)V (b=0=a) =1

3.6.2 Proposition. In any integral, commutative, residuated f-monoid the following
assertions are equivalent:

(i) (a == b) V (b =0= a) =1 for all a,b € L.
(ii)) a == (bV ¢) = (a == b) V (a =e= ¢) for all a,b,c € L.

(iii) a Ab) == ¢ = (a == b) V (a =6= ¢) for all a,b,c € L.

PrOOF: (i) = (ii): Since a ® (a == b) <b<bVe and a®(a==¢)<c<bVe

we have,
Ezzg i Ziggy ; } = (a == )V (a =0 ¢) < g == (bV o)

i.e. holds always.

Thus we have to prove that,
a=c= (bVe) < (a=c=0b)V(a=0=c).
Since a ® (a == (bV ¢)) < bV ¢ (triang. ineq.) then,
a<(a== (bVc)) == (bVe).
So that
l=a=t=2a < a=0=>[(a=0= (bVec)) == (bV)]

since bVe < (¢ =0=b) == b)
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< a == [(a=0= (bVc)) == ((c == b) == b) ]

since a == (y == 2) =y == (x == 2)
= a == [(c=0=b) == ((a == (bV ) == b]

since a == (y == 2) =y == (x == 2)
= (c=e=b) == [a == ((a == (bV ) == b]

Thus,

(%) 1O (c==b)=c=0=>b<a=0=[(a == (bVc)) == 1]
and by reversing the roles of b and ¢ we get

(%) (b =6=¢) <a=c= [(a=c= (bVc) == ¢
Thus,

(a == b) V (a =o= ¢))

== (bVc)) == (a == b) V (a == (bV ¢)) =t= (a =0= ¢)
=a == ((a == (bVc)) == b) Va =t= ((a == (bV ) == ¢)
—o= )V (b == ¢) =1, by ASDML .

It thus follows that
a=c= (bVe) < (a=c=0b)V(a=c=c).
(i) = (iii):
(bAc) == a) == ((b==a)V (c=t= a)
(bAc) =e=a) == (b=0=a) V ((bAc) == a) =t= (c == a) =

b=c= (((bAc) == a) == a) Ve =t= (((bAc) == a) =¢= a)
(b=c= (bAc))V(c == (bAC))

= (b==c¢)V(ic==b)=(bVce)==cV(bVe) ==b

= (bVe) == (bVe)=1

Y

So, (bAc¢) == a < (b == a) V (¢ == a). The opposite inequality is always true.

(iii) = (i): (a=e=b)V(b=c=a) > (a=e=(aAb))V(b==aAb)) = (aAb) == (anb) = 1. -l

3.6.3 Lemma. Let (L, < ®) be an integral, commutative residuated ¢-monoid, satisfying
the algebraic strong de Morgan’s law. Then the following assertions are valid:

()aob<(a®a)V(beb), (a@a)AN(bOb) <a®b;

(ii))a® (bAc)=(a®b) A (a®c);

(iii) a A (bV ¢) = (a A b) V (a A ¢), ie. the lattice (L, <) is distributive.
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(iv) For all z,y € L,

rVy=[(r=0=y) == y]A[(y == x) == 7]

PRrROOF: (i):

a®b =(@ob)ol=(a0b)(la==>b)V (b= a)

=[(a®b)©(a=0=b)]V[a©b)© (b=t a)]

<[bO (@0 (@ == )]V [a0 (b (b == 0))]
<(bOb)V(e®a)

(@a@a)ANbOb) =[a0a)ANbOb)ol=[(a®a)AbOb)]O (a=c=0b)V(b=0=a)
]V

=[[(a0a) AN (b)) o (a==Dd)|V[(e®a)A(bOb)]O (b=c= a)
<[(a®a)®(a== )| V[(b©Db) ©(b=0=a)]
=la®(@®(a==0)|V[bO DO (b=0=>a))]

<[la®b]V[bOal=a®b
(a®a)AN(bOb) <a®b. 0
(ii):
=1
(a@b)A(a®c) =[(@Ob)A(a®c)]O[(b=0=c)V (c=c=0b)]

=[((@a0b)A(a®c))© (b= )] V[(a®bd) A(a® ) O (c == b)]
<[(a®b)®(b=0=c)]V[(a®c)® (c=0=0b)]
<(a®c)V(aob)=ac(boc)<ad (bAc).

Since ® is isotone in both variables,
(@b AN(a®c)<a® (bAc).

The other way is trivial. -0

Other proof: Since © is isotone and b > b A c and ¢ > b A ¢ then,

a®b > a@(b/\C)}:@(GQb)/\(a@c)Za@(b/\c) -0

adGc > a®((bAc)

(iii): It is well known that to prove distributivity, it is sufficient to show that if bA ¢ < a
then (a Vb) A (aV c) < a. However,

(an(bAc)) == ((anb)V(aNc)) [(an(bVe)) == (aAb)]VIaNA(bAc) == (aAc)]

> [(bAc) == (aAD)]VI(bAC) == (aAc)

since (—) == x is antitone
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[(bAc) == bl V[(bAc) == ¢| since x == (—) is isotone

>
> (e==>b)V(b==>c¢)=1 since x == (—) is isotone

aN(bAc)<(aNb)V(aAc). all
(iv): First we shall prove the inequality:
zVy < [(z =05 y) ==y A [(y == ) == z]
Due to integrality we have for all z,y € M,
z0y<zAy<y
From adjunction (AD) we have,
zOy<y iff y<z=6=y9
Choosing z = (x == y) we finally get,
y<(z=0=y) =0y
On the other hand, adjunction (triangle inequality) implies that,

(AD)
zO(x=0=y) <y = z<(x=0=>y) =y

So by (x) and (x*) we get,
xVy<(r=o=y) ==y

Interchanging the roles of =,y we also get:
xVy<(y=c=x) ===z

hence we obtain,
xVy < [(z == y) == y| A(y == ) == 7]

For the converse inequality, we have:

[(z =o=y) == y| A [(y == z) == 2] =

()

[(x =0= y) V (y =0= 2) | O {[(z == y) == y] A [(y == x) =0= x|}
<[(z == y) O ((z == y) =0= y) |V [(y =0= ) © ((y =0= z) =0= 7)]

<yVr=zxzVy. 1

3.7 Divisibility.

Let (L,<,®) be an integral, commutative, residuated ¢-monoid and (L, <°) = (IL, >) the

opposite poset.
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3.7.1 Definition. (L, <,®) is called divisible iff

(%) (Va,beL) [a<b=o= (FceL)b=a® ]
and it is called dual-divisible iff (L, <%, ©®) is divisible, i.e.

(%) (Va,beL) [b<a == (FceL)b=a® ]

In the framework of integral commutative, residuated £-monoid we have that T =1, 1=10
and (Vz € L)[z < 1] so that if L is divisible then (Vz € L)(3c € L)[c ® x = 1] which is

1

not possible. For example let us take L — [0,1], 2z ®y := max{zx +y — 1,0}, then 153
3 1 3 1 1

but for z < T 1%6) x=0# 3 for x > T then 1 Or= 3 does not have a solution in

[0,1], since x = — > 1. So for integral ¢-monoids (x) is not the appropriate concept of

divisibility. From now on when we say divisible we shall always mean dual-divisible.

A characterization of divisibility is given by:

3.7.2 Lemma. Let (L,<,®) be an integral, commutative residuated {-monoid. Then the
following assertions are equivalent:

(i) (L, <, ®) is divisible;
(i) aANb=a® (a == b);
(iii) a =e= (b A ¢) = (a == b) ® ((a ANb) =e= ¢).
PRrooF: (i) = (ii): Let (L, <, ®) be divisible. Then by definition:
(Va,beL) [b<a== (3ceLl)b=a®)].
But since b < a iff a A b= b we get
(Fcel)lanb=a®d].

Since b = a ® ¢ we have in particular,

(4D)
a®c<b & c<(a==0b)
Thus,
aANb=a®c<a®(a==b)<b=aAb (triangle inequality)
ie.

aNb=a® (a =c=b).

In general we have by triangle inequality,

a® (a=c=10b)<b.
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However in the presence of divisibility we have that:
a®(a==b) = aAb<b
and a®(a=0=b) = aAb<a all
(ii) = (iii): First we note that:

(anb) ==c = a®(a=0=0b)=0=c by (i)
= a== (a=0=>b) == ¢

since (a®b) == c=a == (b =0= ¢) with a <« a,b «— (a == b) and ¢ « ¢
= (a =0=b) == (a =o= ¢)

since a == (b == ¢) = b == (a == ¢)

Thus,

(a=c=0)O ((aNb) == ¢) = (a=0=0b)O((a == b) =o= (a =c= ¢))
= (a =0=b) A (a == ¢)

since z© (r == y) =z Ay, with x = (a == b),y = (a =5= ¢)
= a=0=> (bAc). all
(iii) = (i): We know that integrality is equivalent to:
(Vzel)z=(1 = z)].

Suppose now that b < a. In order to prove (i) we must prove that there exists ¢ € L so that
b=c®a. Indeed:

a®(a==0) = (1==2a)0((1Aa)==0b); (1Na=a)
= 1==aAb by (il
= 1==0 sincea ANb=10
= b

c=(a=c=10). Al

3.7.3 Proposition. Let (L,<,®) be an integral, divisible, commutative residuated /-
monoid, then we have:

(i) If a is idempotent w.r.t. ®, i.e. if

a®a=a then aANb=a®b forall bel.

(ii)) a1 < ag == a1 © b= a1 © (ag == (az ©® b))
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(iii) a® (bAc) =(a®b) A (a®c)

(iv)a®b<(a®a)V (bOb)

(v)an(bVe)=(aNb)V(aNc)
PROOF: (i): Since for every a,b € L we have a ® b < a A b then from the previous Lemma
(ii) we have:

a®b<aAb = a0®(a=c=D)

a®a®(a=0=>0b) sincea=a0®a

a® (a® (a=0=0))

a®b since a® (a == b) < b ( triangle inequality).

ThusaAb=a®bforallbel q0

IA

(ii): Let a; < ag. Divisibility implies that [as ® (a2 == a1) = a2 A a; = a4]
a1 ® (ag == (a2 ©®b)) = a2 ® (a2 == a1) © (ag === (ag ® b))

since ag ©® (ag == a1) = a1 Nag = a;
= (ag == a1) ® ag (ag == (a3 ® b))

_ (a2 —o= al) ® [CLQ A (CL2 © b)]

But
az A (a2 ®b) = (a2 ®1) A (a2 ®b)
= az@(l/\b)
= as®b
Thus
a1®(a2=®:>(a2®b)) = (a2=®:>a1)®a2®b

[a2 ® (ag =o= a1)] © b
(al/\a2)®b:a1®b. ol

(iii): In the relation a Ab = a ® (a == b) we put for a, «+ (a ®b), and for b, — (a ® ¢) and
then we have:
(@O A(a®b) = (a@b)O[(a®b) == (a® )]
a0 (b0 (@08 <= (@)
= a0 (bofa== (b= (a0 0)))
ina=0=(b=0=>c¢)=(a®b)=(a®b) ==c¢ put a+—ab—bc—a®c
= 4B (== (@ == (@00)
since © == (y =c= 2) =y == (a =&= ¢)
= a®[bA(a== (a®c)) since z @ (x == y) =x Ay
= a®((bAc).
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This is so because a == (a ® ¢) = ¢ and this is clear since (Vx € L) x < a == (a © ¢) iff
x < ¢, this in turn is so since

(AD)
r<a==(a®c) — a®zrz<ab®c
& x < c.
The last equivalence follows since

r<c==2a0zx<a®c a€l ispo-monoid.

Suppose now that (Vx € L) [a®x <a®¢]. Put a =1 then z < c. all

(iv): Let us first consider an arbitrary pair (a,b) € L x L. Since (L, <, ®) is divisible and
a<aVbandb<aVb there exist elements ¢y, co € I such that

a=(aVvb)®ec and b= (aVb) Oc
Since a ® (bV ¢) = (a®b) V (a ® ¢) we have
a®b=[(aVb)Oca|oO[(aVvbd)Oc]=c0c®(@Vb) o (aVb)
But aVb=[(aVb)®c1]V[(aVbOe] = (aVb)®(c1Ver) since @ (yVz) = (x0y)V(rOz).
Thus

1O @Vbh)o(aVvd) = a0 (aVe)®(@Vvb) o (aVd)
< [(1@e)V(ea®e2) ®(aVvb)®(aVb)
= [[(avb)®(aVvbd)]®(ct®c)]V](aVd)©®(aVbd)]e (ca® ca)
= (a®a)V(bOD). all

(v). Since a Ab = a ® (a == b) then a A (bVe) = (bVe)©® ((bVc) == a)
<beob==a)V(co(c=0=a)=(aAb)V(anc). -l

3.7.4 Corollary. Let M = (L, <,®) be an integral, commutative, residuated ¢-monoid. If
M is divisible and satisfies the algebraic strong de Morgan law, then the subset Hy; of all
idempotent elements w.r.t. ® form a Heyting algebra, and the implication in Hy; coincides
with the implication based on ©.

PROOF: Let
Hy:={eeM|ede=ce}.

Now for all a,b € Hys idempotency implies that
a®b=aANb.
Thus (AD) becomes in this case,

(%) (Va,b,c € Hy) [anb<c iff a<b=0= c]
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But this is the definition of a Heyting algebra. (A Heyting algebra is a lattice with 0 such
that for all a € H, the endomorphism,

F,H— H ) 2 Fy(z)=aANz

has a right-adjoint, i.e. (x).) It is also clear by the way we have defined Hj; that implication
in Hy; coincides with implication based on ®. This is so since a ® b = a A b. 1

3.7.5 Remark. From the above Corollary, we see that the structure of cirl-monoid which
satisfy in addition, the divisibility and the algebraic Strong De Morgan’s law, is a direct
quantitative generalization of Heyting algebras.

The next characteristic which refines the classification of our structures is negation. Like
in the Heyting algebras, negation is not necessarily involutive, and there is no bi-duality.
Thus we may have bi-Heyting algebras and Heyting algebras with an involutive negation.
Similarly in the quantitative case we have corresponding classifications.

3.8 Involutive Negation and Girard monoids.

In an integral, commutative, residuated f-monoid M = (L, <, ®) we have that 1= 0 and
T=1

3.8.1 Definition. (i) For all a € M we define the negation of a:

—a = (a == 0)

(ii) The negation is an involution iff for all a € L,
—|(—|a) = Qa

((a =o= 0) === 0) = a

(iii) An integral, commutative, residuated ¢-monoid is called an integral, commutative
Girard monoid iff the negation is an involution.

3.8.2 Proposition. —a is the greatest element such that
a®-a=0

ie.

—a=\/{z|z©a=0}
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—a is the greatest element such that

PROOF: Since —a := (a == 0) and we know that for all a,b
az@@b::\/{xELM@xgb}

then putting b = 0 we get:
ﬂa:\/{$61[4|a®x§0}

Due to integrality we have 0 < a ® z, so that

ﬂa:\/{xel\aQaf:O}. -1

Note. Thus —a is a pseudocomplement-like operation w.r.t. the general monoidal operation
®, and Vb € L,
g :=a == 0<a=0=0,

(a =5= —) is isotone and 0 < b.

3.8.3 Proposition. Let M = (L, <,®) be an integral, commutative Girard-monoid. Then
the following relations are valid:

(1)a=c=b=[a®(b=c=0)] == 0, i.e. a== b= =(a®-b) [= (a=c=b) = (=b=0= —a)]

(2). (anb) == 0= (a == 0)V (b=0c=0), ie. 7(aANb) =—aV —b.

PROOF: (1): Since M is Girard-monoid, the negation is an involution, thus:

a==b =a == ((b == 0) == 0)
=(a® (b=e=0)) == 0 by (iii)

Note also that (a ® (b == 0) == 0 = (b == 0) == (a == 0) = —b == —a, i.e.

a==b=(a®(b=c=0)) == 0=-b=0=> —a

(2): We have:
((a==0)V(b=0=0)) == 0 = [(a=0=0)=0=0]A[(b=c=0) =0= 0] by (v)
= aAb by (xvi)
[((a == 0)V (b == 0)) == 0] =o= 0= (aAb) == 0

(a=c=0)V(b=c=0)=(aAb) ==0. Al

3.8.4 Lemma. Let (L,<,®) be an integral, commutative Girard monoid. Then the
following assertions are equivalent:
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(1) (L, <, ®) satisfies the algebraic strong de Morgan law;

(2) Va,b,ceLl)ja® (bAc)=(a®b)A(a®:c)

PROOF: (1) = (2): This is just the previous Lemma (2) all!

(2) = (1): To prove that (2) = (1) we shall prove instead of (1) the equivalent condition
(Prop 2.3 (a)),
a=c= (bVc)=(a=c=0b)V(a=0=c).

Indeed,

a=c= (bVe) =

b == 0) A (c == 0))] == 0

a®(b==0))A(a® (c=c=0))] == 0 by (2)

a® (b=c=0)) == 0] V[(a® (c == 0)) == 0] by (xviii)
= (a=c=0b)V(a=0=0b) by (xvii). -l

—_— — — —

3.8.5 Lemma. Let (L,<,®) be an integral, commutative Girard monoid satisfying the
ASDML. Then the “negation” has at most one fixpoint, i.e. :

a=a==0 and b=0b=6= 0 implies a=b.

PROOF:

a = a0®l

a®[(a=0=0b)V (b=c= a)]

a®[(a=0=>0b)V ((a == 0) == (b =c=0))] since b == a = (a == 0) == (b == 0)
a® [(a==b)V(a == 0b)] by hypothesisa == 0=a and b=c=0=15b
a®a=0=>0b  since (a == b)V (a == b) =a == b

< b interchanging the réle of a and b we have a = b. -1

3.9 Square roots.

An integral, commutative, residuated ¢-monoid (L, <, ®) has square roots iff there exists
a unary operation,

S:L — L ) a~ S(a)
having the following properties:
(S1) (Va€el)[S(a)® S(a) = al.
(S2) (Va,beL)[bob<a=0=0b< S(a)]



56 Residuated Monoids

Properties (S1) and (S2) uniquely determined the operation S. Indeed, let S” be another
operation satisfying (S1), (S2), then,

S(a) ® S(a) =a = S(a) ® S'(a).

Since S is uniquely defined we denote S(a) also a'/? or /a.

In the following proposition we collect some useful inequalities beyond the basic,

TO(y =0 z) <y == (202)

3.9.1 Proposition. (i) (a == b) ® (¢ == 0) < (a ® ¢) === (b©® 0)
(i) (a'/? == b1/?) © (a/? == bY/?) < a =o= b

(1-1'1-) (a1/2 o (a o b)1/2) o) (a1/2 ® (a o b)l/Q) <b

PROOF: (i):

(a == b) © (¢ == 0) c == [(a == b) ©®J] sincex @ (y == 2z) <y == (z O 2)
¢ == [a == (a ®9)] -7 =

(a®c) == (a®9). 0

VARVAN

(ii): Using (i) with a = 6 < a'/2,b = ¢ < b'/? we get the result. all

(iii): (a'? ® (@ =o= b)V?) © (a'? ® (a =0= b)V/?) = (a'? © a'/?) © ((a == b2 6
(a=e=b)/2)=a® (a=e=0b)<b. Al

3.9.2 Proposition. (General properties of square roots.) Let (L,<,®) be an integral,
commutative, residuated £-monoid with square roots. Then we have:

(i) a<a'’? a<b=o= /2 <pl/2

In a complete Boolean algebra we have x = 1 and the relation a'/? = a holds for all
a € B (prove it!). Thus a square root in a Boolean algebra is a closure operator.

(i) a'/2 ® b'/2 < (a ® b)1/2
(iii) (a A B)Y/2 = al/2 p p1/2
(iv) (a AD)'/2 = al/2 A b1/2
(v)aob< (a®a)V (b®b)

(vi) aAb<a’?® b2 <aVvhb.
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(S2) 12,

PROOF: (i): Due to integrality we have: a ®a < aAa =a = a < a We have
al’2©a*? =a <b. Thus a2 © a2 <b (ig) al/?2 < p/2, alll

(i): (a2 ©b'/2) @ (a/? © bY/?) = (a'? ©® a/?) © (b2 ® b'/2) = ¢ ® b. In particular

(@202 0 (202 <aob B a20b/2 < (@obn)V2 I
(iii): By the previous proposition we have

(a'/? == b2 0 (a'? == b/?) < a=o=b and (a0 (a==b)"?)o (a0 (a=0=b)"?) < b.

Using the axiom (S2) we infer:

a'? == b2 < (a=e= b)/? and o'/ (a=c= b)Y2 < b2 iff (a =0 b)'/? < al/? o b/
al/? —om pL/2 < (a == b)1/2 < al/? —om pl/2

ie.
(a == b)V/? = 4!/ == p1/2. 0

(iv): Since the square root function is isotone we have always
S(aAb) < S(a)ASDb) or (anb)/?<a'’? b2
For the converse, we observe that:
(a2 ADY2) © (a2 ADY2) < anb (why?)

so that
(@2 AbY?) < (anb)?. A0
a

(v): We know that a ® (b®¢) = (a®b) V (a®c¢) (iv), so that
a

(aVb)©(cVd) =(@ec)V(aod)Vboe)V(beI)
<(a®c)V(bVd)

Thus,
(aVb)®(avb)<(a®a)V(bOb)

and by (S2) we get
avb<[a®a)V(beb)/?

Squaring both sides and applying (iv) we get:
(@a®a)V(@ob)Vbob) <(ada)V (bOb)
since (a ®b) V (b ® a) = (a ® b) so that
(a®b) <(a®a)V(bOD). all
(vi): By (S1)

anb = (aAb)Y2@ (anb)/?
al/2 @ pl/2

IN
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since a Ab < a and a Ab < bimplies (a A b)Y/? < a'/? and (a A b)Y/? < b'/? and this in turn
implies (a A b)Y/2 ® (a Ab)Y/2 < al/2 @ b1/2.

Using now a ©b < (a®a)V (b®b)

(xxiii), we get,

a2 ob 2 < (a?ed/?)v 2 ob?) =avh.

3.9.3 Corollary. Let (L, <,®) be an integral, divisible, commutative, residuated ¢-monoid

with square roots. Then,

b<a’20b/? == b<a.

PROOF: Since b < a'/? ® b1/2 we have that b A ((11/2 ® b1/2) =b. Thus

b =

(a2 A2 @ b2 by (xiv)

b (b/? == al/?)

IN A

(a1/2 o b1/2) Ab= (a1/2 o) b1/2) A (b1/2 o b1/2)
b2 0 b2 o (b1/? == a'/?) since a'/? ADY? = b1/2 0 (b2 == a'/?) (xi)

a2 o % ® (b'/? == a'/?) by hypothesis)

a'’? ®a'? = a since b/2(bY/? == a'/?) < a'/? (triangle)

b < a. -1

3.9.4 Corollary. Let M = (L,<,®) be an integral, commutative Girard-monoid with

square roots. Then

(i) (a ®b)'/% = ((a'/? © b1/?) == 01/2) == 01/2

(ii) If M satisfies the algebraic strong de Morgan’s law, then

(avb)'/? =al/?vpl/?

holds.
PRrROOF: (i):

((al/Q @ b1/2) == 01/2) == 01/2

(iif) (a2 <o (B2 == 01/2)) =om 01/?
(Xéi) (a1/2 —o= (b == 0)1/2) o /2
(5D (4 o (b o 0)) o 0)1/2

W (0 b) <o 0) <= )2

(xvi)

= (a®b)/?
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(if):
v P ((av b == 0) o= 012
Y (a0 A o 0)) o= 0]
) (0= 020 (0 o 0)12) <om 012
SANDML < o )12 =em 01/2) v (b == 0)1/2 = 01/2)>
(by Algeb. Strong de Morgan’s law)

- [((a o 0) == 0)M2V (b == 0) o= 0)1/2}
S L e
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