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11. 'AAyYepepo Boole, cuvaptnoeslg Boole aAnNAoOnoinoc” AOYLK®WY CL-
YOUOTNOEWY

(o) ELoaywyLKa

> 1o (o) TOL KeEYAXLOL 10 dOOUNKe o Tivakog AANVeLAC TNC MPO-
oVeonc 2 duadlk®wy YnPlwy y1 + yo, EVW OTN OLVEXELA dOUNKE
N OLATAEN TOUL MNULAGPOLO TN, MOV KE TN PONTVELA TELWY PACLKOY
> .M.E.I1, vAOTIOLEL TNV OAN dLadilkoolo. H unxoavik”) outn dLatagn
PooLkd xpnouwuomoilel 6 MOAeC - gates (3 mMOAec AND, uta OR kow
500 NOT) Kol TPOoPAVWCE dEVY lval HovadLkY) (PAETE oxXNUA 24).

EZayoueveg NANpowopieg:

(1) > = yi1-Y2+vy1-y2
K = yi-y
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2 XN 24. HuLorOpoloTNg 2 duadlkwy Yneiwy
Y1+ 2

Muot GAAN UNXOVLKT) DLATAEN TTOV VAOTIOLEL €VOY NULAOPOLO TN Lvall

N €€NC ToLv oxXYNUATOC 25:
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2 XN 25. BEATLOUEVOC NULXTPOLOTNC 2 duadLkwy Ynelwy y1 + yo
Y1 \
Y2

Y

b

el

™NC omolog O Thvakac AANDVELNC EVKOAN DLATILO TWVETHL OTL lvol ©
VTOC UE TOL NULOTPOLO TN, TOV OXNUATOC 24.
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Aocknom: Na Bpedel o mivakag aAndelac t™nHe dLATAENS TOV OXNILA-
TOC 25 kol va ovykplPel ueE TOV TILvaKo AIANTELXC TOV NULAXTBOOLO TN,
TOU OXNUATOC 24.

TeEANOC, apyYOTeEPA Vot DOUVUE OTL OL ECAYOUEVEC TTANPOYOPLEC ATTO TN
OLATAEN TOL NULXBPEOLO TY) TTANEOUVY TLEC EKPPEAOCELC:

> =919 (y1 +v2), K =1y1"yo,

oV AmtodLdovVTUL ATTO TLE €€ODOVC TOL OXNUATOC 25, KoL lvoll TTPO-
POVEC OTL N BLATAEMN VTN €LVOL TTEOTLUNTEN TNC TTOPATIAVL dLATAEE-
WC TOV OXNUATOC 24, apOL LTYN ATOLTEL 6 TTOAEC YL TNV VAOTOL-
NoN TNC VW M BLATAEN TOLV OXNUATOC 25 amowtel LWOvo 4 dnAad,
EXOVME €EOLKOVOULON TLVAWY 50%!

EpwTnuwo: Tllolot €ivot N PEATLOTYN OHLATAEN (TEPOPOVIIG WE
TO WLLKPOTEPO MANVOC MUAMY) TMOL VAOTOLEL QLA EMLOLUTNTT
oLadlkooio,
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TNV AMAVTINOYN UTTOPOUVUE VO TNV €EXOUVUE LOVO €AV LOONUXTLKOTOL-
Noouvue TN LEDVODO AVACNTNONG, KL TO OPYAVO YL AVTO ELVOL T
‘AANYePea Boole, mov mMpwTa AELOTOLNUNKE GTN AOYLKY) TWY TPO-
Tdoewy. O George Boole, aveEMTLEE TNV OUWYLUN AAYEPPX TOL OFE
dVO €pya TOL: «H padnNuUATLK) AVvAALoN NS AoyYLkney (The ma-
thematical Analysis of Logic, 1847) kot (p) oto «MiLot ALepevyNoMN
TV Nouwy tnc kePney (An Investigation of the Laws of Thought,
1854), UE OTOXO VO VUKUAVPEL TOVC TPOTOVUC €PYNCLOC TOUL V-
VPWTLYOLV ULVAAOU. TO €VOLUPEQPOY OTNY TMPOKELUEVN TEPLTTWONM
elvor OTL n ‘AAYePpa Tov Boole unopel eCloov va epapuooVelL KoL
O TOV OXEDLAOUO TWY PNPLAKDY KUKAWUATWY, 0oV N AOYLKN TWV
TEOTAOEWY Pocileton oTO OTL YLK TTPOTAON €lvoll ) AANONC N Yev-
ONg, OMOTE €lval MPOPAVNE N dLAOLKN TN doun.
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®)

‘ETOL, UTIAPXEL OTEVN oLVOEOT METAEL TOL OXEBLONOMOU TNC UO-
vadoc CPU Ttwy H.T. kKol T™NC ULOAONUATLKNC AOYLKNG, TOOO TOV
T PNPLAKA KUKAWWRATO, TTOU EKTEAOUVUY TPALELC OTIWC T.X. N
MPOoVeEON CUX VA OVORATOVTOL AOYLKA KUKAMWATO KOL O OXE-
OLOOUOC TOUC KOAELTOL AOYLKOC OXEOLACWOG, €V OL dLADLKEC
TLIEC 1 koL O ovoudlovtal eTLong: «AANONCY kKol «Pevdney (true
and false), 1) «avoLXTOCY N KKAELOTOCY (on and off), N «VPNANY
Kol «XouNnANY (high and law), N «AOYLKY) 1» KoL «AOYLKN 0» (logic
1 and logic 0).

NOYLKEC UWETAPAMNTEG, AOYLKOL TEAEOTEC KOL EKPEPACELE TOLG

OL AOYLKECG WETOUPANTEG clvol UETAPANTEC OV TaLpvoLvy Uil ard
TLC VO duadlLkec duvatec Tunec 1 kol O, YL avTO dE KoL ovoudCo-
VTOL Kol BVODLKEC wETAPANTECG (binary variables). IN.x. To y1 Ko
Yo OTYN OLATAEN TOL OXNUATOC 21 €lval AOYLKEG UETAPANTEC APOU
Tolpyvouvy Tuueg O koL 1, Tov elvol Tta dvadLkd Ynepla.
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OL AOYLKOL TEAEOTECG LVOL TEAEOC TEC TTOV EMEVEPYOUY OE dLAdL-
KEC UETAPANTEC. OL PaociLkol AoyLkol TeAeoTeEC €lval: oL «noty,
«andy, kKoL «ory, oplCovtol de Uue TOVC AUKOAOVLVOVC TILVUKEC OAN-
veloc:

X T Xand T X T | Xor T
X || not X 0 O 0 0 O 0
(2) 0 1 0O 1 0 0O 1 1
1 H 0 1 O 0 1 O 1
1 1 1 1 1 1

2 NUELLWOT: OL Topamtdvew 3 AOYLKOL TEAEOTEC OLVUPOALCOVTOL O~
vtlotouxo ko ue X, X Y (D XY) kow X + Y.

Ol AOYLKEG EKYPPAOCELG €lvol cKPPAOoeELC OTTOV OAOL OL TEAEOC TEC
elvoll AOYLKOL, TtEPLEXOLY ULOVO AOYLKEC UETUPANTEC KOL TLC AOYL-
KeEC otadepec 1 koL 0. .x. OL TMUPUKATW EKPPAOCELE €LVOL AOYLKEC
ekppdoelc (x,vy,z,q,b,c €Lvol AOYLKEC UETUPANTEC):

O, 1, z, z, -y, x+vy, ab+bc+ac, (x+vy) (x4 2),

KoL €lvoll Tpoavec OTL LTEC AocuPdvouvy ula amtd TLE dVO TLUEC
O kKot 1, TOV VUTTOAOYLCOVTOL UE €EPAUPUOYT) TWY AOYLKWY TEAECTWY

KoL ue Pdon toug mivokeg (2). 8/39



(Y)

TEAOC, KATA TNV EKTEAECT) TWV VUTTOAOYLOMUM®WY EKTEAOVVTOL OL AOYL-
KEC TEPAZELC UE TNV €ENC MPOTEQLALOTYNTO TWY TEAECTWY. TPWTA
oL not, ueTd oL and KoL TEAOC OL Or° QUOLKX, OL EKPPAOELC OF
TEEVOETELC €XOLY TPOTEPALOTNTA (OTIWC AKPELPWC KoL oTto FOR-

TRAN).
Mopatnenomn: Ou mibvoakeg aAndelag (2) TV AOYLKODY TEAECTWOYV

not, and kKoL or €lvol oL (dLoL aKkPLPWC UE TOVC TLvakeg aANVelog
Ty 3 Z.M.E.IN. (NOT, AND kotL OR)" &po oL AOYLKOL TEAECTEC
VAOTIOLOUVTOL OO TOUC 3 OTOLXELMWOELE UNXAVLOUOVCE eTECEPYAOL-
G TANPEOPOPLMY KoL OVOUXZOoVToL €TloNng: ZVWUNANPWOCT), NMOA-
AaTtAooLooun0¢ Boole kol INMepbéoBeocm Boole.

‘AAyepepa Boole

H ‘AAyepPpa Boole eivol wiot aAyYeEPeLK”N O0OWYM mouv oplletol o€
EVOL OUVOANO OTOLXELWY X uoll WE 6VO OLVADBLKEG TEOAZELG (TNV
TpooVeom Boole «+» Kol TOV TOAAATAXCLOOUO Boole «-») Ko TNy
TEALN TNG CLUUTANPEWONG < », IOV LKAVOTIOLOUY To akOAoLT
(€€n) aZLwuoato (tov Huttington 1904):
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i) AZlowwa tTng KAstototntag (Closure) yLo TLG MEALEELG ()
KOl <(-»

(1) Av A koL B elvol d0o otouxela mov avikovy cto X (A € X
Kow B € X) tote ko 10 otouxelo (A+ B) € X

(2) Av Ac X koL Be X, tote kow (A-B) € .

NMapadeltywa: Edv > = 1IN = {1,2,3,...} €lvot TO OUVOAO TWV
PLOLK®Y APELOUWY, N YVWO TN HOC TTEOCUVEON €lvol ML TTEAEN YLd
™V omola To IN €lvol KAELOTO" dEY LOXVEL OUWC TO LBLO YLA TNV
apatpeon, apoL to (1 —3) € IN.
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i) AZlowa VRAEZewWG TovToTLkoV X tolxeiov (Identity Ele-
ment), H» OvdETEpov T TOoL)XELOL

(1) TmdpxeL oto X €va otolxelo 0, mouv ovoudleTtol UWNOEVLKO
O TOLXELO WC pog TNV mMpdoBeon («+»), LE TNV LBLOTNTA: VA € 3,
oxvel: A+0=0+ A= A.

(2) TmdpxeL oto X €va otolxelo 1, mov ovoudletol LOvadLoLo

CTOLXELO WC TMPOC TOV TMOAAXATANCLOUO («-»), UE TNV LALOTNTA:
VAeEe >, .oxvel: A-1=1-A=A.

Mopaderywo: v To IN kKol TLE TPAEELE TNGC MPOOTVECEWC KL TOV
TTOAATIAQCLOOUOV TO TOUVTOTLKAX GTOLXELO €LVOL TO WNOEY KoL TO
EVL.
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i) AZlowwor Avtipetadetikotntag (Commutative Law)
(HDlMNaAe>X kol Be X woxvew: A+B=B+ A
(2) T Ae X koL Be X Loxvew: A-B=B"-A.

Mopadetywo: > to IN mpopavwe LOXVOUVY oL 2 +3 =3 4 2 Ko
2-3=3-2.

iv) AZlwwo ErtipepLtotikotntog (Distributive Law)

(DM Ae>X, BexXxkowl € X ioxve,: A+(B-IN) = (A+B)-(A+T1)
(2)TMoaAe>x, BexXxkol e X woxver: A-(B+IN) =(A-B)+A-IN).
Mopadertywo: > Tto IN toxVel to 2, OXI 6uwc koL tTo 1. Tvotl;

v) AZlowwa Trapdewe I VUnAnewuwatog (Complement)

vt V A € 2 UTTAPXEL TAVTOTE €V OTOLXELO A TETOLO WOTE VX
LOXVOLV:
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NMapdderywa: >T0 cVUVOAO > = {0,1} koL yLa TG TMpdEeLg Boole
LOXVOVY, OL TPONYOUVMEVEC LOLOTNTEC APOV:

0=1,1=0, kow 0+1=1, 0-1=0.

Vi) AZlopwo VLAEEEWG 2 TOVAAXLO TOY OTOLXELWY, BLOPOELY
MWETAZL TWY

2 TO OCUVOAO 2 LUTIXEPXOULY 2 TOVAXXLOTOV oTolxela A koL B, ue
A #*= B.

MopolTNENGCM: > TA 5 TEPWTAU ACLOUATY OV AVTLKXTOO THOOVUE O T
(1) TV MPEAEN «+» UE TNV TPAEN «-» (TNVY dUIKN TNC) KL TO CTOL-
XE€LO O uE To 1 (TO BULKO TOV) AUPAVOLE TA (2) VTH M) BLVIKOTNG
TWY AGLOWATOY Vo LOG QAVEL XPNHOLUN O TNV ATODELEN VEWPNUE-
TWV.
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TEANOC, TO TOPATAVR AELOUATH OE CLUTEQLANUPAYOVY TOV TPOOoE-
TOLPLOTLKO VOuo (Associate Law), o omolog LoxVel otny AAYEPP
Boole kol umopel vo amodelxVel ue tn PoNVeLa TWY TOUQATIAVGL
AELOUATWY, TPEAYMUO TTOU UTTOONAWVEL TNY VTOEEN AAAWY CLVO-
AWY ASLOWUATWY TTOLV WTLOEOVY YA DEWEALWOOLVY TNY AAYEPPR
Boole. Eucig, akoAovtmwvtac tov C.E. Shannon (1938), o vLoVe-
TNAOOVUE TNV GAYEPPa Boole mov sLoNnyaye (Switching algebra) yvua
TO OUVOAO 2 = {0, 1}, OV €LVl KATHAANAN YLO TN dLTLUN doun TWV
OTOLXELWY ToL H.T. Katd cvuveETeLa ) &AYEPea Boole mov ako-
AovOoLWE €XEL TO PacLkO cOVOAO > = {0, 1}, TLg BVO BVAOLKEG
neageLg, tnyv NpdocVeon Boole (4), Ko TOV TOAAXTAXCLOUOUOV Bo-
ole (), KAOMC KoL TNY MEAEN TNG T LVURANEWSNG (), YLa TNV
omola mMpoPAvMC LoxVelL 0 = 1, kot 1 = 0. Ta £€€n aLmUNTH TOV
Huttington LoxVouvy KoL UE TN PONTVELA TOVC ATLOOELKYDOVTOL TO
TP OK ATL VEWENUOLTOL:
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Ocswenuwa 1 (De Morgan) Edv A, B € >~ TOTE LOxVoLY (TmoapoTn-
ONoATE TN SVAOLKOTNTA):

(W) A+ B=7A4.-B, ()A-B=A+B.
(No amodelLxBoVy ue mbvokeg aAndelog).

Ocwenuoa 2 (ALTTANG T VURANOWOEWG) AV A € 3, TOTE LOXVEL!
(A) = A.

OewpeNUa 3 (AVTOEVWHGCEWSG / AVTOTOUNG) AV A € X, TOTE -
oxVouvv: A+ A=A, A-A=A.

Oeswpenua 4 (KupLopxitkotntog) Av A € >, 1Ot LoxVouvy: A+
1=A,  A-0=0.

Oecwenwa 5 (ArnoppoPnTikoTNToC) AV A, B € 3, TOTE LOXVOLV:
A-(A+B)=A, A+ (A-B) = A.

Ocswpenua 6 (MpooctowpLtowoV) Ay A B, € 3, TOTE LOYXVOLV:

A+ B+TN)=A+B)+TI,A-(B-T)=(A-B)-T. 15/39



()

Oeswpnua 7 (EmLpeplonwoV) Av A, B € 3, TOTE LoXVOULV:
A+A-B=A+B, A-(A+B)=A.B.

2 vvaptTnoelg Boole

> T TEONYOUVMEVA OPLOUUE TLC AOYLKEC LETUPANTEC (1) LETUAPANTEC
Boole) w¢ T LETUPANTEC ekeELVEC TTOL AXUPAVOLY TLE TLHMEC 1 Kow O
KoL LOVOY VTEC. TLC AOYLKEC LETUAPANTEC Vo TLC cLVUPOALTOLUE UE
T kKepaAalo ypauupata A, B,C,..., XY, Z. KA&A9%c ocuvdpTnomn MLOC
) MEQLOCOTEPWY AOYLKWY UETAPANTWY AEYETUL AOYLKN CLUVALOTN-
on N ocvvaptnon Boole, kol da TNy ocLVuPoALlovue U €va ULkKpO
YPAUUX, CLUVNTWC TO f, OV TPOPYAVMWG Vo TOLPEPVEL KoL LTNH TNV
W) 1 H Ty TWN 0" t.x. n f(A,B) = A+ A- B, glval ULt AOYLKN
OLYVXPTNON TWY AOYLKWY UETUAPANTWY A KoL B.
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Lo KABe cvuvdptTnomn Boole elvol duvaToOY VoL dWOOUVUE TOV TILvokKo
XANVeLAC TNG, O OoTMolog PUOLKA LOC BLOEL TLEC TLUEC TNC CLVOPTN-
OEWC YL OAOLC TOLC dLYATOVC CLUVIVLACUOUEC TLUWY TWY AVEEXE-
TNTWY LETUPANT®WY TNC T.X. YLO TLEC CLVVUPTNOELC:

(3) f1(A,B) = A+ B, fo(A,B)=A-B
Vo EXOUVUE TOV THPUKATL Thvako (aAndelog) 14:

Mivokoag 14. MNivoakog aANVELNC TWY CLVAPTACEWY f1 KAL fo

A B|1 A B A+B A4+ B A-B/| MNupatnohoeic

O Ooj|1 1 O 1 1 1 Elvol mpopaveg OTL oL dLO

O 1|1 0 1 o) o) 0 ocuvvapthoelg f1(A, B) kow fo(A, B)

1 0|0 1 1 0 0 0 elvall LOOBVVOLEG, POV E€XOLY

1 10 0 1 o) o) 0 TOV QUTOV Tibvaka TLLwy (aAnvelocg).

2 NUELWOT: H TopaTNENON O TOV TOPATAVL TLVoKO €LVOL YEVLKT,
ONANDN €lvol duvaTOY va evpeVel ULA aTeELplal cLuvaPTNoEWY Boole,
oV €lvoll LOOBLVYOECG UE UL doVeloa cvuvapTnon Boole.
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Katd cuveETELA ELVOL EVAOYO TO EPMWTNULA UG KAVELG LTLOPEL YA
EVTOTULGEL TNY AMAOVO TEPT ANO OVTEG, €ETOL WO TE Vo 0dNYNUel
OTO OAMAOVOTEPO AOYLKO KUKAWUO TOL VA TNV VAomoLel. "'Evoa
TEWTO PNULAX ELVYOL 7) ATTAOTTOLNCT TWY AOYLKWY CLVUPTNCEWLY
UE EPOOWOTN TWY AZLOWUATODY KoL DEWENUATODY TNG AAYEPPAG
(AYEPPLKN UETODOC): OAAX Vo ETMAVEATOLUE XPYOTEQPA YLO TNV
uevodo Karnaugh.

NMoapodeiyuwoto:

1. No BeL)YV0oUY OL OXECELEC TWY AOYLKWY UETAPANTWV:
(i) A-B+A-B=A (i) (A+B) - (A+C)=A-B+ A-C.
ArodeLtgn tng (i)

— allwua oEiowua

A-B+A-B = A-(B+B) "= A, 0..b.
(1v.2) (v)
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A1odeLgn tng (ii)

(A+B)-(A+C) = A-A+B-A+A-C+B-C = ANOYW a&Louatoc (vi) —
A-B-(C+C)+A-(B+B)-C+(A+A)-B-C=
=—A-B-C+A-B-C+A-B-.C+A-B-.C+A-B-C+A-B-C=
= (ANOYW Vewpnuoatoc 3) = A-B-C+A-B-C+A-B-C+A-B-C =

= A-B+A-C, 0.€.90.
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2. ETlL TAEOV OL TOPOUKATW AMAOTOLNOCELE ELVOL EVKOAOVONTEC KOL
eVUXPNO TEC:

(HX+EX YV=X+X)- (X+Y)=1-(X+Y)=(X+Y)

(XpNoLuomoLNONKe TO AZLWUN TOV ETULUEPLOULOV)

(i) X (X+Y)=X - X4+4X.Y=X.Y

(opoV X - X = 0 ko i€LoTolNo”m TOL AELWUNTOC TOV ETLUEPLOUOV.)

(13) XV - Z4+ XY - Z4+X- Y =X-ZOWY+Y)+X Y =X-Z4+X Y.

(W) X Y+X-Z4Y - Z=X-Y+X - Z+Y - Z(X+X) =
— X Y+X Y+X Y Z+X Y Z=X-Y - (A1+2D)+X-Z-(1+Y) =
=X -Y+X-Z.
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(¢) BOOLKEC CLYOOTNOELE 2 UETAPATNTWLY

Elvol €0OKOAO va delxVel OTL TO CUVOAO OAWY TWY CLVUPTNOEWY
2 NOYLK®WY ULETAPANTWY X KoL Y elvan 16 (222, YEVLKOTEPOA YLO V
LETAPANTEC LOXVEL YLOL TO CUVOAO TWY CLVIPTNOCEWY O TUTOC 22V)
KoL OLdOVTOL ATTO TOV TOPUKATW Tivoka 15:

Mivakog 15. MNMivakog OA®Y TWY dLUVATWY CUVIAPTNOEWY 2 AOYLKWY ULETUPANTWY

X T fo fi fo f3 fa fs fe fr fe fo fio fi1 fi2 fiz  fia  fis

0 0] 0 0] 0 0 0] 0] 0] 0] 1 1 1 1 1 1 1 1

0] 1 0] 0] 0] 0] 1 1 1 1 O 0] 0] 0] 1 1 1 1

1 0] 0] 0] 1 1 0] 0] 1 1 O 0] 1 1 0] 0] 1 1

1 1 0] 1 0] 1 0] 1 0] 1 0] 1 0] 1 0] 1 0] 1
> OuPpOAO -/ X /T & 4+ | o Y c X D 7

OTOV OTOLO MTMOPOUUE VO aVvaYVwploouvue TLC NON YVWOTEC UOC
f1 (to yvuwouevo), f7 (to &dpoloua), TNV fg (tov XOR), TNV fi4

(NAND), KAT.
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(o1) EAGYLOoTOL ko MEéyLoToL ‘Opol

O eA&XLOTOG 6p0¢ (Mminterm) kK pueTaPANTWY Boole Xg, X1, Xo, ..., Xy,
OPLCETOUL WC TO AOYLKO YTLVOWUEVO THWY £ OLUTHY WUWETAPANTWY,
OTov N KADE Wwia enavileton arog, N 7 (oL, N TO CLUTAN-
PWWE TNG T.X. YLO TLEC AOYLKEC UETAPANTEC A, B ko C oL 6pol
A-B-C, A-B-C, A-B-C slvoL eA&XLOTOL OpOL, EVGD O Opoc A - B
OEV €LVOL EAXAXLOTOC POV dEY VUTAPXEL TOPXY WY C G LTOV.

O wéEYLoTog 6p0g (Mmaxterm) K ueTaPANT®Y Boole Xg, X1, Xo, ..., X,
OPLCETOUL WC TO AOYLKO ADPOLOWUO TWY £ OLUTWY WETAPANTWY,
OOV M KADE WETAPAMNTYN) enpavifetor amog, M 7Mm ioLx, N <To
CUUTANPCWWUO TNG T.X. YL TLC TIOPATIAVL AOYLKEC LETUPANTEC OL
opoL A+ B+C, A+B+C, A+B+C, A+ B+ C slval uéyLotol
OpPOL.
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To MANDOC TWY eAXXLOTWY KoL TWV UEYLOTWY OpwY €lvol EVKOAO
YO UTTOAOYLO TEL OTL €lvoll Loo uE 2k 6mou k elvon TO TANDVOC TWYV
AOYLK®Y UETUAPANTWY" T.X. YLO TLC 3 AOYLKEC UETAPANTEC A, B KOl
C €xovuvue 8 6povug, oL dLOOVTUL OTOV TMUPAKATW TLvoako 16.

Mivakog 16. MEYLOTOL KoL EAXAXLOTOL OPOL CLVAPTNOEWY 3 AOYLKWY UETUAPANTWY

MeTAPANTEC | EAAXLOTOL | 2 LVUPOALOUOC MEYLO TOC 2_VUPOALCUOC | TMopaTtnenNoELg
‘OpoL ‘Opo¢

A B C (Minterms) (Maxterms)

O O 0 A-B-C FEo A+ B+ C Mo IoxVouvv

0O O 1 A-B-C E1 A+B+C M; OL OXEOELC:

0O 1 0 A-B-C E> A+ B+C M> E, = M;,

0O 1 1 A-B-C Es A+ B+ C M3 M, = E}

1 0 0 A-B-C E, A+ B+C My k=0,1,2,...,7

1 0 1 A-B-C Es A+B+C Ms

1 1 0 A-B-C FEes A+ B+C Mg

1 1 1 A-B-C E A+B+C M7

[[LOL TOVC EAGXLOTOVUG KoL WEYLOTOVE OPpOLC LOXVOLY OL KOAOL-
Vec oxeoelg (Yol k METAPANTECQ):

(1) My =E,, v=0,1,2,...,2F -1
(2) M;+ M;=1ku E;-E; =0, Vi #j ue i,j € {0,1,2,...,2F — 1}
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2k 1 2k 1
(3) Z EV: 1; HO My:O
V=

v=0
2k_1 1 Qk—l
(4) E,u: 1:[0 MV,M2071727"'72 -1, MM: 2—:0 Eu
oy oy

(5) K&Oc AOYLKN CLUVAPTNOT k£ WETAPANTOY TAOLO TOTOL KO-
YOOLKA G EENG:

2k_1 2k_1
f(A1>A2>"'7AI<:): Z ay By Kow f(A17A27°°°7Ak:): H (bV—I—MV)a
=0 =0
omov FE, M,, v = 0,1,2,...,2’“ — 1 oL EAAXLOTOL KOL MEYLOTOL
OPOL TWVY k UETAPANTWY KOL ay,by, v = 0,1,2,...,2’ZC — 1 elvol oL

KX OPOUKTNELC TLKOL apLOUOoLY TNC AoYLKNC cuvapTthoewc f (Talp-
YOUVY TLMEC O N 1).
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(T) AmtAoroinom NAoOYLK®Y X LVYVUETANOEMY/KUKAWWLATHDY

TNy wovadlkn) ToPAOo THON KAUVE AOYLKNG CLUVAPTNONG OTO XWEO
TWY eAAXLOTWY OpwWY TNG, MOV EKPPEACEL N TEAEVLTALX OXEOTN TNC
TEONYOUVMEVYNC TIOPAYPAPOV:

ok _q

f(A1>A2>“'7Ak) — Z ay by,
v=0

LE ap TOUC XOPOKTNELO TLKOUVC apLBoUVe TNG f, Yo afLOTOLH)OOVUE
OTY) CUVEXELN YLO VO PTVACOVIE O TNV ATAOVC TEPN dLUVATY) EKPPAUCT
NC.

Lol TO OKOTIO AVTO Vo LG PoONONCEL N YPAPLKN THPAC TUON TWY
eEAUXLOTWY OpWYVY KoL TO PONUNTLKO €pYAAELO TOVL XXPTN Karnaugh.
[MpoONYOLVUEVWCE, OUWC Vo Lo PonONoovy oL ECNC ETTLONUAVOELC:
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(i) Kade sAdxLotoc 6pocg (E) d0voato vo Dewendel »wg wLd
CLVYOAPTNOM TNG ONOLAC O LvaKAG XANDELAC EXEL TNV LOLOTNTA
VOL ACULPAVEL TNY TLLN 1 LWOVO YLA EVA CUVYOLACUO TLULGWY TWY
LETOUPANTWY TNG, TTOU WC dLABLKOC apLOUOC dLOEL KoL TNV TAELM
ToL eAaxlotov 6pov. (Na ylvelL EMAANVEVON UE TOVC EANXLOTOVC
OPOLC TOV TLvaKA TWY 3 LETAPANTWY).

(ii) AvTtloTOoLX®, LOXVOULUY YL TOUVE WEYLOTOLEC O6pOLE, OTIOL O
TLVOK G XANTELNC TOUC EXEL TNY LOLOTNTO VOL ACULPAVEL TNV TLWT
0O WOVO TLA EVOL CUVOVLACWUO TLLWY TWY UETAPATNTLY TOL, TTOV
WC dLOOLKOC APLVUOC dlLdEL KoL TNV TAEN ToL UeyloTou Gpouv (N
YiveL emMaANBevo).
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(iii) EEAAAOL, N TOEAO TAON TWY EAXXLOTWY OpwV UTOPEL VO ATTO-
doUel YpapLKd ue T dLaypduuota Venn: m.x YL uio, 300 KoL TPELC
MLETOUPANTEC EXOUVUE TLEC €ENC ELKOVEC TWY AVTLOTOLX WY EAAXLOTWY
OPWY, YL CLUVUPTNOELG ULAG, BVO KoL TPLWY AOYLKWY UETUAPANTDV.
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Twea, €AV UETATPEPOVIUE TOUC KUKAOUC TWY JLAYpUUUATWY Venn
o€ TeETPAYWYLOLA (TTOV TOTOVETOUVTUL KAUTHAAANAX), TOULEPVOULUE TO
oLaypoaupato Veitch anstkovionNg Twy EAAXLOTWY OpWY:

A

A

A

A

A

A

B

B

A-B

A-B

A-B

A-B

A

A

B-C

B-C

B.-C

B.-C

A-B-C

A-B-C

A-B-C

A-B-C

A-B-C

A-B-C

A-B-C

A-B-C

TEANOG, UE OVAKATATUEN TWY TETPAYWYLOLWY Veitch Aoaupdvetol O
X&pTNC Tov Karnaugh, yLol TOVY OTtOLOY €XOUVUE TLE AKOAOVDEC TOTO-
VETNOELC TWY EAXXLOTWY OpwWVY YL Ula, dVO KoL TPELEC UETAPANTEC

(2,4 KoL 8 EAGXLOTOL OPOL): B
/—’BH
_ R A-B-C|A-B.-C A-B-C A-B-C
A A-B| A-B
] A{ A-B-C|A-B-C| A-B-C |A-B-C
A A A-B A'B (.

7

aVa

C
2 NUELWOM: OL YPOUUUEC KOL OTNAEC IOV OEY OCNUELWVTOVTOL OVTL-

O TOLXOUVY O TU CUUTIANPMUATE TMWY VTLO TOLX WY LETUAPANTOV. )
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[[LOL TLC TEPLTITWOELE TWY 4, 5 KoL 6 LETUAPANTWY EXOUVUE TLE TTOOO-
KATW LOPYEC (TOTMOVETNOELE TWY EAXXLOTWY GpwWY) TOL XAETN TOV
Karnaugh, Twy muvakwy 17, 18 kot 19.

(1) MeEPINTMON TWY TECCTHAOWY WETUPANTWY A, B,C ko D (16
EAAXLO TOL OPOL)

Mivokoag 17. X&ptncg Karnaugh 4 yuetoPANTOV
C

CD - A <
AB | ABCD | ABCD ABCD ABCD
ABCD | ABCD ABCD ABCD }B
A{ ABCD | ABCD ABCD ABCD
ABCD | ABCD ABCD ABCD

(2) MepinTtwon TOY NEVTE WETUPANTOY A B, C,D ko E (32
EAXLO TOL OPOL)
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Mivokag 18. Xdptnc Karnaugh yia 5 LETAPANTEC
C

CDE _ <
AB | ABCDE | ABCDE | ABCDE | ABCDE | ABCDE | ABCDE | ABCDE | ABCDE
ABCDE | ABCDE | ABCDE | ABCDE | ABCDE | ABCDE | ABCDE | ABCDE
A{ ABCDE | ABCDE | ABCDE | ABCDE | ABCDE | ABCDE | ABCDE | ABCDE
ABCDE | ABCDE | ABCDE | ABODE | ABODE | ABCDE | ABCDE | ABCDE

i

A
E
(.

4

S

~~
D

(3) Mepintwon TwY €L weTtopPpAntoy A B, C,D,E kou F (64
EAGXLO TOL OPOL).
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ABC

A S

Mivokag 19. Xdaptnc Karnaugh yuia 6 LETAPANTEC
D

DEF p ~
ABCDEF | ABCDEF | ABCDEF | ABCDEF | ABCDEF ABCDEF ABCDEF | ABCDEF
ABCDEF | ABCDEF | ABCDEF | ABCDEF | ABCDEF ABCDEF ABCDEF | ABCDEF
ABCDEF | ABCDEF | ABCDEF | ABCDEF | ABCDEF | ABCDEF ABCDEF | ABCDEF
ABCDEF | ABCDEF | ABCDEF | ABCDEF | ABCDEF ABCDEF ABCDEF | ABCDEF
ABCDEF | ABCDEF | ABCDEF | ABCDEF | ABCDEF ABCDEF ABCDEF | ABCDEF
ABCDEF | ABCDEF | ABCDEF | ABCDEF | ABCDEF ABCDEF ABCDEF | ABCDEF
ABCDEF | ABCDEF | ABCDEF | ABCDEF | ABCDEF ABCDEF ABCDEF | ABCDEF
ABCDEF | ABCDEF | ABCDEF | ABCDEF | ABCDEF ABCDEF ABCDEF | ABCDEF

14

7

\ﬁj<

~
E

TEANOG, €dV avTLOoTOLXlOoOLUE OE KADE WETOUPAMNTY) TNV TLWN 1
KOL GTO CUUTANPWUA TNG TNY TLWN 0, oc KADE TETPAYWVYO TOV
X&etTn tov Karnaugh Ba avTtLoToLXel €voag OLVODLKOC PLOWUOC TTOV
TALPVEL TLEC TLUEC ATO O £€WC 26 _ 1, mou elvaw TO TANTVOC TWYV
EAAXLOTWY OpWY KoL TTOV N TLWN TOL OLdEL KoL TNHY TAZM TOVL
EAOLYXLOTOL OPOVL OV UTAPXEL OTO TETEPOAYWVO TOL XAETT.
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[1.X. TO 10 KOWL TO 20 TETPAYWVYLOLO elval oL apLOuol 000000 ko
000001. 'ETtoL, AoLTtoy TolPVOUUE TLC AKOAOVDEC AVTLO TOLXLOELC
EAUXLOTWY OPWY KOL TETPAYWYWY TOL XXpTn touv Karnaugh, yua

ANV OC UETAPANTWY v =1,2,...,6, TOL Tlvoka 20:
Mivokoag 20. OL TAEELC TWY TETPAYWVWY TOL X&PTn Karnaugh
B BC
v=1 0|0 yv=2 A 0O 1 yv=3 A 00 01 11 10
1|1 o) 0|1 0 o) 1 3 2
1 213 1 4 5 7 6
C'D
A O0 01 11 10
vyv=4 00 o) 1 3 2
01 4 5 7 6
11 |12 | 13 | 15 | 14
10 | 8 9 | 11 | 10
CDE
A 000 001 011 010 110 111 101 100
v=5 00 o) 1 3 2 6 7 5 4
01 8 9 11 10 14 15 13 12
11 24 25 27 26 30 31 29 28
10 16 17 19 18 22 23 21 20
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DEF
AB o00 001 011 010 110 111 101 100
y=6 000 o) 1 3 2 6 4 5 4
001 8 9 11 10 14 15 13 12
011 24 25 27 26 30 31 29 28
010 16 17 19 18 22 23 21 20
110 48 49 51 50 54 55 53 52
111 56 57 59 58 62 63 61 60
101 40 41 43 42 46 47 45 44
100 32 33 35 34 38 39 37 36

(n) MopdoToon NOYLKNEC ZLVVAPTNONG CTOY XdptTn Karnaugh.

AV YLo dLOE AOYLKY) CUVAPTNON TOL HOG OLdETOL KoL TNV OTolo
EXOUVUE WVOAVOEL O €Vva AOYLKO dOpoLoud EAUXLOTWY Opwy, OXN-
wotloovue Tov avtlotolxo Xdetn Karnaugh kKot DOEC0OVE LOVADECG
O TO TETEPAYWYLOLL EKELVYA TTOV AVTLO TOLYOVY OF EAAX IO TOVLG
OPOVEC O TOUVC OMOLOVCE EXEL AVOALDOEL N cuvaptnom woc (o-
TOTE O OAQ T OAAN TETOOUYWVILOLA DO VLAY OLY UNOEVLKR),
OLLTO TTOVL DA EXOVWE TO OVOUATOVWE TLAPAO TAOT) TNG AOYLKNG
CLVVYUPTNOEWG OTO XAaptn Karnaugdh.
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Elvol €e0KOAO Vo ATTOdELXDVOVY OL TIUPAKATW TEOTACELEG, PONVNTLKEC
oTNny dLadlkaclo amtAoTolnoNG:

lo¢ Kavovoeg Karnaugh

AV N TIHEXOC TAUON MLOC AOYLKNC CLVUPTNOEWC 2 LETAPANTWY TEPLE-
XEL 2 YELTOVLKEG WOVADEG (0pLTOVTLWG N KADETWG) TOTE OL
AVTLCTOLYXOL OVO EAAXLOTOL OPOL AVTLKOXDILOTOUVTAL WE EVOLY,
Tov PplokeTol ATO TOUC TPEOMNYOUMEVOUG, €AV apoLpelel N UETO-
BANTY OV AAAXTEL TLUN) ATO TO VA TETPAYWVLOLO OTO AAAO.

Mopadeltywa: Ac AdPouue Tov Thvako dANTELAC TOL TTANEN D pPOoL-
OTNH TOVL TMOPAUKATW OXNUATOC 26 KOL 0G TTOPOOC THOOLVUE TLC CLVOE-

THoELC TOL YNYlov Tov AVPOLOUNTOC KOL TOV Yneplov TOL KPATOV-
LEVOL ot dVO XA&pTeC Karnaugh, omdTe €XOVUE:
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Y1

2 XN 26. lMivoakoc aANTeELAC TTANPN ABPOLC TN

yi |y | k| X | K

Eo O O |0 0 0
Ei O O |1 1 0
E> O 1 |0 1 0
Es3 O 1 |1 0 1
Ea 1 O 1|0 1 0
Es 1 0O |1 0 1
1 1 |0 0 1

1 1 |1 1 1

2 = b1+ bo+ Bg + B,

K = E3 + Es + Eg + E7.

Xaptnc Karnaugh yuio X

Yo
_/\
7 Y

ga

X&ptnc Karnaugh yua k

Ve

~

1p,

1p, 1p,
1pg, 1g, Y1 1g,

1

1gp

6

\ 7 \

35/39



ATO TOoug xXApTtec Karnaugh touv oxYNUATOC 23, €EVKOAON CLUTEQAL-
YOUUE OTL N oUVXPTNOM 2 JEV TMEPLEXEL DLADOXLKEC ULOVADEC, AP
oev amAomoilelton. AvtiOeTa, 0 X&dptnc Karnaugh touv K mepLEXEL
TPELC amAomoLNoewg, Twyv (E3, E7), (Es, E7) kol (E7, Eg).

20¢ Kavovoaeg Karnaugh

AV N TTOEPXO TAON ULAC AOYLKNG CLVAPTNOEWC 3 UETAPANTWY TEQLE-
XEL 4 YELTOVLKEC LWOVADEC O CYNUO TETEOAYWYOL N svDeiag,
TOTE OL AVTLOTOLXOL 4 EAXXLO TOL OpoL avTlkaDio Tatal LY EVOG,

IOV TEPLEXEL TOV €V KOLVOVY Opo. [l.X., YL TLC CLUVUPTNOELC TTOV
KOAOVDOVV: Fy, Fo KoL F3 €XOVUE:
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Koulvog 6poc €lval 0 B — OTOTE TEALKA n Fy yYlLveTOwL:

B
—~

1 1
1 1 Fl(A7B7C):B

N——
C

(EpmwTnom: MNoud htav 1 F1(A,B,C) apXLK& KoL TtoLO¢ €ivolw o
nivokog AANDVELAC TNG TEALKA,).

[MopouoLN, OTN CLVAPTNOY F5 MOV ATOJLOETHL ATTO TOV TOUPUKATW
X&pTtn Karnaugh, mapatnpoVue 6TL 0 KOLYOE 6p0¢ elvoll 0 A. ‘Apa
Vol EXOVUE:

F>(A,B,C) = A
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(Epwtnom: lMold Ntav 1 Fr(A,B,C) apXLK& KoL TTOLOC O TLVyoKOC
oANTELNC TNC TEALKA;).

[evikevon Koavovwy Karnaugh

Ol TOPEATIAV® KAVOVEC YEVLKEVOVTOL YL 4 LETUPANTEC, OTTOTE TAE-
OV OL YELTOVLKEC HoVEdeC o ebvan 23 (avtlh Twy 21 =2 ko 22 =4).
‘ETOL, €AV N THEAO TOON TNC AOYLKNC CLVAPTNOEMWC ELXE TNV -
POUKATW HLOPPN o TOV XA&pTn Karnaugh, ToOTe Vo €Xouue dVO OUADEC
YELTOVLKWY LOVADWY UE KOLVEC METAPANTEC TLC B koL C, avTlo ToL-
X0, OTOTE TOTE VA EXOVUE:

C
CD o N—

AB 1 |1
111 1 [1
Fj: B F3(A,B,C,D)=B+C.
AT T 1
1 |1
N——
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Epwtnom: lMNoud Nty 1 apxukn wopen tnc F3(A,B,C,D) = ; mov
TOELO TATOL O TOV MPONYOLEVO XAPTN Karnaugh. O mivokoc oAn-
VelLOC TNC TEALKA TTOLOC €lvaw;)
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