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tBB®¯G°GB¯HDB±G²³´?GBµ#¶HDB±L·¸>?A@²J ·¹BGºG q²J ·±r ºr»¼±JB FJ

»GB±²ºJ¯HDB±®¯JB³´?A@³Jq½°5¾?JE?»G°G ½³³J» @°B q°J¯G ½³?JK>À¿

?J FB±®?A@DH³J° FL D@BE»GººC³?A@FJÁ5º> FC³µfunctionsofseveralvari-

ables¼ ·»GHB±J³G»GBG ½³G°B D?AÂ³ @E BJ¯G°B± ÂE @ÃB DCD@BEµvrÄr¼ÆÅ?A@?A@°B± ÂE

»J°J qCqGHEµIrÇr¼ÆÅL DHDFL?J FJvrÄrIrÇrÉÈÄFDB ÂÊG H?A@»rÊr FJB®¯G¿

°J @»C³ H?J?JK>?J FB±®H»G @²q?J FJµMathematicalModels¼»GHBJ ?AÂ¿

DGHF¾³vrÄrIrÇrJ»G ²GH³FBE DÊ @FB± ÂEK@¾° ² @E ·´»¾E�i~}ËilÌ�

l}i~MaxwellF>E˝pºJ DDB±LE>º @± F°G H³J ?B±LE˝·L�i~}ËilÌl}i~

EinsteinF>E˝Í @³B±LEK@¾° ²JE F>E DÊ @FB±´F> FGE˝·±r ºr»r

Î



�©��ª« |j}iÏ9;:�}Ð8��~��~h}��8{ :~�kË} n~�{ :99im�~NÑË�

ilÌl} n~

=ÈJ HFL F>³»°J q?J FB±´F> FJ F>E DF@³LE D½³ @D>E F¾³»°GÁ5º>?®F¾³ F>E

@»B DFL?>E±JBF@Ê³GºG q²JE?A@vrÄrIrÇr @B B±´°5´ºGBJ °J ?J F²ÒGH³

@B B± ÂE» @°B» FCD@BE F>E»J°J±®F¾@ÃB DCD@¾E@HFÂ°JE F®Ã @¾E ·?A@HG

J³ @Ã®° F> F@E?A@FJÁ5º> FÂEx±JByM

a·
∂2ϕ

∂x2+β·
∂2ϕ

∂x·∂y
+γ·

∂2ϕ

∂y2+δ·
∂ϕ

∂x
+ε·

∂ϕ

∂y
+ζ·ϕ+η=0,

´»GHa,β,γ,δ,ε,ζ±JBη?»G°G ½³³J @²³JB DH³J° FL D@BEF¾³x±JBy·

9}a2+β2+γ26≡0�m :iϕ(x,y)�«{ �~«{ �lji �{il9 |l�o k{��l�r

yº ½D> F>E»J°J»®³¾vrÄrIrÇr KJJ»G CD@B?A@J»º´±JB @½º>» FG F°5´»G

�:Ï}oim k�:{ :m��{il�im k�noiji �9 �{�i Ìo�noÐÓl} no DÈÂ³J

@H° ½¯® D?JvrÄrIrÇr»GH»J°GHDB®ÒG³ FJB DFBE @¯J° ?G qÂE±JBqBJFBE

G»G² @E @²³JBJ ½³J FG³J @H° @K@²J³JºHFB±Lº ½D>·G»´F@>J°B K?> FB±L

J³ FB ?A@FC»B D>µ @»²ºHD>¼J»G F@º @²FG³?´³G³ @¯B± F´F°5´»G»°G DBG°B D¿

?G ½9i :~l�Ïm}m{i9 8o�~ÐÓl} n~ ·>ºJ L?BJEº ½D@¾E ·« ��«Ð�{ ��

�{il9 8o}~:{�im 8~�l�o �{i :m 8~l�o ��m}~r

Ô



ÕG @³ BJ¯ Â°G³ @²³JB´FB :��8~ �i:{i �9��im 8~ÐÓl}i~j�j��oim :o �« �i �

��im�:« ko��l�l�:9 8�{i«{ |�io �~ kÐ��:«{ �¬Ð�9;:�:�noh© Ñ©�©z©r

�©ÖÐ:llim 8~z}{i«�Ìl}i~h© Ñ©�©z©

ÈÄFDBJ³JÒ> FG ½?A@?BJ DH³®° F> D>u(x,y)D@?BJ» @°BGÊLΩ⊂»GH

B±J³G»GB @²?BJ@HFÂ°JE F®Ã @¾EvÄIÇF>E?G°¯LENM

Auxx+2Buxy+Cuyy+Dux+Euy+Fu=H. µ#×¼
tB DH³ F@º @DFÂEA,B,C,D,E,F±JBH?»G° @²³J @²³JB±J F®F?L?J FJ

DH³ @Ê @²E DH³J° FL D@BE F¾³x±JByr

Ø



Ù{il9 |~<ÚÛÜ5ÝÞßà5áâãäΩÜæåçèéµ#×¼êßA2+B2+C26≡0ëìíßîÛ ìáï

ð ìñ#òóóôõö÷õøùßúÝB2−AC<0ûáì∀(x,y)∈Ω
ðüñ#ýþÿþ���óõøùßúÝB2−AC=0ûáì∀(x,y)∈Ω

ðûñ� öôÿ���óõøùßúÝB2−AC>Oûáì∀(x,y)∈Ω�

tB±ºJ DDB±G²J³ FB»°5´ D¾»GB F¾³»J°J»®³¾@ÃB DCD@¾³ @²³JB M

µ��¼uxx+uyy=0µLaplace’sequation-
}

ÑÐÐ}i«�im Ìo µ��¼uxx+uyy=f(x,y)µPoisson’sequation)

µ�	¼uxx−uy=0µI @F®G D>�
@° ?´F> FGE ¿

}

z:{ :¬ �Ðim Ìo Heatconduction¼

µ��¼uxx−uyy=0µ pH?J FB±LÄÃ ² D¾D>¿

}

ª«}{¬ �Ðim Ìo Waveequation¼





Õ ÂºGE ·�« :{ :m k�n}Ë�lnl�µTricomiequation¼ ·?A@?> DFJK@°G ½E DH¿

³ F@º @DFÂENM
yuxx+uyy=0,

:« �j�j}i��o9}�k¬ :l�:« |l�9¬ :�im 8~l}�«}{����im 8~{ �8~

DF>³J @°G H³J ?B±L±JB @²³JB M

ÑÐÐ}i«�im� DFG>?B @»²» @Gy>0· z:{ :¬ �Ðim� DFG³®ÃG³Jy=0·

±JBª«}{¬ �Ðim� DFG>?B @»²» @Gy<0r

��9}�nl�<�öþÿþ ö����õþ��ÿõ������ô �ô��þõ÷ô���÷ ���þóó�

�� �õþ �÷õø���ëì� ! âÝÞßà5áûàú"ß áÛ á#ûß Ýáë$#á%á ÛÜÛß#Û&Ýí'!ß&Ý

Û&Ý(Þ ìà ìÞúÝ&ß á%)Ýåçèéøþõþ�÷þ ö�øÿ��ô÷þõ�÷õ�øþ÷þ �÷�+*

�ôõ�÷��,� �õø-�,þõ���/.����10çÛ!á�õôóóôõö÷õø.��2ò3ýöôÿõ*

4ÿ�,�� �,þõ���ô �þ�÷þ5ôÿ��øþ÷þ �÷� �ô��ðsteady-statephenom-
enañ �ß Ý)�õöþÿþ���óõø.�øþõ� öôÿ���óõø.�ô6õ �-�ôõ�þ ö���� �� �

ô6ôóõ ����ô �ô�øþ÷þ �÷� �ôõ�ëìá%áì%áë ì!îß#ðDiffusionstatesandpro-
cessesñ�

7



8©�}oim�ÐÓl�h©Ñ©�©z©

Ç°G FG ½´?¾E»°GÊ¾°L DGH?A@»° Â» @B³JBJ FH»CDGH?A@9i :¬ :lim�}«il��

9;:ol�»GHJ³J¯ Â° @FJB DF>³Ï}oim�ÐÓl�µ”General”Solution¼?BJE

vrÄrIrÇrÈÄFDBºGB»´³ ·´»¾E DFBE DH³LK@BEµ =rvrÄr¼ D»®³BJ D@@B ¿

B± ÂE» @°B» FCD@BE?»G°G ½?A@?´³G³JÁ°G ½?A@F>³q@³B±LFGHEº ½D>·

l�i~h© Ñ©�©z©�m :�kl�:l�}�o :i:m |9�j�l9}o 8l�}{�:9@»²»º ÂG³

@±JB´FJ³J±´?> ÂÊGH?A@F>³q@³B±Lº ½D>?BJEvrÄrIrÇrJ HFL?¿

»G° @²³J?>³ÁG>K®DF>³º ½D>FGH»°GÁ5ºL?J FGE?JE ·« ��« ko���}:�

« :i �}�im :o �« ���l�«{ �l �8�nol�o ��m Ìo·DH³G°BJ±C³LJ°ÊB±C³

µBoundary-InitialConditions¼rÇB ´DHq± @±°B ?AÂ³J ·DFBE=rvrÄr±JBqBJ

FBEq°J ??B± ÂE» @°B» FCD@BE> @»B KH?> FLº ½D>?»G° @²³JÁ° @K@²J»ºG ½D¿

FJ FJ?A@±J F®ºº>ºG»°G DBG°B D?´F¾³J HKJB° ÂF¾³ DFJK@°C³ F>Eq@³B±L¿

Eº ½D@¾Er =FBEvrÄrIrÇr>»J°J»®³¾H³J F´F> FJ @²³JB @¯B± FL?´³G D@

Â± FJ± F@E» @°B» FCD@BE±JBG± ½°BGEº´qGE @²³JB´FB>q@³B±Lº ½D>?BJE

vrÄrIrÇr @?» @°B ÂÊ @B:� �:�{}�}~l�o :{��l}i~J³ F²F¾³:� �:i{ 8�no

l�:�}{ Ìo»GH» @°B ÂÊGH³GB =rvrÄr

;



�©z:{ :j}�Ï9;:�:<

×r =F>³vrÄrIrÇr»J°JÁGºB±G ½F½»GHµÁ5º Â» @=ÊL?J×¼ M

∂u

∂t
=

∂u

∂x2|x∈(0,1),u=u(x,t),

?A@DH³ KL± @Eµ :{�im 8~¼ Mu=u(x,0)=1|x∈[0,1]·

±JBµl�o �{i :m 8~¼:
∂u(0,t)

∂x
=u(0,t),

∂u(1,t)

∂x
=−u(1,t)∀t,

J»G @B±³ ½@FJB> ½»J°Ã>J³JºHFB±LEº ½D@¾E»GH²@FJBJ»´FG³F½»G

u(x,t)=4
∞∑

n=1







secan
(

3+4a2
n

)

(

e−4a2
nt

)

DH³2an(x−0.5)







∣

∣

∣

∣0<x<1, µ�<¼
´»GHan@²³JBGBK@FB± ÂE° ²Ò @E FBE @ÃB DCD@¾ENM

a· @¯a=0.5. µ>=¼

?@ABCDE

F



�rÍBJF>³vrÄr FGHLaplaceMuxx+uyy=0|
{

(x,y):x2+y2≤R2
}

±JB

F>³ DH³G @½GHDJ DH³ KL±>DirichletM

u(x,y)=g(x,y)|
{

(x,y):x
2
+y

2
=R

2
}

,

J»G @B±³ ½@FJB> ½»J°Ã>F>E?G³G DL?J³ FGHº ½D@¾E D@»GºB± ÂE DH³ F@¿

FJ q?AÂ³ @ENM

u(x,y)=
R2−ρ2

2π
·
∫

2π

0

g(Reiϕ)dϕ

R2+ρ2−2Rρcos(ϑ−ϕ)
, µ�G¼

´»GHx=ρcosϑ±JBy=ρsinϑr

w»GFBEµ�<¼ ¿µ�G¼ @²³JB DJ¯ ÂE»¾E>J³JºHFB±Lº ½D>»GH» @°B q°®¯ @FJB

J»´FGHE F½»GHE»GH» @°B ÂÊGH³ ·ÂÊGH³?´³G˝ �} n{��im�:Ë�:˝·J¯G ½G

H»GºG qB D?´E FB ?C³ F>Eº ½D@¾Eu(x,t)FGHµ�<¼qBJ DHq± @±°B ?AÂ³J D>?A@²J

(x,t)FGH» @²GHG°B D?G ½F>E @?» @°B ÂÊ @B±J FÈJ°ÊL»°G DBG°B D?´F¾³

K@FB±C³°BÒC³anF>Eµ>=¼±JB DF>³ DH³ ÂÊ @BJ?A@Ê°L D>F>E D@B°®Eµ�<¼ H»GºG qB D?´F¾³JK°GB D?®F¾³?A@?BJB±J³G»GB> FB±LJ±° ²Á @BJ»GH»°G D¿

BG° ²Ò @FJBJ»´FBEJ³®q± @E FGH»°GÁ5ºL?J FGE»GH» @°B q°®¯ @B>G D?AÂ³> vrÄrIrÇr?A@FBE»°5´ DK@F@E DH³ KL± @E»GH}Ë :l�:Ð�H ��o��9 �o �l��

9;:o����~ÐÓl} n~��~r

�I



Èt»¾EKJG ½?A@J° q´F@°JH»®°ÊGH³:{i �9��im 8~9 8��j�i»GH?A@« �ÐÓ

�ÐiÏNÌ�}{ ��« �Ð�Ïil�im |m |« �?»G°G ½³³JCDGH³F>³H���Ó9}o�

�ÐÓl�l}ji k� �{ :l�9}�:���«}j� ���{il9 �Ó��~vrÄrIrÇr?A@

F>³J³J q±J ²GHDJJ±° ²Á @BJFGH»°GÁ5ºL?J FGE ·±JB?A@»Gº ½»B ´J»ºLB ¿

J B±J D²Jr

J©Ñijim��KÓl�h© Ñ©�©z©

w³J¯G°B±®?A@FGKÂ?J��~}ijim�~ÐÓl} n~»GHB±J³G»GB @²?BJvrÄrIrÇr

±JB FBE DH³G @½GHD@EJ HFL³ DH³ KL± @Eµ»GH@ÃJ D¯Jº²ÒGH³FG?G³G DL¿

?J³ FG F>EJ³JÒ> FG ½?A@³>Eº ½D@¾E¼K:«{ 8«}io :��oil ��Óoj��l�9}��

:rÕG»°CFGJ³J¯ Â° @FJB DF>³q@³B±Lº ½D>?BJEvrÄrIrÇr»G HqBJ

FBE» @°B» FCD@BEF¾³ @ÃB DCD@¾³»GHKJ?JEJ»J DÊGºL DGH³?»G° @²±J ¿

³ @²E³JJ³J¯ Â° @B F½»GHEq@³B±C³º ½D@¾³ @½±GºJ»J°J q´?A@³GHE ·G»´F@

�j�lm �Ð�:Ïi :��o} Ó{}l���~}ijim�~ KÓl} n~:o kÏ}�:il��o

im :o �« ���l��no«{ �l �8�nol�o �j}���lÌol�o ��m Ìo·»GHKJ

»° Â» @B³J»º>°G²> @B B±Lº ½D>rÕGF@ºB±´J»G FÂº @D?J @²³JB F@º @²¾E

BJ¯G° @FB±´J»´@± @²³G»GHq³¾° ²ÒGH?A@qBJFBE DH³LK@BEvrÄr
��



ÕG@½F@°GJ¯G°®DF>³BJ»² DF¾D>´FB ·@³CDFBE DH³LK@BEvrÄr´FJ³

Á° @K@²FGq@³B±´GºG±ºL°5¾?J> @½° @D> F>E @B B±LEº ½D@¾E»GHB±J³G»GB @²

FBE»°5´ DK@F@E DH³ KL± @E @²³JBH»´K@D>°GHF²³JE ·DFBEvrÄrIrÇrL´q¿

¾F>EHD±Gº²JE»GH»°GJ³J¯ Â° K>± @·�}ijim�KÓl�˝m��H}�:i˝9}

��o¬ �� �}i :«{ �l �8�nol�o ��m Ìom :ij}o« :{ kÏ}�:i:« ���o

Ï}oim�KÓl�rwHFL>»°J q?J FB±´F>E @²³JB @³ F@ºCEÊJ°J± F>°B DFB±L

DF>³9 8��j����ji :�n{il9 �Ó�no9}�:¬Ð��ÌoµSeparationofVari-

ablesTechnique¼ ·»GHJ»G F@º @²FG³»H°L³JF>E?A@K´GHFourier∗r

M©N}Ë�lnl�Euler

OEq³¾DF´³>vrÄrIrÇr FGHEulerM

a·
∂2ϕ

∂x2+2β·
∂2ϕ

∂x·∂y
+γ·

∂2ϕ

∂y2=0, µ�P¼
´»GHa,β,γDFJK@° ÂE±JBϕ=ϕ(x,y)·?»G° @²³JJ³JÊK@²l��om :o �o�

im���~9 �{��?A@Â³J?A@FJ DÊ>?J FB D?´M {

ξ=κx+λy

η=µx+νy, µ#×Q¼
?A@κ,λ,µ±JBν»°GE»°G DBG°B D?´DFJK@° ÂEr

∗RSTUVUWXZYXZ[\]W^��



L´q¾F¾³µ#×Q¼>µ�P¼q²³ @FJB M

µ#××¼(aκ
2
+3βκλ+γλ

2
)·

∂2ϕ

∂ξ2+2{aκµ+γλν+β(κν+λµ)}·
∂2ϕ

∂ξ∂η
+

+
(

aµ
2
+2βµν+γν

2
)

·
∂2ϕ

∂η2=0.

Ä®³ DF>³µ#××¼º®ÁGH?A@FBEJ±´ºGHK@EFB ?AÂE F¾³»J°J ?AÂF°5¾³M

κ=1,µ=1,λ=x1±JBν=x2, µ#×�¼
´»GHx1±JBx2GB° ²Ò @E F>E @ÃB DCD@¾ENM

γx
2
+2βx+a=0, µ#×�¼

F´F@>µ#××¼ºJ ?Á®³ @B F>³?G°¯LM
{a+β(x1+x2)+γx1x2}

∂2ϕ

∂ξ·∂η
=0,

»GH@½±GºJq°®¯ @FJB¾ENM

2

γ

(

aγ−β
2
)

·
∂2ϕ

∂ξ·∂η
=0, µ#×	¼

G»´F@BJ±° ²³GH?A@FBEq³¾DFÂE�» @°B» FCD@BENM

�Î



�i�β−ay>0�z}{�«�nl��«}{¬ �Ðim Ìo}ËilÌl} no� Ç°G¯J³CE>µ#×	¼J»ºG»GB @²FJB DF>³M

∂2ϕ

∂ξ·∂η
=0,

?A@q@³B±´GºG±ºL°5¾?JM
ϕ(ξ,η)=A(ξ)+B(η),

L @®³ @»J³ ÂºKGH?A@DFBEJ°ÊB± ÂE?A@FJÁ5º> FÂENM

ϕ(x,y)=A(x+x1y)+B(x+x2y), µ#×�¼
´»GHA(z)±JBB(z)J HKJ ²° @F@E DH³J° FL D@BE ÂÊGHDJB @HFÂ°JE»J°J qC¿

qGHE±JBx1±JBx2° ²Ò @E F>E @ÃB DCD@¾Eµ#×�¼ ·»GH»°G¯J³CE @²³JB»°J q¿

?J FB± ÂE±JB®³B D@Er

�Ô



z:{ kj}iÏ9;:<

=F>³J±´ºGHK> @Ã ² D¾D>?A@F®G D>± ½?J FGENM

∂2ϕ

∂x2−
1

κ2

∂2ϕ

∂y2=0,(κ−»J°®?A@F°GE) µ#×<¼
»°G¯J³CE>µ×�¼ ÂÊ @B F>³?G°¯L

1−
1

κ2x
2
=0,

?A@° ²Ò @EFBEx1=κ·x2=−κ9®°JFGq@³B±´GºG±ºL°5¾?JF>Eµ#×<¼ ·FG

J³ F² DFGBÊGF>Eµ#×�¼ @²³JB M
ϕ(x,y)=A(x+κy)+B(x−κy).

�ii�β−2γ<0©�z}{�«�nl�ÑÐÐ}«�im ÌoÑËilÌl} no� I @FG³²BGJ±°BÁCEF°5´»G @° qJÒ´?A@³GB´»¾E DFGµi¼ºJ ?Á®³GH?A@FG

q@³B±´GºG±ºL°5¾?JM

ϕ(x,y)=A(x+σy+iτy)+B(x+σy−iτy),

´»GHx1=σ+iτ±JBx2=σ−iτ·GB?B qJ B± ÂE° ²Ò @E F>Eµ#×�¼ ·»GH@²³JB

FGÊJ°J± F>°B DFB±´F>Eº ½D@¾EAF¾³ @ºº @B» FB±C³»°GÁ5º>?®F¾³r
�Ø



z:{ kj}iÏ9;:<

×r =F>³ @Ã ² D¾D>FGHLaplaceM

∂2ϕ

∂x2+
∂2ϕ

∂y2=0,

>µ#×�¼ºJ ?Á®³ @B F>³?G°¯LM
x
2
+1=0,

F>EG»G²JEGB° ²Ò @E @²³JB M

x1=1±JBx2=−1.

È w°JFGq@³B±´F>EGºG±ºL°5¾?J @²³JB M
ϕ(x,y)=A(x+iy)+B(x−iy).

�



�©��9«Ð�{ n9;:l��o}Ë�lnl����LaplacerOEq³¾DF´³ ·qBJF>³

@Ã ² D¾D>FGHLaplaceµ��¼J»G @B±³ ½@FJB´FB±®K@DH³®° F> D>u(x,y)»GH

@²³JBFG»°J q?J FB±´?AÂ°GE?BJEJ³JºHFB±LE DH³J° FL D@¾E?B qJ B±LE

?A@FJÁ5º> FLEf(z)·>ºJ LM
u(x,y)=Ref(z),

?A@z=x+iy±JBf(z)=u(x,y)+iω(x,y)·@²³JBº ½D>F>E @ÃB DCD@¾E

J HFLErÇrÊr ·qBJF>³ DH³®° F> D>f(z)=z2

·KJ ÂÊGH?A@M

f(z)=(x+iy)
2
=
(

x
2
−y

2
)

+2xyi,

®°J> DH³®° F> D>M

u(x,y)=x
2
−y

2
(≡=Ref(z))

@²³JBº ½D>F>E @ÃB DCD@¾E FGHLaplacer

�7



�iii�β2−aγ=0�z}{�«�nl�« :{ :¬ �Ðim Ìo}ËilÌl} no� =F>³» @° ²» F¾D>J HFLKJº®ÁGH?A@¾E FB ?AÂE F¾³»J°J ?AÂF°5¾³κ±JBλFBENM

κ=1,±JBλ=x∗,(��oji«Ð�{�H :��~µ#×�¼),

F´F@DF>³µ#××¼GB DH³ F@º @DFÂE FGH´°GH

∂2ϕ
∂ξ2±JB

∂2ϕ
∂ξ∂ηq²³G³ FJB?> Â³ · @³C

G DH³ F@º @DFLE FGH
∂2ϕ
∂η2?A@|µ|+|ν|6≡0@²³JB»®³ FG F@?>?> @³B±´EG»´F@

>µ#××¼q²³ @FJB M

∂2ϕ

∂η2=0,

?A@q@³B±´GºG±ºL°5¾?JM

ϕ(ξ,η)=A(ξ)+ηB(ξ),

L @»J³ @°Ê´?A@³GE DFBEJ°ÊB± ÂE?A@FJÁ5º> FÂENM
ϕ(x,y)=A(x+x∗y)+yB(x+x∗y),

µ#×=¼
´»GHx∗

>B»ºL° ²ÒJ F>Eµ#×�¼±JBA(z)±JBB(z)J HKJ ²° @F@E DH³J° FL D@BE

ÂÊGHDJB»J°J qCqGHE@HFÂ°JE F®Ã @¾Er

�;



z:{ :j}�Ï9;:�:<

=F>³»J°JÁGºB±LvrÄrIrÇM
uxx+4uxy+4uyy=0,

>q@³B±LF>Eº ½D>·Á® D@B F¾³J³¾FÂ°5¾Á° ² D± @FJB´FB @²³JB M

u(x,y)=A

(

x−
y

2

)

+y·B
(

x−
y

2

)

.

�F



_©����o �l�9;:o��m :i�Ñ�l�k�}i :�no KÓl} no�noh© Ñ©�©z©

=F> D@B°®J HFL F¾³»J°J ´ D@¾³ ·>?A@º ÂF> F¾³vrÄrIrÇr ÂÊ @B¾E±J F@H¿

KH³ FL°BGq°J ??LF>³J³ FB ?A@FC»B D>F¾³ @¯J° ?G qC³ ·DFBEG»G² @E´?¾E

»Gºº ÂE¯G° ÂE @?¯J³ ²ÒG³ FJBGBvrÄr¾E?JK>?J FB±®?G³ FÂºJ¯HDB±C³

¯JB³G?AÂ³¾³ 9»rÊr ·�«}{iÏ{ :��m :�:l�kl} noj�o :9im �Óm :�:Ð�Ï}i

l��o}Ë�lnl�LaplacerÈÄFDB ·>»J°J»®³¾?JK>?J FB±L» @°B q°J¯L F¾³

¯HDB±C³¯JB³G?AÂ³¾³ ·»GH@»B FHqÊ®³ @FJB?A@F>³ÁGLK@BJF¾³vrÄrIrÇr

±JB F¾³±J FJ ººLº¾³ DH³G @HGHDC³ DH³ K>±C³µJ°ÊB±C³` DH³G°BJ±C³¼ ·

qBJ³J ÂÊ @B³´>?J»° Â» @B³JB±J³G»GB @²HG±°B FL°BJrÕG»°CFGJ»JB F@²

F>³ Ó« :{Ë�9 �o �l�9 ko���ÐÓl} n~ ·±JK´ DG³ DFG³¯HDB±´±´ D?G

GB±J FJ DF® D@BE»GH»J°GHDB®ÒG³ FJBH»GGBJ DL»G F@DH³ KL± @E @²³JB

?G³J B± ÂEr ��j} Ó�}{ �m{i ��{i �:o :� 8{}�:il��o:o kÏm�}�l�k�

�}i :~µstability¼ DFBEºJ ?ÁJ³´?A@³ @Eº ½D@BE ·H»´F>³ Â³³GBJ´FB?B±° ÂE

?A@FJÁGº ÂE DFBE DH³G @½GHD@E F>³vrÄr DH³ KL± @E»° Â» @B³J»°G±JºG ½³

J³ FB DFG²Ê¾E?B±° ÂE?´³G?A@FJÁGº ÂE DF²EºJ ?ÁJ³´?A@³ @Eº ½D@BE ·G»´F@

F´F@FG»°5´Á5º>?JµvrÄra DH³ KL± @E¼±Jº @²FJBm :ÐÌ~�} �}i9 8o �µwell-
posed,wellformulated¼ 9®ºº¾EG³G?®Ò @FJBm :m Ì~�} �}i9 8o �µIll-posed¼r

�I



�©Ñ�j���o �j}���lÌo��o ��m Ìoh© Ñ©�©z©

ÕJ @²>F¾³BJ¯´°5¾³ DH³ K>±C³»GH»J°GHDB®ÒG³ FJB DFBE @¯J° ?G qÂE

±JB FJG»G²J @ÃJ D¯Jº²ÒGH³?G³G DL?J³ F@Eº ½D@BE BJ±° ²³G³ FJB DFBE @ÃL¿

E FÂDD@° @EÁJ DB± ÂE±J F>qG° ² @ENM

µi¼r��o �{i :m 8~l�o ��m}~Dirichlet·

µii¼r��o �{i :m 8~l�o ��m}~Neumann·

µiii¼r��o �{i :m 8~l�o ��m}~Robbin·

µiv¼rb{�im 8~l�o ��m}~Cauchyr

ÇBG DHq± @±°B ?AÂ³JqBJFBE»J°J»®³¾DH³ KL± @E ÂÊGH?A@M

�i�Ùil�o ��m}~Dirichlet±JKG° ²ÒGH³FBEFB ?AÂEF>EJ q³CDFGHDH¿

³J° FL D@¾Eu(x,y)D@±®K@D>?A@²GFGHDH³´°GH∂TFGH» @²GHG°B D?G ½

TF>EvrÄr 9>ºJ L DFBE DH³ KL± @EDirichletq³¾° ²ÒGH?A@FBEFB ?AÂEF>E

J³JÒ> FG ½?A@³>E DH³J° FL D@¾E±J F®?L±GE FGHDH³´°GHFGH» @²GHG°B D¿

?G ½·±JBJ HF´J»G @B±³ ½@FJBB±J³´³J @ÃJ D¯Jº²Ò @B��9 �o �l�9;:o��

�noÐÓl} noÏi :�i~«}{i«�Ìl}i~�no}ÐÐ}i«�im Ìoh© Ñ©�©z©µ#×¼ ·

?A@F>³»°Gc»´K@D>´FBB DÊ ½@BF≤0∀(x,y)∈Ωr

��



ÇrÊr FGJ±´ºGHKG»°5´Á5º>?JFGH=ÊL?J FGE�ÂÊ @B?G³G DL?J³ FGº ½D>r

?@ABCdEu(x,y)=a(x,y)|∂TBea(x,y)|∂Tf efgBhij

µii¼Ùil�o ��m}~Neumann±JKG° ²ÒGH³Fk³lmnolkp»q° qqrstulkp

qs³rvltuvu³ q° lo vw ¾p¾p»° tplk³±®xw ltymw ½xu³ vkν±qm»° tplq

ÂÃ¾ltu»wy ²tut°m vn t½T·vw±®xwvknw ²tltuvu³´° tu ltu∂T9ykºqyo ∂u
∂v=B|∂T·´» tuBnm qy tvn Â³kvu³®° lk vkt°m vn Â³kvltv½³ t° t∂T

ltu l´» tuTzb«{|}~��Ó}��~��~Ï~ ��~�}ÐÐ}~��~������������ �{�

}���~{�~����}��}����� �{T�}�~��}~��} �{����~ ���}~���

� �� �� ��∂T� {~�� ����}�Neumann}� ��� ���� {� ��� �}~��{�{����

�����{��/���� {��~ ��� {��}�~����� ��}�� {�Solutionuniqueup
toanadditiveconstant�¡ ¢ql£vu¤¥¦wm qkym q§t¨£yu t©ªvw«¤vlk¤

¦w¨�¬¦l«vkqu loxqw ¬¤qmnm qvlqxw¨£κz



®iii¯�°~�� ����}�Robbin¢qxt¨�¬± tu¤² lm����³� ���~����� �|� �

���������³�´ ��{��� ����� �} ��u(x,y)� �~������ �³´³{�

��������� {����� ��}�{� ��� �� ����� �~�}|~}� �� ����� {�

� ��� ��{��}|�{�{�~��{�µsm q¢£ xwvknw ¬tltuvu ¤²¨ tuw ¬¤qmnm q

y tvn¥ ¤kvu¤£¨ lk vkµyk© qyoµm v¶ªwm·

∂u

∂v
+λu=γ|∂T,

²¦tuλnm qywy tn¥ ¤kvlqxw¨£¢qmγnm qywy tn¥ ¤kvu¤£¨ lk vkt¨m vn¥ ¤k

vltvª¤t¨ t∂Tz¸¦tywm¢¤ªw lqm² lmsm qlm p} ��}~��~����������� �{�

}���~{�~����}��¹} ���� �{T�{��}�~��}�}��~����~ ���}~���

� �� �� ��∂T{~�� ����}�Robbins}� ��� ���� {� ��{�{�{��� ���{

����� �} ��z

®iv¯ °~�� ����}�Cauchy¦¨ tº©¥¦tu¤² lmk lmno lkpqs¤rvltuvu¤q¨�»

lo vw«p¢qm l«¤nw¨m¢r¤¦q¨ qsrs«¤lkp«p¦¨ tpnm qq¤w¼£¨ lk lknw »

lqº©k lot® ¦tuvu¤o x«pw ¬¤qmknw lqº©k lo¶¨²¤tu¯n¥¶¨m l£¼w«p¢ql£

n t¤£y qnm¢¨² lw¨klkpl£¼w«p½z¾z¿zÀzw ¬¤qmywy tn¥ ¤w pµsm q¢£¦tm q

lmnoltut=t0z®Àq¨ qlk¨o vqlw lm ptn tm² lk lw pl«¤vu¤xk¢r¤qu lr¤

nw lm pvu¤xo¢w pl«¤¦¨ tº©kn£ l«¤q¨¶m¢oplmnop®initialvalueproblems¯

vl¬pvu¤o xwm p½z¾z¯zÁ



Àz¶zsm qlm p½z¾z¿zÀzywu l¥¨ qpl£¼w«p¦tuw¼w l£± tunwµtmvu¤xo¢w p

Cauchysm qn¬q£s¤«vlkvu¤£¨ lk vku(x,t)xqw ¬¤qm·

u(x,t0)=δ(x),

[

∂u(x,t)

∂t

]

t=t0

=ε(x),

²¦tutywy tn¥ ¤t¢qmδ(x)¢qmε(x)ywy tn¥ ¤w pvu¤q¨ lo vwm pµ¢ql£no¢ tp

lkpwu xw ¬qpt=t0zÂ�{|}~���}��~��~{~�� ���}�Cauchy�� {��

|~{��� {� ��{�{����������� �}~���~����������� �{�� �}�Ã{�

�~�{�z

Ä¥© tplq¦¨ tº©on qlq¦tu¦w¨ms¨£§t¤lqmq¦²½z¾z¿zÀz¦tuvu¤tyw ªt¤»

lqmq¦tlm p¦q¨ q¦£¤«vu¤xo¢w pt¤tn£± t¤lqmq¤l¬vltm¶q¦¨ tº©on qlq

Dirichlet,Neumann,Robbinµ¢qmCauchyzÅu vm¢£¦q¨ tu vm£± t¤lqm¢qm

¦¨ tº©on qlqnwvu ¤yu qvn tªpl«¤¦q¨ q¦£¤«Æº qvm¢r¤wmyr¤vu¤xÇ¢r¤µ

¥¶ t¤lw p¥ lvm¦¨ tº©on qlqnwm¢ ltªlª¦tuzÀz¶zw ¬¤qmyu¤ql²¤¤q±Ç lw ¬ lqm

Ç©ªvÇu(x,t)nm qp½z¾z¿zÀz¢qm¤q¥¶ tunw«pvu¤tyw ªtu vw pvu¤xo¢w p

lm pCauchysm£t=t0µw ¤rsm qq=q1¢qmq=q2¤q¥¶ tunwvu¤xo¢w p

DirichletµNeumannµ¢qmRobbinµ²¦«pltq¢²© tu xt¦¨²º©Çn qltuÈ¶o»

É qÊtp�z

Ë



ÌÍÎÏÐÑÒ

ÓÔ���� �|}~³� ����{�{��� ������Õ� �} �� Ö ¾vÊ«Êt½z Èz ·

y
′′
+y=0|[0,2π] ×�ØÙÚy(0)=y(2π)=0. ×�ØÛÚ

ÜÝs¤«vÊ² Êtsw ¤Þ¢²t© t¢©ß¨«É qÊÇÝ®�àá¯w ¬¤âÞ® â¦² ÊÇ¤xw«¨�¬ âÊ«¤ Èz½z¾z¯·

y(x)=A·ãäx+B·åæçx,èéêæëìíéîïZðäñòï êóô

õ ÞâÊÇ¤Þ¢ â¤t¦t¬Ç vÇ Ê«¤vu¤xÇ¢r¤®�àö¯¦¨¥¦w Þ¤âÞv¶ªtu¤· 





A·ãä0+B·åæç0=0

A·ãä(2π)+B·åæç(2π)=0. ×�÷øÚ

ù



ú©ªvÇ Êtuvu vÊßÉ âÊtÝ®�ûü¯w ¬¤âÞ·

A=âu xâ¬¨w Êt¢ âÞB=0 

¢ âÊ£vu¤¥¦w ÞâÊt½z Èz®�àá¯ »®�àö¯w¦ Þy¥¶w ÊâÞÉ¬ ââ¦w Þ¨�¬ â©ªvw«¤µ ÊÇ¤·

y(x)=A·ÇÉx, ®�ûà¯
t¦² Êwµyw ¤É¦t¨w ¬¤âs¬¤w Þ©²stÝs Þââ¨ ÞxÉÇ ÊÞ¢ßw¦¬©u vÇ Êtu½z Èz

®�àá¯ »®�àö¯z

ý��}� ����þÿH.B.Keller��������������”NumericalMethodofTwo-

PointBoundaryValuepromblems”(Blaisdell,Waltham,Mass,1968	
���� �

����������������������������������� � ������!� #"

$���%�� � ��&���! ��� ������ ����� � ��� ��������'��"

��()�*&� ����+

,������-.�/0�1���234��5�0 �4675��375+

y′′+P(x)·y′+Q(x)·y=R(x)|x∈[a,b]

y(a)=A,y(β)=B,

1/��A,B����385�9��4:�089
3�P(x),Q(x)64 �R(x)|(a,b)��5�;��9


8;� �3�464 �315��<�2���(a,β)�=5Q(x)≤0|∀x∈(a,β)>

? � � �@A� ���������'�����BCDCECFC������!� ( ����

������ ��& �� �@A�� ����� ���� ��& �CG



ÓÓ�H��IJKL�M�M³ �³�LÂ�³K�� �� �NÂ��O ����POQ�L�JO�� �R �L

��������

È¶�S ÊÞ¢£É SÊT¤Ê¨²¦T¦ â¨ âU«UßÝ â¨ ÞVÉÇ ÊÞ¢ßÝ©ªWS«Ý Ê«¤½X¾XY»

¦£¨¶TY¤Z ªT¢Y¨ Þâ¨¶TªWSÝ ÊS¶¤Þ¢¥Ýµ�PR[NOQ�JRJR�M ��]\N �N^OM �

�K�´N®FiniteDifferencesTechnique¯¢ âÞ2��;5 �6_�`5/� /�04�385#a

`5��� �;�� `5®FiniteElementsTechnique¯¦TYS¤b�RQON K�NMJI^O�

M�K�R POQ��O�K�K��MµS¤ÊTª ÊT ÞÝ âÉ§² ÊS¨ SÝ¢ âÊâ©ßUTY¤�RJM��I�

�KOKPR �OQIMJKP\�R ��Mµ¦TYU ÞâÊÞÝU¨ âÉÉ Þ¢¥Ý½X¾X¿XÀXâY Ê²S¬»

¤âÞ\NM³�M��OQI�� �P��MµÉ SâU¤bWÊTYÝ ÊÞÝ ÊÞÉ¥Ý ÊÇÝ±Ç ÊTªÉ S¤ÇÝ

©ªWS«Ý WSZ Þ£§T¨ âWÇÉ S¬ âÊTY¦SZ¬TYT¨ ÞWÉTªÊÇÝ½X¾X¦TYS¦ Þ©¥ »

UT¤ ÊâÞ¢ âÊ£ ÊÞÝ â¤£U¢ SÝÉ âÝ¢ âÞ«Ý¦¨TÝ ÊT¦©ßVTÝ¢ âÞ«Ý¦¨TÝ ÊÇ

V¥ WÇ XÄT W¦TYZ â¬TÉ SÊTU¨ âÉÉ Þ¢² WªWÊÇÉ âS¬¤âÞ² ÊÞÉ SU£©T¦©ßVTÝ

WY¤ ÊS© S WÊb¤Ê«¤âU¤bWÊ«¤S¬¤âÞÉÇZ¥ ¤µ â§TªKJ�NMQMLP�N��N �

PR �R �P´NP�NM³N´ �P�NR�NMO� �NOQILµS¤bS¦ Þ¦¨² WVS ÊâU ÞâÊâ

¦¨Tº©ßÉ âÊâÊ«¤S§ â¨ÉTU b¤T¦¬¤â¢ âÝ âY Ê²ÝS¬¤âÞWYÉÉ S Ê¨ Þ¢²Ý¢ âÞ

VS ÊÞ¢£«¨ ÞWÉ¥ ¤TÝµT¦² ÊSÊâ¶�S¬Ý â©U²¨ ÞVÉT Þ®FastSolvers¯S¦¬©Y WÇÝ

Ê«¤U¨ âÉÉ Þ¢ b¤âY Êb¤WY WÊÇÉ£ Ê«¤É¦T¨Tª¤¤âS¦ Þ¤TÇVTª¤X

c



Ód�e�\ �K^KL�RJR�M ��]\N �N �OM�K�´N�FinitedifferencesMethod�

À ÞTWYU¢ S¢¨ ÞÉ¥ ¤âµ WÊÇ¤É¥VTZTÊ«¤ÀX½XµU ÞâÊT¤Y¦T©TU ÞWÉ²Ê«¤

ÊÞÉ b¤ÊÇÝÉT¤âZ Þ¢ßÝ©ªWS«Ýµ WSWYU¢ S¢¨ ÞÉ¥ ¤âWÇÉ S¬ âÊTYµ¦SZ¬TYS¤Z Þ»

â§¥¨T¤ ÊTÝ® ¦SZ¬TT¨ ÞWÉTªÊÇÝ½X¾X¯µ¦TY WY¤ßV«ÝS¬¤âÞTÉ â©£¢ âÊâ¤SÉÇ»

É¥ ¤âWÖ âY Ê²µÉ SÊÇ¤ºTßVSÞâS¤²ÝZ Þ¢ ÊY«ÊTª®mesh¯¦TYZÇÉ ÞTY¨US¬ ÊâÞµ

²¦«Ý§ â¬¤S ÊâÞWÊT¦ â¨ â¢£ Ê«È¶ßÉ âf X

g Þ¢T¨Y§¥Ý ÊTYZ Þ¢ ÊY«ÊTª®nodes¯S¬¤âÞWÇÉ S¬ âWÊâT¦T¬ â¦¨¥¦SÞ¤âY¦»

T©TU ÞWVTª¤T ÞÊÞÉ¥Ý ÊÇÝ£U¤«WÊÇÝ WY¤£¨ ÊÇ WÇÝ¢ âÞÇ¦Y¢¤² ÊÇÝ ÊTYÝS¬»

¤âÞ²¦«Ý¦¨T â¤â§¥¨VÇ¢ SWÊÇ¤Z Þ¢ßÉ âÝZ Þ¢ âÞTZT W¬ âXú ÊS¶¤Þ¢ßº âW¬± S»

ÊâÞWÊÇ¤â¤ ÊÞ¢ âÊ£ WÊâWÇ®J� K�\³³O��¯ Ê«¤¦ â¨ âU bU«¤ÊÇÝ½X¾Xâ¦²

¢ âÊ£©©Ç© SÝZ Þâ§T¨¥Ý¦TYZÇÉ ÞTY¨UTª¤ ÊâÞÉ SÊÇºTßVSÞâÊ«¤â¤â¦ ÊYU»

É£ Ê«¤Taylor X¾ ÊWÞS£¤µ¶£¨ Þ¤â¦©T¦T Þß WS«Ýµ©£ºTYÉ SÊT¦¨²º©ÇÉ â

®¾¼Z¬ W«WÇLaplace¯·

h



∂
2
u(x,y)

∂x2+
∂

2
u(x,y)

∂y2=uxx(x,y)+uyy(x,y)=0|T={(x,y)|0<x,y<1} ×�÷÷Ú
WÊTS W«ÊS¨ Þ¢² ÊTYÉT¤âZ Þâ¬TY ÊS Ê¨ âU b¤TY®ModelProblem¯Tµ¢ âÞ

VS«¨ß WTYÉ S² ÊÞWÊT Wª¤T¨T âY ÊTª∂TÇ WY¤£¨ ÊÇ WÇu(x,y)Þ¢ â¤T¦T ÞS¬

S¦ Þ¦¨² WVS ÊâÊÇ¤WY¤Vß¢Ç®Dirichlet¯·

u(x,y)=f(x,y)|∀(x,y)∈∂T, ®�û�¯
²¦TYf(x,y)S¬¤âÞ¢£¦T ÞâZ SZTÉ¥ ¤Ç WY¤£¨ ÊÇ WÇµT¨ ÞWÉ¥ ¤Ç WÊT Wª¤T¨T

®ji©¥¦SÈ¶ßÉ âÆ¯µ Ê² ÊSµ

ÌÍÎÏÐk Ò

U ÞâÊÇ¤â¨ ÞVÉÇ ÊÞ¢ßSª¨ S WÇ ÊÇÝ©ªWS«Ý ÊTY¦¨Tº©ßÉ âÊTÝ®�ûû¯ »®�û�¯S¦ Þº£©»

©TYÉ SWÊTT∪∂T¥ ¤âZ Þ¢ ÊY«Ê²¦£¶TÝnµ®º©¥¦SÈ¶ßÉ âf¯µl



ÌÍÎÏÐmÒ

¢ âÞâ¤ Ê¬¤âS¦ ÞZ Þb¼TYÉ S¤âº¨TªÉ SÊÇ¤WY¤£¨ ÊÇ WÇu(x,y)¦TY¤âÞ¢ â¤T¦T ÞS¬

ÊÇ¤S¼Z¬ W«WÇ®�ûû¯U Þâ²© âÊâ0<x,y<l¢ âÞÊÇ¤WY¤T¨ Þâ¢ß WY¤»

Vß¢Ç®�û�¯µ â¤â±Ç ÊTªÉ SÉ²¤T¦¨T WSUU¬ WSÞÝ ÊÇÝ WY¤â¨ Êß WS«Ýu(x,y)WÊâ

S W«ÊS¨ Þ¢£ WÇÉ S¬ âÊTYZ Þ¢ ÊY«ÊTª® â§TªT ÞÊÞÉ¥Ý ÊÇÝu(x,y)WÊT Wª¤T¨T

S¬¤âÞ¦¨T¢ âVT¨ ÞWÉ¥ ¤SÝº£ WSÞÊÞÝ®�û�¯¯ Xõ ÞâÊT¤W¢T¦² âY Ê²© âÉº£¤TYÉ S

ÊT ÊY¶ â¬T WÇÉ S¬TP(in,jn)¢ âÞÉ S¶¨ß WÇ â¤â¦ ÊYUÉ£ Ê«¤TaylorZÇÉ ÞTY¨�»

UTªÉ S¢ âÊ£©©Ç©Ç¥¢§¨ âWÇ ÊÇÝ®�ûû¯  â¤â©Y ÊÞ¢ bÊS¨ âS£¤T¤TÉ£ WTYÉ S

U ÞâSY¢T©¬ âµ(x0,y0)ÊT WÇÉ S¬TP(in,jn)µ Ê² ÊS¥¶TYÉ S·

®�ûÆ¯u(x0±n,y0)=u(x0,y0)±nux(x0,y0)+
n2

2
uxx(x0,y0)±

±
n3

6
uxxx(x0,y0)+

n4

24
uxxxx(x0,y0)±···,

Án



®�ûf¯u(x0,y0±n)=u(x0,y0)±uy(x0,y0)+
n2

2
uyy(x0,y0)±

±
n3

6
uyyy(x0,y0)+

n4

24
uyyyy(x0,y0)±···,

²¦TY§Y WÞ¢£ ÊT WÇÉ S¬T(x0,y0)¢ âÞÊâÆUSÞÊT¤Þ¢£ ÊTY(x±n,y)¢ âÞ

(x,y±n)S¬¤âÞWÇÉ S¬ âÊTY WY¤²©TYT∪∂TX

À¨T WV¥ ÊT¤ ÊSÝ ÊÞÝ®�ûÆ¯¢ âÞ®�ûf¯¢ âÊ£É¥©Ç¥¶TYÉ S·

u(x0+n,y0)+u(x0−n,y0)+u(x0,y0+n)+u(x0,y0−n)=4u(x0,y0)+

+n
2
{uxx(x0,y0)+uyy(x0,y0)}+

n2

12
{uxxxx(x0,y0)+uyyyy(x0,y0)}+···

ßµ â¤â¢ âÊâÊ£ WWT¤ ÊSÝ ÊTYÝ²¨TYÝ·

®�ûo¯uxx(x0,y0)+uyy(x0,y0)=
1

n2{u(x0+n,y0)+u(x0−n,y0)+

+u(x0,y0+n)+u(x0,y0−n)−4u(x0,y0)}−
n2

12
{uxxxx(x0,y0)+

+uyyyy(x0,y0)}−···

Áp



e®�ûo¯R�NMO�R�R �O´ ^�L �[\��QMO^� ^R OPKO�K^�NM�KP�LLapla-
cian∇2u(x

0,y0)��NM� P� �R OP�NPO�´NP�L ��N �� P� ��Lu(x0,y0)QMO

P�NPO�´NP�L �PMq³R OPKNOQ ����R�M�QM �´LQMOP�NJM�M³´³�

�NP�L�PK(x0,y0)MN �P\�MLP��R �L�rM P���N \JR OM�O�J�´P�

P�LLaplacianWÊT(x0,y0)â¢¨ Þº S¬ âÝn2Z¬Z SÞÇ W¶¥ WÇ·

®�ûs¯∇
2
u(x0,y0)=

1

n2{u(x0+n,y0)+u(x0−n,y0)+

+u(x0,y0+n)+u(x0,y0−n)−4u(x0,y0)},

QMO�KJK�MO�[�R O³MQ ��RJRN P�^M���R� �NPK� ^OQ P� �PK�JK�

t���QR PMO�PK��N K�KT∪∂TXu²U«Êb¨ âÊÇÝ®�ûû¯V â¥¶TYÉ Sâ¦²

ÊÇ¤®�ûo¯·

®�ûá¯u(x0+n,y0)+u(x0−n,y0)+u(x0,y0+n)+u(x0,y0−n)−

−4u(x0,y0)=0

ú®�ûá¯S¬¤âÞÉ¬ âW¶¥ WÇ¦TY WY¤Z¥ SÞf WÇÉ S¬ âµU ÞÖ âY Ê²¢ âÞ¢ â© S¬ ÊâÞ

˝P�JKLP�NJ \N PR���R� �N˝®five-pointformula¯³OMP�NJ� K�\³�

³O��P�LLaplacian∇2u

�RMQ��ÃR OMn2
µ¢ âÞ¦TY¶£¨ Þ¤â¦©² ÊÇ ÊTÝ

â¦TZ¬Z S ÊâÞâ¦² ÊT¦ â¨ â¢£ Ê«Y¦T©TU ÞWÊÞ¢²¢ª ÊÊâ¨T·

Á



ÌÍÎÏÐv ÒThe5-pointformula
¾£¤Êb¨ âµS§ â¨É² WTYÉ SÊÇ¤®�ûá¯U Þâ¢£VSS W«ÊS¨ Þ¢² WÇÉ S¬T ÊTYZ Þ¢»

ÊY«ÊTªV â©£ºTYÉ S¢ âÞÉ ÞâU¨ âÉÉ Þ¢ßS¼Z¬ W«WÇ®º©¥¦SÈ¶ßÉ âs¯ X

ÌÍÎÏÐw Ò

ÁÁ



Ö ¾ ÊWÞU ÞâÊT¦ â¨ â¦£¤«W¶ßÉ âV â¥¶TYÉ SÊÞÝ â¢²©TYVSÝàoU¨ âÉÉ Þ¢¥Ý

S¼ ÞWbWSÞÝ·
(1,1)4u1,1−u1,2−u2,1=f1,0+f0,1
(2,1)4u2,1−u1,1−u3,1−u2,2=f2,0
(3,1)4u3,1−u2,1−u4,1−u3,2=f3,0
(4,1)4u4,1−u3,1−u4,2=f4,0+f5,1
(1,2)4u1,2−u1,1−u3,1−u2,2=f0,2
(2,2)4u2,2−u2,1−u2,3−u1,2−u3,2=0

(3,2)4u3,2−u3,1−u3,4−u3,1−u3,3=0

(4,2)4u4,2−u4,1−u4,3−u3,2=f5,2
(1,3)4u1,3−u1,2−u1,4−u2,3=f0,3
(2,3)4u2,3−u2,2−u2,4−u1,3−u3,3=0

(3,3)4u3,3−u3,2−u3,4−u2,3−u4,3=0

(4,3)4u4,3−u4,2−u4,4−u3,3=f5,3
(1,4)4u1,4−u2,4−u1,3=f0,4+f1,5
(2,4)4u2,4−u1,4−u3,4−u2,3=f2,5
(3,4)4u3,4−u2,4−u4,4−u3,3=f3,5
(4,4)4u4,4−u4,3−u3,4=f4,5+f5,4

ÁË



¦TY WS¦ Þ¤â¢T SÞZßÉT¨§ßµ¦ â¬¨ ¤SÞÊÇ¤¦ â¨ â¢£ Ê«¥¢§¨ âWÇ· 



















































4−1−1
−14−1−1

−14−1−1
−14−1

−14−1−1
−1−14−1−1

−1−14−1−1
−1−14−1

−14−1−1
−1−14−1−1

−1−14−1−1
−1−14−1

−14−1
−1−14−1

−1−14−1
−1−14
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u1,1

u2,1

u3,1

u4,1

u1,2

u2,2

u3,2

u4,2

u1,3

u2,3

u3,3

u4,3

u1,4

u2,4

u3,4

u4,4
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f1,0+f0,1

f2,0

f3,0

f4,0+f5,1

f0,2

0
0
f5,2

f0,3

0
0
f5,3

f0,4+f1,5

f2,5

f3,5

f4,5+f5,4
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ÄT WªWÊÇÉ â®�ûö¯ WY¤ ÊTÉTU¨ â§ Þ¢£U¨£§S ÊâÞ·

Aū=B̄, ®�~ü¯
²¦TYT¦¬¤â¢ âÝAS¬¤âÞWâ§ bÝ”sparse”µ ����R P��OQIL¢ âÞSª¢T© â

â¦TZ SÞ¢¤Y²É S¤TÝ �R POQ �K��O��]\N KLµ W¦TYZ â¬SÝÞZ Þ² ÊÇ ÊSÝµU ÞâÊÇ¤

Êâ¶�S¬ âSª¨ S WÇ ÊÇÝ©ªWS«Ýūµ¦TYV ââ¦T ÊS© S¬ÊÇ¤â¨ ÞVÉÇ ÊÞ¢ß©ªWÇ

ÊTY½ Þâ§T¨ Þ¢TªWY WÊßÉ âÊTÝ®�ûû¯ »®�û~¯®¾§ â¨ÉTUß WÊT¾¨U âWÊß¨ ÞTà¯ X

Ó��e�\ �K^KLP�N�RJR�M ��]\N �NýPKO[R� �N�FiniteElements

Method�

ÈÊÇ¤ÊS¶¤Þ¢ß Ê«¤¦S¦S¨ âWÉ¥ ¤«¤WÊT Þ¶�S¬«¤®ÀXÈX¯TÉT¬«Ý¢ âÊâ©ßUTYÉ S

WÖ¥ ¤âU¨ âÉÉ Þ¢² WªWÊÇÉ âÊÇÝÉT¨§ßÝ®�ûö¯U ÞâÊÇ¤â¨ ÞVÉÇ ÊÞ¢ß©ªWÇ

ÊÇÝ½XÈX®�ûû¯ »®�û~¯µÉ²¤T¦TY ÊânodesZ S¤S¬¤âÞâ¤âU¢ â¬T¤âS¬¤âÞ

¢ âÊâ¤SÉÇÉ¥ ¤âTÉ â© bÝ WÊT¦SZ¬TT¨ ÞWÉTªµ â©©£É¦T¨Tª¤¤â¥¶TY¤T¦T ÞâZß»

¦T ÊS¢ âÊâ¤TÉß®T¦² ÊSâ¤ ÊÞ© âÉº£¤S ÊâÞ¢ â¤S¬Ý âÉ¥ W«Ý ÊÇ¤SY S© Þ¼Z¬ â¦TY

Y¦£¨¶�SÞWÊÇ¤ÊS¶¤Þ¢ß¢ âÞÞZ Þâ¬ ÊS¨ âWSWª¤VS ÊâWª¤T¨ â∂T¯ Xú â§S ÊÇ¨�¬»

âÊÇÝÉ SV²ZTY Ê«¤ÀXÈXS¬¤âÞS¤ ÊS© bÝZ Þâ§T¨ S ÊÞ¢ß â¦² Ê«¤ÀX½ X¢ âÞ

º âW¬± S ÊâÞWÊT â¢²©TYVTVSb¨ÇÉ â·

ÁG



�R´���M þ����`k1(x,y),k2(x,y),ρ(x,y)64 �f(x,y)����385�9��540 �_a

�� �93� /�����0 ��3�<T64 �a(s)64 �y(s)��54 �����385�9��540 �_�� �9 �0 ��385�9����<5�0�∂T���T>���5 =0 �2�2u(x,y)/��64:���=�25 � ��6�20 `��6_86}04�2stationary+

×]�ØÚI=

∫∫

T

{

1

2

[

k1(x,y)u
2
x+k2(x,y)u

2
y

]

−
1

2
ρ(x,y)u

2
+f(x,y)u

}

dxdy+

+

∮

∂T

{

1

2
a(s)u

2
−γ(s)u

}

ds,

�/1�25��5���<���4��5 :_62+

u(x,y)=ϕ(x,y)|∂T1, ×]�÷Ú
64 ��45 =y62� /4 �2 :�<� ��25�>�>

∂

∂x

(

k1(x,y)
∂u

∂x

)

+
∂

∂y

(

k2(x,y)
∂u

∂y

)

+ρ(x,y)u=f(x,y)|T, ×]��Ú
�/1�2��5���<���4��5�0 �46_��5 :_62®�~û¯64 ��25y�5 �6_��5 :_62 Robbin+

k1
∂u

∂y
nx+k2

∂u

∂y
ny+a(s)u=γ(s)|∂T2, ×]��Ú

1/��nx64 �ny��54 ��4� �� �:<5�5 �4��523� ��54�29 `9 /0�9�48| ` 64:8 ���n����<5�0�∂T164 �∂T28 ���7���+
∂T1∪∂T2=∂T���∂T1∩∂T2=∅.

Ác



� �P�O�KOJIN��]\ �K^KL��ý�MN P�NMJ� K�^OK���R OP�NM��O ����POQ�

�� ��PK�^OM�K��OQK��� �P��M PKL®�~~¯ �®�~û¯�MNM���P�P��� ��

u(x,y)�LP���N �� P� ��JK�QM �O�P�PK��NM� P� �OMQI®�~à¯MQ��I�

PM PK�stationary��JIP�N��N ��Q�®�~û¯��RP�ÃK� �R OMP�NR��L

Ã����P�N·

t��M1�· ½ ÞâÉ S¨�¬± S ÊâÞÊT¦SZ¬TT¨ ÞWÉTªTWSâ¦©£Y¦T¦SZ¬ âµ PM�PKO[R�M®el- ements¯¦TY WY¤ßV«ÝS¬¤âÞÊ¨�¬U«¤âµ¦ â¨ â©©Ç©²U¨ âÉ âß ÊS Ê¨£¦© SY¨ â É SS¦ ÞZ¬«¼Ç¤ââ¦T§ªUTY¤Z ÞâZT¶ Þ¢¥ÝÉ Þ¢¨¥ÝT¼ S¬SÝU«¤¬SÝß¦T© ª É SU£© SÝ âÉº© S¬SÝU«¤¬SÝS¦SÞZßZÇÉ ÞTY¨UTª¤¦¨Tº©ßÉ âÊâWÊÇ¤â¨ Þ»

VÉÇ ÊÞ¢ßZ ÞâZ Þ¢ âW¬ âXgZ Þâ¶«¨ ÞWÉ²Ý ÊTYÈ¶ßÉ âÊTÝáS¬¤âÞSªU©«ÊTÝ X

ÌÍÎÏÐ� Ò

Áh



t��M2�·

õ Þâ¢£VSWÊT Þ¶�S¬TZÇÉ ÞTY¨UTªÉ S¢ âÊ£©©Ç©Ç¦¨T W¥UU ÞWÇU ÞâÊÇ¤WY¤£¨ ÊÇ WÇ

¦TY â¤â±Ç ÊTªÉ SXÖ ¾ ÊWÞWSÉT¤TZ Þ£ WÊâÊâWÊT Þ¶�S¬ â®¨£ºZTYÝÇZT¢TªÝ¯

¢ âÊ£©©Ç© SÝS¦ Þ©TU¥ÝS¬¤âÞ¦T©Y b¤YÉ â¢£¦T ÞTYº âVÉTªµ S¤bU ÞâZ ÞZ Þ£ W»

ÊâÊâWÊT Þ¶�S¬ âÉ¦T¨TªÉ S¤â¶¨Ç WÞÉT¦T Þß WTYÉ S¦T©Y b¤YÉ âÊÇÝ â¢T©Tª»

VTYÉT¨§ßÝ·

®�~f¯u(x,y)=a1+a2x+a3y,a1,a2,¢ âÞa3,WÊâVS¨¥Ý

®�~o¯u(x,y)=a0+a1x+a2y+a3x
2
+a4xy+a5y

2
,

a1,a2,a3,a4,¢ âÞa5,WÊâVS¨¥Ý

®�~s¯u(x,y)=a1+a2x+a3y+a4xy,a1,a2,a3,¢ âÞa4,WÊâVS¨¥Ý

õ S¤Þ¢£��K���P�L ��N �� P� ��L �PK�PKO[R�KJ� K�^OK���R PMOMJI

POLPO�]\LP�L»u¢ âÞS¤Z S¶TÉ¥ ¤«Ý â¦T ÊÞÝ ÊÞÉ¥Ý ÊÇÝ¦ â¨ âU bUTY ÊÇÝ»WS

T¨ ÞWÉ¥ ¤âWÇÉ S¬ âÊTY WÊT Þ¶�S¬TYµ Êânodes T ÞÊÞÉ¥Ý âY Ê¥ÝT¤TÉ£±T¤ ÊâÞ

QK�ÃOQ \L�R PMÃ���P\L�nodalvariables� ÊTY WÊT Þ¶�S¬TY X

Ál



eJ� K�R³³�� K� �M��N �� P� ���JK�R�NMRQ��M �PR��RP�NÃK���

�R OMP�NQK�ÃOQ´N�R PMÃ���P´N �L\NML³�M��OQIL��N ^�M ��IL

P�N��NM� P� �R �NÃ��R �Lµ WÊT¤T¦T¬T¤¦ â¬±TY¤¨²©T WY¤ ÊS© S WÊb¤X Ö ¾ ÊWÞµS£¤WÊTWÊT Þ¶�S¬TσÇ¦¨T WSUU¬±TY WâWY¤£¨ ÊÇ WÇS¬¤âÞÇu(σ)

¢ âÞT ÞÊÞÉ¥Ý ÊÇÝ WY¤£¨ ÊÇ WÇÝui WÊTYÝ¢²ÉºTYÝY¦T ÊSVTª¤«Ý¢TÉº Þ¢¥Ý

É S Êâº©Ç Ê¥Ý¦©ßVTYÝκµ Ê² ÊSÇÉT¨§ß ÊÇÝ WÊÞÝZYTZ ÞâWÊ£ WSÞÝV âß Êâ¤·

u
(σ)

(x,y)=Σ
κ
i=1u

(σ)
i·N

(σ)
i(x,y), ®�~á¯

IJK�N
(σ)
i(x,y)KO��NM� P� �R OLÃ��R �L®BasisFunctions¯ X¸¦² ÊÇ¤

®�~á¯º©¥¦TYÉ S² ÊÞT ÞWY ¤â¨ Êß WSÞÝº£ WS«Ý¦¨¥¦SÞ¤â¥¶TY¤ÊÇ¤ÞZ Þ² ÊÇ Êâ

ÊÇÝ¦ â¨ SÉºT©ßÝ®Interpolatingcharacteristic¯  ZÇ© âZßT ÞÊÞÉ¥Ý ÊÇÝ¤â

Þ¢ â¤T¦T ÞTª¤ÊÞÝ·

N
(σ)
i(x

(σ)
j,y

(σ)
j)=











1,² Êâ¤i=j,

0,² Êâ¤i6=j,

²¦TY(x
(σ)
j,y

(σ)
j)S¬¤âÞ¥ ¤âÝ¢²ÉºTÝ â¦² ÊTYÝκ¢²ÉºTYÝ ÊTY WÊT Þ¶�S¬TYσX

Ën



�M� �^R O³�M þ
¸ÝY¦TV¥ WTYÉ SÊTWÊT Þ¶�S¬T»T¨ ÞU b¤ÞTÊ¨�¬U«¤TÊTY

È¶ßÉ âÊTÝ��¢ âÞâÝY¦TV¥ WTYÉ S² ÊÞÇ¦¨T WSUU¬±TY Wâ

WY¤£¨ ÊÇ WÇS¬¤âÞÊÇÝÉT¨§ßÝ®�~f¯·

u(x,y)=a1+a2x+a3y,

Ê² ÊS¦¨T§ â¤bÝ Ê¨ SÞÝ WY¤Vß¢ SÝV âS¬¤âÞÞ¢ â¤¥ÝU ÞâÊT¤¦¨T WZ ÞT¨ ÞWÉ²

Ê«¤¦ â¨ âÉ¥ Ê¨«¤a1,a2¢ âÞa3WY¤â¨ Êß WSÞÊ«¤¢TÉº Þ¢ b¤ÊÞÉ b¤ÊTY

Ê¨ ÞU b¤TY¦TY¦¨T§ â¤bÝV âS¬¤âÞT ÞÊÞÉ¥Ý ÊÇÝ WY¤£¨ ÊÇ WÇÝ WÊÞÝ Ê¨ SÞÝ

¢T¨Y§¥Ýàµûµ~XÖ ¾ ÊWÞV â¥¶TYÉ SÊÞÝ W¶¥ WSÞÝ·

u1=a1
u2=a1+a2
u3=a1+a3











→ ®�~ö¯
úS¦¬©Y WÇ ÊÇÝ®�~ö¯Z¬¤SÞÊÞÝS¢§¨£ WSÞÝ Ê«¤a1,a2¢ âÞa3WY¤â¨ Êß WSÞ

Ê«¤¢TÉº Þ¢ b¤ÊÞÉ b¤ ZÇ© âZß

a1=u1
a2=u2−u1
a3=u3−u1,

Ëp



T¦² ÊSÇ¦¨T WSUU¬±TY WâWY¤£¨ ÊÇ WÇU¨£§S ÊâÞÉ Sâ¤ ÊÞ¢ âÊ£ WÊâWÇ WÊÇ¤

®�~f¯·
u(x,y)=u1+(u2−u1)x+(u3−u1)x

¦TYU¨£§S ÊâÞ
u(x,y)=(1−x−y)u1+xu2+yu3≡N1(x,y)u1+N2(x,y)u2+N3(x,y)u3,

É SÊÞÝ WY¤â¨ Êß WSÞÝº£ WS«Ý·

N1(x,y)=1−x−y,N2(x,y)=x,N3(x,y)=y.

�M�M P��� ���þ

¾¬¤âÞSª¢T©T¤âZ Þâ¦ ÞWÊ«VS¬Ç¦ â¨ SÉºT© Þ¢ß ÞZ Þ² ÊÇ ÊâÊ«¤WY¤â¨ Êß WS«¤

º£ WS«ÝNi(x,y)µi=1,2,3µU ÞâÊÞÝZ Þ£§T¨ SÝ¢T¨Y§¥Ý ÊTY Ê¨ ÞU b¤TYµ

ZÇ© âZß

N1(0,0)=1,N1(1,0)=0¢ âÞN1(0,1)=0

N2(0,0)=0,N2(1,0)=1¢ âÞN2(0,1)=0

N3(0,0)=0,N3(1,0)=0¢ âÞN3(0,1)=1

Ë



À¨T§ â¤bÝÇ®�~á¯ ÞW¶ªSÞU Þâ¢£VSWÊT Þ¶�S¬Tσµ¢ â¬â¦T ÊS© S¬ÊÇ¤ÊT¦»

Þ¢ß®local¯¥¢§¨ âWÇ ÊÇÝ¦¨T WSUU¬±TY WâÝ WY¤£¨ ÊÇ WÇÝuµÇT¦T¬ â¥¶�SÞ

US¤Þ¢ß®global¯¥¢§¨ âWÇ·

u(x,y)=Σ
n
λ=1uλNλ(x,y),(n:ÊT Wª¤T©T Ê«¤¢²Éº«¤), ®Æü¯

¦TYS¬¤âÞÇ¢ âÊ£ ÊÉßÉ âÊâWY¤ZY âWÉT¬Ê«¤¦¨T WSUU¬ WS«¤u(σ)(x,y)S¦¬

²©«¤Ê«¤WÊT Þ¶�S¬«¤¢ âÞ¢ âÊ£ WY¤¥¦SÞâÇ¥ ¤«WÇ²©«¤Ê«¤¦¨T WSU»

U¬ WS«¤®�~á¯S¦¬²©«¤Ê«¤WÊT Þ¶ S¬«¤X

ÈÊÇ¤®Æü¯ÇNλ(x,y)S¬¤âÞÇ¥ ¤«WÇ Ê«¤É SÉT¤«É¥ ¤«¤WY¤â¨ Êß WS«¤

º£ WS«ÝN
(σ)
i(x,y)¦TY¥¶TY¤ÊÞÉß¥ ¤âWÊT¢TÉº Þ¢² WÇÉ S¬T(xλ,yλ)¦TY

WY¤Z¥ S ÊâÞÉ SÊÇ¤¢TÉº Þ¢ßÉ S Êâº©Ç ÊßuλX� Â�M�³RNOQ���N �� P� ��

Ã��R �LNλ(x,y)\[R O���� ^RNOQ�PO���IN K�PM�PKO[R�MRQR�NM

JK�JR��O\[K�NPKNQI�ÃK(xλ,yλ)�

ËÁ



t��M3�·

ÈÊÇ WY¤¥¶�SÞâT ÞS¢§¨£ WSÞÝ®Æü¯ â¤ ÊÞ¢ âV ÞWÊb¤ ÊâÞWÊÇ¤®�~à¯²¦TYÇ

T©T¢©ß¨«WÇÉ¦T¨ S¬¤âZ ÞS¤S¨UÇVS¬ÊÉÇÉ âÊÞ¢£ WÊâZ Þ£§T¨ âWÊT Þ¶�S¬ âµ

T¦² ÊSÇ¢ âÊ£©©Ç©Ç£V¨T ÞWÇ ÊTYÝ¢ âÊâ©ßUSÞWÊT Ê¥©TÝ WSÉ Þâ¥¢§¨ âWÇ·

I=
1

2
ū>A·ū+β̄>·ū+γ ®Æà¯
²¦TY·

ūþS¬¤âÞÊTZ Þ£¤Y WÉ âÊ«¤¢TÉº Þ¢ b¤É S Êâº©Ç Êb¤®ZÇ© âZßT ÞÊÞÉ¥Ý ÊÇÝ

âU¤bWÊTY WY¤â¨ Êß WS«Ý WÊTYÝZ Þ£§T¨TYÝ¢²ÉºTYÝ¯µ

AþS¬¤âÞ¦¬¤â¢ âÝ® Ê«¤WY¤ ÊS© S WÊb¤Ê«¤âU¤bWÊ«¤µ¦TY¦ â¨TY WÞ£± S»

ÊâÞWYÉÉ S Ê¨ Þ¢²Ý¢ âÞVS ÊÞ¢£T¨ ÞWÉ¥ ¤TÝ¯ Ê«¤ÊS Ê¨ âU«¤Þ¢ b¤²¨«¤«Ý

¦¨TÝuµ

β̄þS¬¤âÞÊTZ Þ£¤Y WÉ âÊ«¤WY¤ ÊS© S WÊb¤Ê«¤U¨ âÉÉ Þ¢ b¤²¨«¤«Ý¦¨TÝuµ

γþÉ¬ âWÊâVS¨£ X

ËË



ú WY¤Vß¢ÇU Þâ¤âS¬¤âÞÊTIstationarySª¢T© ââ¦TZ SÞ¢¤ªS ÊâÞ² ÊÞâ¦ âÞÊS¬

ÊÇ¤·
A·ū+β̄=0. ®Æû¯

e�K���®Æû¯P�NJRJR�M ��]\N �N�PKO[R� �NR�NMO�MN P��PKO[KL

P�L�K���L®�ûö¯P�NJRJR�M ��]\N �N ^OM�K�´N�

�M� �^R O³�M þ Ö ¾ WÊ«ÊT½XÈX·

u′′−2=0|[0,1]

u(0)=0,u(1)=1.

½ ÞâÉ S¨�¬±TYÉ SÊTZ Þ£ WÊÇÉ âWSZ ªT WÊT¬¶�S¬ â®Y¦TZ ÞâWÊßÉ âÊâ¯µ ÊT[0,n]

¢ âÞÊT[n,1] XÀ¨T§ â¤bÝµ£U¤«WÊTÝS¬¤âÞ¥ ¤âÝÉ²¤TµÇ ÊÞÉß ÊÇÝ©ªWS«Ý u(n)®º©¥¦SÈ¶ßÉ âö¯ X
ÌÍÎÏÐ� Ò����� ÐÏÏ������ �Í��Ð

Ëù



�S«¨TªÉ SÊÇ¤¦¨T WSUU¬±TY WâWY¤£¨ ÊÇ WÇ·

u(x)=A·x+β, ®Æ~¯
T¦² ÊSWÊT¦¨ bÊT WÊT Þ¶�S¬TÇ¥¢§¨ âWÇ® ÊT¦ Þ¢ß¯ ÊÇÝu(x)WY¤£¨ ÊÇ WÇ Ê«¤

ÊÞÉ b¤ÊÇÝ WÊTYÝZ ªT¢²ÉºTYÝ0¢ âÞnÉ SÊÞÉ¥Ýu0=0¢ âÞu1S¬¤âÞ·

u
(1)

(x)=
1

n
u1·x. ®ÆÆ¯

ÈÊTZ Sª ÊS¨T WÊT Þ¶�S¬TÇu(x)¥¶�SÞÊÇ¤¥¢§¨ âWÇ·

u
(2)

(x)=
u2−u1

1−n
·x+

u1−u2·n

1−n
,²¦TYu2=1,

ß

u
(2)

(x)=
1−u1

1−n
·x+

u1−n

1−n
. ®Æf¯

ËG



ÄT WY¤â¨ ÊÇ WÞâ¢²®�~à¯ WÊÇ¤¦¨T¢ SÞÉ¥ ¤Ç¦S¨�¬¦ Ê«WÇU¨£§S ÊâÞ·

I=

1∫

0

{

1

2
u
2
x+2u

}

dx, ®Æo¯
¢ âÞS¤WY¤S¶�S¬ ââ¤â©ªS ÊâÞWÊâZ ªT WÊT Þ¶�S¬ â·

I=

n∫

0

{

1

2
u
2
x+2u

}

dx+

1∫

n

{

1

2
u
2
x+2u

}

dx, ®Æs¯
²¦TY WÊÇ¤¦¨ bÊÇ¢ âÞZ Sª ÊS¨Ç âU¢ª©ÇÇu(x)¥¶�SÞÊÞÝÉT¨§¥Ý Ê«¤S¢»

§¨£ WS«¤®ÆÆ¯¢ âÞ®Æf¯ XÀ¨T§ â¤bÝ¥¶TYÉ S·

n∫

0

{

1

2

(

1

n
u1

)

2

+
2

n
u1x

}

dx=
u2
1

2n
+u1·n

1∫

n

{

1

2

(

1−u1

1−n

)

2

+2

[(

1−u1

1−n

)

x+
u1−n

1−n

]

}

dx=
(1−u1)

2

2(1−n)
+(1+u1)(1−n).

Ëc



Ö ¸¨ âÇ®Æs¯U¨£§S ÊâÞ·
I=

u2
1

2n
+u1·n+

(1−u1)
2

2(1−n)
+(1+u1)(1−n),

T¦² ÊSU ÞâÊT â¢¨² ÊâÊTV â¥¶TYÉ S·

dI

du1
=0−→

u1

n
+n+(1−n)−

1−u1

1−n
=0

¢ âÞÊS© Þ¢£

u1=n
2
, ®Æá¯

¦TY â¦T ÊS© S¬ÊÇ¤±Ç ÊTªÉ S¤Ç ÊÞÉß® WYÉ¦ Ê«É âÊÞ¢£ WYÉ¦¬¦ ÊSÞÉ SÊÇ¤VS«»

¨Ç ÊÞ¢ß©ªWÇu(x)=x2

¯ X

Ëh



��� ¡¢£¤� ¥ ¢¦§¨£¦�£�©FiniteDifferencesª

«¬®¯°¯±²¬®³ °´²µ ³¶· ¯¸±¹º»²µ²¼¯½ ³»¾ »¯¿¼µÀºLaplaceÁ ³¬µÀmodelproblemÂ

∂
2
u

∂x2+
∂

2
u

∂y2=0|(T´ ÀÃ¬Ä³¬ ±Àµ ¯µ®ÅÁ ¿ÃÀ),u=u(x,y)

´ ¯»º ÃÀ®³¬¶· »º Ã°·¶²DirchletÂ

u(x,y)=f(x,y)≡x+y|∂T,

´ ¯µ²´Æ °ÀÄÀµ ¿ÃÇ ¯¸¯®¬ »´Æ Ã¿ÃÈ ³¬É À®¾ Ã¶¬ ³Ê®· »²µ ¿ÃµË¸¿ÃÂ

Ì¬Íµ ¿Ãù »²´ ¯±¿ÃÌfive-pointformulaÍ

ÌÍµ ¿Ãl »²´ ¯±¿ÃÌnine-pointformulaÍ

Î À¸ÅÊ À¼µ²¼Ä³¬´Æ®³»²¼ Ã¬ ¯±Ã¬ ³h=0.20Ï

ÌÑÐ�ÒÓÔÕ£�Ö× ³¬µ² Ã¯Ë®¯»²µ²¼¹ Ë»¯¿¼µ ¿ÃÁ®¬´´ ³¶¾ Ã»º»µ²´ Åµ ¿Ã¸Àº°¬ ¸®À¶ ËØ Àº Ã´ ¸À®¯±µ ¯ Ã¬¶ ÅÃ¯µ ¯Ê®· »² ¸¬¶Æµ ¿ÃÙÚ ¸¿¼µÀIMSL·µÀMATHEMATICAÙ ¸Àºº ¸Å®Ê Àº Ã»µÀ¯®Á¬ »µ·®³ÀµÀº µ´·´¬ µÀ¼ÏÍ

ÛÜÝÞÓ¥ß�Ö× ³¬µ² ÃÀÃÀ´¬ »±¬µ ¿Ã¶ Ú´ ¿ÃÃ¬¬¶ À¹ Àº °² °¯±µÀ¸¬®¬¶ Åµ ¿»Ê·´¬Â

Ç®ÀÉ¬ Ã¾¼À³µ ³´Æ¼µ²¼¹ Ë»¯¿¼u=u(x,y) ¸Àº °¬º ¸À¹ ÀÁ ³»µ ÀËÃ¯±Ã¬ ³À³u1,u2,u3,...,u13,u14,u15,u16Ï Ël



à�� ¡¢£¤� ¥ ¢¦§¨£¦�£�©FiniteElementsª

× ³¬µ² Ã¯Ë®¯»²µ²¼¬®³ °´²µ ³¶·¼¹ Ë»¯¿¼µÀºÄ³¬É À®³¶ ÀË»º»µ·´¬ µ À¼Ì¹Æ ¸¯¸¬®ÅÄ¯³Á´¬ ³¹ ±Àº»¯¹ ±Ä¬ lÍÂ

d
2
u

dx2−2=0|[0,1]

u(0)=0,u(1)=0ÌÑáº ÃÀ®³¬¶Æ¼»º Ã°·¶ ¯¼ÍÙ Ã¬Á ±Ã¯³Ê®· »²µ²¼´ ¯°ÚÄÀºµ ¿Ã¸¯¸¯®¬ »´ Æ Ã¿Ã»µÀ³Ê ¯±¿Ã ÌvariationalprincipleÍÁ ³¬µÀº¸®À»Ä³À®³»´ ÀËµ²¼¹ Ë»¯¿¼»µ¬ »²´ ¯±¬Ì¶ Ú´ À³ÍnÏÙnÏ ËÙnÏG¶¬ ³nÏhÏ âãµ »³¾ »µ ¯Ã¬ ¸¬®¬Ê °¯ ±ÀElementInformationMatrixÙ µ²¼ ¸¬®¬¶ Åµ ¿´ À®É·¼Ì×®¬´´ ³¶·Ç®À»¯ÁÁ ±ä Àº»¬ »º ÃÅ®µ² »²ÍÂ
áµÀ³Ê ¯±ÀÇ ¯®³¶¹ ¯±ÀÃµ ¯¼¶ Ú´ À³å À´ ³¶Æ¼µ ³´Æ¼Ç®À»¯ÁÁ ±ä Àº»¬ »º ÃÅ®µ² »² ÌElementÍNodalcoordinatesNodalvaluesÌApproximationfunctionÍ 6

(1)
x0=0¶¬ ³x1=0.2u2=0Ùu1=...u

(1)
=...

6
(2)

x1=0.2¶¬ ³x2=0.4u1=;Ùu2=;...

6
(3)

x2=0.4¶¬ ³x3=0.6u2=;Ùu3=;...

6
(4)

x3=0.6¶¬ ³x4=0.8u3=;Ùu4=;...

6
(5)

x4=0.8¶¬ ³x5=1.0u4=;Ùu5=;u
(5)

=...

ÎÆ¹ À¼Ù ¯¸³ ¸®Ú»°¯µ¬Ù »¬ ¼ä²µ ¯±µ¬ ³Ã¬®¯±µ ¯µ ³¼µ ³´Æ¼µ²¼¬®³ °´²µ ³¶·¼¹ Ë»¯¿¼»µ¬ »²´ ¯±¬nÏ p¶¬ ³nÏcÙ ¶¬ °¾¼¯¸±»²¼¶¬ ³µ² Ãµ ³´·µ²¼ ¸¬®¬Á¾Á ÀºÄµ¬ ¸¬®¬ ¸ÅÃ¿»²´ ¯±¬Ï

ùn


