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11. 'Algebra Boole, sunart sei Boole aplopo�hsh logik¸n su-nart sewn(a) Eisagwgik�Sto (a) tou kefala�ou 10 dìjhke o p�naka alhje�a th prì-sjesh 2 duadik¸n yhf�wn y1 + y2, en¸ sth sunèqeia dìjhkeh di�taxh tou hmiajroist , pou me th bo jeia tri¸n basik¸nS.M.E.P, ulopoie� thn ìlh diadikas�a. H mhqanik  aut  di�taxhbasik� qrhsimopoie� 6 pÔle - gates (3 pÔle AND, m�a OR kaidÔo NOT) kai profan¸ den e�nai monadik  (blèpe sq ma 24).Exagìmene Plhrofor�e:
Σ = y1 · ȳ2 + ȳ1 · y2

K = y1 · y2

(1)
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Sq ma 24. Hmiajroist  2 duadik¸n yhf�wn

y1 + y2

Mia �llh mhqanik  di�taxh pou ulopoie� ènan hmiajroist  e�naih ex  tou sq mato 25: 3/39



Sq ma 25. Beltiwmèno hmiajroist  2 duadik¸n yhf�wn y1 + y2

th opo�a o p�naka alhje�a eÔkola diapist¸netai ìti e�nai oautì me tou hmiajroist , tou sq mato 24. 4/39



'Askhsh: Na breje� o p�naka alhje�a th di�taxh tou sq ma-to 25 kai na sugkrije� me ton p�naka alhje�a tou hmiajroist ,tou sq mato 24.Tèlo, argìtera ja doÔme ìti oi exagìmene plhrofor�e apì thdi�taxh tou hmiajroist  plhroÔn ti ekfr�sei:

Σ = y1 · y2 · (y1 + y2), K = y1 · y2,pou apod�dontai apì ti exìdou tou sq mato 25, kai e�nai pro-fanè ìti h di�taxh aut  e�nai protimhtèa th parap�nw diat�xe-w tou sq mato 24, afoÔ aut  apaite� 6 pÔle gia thn ulopo�-hs  th en¸ h di�taxh tou sq mato 25 apaite� mìno 4; dhlad ,èqoume exoikonìmish pul¸n 50%!Er¸thma: Poia e�nai h bèltisth di�taxh (profan¸ meto mikrìtero pl jo pul¸n) pou ulopoie� mia epijumht diadikas�a? 5/39



Thn ap�nthsh mporoÔme na thn èqoume mìno e�n majhmatikopoi- soume th mèjodo anaz thsh, kai to ìrgano gi> autì e�nai h'Algebra Boole, pou pr¸ta axiopoi jhke sth logik  twn pro-t�sewn. O George Boole, anèptuxe thn om¸numh 'Algebr� tou sedÔo èrga tou: {H majhmatik  An�lush th Logik } (The ma-

thematical Analysis of Logic, 1847) kai (b) sto {Mia DiereÔnhshtwn Nìmwn th Skèyh} (An Investigation of the Laws of Thought,

1854), me stìqo na anakalÔyei tou trìpou ergas�a tou an-jr¸pinou mualoÔ. To endiafèron sthn prokeimènh per�ptwshe�nai ìti h 'Algebra tou Boole mpore� ex�sou na efarmosje� kaiston sqediasmì twn yhfiak¸n kuklwm�twn, afoÔ h logik  twnprot�sewn bas�zetai sto ìti mi� prìtash e�nai   alhj    yeu-d , opìte e�nai profan  h duadik  th dom .
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'Etsi, up�rqei sten  sÔndesh metaxÔ tou sqediasmoÔ th mo-n�da CPU twn H.U. kai th majhmatik  logik , tìso pouta yhfiak� kukl¸mata, pou ekteloÔn pr�xei ìpw p.q. hprìsjesh suqn� onom�zontai logik� kukl¸mata kai o sqe-diasmì tou kale�tai logikì sqediasmì, en¸ oi duadikètimè 1 kai 0 onom�zontai ep�sh: {alhj } kai {yeud } (true
and false),   {anoiqtì}   {kleistì} (on and off),   {uyhl }kai {qamhl } (high and law),   {logik  1} kai {logik  0} (logic
1 and logic 0).(b) Logikè metablhtè, logiko� telestè kai ekfr�sei touOi logikè metablhtè e�nai metablhtè pou pa�rnoun m�a apìti dÔo duadikè dunatè timè 1 kai 0, gi> autì de kai onom�zo-ntai kai duadikè metablhtè (binary variables). P.q. ta y1 kai

y2 sth di�taxh tou sq mato 21 e�nai logikè metablhtè afoÔpa�rnoun timè 0 kai 1, pou e�nai ta duadik� yhf�a. 7/39



Oi logiko� telestè e�nai telestè pou epenergoÔn se duadi-kè metablhtè. Oi basiko� logiko� telestè e�nai: oi {not},{and}, kai {or}, or�zontai de me tou akìloujou p�nake alh-je�a: Q not Q0 11 0 Q U Q and U0 0 00 1 01 0 01 1 1
Q U Q or U0 0 00 1 11 0 11 1 1(2)

Shme�wsh: Oi parap�nw 3 logiko� telestè sumbol�zontai a-nt�stoiqa kai me X̄, X · Y (  XY ) kai X + Y .Oi logikè ekfr�sei e�nai ekfr�sei ìpou ìloi oi telestèe�nai logiko�, perièqoun mìno logikè metablhtè kai ti logi-kè stajerè 1 kai 0. P.q. oi parak�tw ekfr�sei e�nai logikèekfr�sei (x, y, z, q, b, c e�nai logikè metablhtè):

0, 1, x, x̄, x · y, x + y, ab + bc + ac, (x + y) · (x + z),kai e�nai profanè ìti autè lamb�noun m�a apì ti dÔo timè0 kai 1, pou upolog�zontai me efarmog  twn logik¸n telest¸nkai me b�sh tou p�nake (2). 8/39



Tèlo, kat� thn ektèlesh twn upologism¸n ekteloÔntai oi logi-kè pr�xei me thn ex  proteraiìthta twn telest¸n: pr¸taoi not, met� oi and kai tèlo oi or; fusik�, oi ekfr�sei separenjèsei èqoun proteraiìthta (ìpw akrib¸ kai sto FOR-

TRAN).Parat rhsh: Oi p�nake alhje�a (2) twn logik¸n telest¸n

not, and kai or e�nai oi �dioi akrib¸ me tou p�nake alhje�atwn 3 S.M.E.P. (NOT, AND kai OR); �ra oi logiko� telestèulopoioÔntai apì tou 3 stoiqei¸dei mhqanismoÔ epexergas�-a plhrofori¸n kai onom�zontai ep�sh: Sumpl rwsh, Pol-laplasiasmì Boole kai Prìsjesh Boole.(g) 'Algebra BooleH 'Algebra Boole e�nai m�a algebrik  dom  pou or�zetai seèna sÔnolo stoiqe�wn S maz� me dÔo duadikè pr�xei (thnprìsjesh Boole {+} kai ton pollaplasiasmì Boole {·}v) kai thnpr�xh th sumpl rwsh { ¯ }, pou ikanopoioÔn ta akìlouja(èxh) axi¸mata (tou Huttington 1904): 9/39



i) Ax�wma th Kleistìthta (Closure) gia ti pr�xei {+}kai {·}(1) An A kai B e�nai dÔo stoiqe�a pou an koun sto Σ (A ∈ Σkai B ∈ Σ) tìte kai to stoiqe�o (A + B) ∈ Σ(2) An A ∈ Σ kai B ∈ Σ, tìte kai (A · B) ∈ Σ.Par�deigma: E�n Σ ≡ IN = {1,2,3, . . .} e�nai to sÔnolo twnfusik¸n arijm¸n, h gnwst  ma prìsjesh e�nai mia pr�xh giathn opo�a to IN e�nai kleistì; den isqÔei ìmw to �dio gia thnafa�resh, afoÔ to (1 − 3) 6∈ IN.
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ii) Ax�wma up�rxew TautotikoÔ Stoiqe�ou (Identity Ele-

ment),   Oudèterou Stoiqe�ou(1) Up�rqei sto Σ èna stoiqe�o 0, pou onom�zetai mhdenikìstoiqe�o w pro thn prìsjesh (v{+}v), me thn idiìthta: ∀A ∈ Σ,isqÔei: A + 0 = 0 + A = A.(2) Up�rqei sto Σ èna stoiqe�o 1, pou onom�zetai monadia�ostoiqe�o w pro ton pollaplasiamì (v{·}v), me thn idiìthta:

∀A ∈ Σ, isqÔei: A · 1 = 1 · A = A.Par�deigma: Gia to IN kai ti pr�xei th prosjèsew kai toupollplasiasmoÔ ta tautotik� stoiqe�a e�nai to mhdèn kai toèna.
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iii) Ax�wma Antimetajetikìthta (Commutative Law)(1) Gia A ∈ Σ kai B ∈ Σ isqÔei: A + B = B + A(2) Gia A ∈ Σ kai B ∈ Σ isqÔei: A · B = B · A.Par�deigma: Sto IN profan¸ isqÔoun afoÔ 2 + 3 = 3 + 2 kai

2 · 3 = 3 · 2.
iv) Ax�wma Epimeristikìthta (Distributive Law)(1) Gia A ∈ Σ, B ∈ Σ kai Γ ∈ Σ isqÔei: A+(B ·Γ) = (A+B)·(A+Γ)(2) Gia A ∈ Σ, B ∈ Σ kai Γ ∈ Σ isqÔei: A ·(B+Γ) = (A ·B)+A ·Γ).Par�deigma: Sto IN isqÔei to 2, OQI ìmw kai to 1. Giat�?

v) Ax�wma Up�rxew Sumplhr¸mato (Complement)Gia ∀ A ∈ Σ up�rqei p�ntote èna stoiqe�o Ā tètoio ¸ste naisqÔoun:(1) A + Ā = 1(2) A · Ā = 0. 12/39



Par�deigma: Sto sÔnolo Σ = {0,1} kai gia ti pr�xei BooleisqÔoun, oi prohgoÔmene idiìthte afoÔ:

0̄ = 1, 1̄ = 0, kai 0 + 1 = 1, 0 · 1 = 0.

vi) Ax�wma up�rxew 2 toul�qiston stoiqe�wn, diafìrwnmetaxÔ twnSto sÔnolo Σ up�rqoun 2 toul�qiston stoiqe�a A kai B, me

A 6= B.Parat rhsh: Sta 5 pr¸ta axi¸mata an antikatast soume sta(1) thn pr�xh {+} me thn pr�xh {·} (thn duðk  th) kai to stoi-qe�o 0 me to 1 (to duðkì tou) lamb�noume ta (2); aut  h duðkìthtwn axiwm�twn ja ma fane� qr simh sthn apìdeixh jewrhm�-twn.

13/39



Tèlo, ta parap�nw axi¸mata de sumperilamb�noun ton prose-tairistikì nìmo (Associate Law), o opo�o isqÔei sthn 'Algebra

Boole kai mpore� na apodeiqje� me th bo jeia twn parap�nwaxiwm�twn, pr�gma pou upodhl¸nei thn Ôparxh �llwn sunì-lwn axiwm�twn pou mporoÔn na jemeli¸soun thn 'Algebra

Boole. Eme�, akolouj¸nta ton C.E. Shannon (1938), ja uioje-t soume thn �lgebra Boole pou eis gage (Switching algebra) giato sÔnolo Σ = {0,1}, pou e�nai kat�llhlh gia th d�timh dom  twnstoiqe�wn tou H.U. Kat� sunèpeia h �lgebra Boole pou ako-loujoÔme èqei to basikì sÔnolo Σ = {0,1}, ti dÔo duadikèpr�xei, thn Prìsjesh Boole (+), kai tou pollaplasiasmoÔ Bo-

ole (·), kaj¸ kai thn pr�xh th Sumpl rwsh ( ¯ ), gia thnopo�a profan¸ isqÔei 0̄ = 1, kai 1̄ = 0. Ta èxh axi¸mata tou

Huttington isqÔoun kai me th bo jei� tou apodeiknÔontai taparak�tw jewr mata: 14/39



Je¸rhma 1 (De Morgan) E�n A, B ∈ Σ tìte isqÔoun (parath-r sate th duadikìthta):

(a)A + B = A · B, (β)A · B = A + B.(Na apodeiqjoÔn me p�nake alhje�a).Je¸rhma 2 (Dipl  Sumplhr¸sew) An A ∈ Σ, tìte isqÔei:

(A) = A.Je¸rhma 3 (Autoen¸sew / Autotom ) An A ∈ Σ, tìte i-sqÔoun: A + A = A, A · A = A.Je¸rhma 4 (Kuriarqikìthta) An A ∈ Σ, tìte isqÔoun: A +

1 = A, A · 0 = 0.Je¸rhma 5 (Aporrofhtikìthta) An A, B ∈ Σ, tìte isqÔoun:

A · (A + B) = A, A + (A · B) = A.Je¸rhma 6 (ProsetairismoÔ) An A, B,Γ ∈ Σ, tìte isqÔoun:

A + (B + Γ) = (A + B) + Γ, A · (B · Γ) = (A · B) · Γ. 15/39



Je¸rhma 7 (EpimerismoÔ) An A, B ∈ Σ, tìte isqÔoun:

A + Ā · B = A + B, A · (Ā + B) = A · B.(d) Sunart sei BooleSta prohgoÔmena or�same ti logikè metablhtè (  metablhtè

Boole) w ti metablhtè eke�ne pou lamb�noun ti timè 1 kai 0kai mìnon autè. Ti logikè metablhtè ja ti sumbol�zoume meta kefala�a gr�mmata A, B, C, . . . , X, Y, Z. K�je sun�rthsh mia  perissotèrwn logik¸n metablht¸n lègetai logik  sun�rth-sh   sun�rthsh Boole, kai ja thn sumbol�zoume m> èna mikrìgr�mma, sun jw to f , pou profan¸ ja pa�rnei kai aut  thntim  1   thn tim  0; p.q. h f(A, B) = A + A · B, e�nai mia logik sun�rthsh twn logik¸n metablht¸n A kai B.
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Gia k�je sun�rthsh Boole e�nai dunatìn na d¸soume ton p�nakaalhje�a th, o opo�o fusik� ma d�dei ti timè th sunart -sew gia ìlou tou dunatoÔ sunduasmoÔ tim¸n twn anex�r-thtwn metablht¸n th; p.q. gia ti sunart sei:

f1(A, B) = A + B, f2(A, B) = A · B(3)ja èqoume ton parak�tw p�naka (alhje�a) 14:P�naka 14. P�naka alhje�a twn sunart sewn f1 kai f2A B 1 A B A + B A + B Ā · B̄ Parathr sei0 0 1 1 0 1 1 1 E�nai profanè ìti oi dÔo0 1 1 0 1 0 0 0 sunart sei f1(A, B) kai f2(A, B)1 0 0 1 1 0 0 0 e�nai isodÔname, afoÔ èqoun1 1 0 0 1 0 0 0 ton autìn p�naka tim¸n (alhje�a).Shme�wsh: H parat rhsh ston parap�nw p�naka e�nai genik ,dhlad  e�nai dunatìn na eureje� mi� apeir�a sunart sewn Boole,pou e�nai isodÔname me mia doje�sa sun�rthsh Boole. 17/39



Kat� sunèpeia e�nai eÔlogo to er¸thma p¸ kane� mpore� naentop�sei thn aploÔsterh apì autè, ètsi ¸ste na odhghje�sto aploÔstero logikì kÔklwma pou ja thn ulopoie�. 'Enapr¸to b ma e�nai h aplopo�hsh twn logik¸n sunart sewnme efarmog  twn axiwm�twn kai jewrhm�twn th 'Algebra(algebrik  mèjodo); all� ja epanèljoume argìtera gia thnmèjodo Karnaugh.Parade�gmata:1. Na deiqjoÔn oi sqèsei twn logik¸n metablht¸n:

(i) A · B + A · B̄ = A (ii) (A + B) · (Ā + C) = Ā · B + A · C.Apìdeixh th (i)

A · B + A · B̄

ax�wma
→

(iv.2)
A · (B + B̄)

ax�wma
→
(v)

A, o.e.d.
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Apìdeixh th (ii)
(A+B)·(Ā+C) = A·Ā+B·Ā+A·C+B·C = lìgw axi¸mato (vi) −→

Ā · B · (C + C̄) + A · (B + B̄) · C + (A + Ā) · B · C =

= Ā · B · C + Ā · B · C̄ + A · B · C + A · B̄ · C + A · B · C + Ā · B · C =

= (lìgw jewr mato 3) = Ā ·B ·C + Ā ·B · C̄ +A ·B ·C +A · B̄ ·C =

= Ā · B + A · C, o.e.d.
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2. Ep� plèon oi parak�tw aplopoi sei e�nai eukolonìhte kaieÔqrhste:
(i) X + X̄ · Y = (X + X̄) · (X + Y ) = 1 · (X + Y ) = (X + Y )(Qrhsimopoi jhke to ax�wma tou epimerismoÔ)

(ii) X · (X̄ + Y ) = X · X̄ + X · Y = X · Y(afoÔ X · X̄ = 0 kai axiopo�hsh tou axi¸mato tou epimerismoÔ.)

(iii) X̄ · Ȳ · Z̄ + X̄ ·Y ·Z +X · Ȳ = X̄ ·Z(Ȳ +Y )+X · Ȳ = X̄ ·Z +X · Ȳ .

(iv) X · Y + X̄ · Z + Y · Z = X · Y + X̄ · Z + Y · Z(X + X̄) =

= X ·Y + X̄ ·Y +X ·Y ·Z + X̄ ·Y ·Z = X ·Y ·(1+Z)+X ·Z ·(1+Y ) =

= X · Y + X · Z. 20/39



(e) Basikè sunart sei 2 metablht¸nE�nai eÔkolo na deiqje� ìti to sÔnolo ìlwn twn sunart sewn2 Logik¸n metablht¸n Q kai U e�nai 16 (222, genikìtera gia nmetablhtè isqÔei gia to sÔnolo twn sunart sewn o tÔpo 22ν)kai d�dontai apì ton parak�tw p�naka 15:P�naka 15. P�naka ìlwn twn dunat¸n sunart sewn 2 logik¸n metablht¸nQ U f0 f1 f2 f3 f4 f5 f6 f7 f8 f9 f10 f11 f12 f13 f14 f150 0 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 10 1 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 11 0 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 11 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1SÔmbolo · / Q / U ⊕ + ↓ ⊙ Ȳ ⊂ X̄ ⊃ ↑ston opo�o mporoÔme na anagnwr�soume ti  dh gnwstè ma

f1 (to ginìmeno), f7 (to �jroisma), thn f6 (ton XOR), thn f14(NAND), klp. 21/39



(st) El�qistoi kai Mègistoi 'OroiO el�qisto ìro (minterm) k metablht¸n Boole X0, X1, X2, . . . , Xk,or�zetai w to logikì ginìmeno twn k aut¸n metablht¸n,ìpou h k�je m�a emfan�zetai �pax,   h �dia,   to sumpl -rwm� th; p.q. gia ti logikè metablhtè A, B kai C oi ìroi

A · B · C, Ā · B̄ · C, A · B̄ · C̄ e�nai el�qistoi ìroi, en¸ o ìro A · Bden e�nai el�qisto afoÔ den up�rqei par�gwn C s> autìn.O mègisto ìro (maxterm) k metablht¸n Boole X0, X1, X2, . . . , Xk,or�zetai w to logikì �jroisma twn k aut¸n metablht¸n,ìpou h k�je metablht  emfan�zetai �pax,   h �dia,   tosumpl rwm� th; p.q. gia ti parap�nw logikè metablhtè oiìroi A + B + C, Ā + B + C, A + B̄ + C̄, A + B̄ + C e�nai mègistoiìroi. 22/39



To pl jo twn elaq�stwn kai twn meg�stwn ìrwn e�nai eÔkolona upologiste� ìti e�nai �so me 2k, ìpou k e�nai to pl jo twnlogik¸n metablht¸n; p.q. gia ti 3 logikè metablhtè A, B kai

C èqoume 8 ìrou, pou d�dontai ston parak�tw p�naka 16.P�naka 16. Mègistoi kai el�qistoi ìroi sunart sewn 3 logik¸n metablht¸nMetablhtè El�qistoi Sumbolismì Mègisto Sumbolismì Parathr sei'Oroi 'Oro

A B C (Minterms) (Maxterms)0 0 0 Ā · B̄ · C̄ E0 A + B + C M0 IsqÔoun0 0 1 Ā · B̄ · C E1 A + B + C̄ M1 oi sqèsei:0 1 0 Ā · B · C̄ E2 A + B̄ + C M2 Ēk = Mk,0 1 1 Ā · B · C E3 A + B̄ + C̄ M3 M̄k = Ek1 0 0 A · B̄ · C̄ E4 Ā + B + C M4 k = 0,1,2, . . . ,71 0 1 A · B̄ · C E5 Ā + B + C̄ M51 1 0 A · B · C̄ E6 Ā + B̄ + C M61 1 1 A · B · C E7 Ā + B̄ + C̄ M7Gia tou el�qistou kai mègistou ìrou isqÔoun oi akìlou-je sqèsei (gia k metablhtè):(1) M̄ν = Eν, ν = 0,1,2, . . . ,2k − 1;(2) Mi + Mj = 1 kai Ei · Ej = 0, ∀i 6= j me i, j ∈ {0,1,2, . . . ,2k − 1};23/39



(3) 2k−1∑

ν=0
Eν = 1, 2k−1∏

ν=0
Mν = 0;

(4) Eµ =
2k−1∏

ν=0
ν 6=µ

Mν, µ = 0,1,2, . . . ,2k − 1, Mµ =
2k−1∑

ν=0
ν 6=µ

Eν;(5) K�je logik  sun�rthsh k metablht¸n par�statai mo-nadik� w ex :
f(A1, A2, . . . , Ak) =

2k−1∑

ν=0

aνEν kai f(A1, A2, . . . , Ak) =
2k−1∏

ν=0

(bν + Mν) ,ìpou Eν, Mν, ν = 0,1,2, . . . ,2k − 1 oi el�qistoi kai mègistoiìroi twn k metablht¸n kai aν, bν, ν = 0,1,2, . . . ,2k − 1 e�nai oi{qarakthristiko� arijmo�} th logik  sunart sew f (pa�r-noun timè 0   1).
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(z) Aplopo�hsh Logik¸n Sunart sewn/Kuklwm�twnThn monadik  par�stash k�je logik  sun�rthsh sto q¸rotwn elaq�stwn ìrwn th, pou ekfr�zei h teleuta�a sqèsh thprohgoÔmenh paragr�fou:
f(A1, A2, . . . , Ak) =

2k−1∑

ν=0

aνEν,me aν tou qarakthristikoÔ arijmoÔ th f , ja axiopoi soumesth sunèqeia gia na fj�soume sthn aploÔsterh dunat  èkfras th.Gia to skopì autì ja ma bohj sei h grafik  par�stash twnelaq�stwn ìrwn kai to bohjhtikì ergale�o tou q�rth Karnaugh.Prohgoumènw, ìmw ja ma bohj soun oi ex  epishm�nsei:25/39



(i) K�je el�qisto ìro (E) dÔnatai na jewrhje� w mi�sun�rthsh th opo�a o p�naka al jeia èqei thn idiìthtana lamb�nei thn tim  1 mìno gia èna sunduasmì tim¸n twnmetablht¸n th, pou w duadikì arijmì d�dei kai thn t�xhtou elaq�stou ìrou. (Na g�nei epal jeush me tou elaq�stouìrou tou p�naka twn 3 metablht¸n).(ii) Ant�stoiqa, isqÔoun gia tou meg�stou ìrou, ìpou op�naka alhje�a tou èqei thn idiìthta na lamb�nei thn tim 0 mìno gia èna sunduasmì tim¸n twn metablht¸n tou, pouw duadikì arijmì d�dei kai thn t�xh tou meg�stou ìrou(Nag�nei epal jeush).

26/39



(iii) Ex�llou, h par�stash twn elaq�stwn ìrwn mpore� na apo-doje� grafik� me ta diagr�mmata Venn; p.q gi� m�a, dÔo kai treimetablhtè èqoume ti ex  eikìne twn antisto�qwn elaq�stwnìrwn, gia sunart sei mi�, dÔo kai tri¸n logik¸n metablht¸n.
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T¸ra, e�n metatrèyoume tou kÔklou twn diagramm�twn Vennse tetragwn�dia (pou topojetoÔntai kat�llhla), pa�rnoume tadiagr�mmata Veitch apeikìnish twn elaq�stwn ìrwn:v
ĀA ĀA

v
ĀA

B̄ B

Ā · B̄ Ā · B

A · B̄ A · B

v

ĀA

B̄ · C̄ B̄ · C B · C̄ B · C

Ā · B̄ · C̄ Ā · B̄ · C Ā · B · C̄ Ā · B · C

A · B̄ · C̄ A · B̄ · C A · B · C̄ A · B · CTèlo, me anakat�taxh twn tetragwnid�wn Veitch lamb�netai oq�rth tou Karnaugh, gia ton opo�on èqoume ti akìlouje topo-jet sei twn elaq�stwn ìrwn gia m�a, dÔo kai trei metablhtè(2,4 kai 8 el�qistoi ìroi):v
A ĀA

v
A

B
︷ ︸︸ ︷

Ā · B̄ Ā · B

A · B̄ A · B

v
A{ v

B
︷ ︸︸ ︷

Ā · B̄ · C̄ Ā · B̄ · C Ā · B · C̄ Ā · B · C

A · B̄ · C̄ A · B̄ · C A · B · C̄ A · B · C

︸ ︷︷ ︸
CShme�wsh: Oi grammè kai st le pou den shmei¸ntontai anti-stoiqoÔn sta sumplhr¸mata twn antisto�qwn metablht¸n.28/39



Gia ti peript¸sei twn 4, 5 kai 6 metablht¸n èqoume ti para-k�tw morfè (topojet sei twn elaq�stwn ìrwn) tou q�rth tou

Karnaugh, twn pin�kwn 17, 18 kai 19.(1) Per�ptwsh twn tess�rwn metabl twn A, B, C kai D (16el�qistoi ìroi)P�naka 17. Q�rth Karnaugh 4 metablht¸n

CD
C

︷ ︸︸ ︷

AB ĀB̄C̄D̄ ĀB̄C̄D ĀB̄CD ĀB̄CD̄

ĀBC̄D̄ ĀBC̄D ĀBCD ĀBCD̄

ABC̄D̄ ABC̄D ABCD ABCD̄

AB̄C̄D̄ AB̄C̄D AB̄CD AB̄CD̄

︸ ︷︷ ︸
D

A{

}B

@
@

(2) Per�ptwsh twn pènte metablht¸n A, B, C, D kai E (32el�qistoi ìroi) 29/39



P�naka 18. Q�rth Karnaugh gia 5 metablhtè

CDE
C

︷ ︸︸ ︷

AB ĀB̄C̄D̄Ē ĀB̄C̄D̄E ĀB̄C̄DE ĀB̄C̄DĒ ĀB̄CDĒ ĀB̄CDE ĀB̄CD̄E ĀB̄CD̄Ē

ĀBC̄D̄Ē ĀBC̄D̄E ĀBC̄DE ĀBC̄DĒ ĀBCDĒ ĀBCDE ĀBCD̄E ĀBCD̄Ē

ABC̄D̄Ē ABC̄D̄E ABC̄DE ABC̄DĒ ABCDĒ ABCDE ABCD̄E ABCD̄Ē

AB̄C̄D̄Ē AB̄C̄D̄E AB̄C̄DE AB̄C̄DĒ AB̄CDĒ AB̄CDE AB̄CD̄E AB̄CD̄Ē

︸ ︷︷ ︸
E

︸ ︷︷ ︸
E

︸ ︷︷ ︸
D

A{

}B

@
@

(3) Per�ptwsh twn èxi metablht¸n A, B, C, D, E kai F (64el�qistoi ìroi).
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P�naka 19. Q�rth Karnaugh gia 6 metablhtè

DEF
D

︷ ︸︸ ︷

ABC ĀB̄C̄D̄ĒF̄ ĀB̄C̄D̄ĒF ĀB̄C̄D̄EF ĀB̄C̄D̄EF̄ ĀB̄C̄DEF̄ ĀB̄C̄DEF ĀB̄C̄DĒF ĀB̄C̄DĒF̄

ĀB̄CD̄ĒF̄ ĀB̄CD̄ĒF ĀB̄CD̄EF ĀB̄CD̄EF̄ ĀB̄CDEF̄ ĀB̄CDEF ĀB̄CDĒF ĀB̄CDĒF̄

ĀBCD̄ĒF̄ ĀBCD̄ĒF ĀBCD̄EF ĀBCD̄EF̄ ĀBCDEF̄ ĀBCDEF ĀBCDĒF ĀBCDĒF̄

ĀBC̄D̄ĒF̄ ĀBC̄D̄ĒF ĀBC̄D̄EF ĀBC̄D̄EF̄ ĀBC̄DEF̄ ĀBC̄DEF ĀBC̄DĒF ĀBC̄DĒF̄

ABC̄D̄ĒF̄ ABC̄D̄ĒF ABC̄D̄EF ABC̄D̄EF̄ ABC̄DEF̄ ABC̄DEF ABC̄DĒF ABC̄DĒF̄

ABCD̄ĒF̄ ABCD̄ĒF ABCD̄EF ABCD̄EF̄ ABCDEF̄ ABCDEF ABCDĒF ABCDĒF̄

AB̄CD̄ĒF̄ AB̄CD̄ĒF AB̄CD̄EF AB̄CD̄EF̄ AB̄CDEF̄ AB̄CDEF AB̄CDĒF AB̄CDĒF̄

AB̄C̄D̄ĒF̄ AB̄C̄D̄ĒF AB̄C̄D̄EF AB̄C̄D̄EF̄ AB̄C̄DEF̄ AB̄C̄DEF AB̄C̄DĒF AB̄C̄DĒF̄

︸ ︷︷ ︸
F

︸ ︷︷ ︸
F

︸ ︷︷ ︸
E

A











B

}

C

}

C

@
@

Tèlo, e�n antistoiq�soume se k�je metablht  thn tim  1kai sto sumpl rwm� th thn tim  0, se k�je tetr�gwno touq�rth tou Karnaugh ja antistoiqe� èna duadikì arijmì poupa�rnei ti timè apo 0 èw 26 − 1, pou e�nai to pl jo twnelaq�stwn ìrwn kai pou h tim  tou d�dei kai thn t�xh touelaq�stou ìrou pou up�rqei sto tetr�gwno tou q�rth.31/39



P.q. to 1o kai to 2o tetragwn�dio e�nai oi arijmo� 000000 kai000001. 'Etsi, loipìn pa�rnoume ti akìlouje antistoiq�seielaq�stwn ìrwn kai tetrag¸nwn tou q�rth tou Karnaugh, giapl jo metablht¸n ν = 1,2, . . . ,6, tou p�naka 20:P�naka 20. Oi t�xei twn tetrag¸nwn tou q�rth Karnaughn=1 0 0
A 1 1 Bn=2 A 0 10 0 11 2 3Q

Q
Q

Q
Q BCn=3 A 00 01 11 100 0 1 3 21 4 5 7 6HHHHHHH

CD
AB 00 01 11 10n=4 00 0 1 3 201 4 5 7 611 12 13 15 1410 8 9 11 10

J
J

J
JJ

CDE
AB 000 001 011 010 110 111 101 100n=5 00 0 1 3 2 6 7 5 401 8 9 11 10 14 15 13 1211 24 25 27 26 30 31 29 2810 16 17 19 18 22 23 21 20

J
J

J
JJ
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DEF
ABC 000 001 011 010 110 111 101 100n=6 000 0 1 3 2 6 7 5 4001 8 9 11 10 14 15 13 12011 24 25 27 26 30 31 29 28010 16 17 19 18 22 23 21 20110 48 49 51 50 54 55 53 52111 56 57 59 58 62 63 61 60101 40 41 43 42 46 47 45 44100 32 33 35 34 38 39 37 36

J
J

J
JJ

(h) Par�stash Logik  Sun�rthsh ston q�rth Karnaugh.An gia m�a logik  sun�rthsh pou ma d�detai kai thn opo�aèqoume analÔsei s> èna logikì �jroisma elaq�stwn ìrwn, sqh-mat�soume ton ant�stoiqo q�rth Karnaugh kai jèsoume mon�desta tetragwn�dia eke�na pou antistoiqoÔn se elaq�stouìrou stou opo�ou èqei analuje� h sun�rthsh ma (o-pìte s' ìla t�alla tetragwn�dia ja up�rqoun mhdenik�),autì pou ja èqoume to onom�zoume par�stash th logik sunart sew sto q�rth Karnaugh. 33/39



E�nai eÔkolo na apodeiqjoÔn oi parak�tw prot�sei, bohjhtikèsthn diadikas�a aplopo�hsh:1o Kanìna KarnaughAn h par�stash mia logik  sunart sew 2 metablht¸n periè-qei 2 geitonikè mon�de (orizont�w   kajètw) tìte oiant�stoiqoi dÔo el�qistoi ìroi antikaj�stantai me ènan,pou br�sketai apì tou prohgoÔmenou, e�n afaireje� h meta-blht  pou all�zei tim  apì to èna tetragwn�dio sto �llo.Par�deigma: A l�boume ton p�naka al jeia tou pl rh ajroi-st  tou parak�tw sq mato 26 kai a parast soume ti sunar-t sei tou yhf�ou tou ajro�smato kai tou yhf�ou tou kratou-mènou se dÔo q�rte Karnaugh, opìte èqoume:
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Sq ma 26. P�naka al jeia pl rh ajroist 

y1 y2 k S K

E0 0 0 0 0 0

E1 0 0 1 1 0

E2 0 1 0 1 0

E3 0 1 1 0 1

E4 1 0 0 1 0

E5 1 0 1 0 1

E6 1 1 0 0 1

E7 1 1 1 1 1

Σ = E1 + E2 + E4 + E7,

K = E3 + E5 + E6 + E7.Q�rth Karnaugh gia S
y2

︷ ︸︸ ︷1E1

1E2

y1 1E4

1E7

︸ ︷︷ ︸
k

Q�rth Karnaugh gia k
y2

︷ ︸︸ ︷1E3

y1 1E5

1E7

1E6

︸ ︷︷ ︸
k 35/39



Apì tou q�rte Karnaugh tou sq mato 23, eÔkola sumpera�-noume ìti h sun�rthsh S den perièqei diadoqikè mon�de, �raden aplopoie�tai. Ant�jeta, o q�rth Karnaugh tou K perièqeitrei aplopoi sei, twn (E3, E7), (E5, E7) kai (E7, E6).2o Kanìna KarnaughAn h par�stash mi� logik  sunart sew 3 metablht¸n periè-qei 4 geitonikè mon�de se sq ma tetrag¸nou   euje�a,tìte oi ant�stoiqoi 4 el�qistoi ìroi antikaj�statai uf> enì,pou perièqei ton èna koinìn ìro. P.q., gia ti sunart sei pouakoloujoÔn: F1, F2 kai F3 èqoume:
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Koinì ìro e�nai o B → opìte telik� h F1 g�netai:

F1 :

vA B
︷ ︸︸ ︷1 11 1

︸ ︷︷ ︸
C

F1(A, B, C) = B

(Er¸thsh: Poi�  tan h F1(A, B, C) arqik� kai poiì e�nai op�naka alhje�a th telik�?).Parìmoia, sth sun�rthsh F2 pou apod�detai apì ton parak�twq�rth Karnaugh, parathroÔme ìti o koinì ìro e�nai o Ā. 'Araja èqoume:

F2 :

vA B
︷ ︸︸ ︷1 1 1 1

︸ ︷︷ ︸
C

F2(A, B, C) = Ā
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(Er¸thsh: Poi�  tan h F2(A, B, C) arqik� kai poiì o p�nakaalhje�a th telik�?).Gen�keush Kanìnwn KarnaughOi parap�nw kanìne genikeÔontai gia 4 metablhtè, opìte plè-on oi geitonikè mon�de ja e�nai 23 (ant� twn 21 =2 kai 22 =4).'Etsi, e�n h par�stash th logik  sunart sew e�qe thn pa-rak�tw morf  ston q�rth Karnaugh, tìte ja èqoume dÔo om�degeitonik¸n mon�dwn me koinè metablhtè ti B kai C, ant�stoi-qa, opìte tìte ja èqoume:
F3: CD

C
︷ ︸︸ ︷

AB 1 11 1 1 11 1 1 11 1
︸ ︷︷ ︸

D

F3(A, B, C, D) = B + C.A{

}B
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Er¸thsh: Poi�  tan h arqik  morf  th F3(A, B, C, D) = ? poupar�statai ston prohgoÔmeno q�rth Karnaugh. O p�naka alh-je�a th telik� poiì e�nai?)
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