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EFGHIJHKMLNGOPRQSTUJVW TX LYIJUJZLeastSquaresPolynomials[

\]EFGHIJHKMLW GOPRQSTUJTW TX LYIJUJ

^_`a_bcde_b_`fbhgijlkm`no`gpebhgoqn gbn ojm`grebhgokssn o`ntgi

egurvpijgrgw_xjmy`grkzp_nt_`{|p_jntbm`kbhgy`gre udxgry`vp

ofjlkzvpe_b kjwgudyR}~e ze u| gp`_ofjlkz_e_b kjwgudykzp_n orpdxv�

yegur {bn xj_�sna_r`mt_nF� L�KM��TFH�XFSWYYQSTQ�F��FGH��

UJ �KFHW�J LQKWYOGF�}�~�{uugr�eguu|y�gb|y�gn`nj|yϕ(xk)�

k=0,1,2,...,ν�wb zotgp `_n_eme_b_`fbd oknymegrfkn oqgcdho�_ uj {�

`vpkzp_n_p_em�krt`f}�r`me {un orp ke {sk`_n`fpYJUST�Q� QO�FH��

SLWH LQS�1S�LTUJ�FGHUJ �KUJH�1GF�� L�KF�SWS�OGKMLTL

TUJSHJ TW GWSTIJTFH�}�`ny_bc|y`gr��gr_n�p_�FC.F.Gauss

� LQFA.M.LegendreW� QJ �1SLJ�J LTX ��F�XFS� QFX QSKF�� L�

TLGG�GFH�FGHUJ �KFHK Q�X �TWXFH� L�KF�� gw_xjmykzp_n ockqmp �



_rx_ zb k`gyt_n orp {b `f oftrb zvy`vp_p_st�p`grebhgw udj_ `gy��KW

SHJ TW GWST��LH�1K�J1�L�X Q�W�L�}

�n gorstktbnj|p_�_yregx| ogrjlkm`n oa|p_ekzb_j_| cgrjlk`_� kisf

`vpe_b_`fbd okvp�{xk,ϕ(xk)}�k=0,1,2,...,ν�`m`k�kzp_nqrp_`mpp_

ebhgoqn gbn o`kz|p_egur�prjgE(x)w_xjgiµ(<ν)�

E(x)=a0+a1x+a2x
2
+···+aµxµ,

� ��
jlk`| `gn g`bmeg��o`kkp�q kpkzp_ne u| gpqrp_`mp_e ufbhgip `_ngn

oc| okny`_i`n ofy �E(xk)=ϕ(xk)�k=0,1,2,...,ν�_p `a_r`�p�egr

kst_`_ ukzegp `_n�_e_n `kz`_nfk u_cn o`gegzf oft {egn_y_em`nykt�b {�

okny �

ν∑

k=0

|E(xk)−ϕ(xk)|
(

≡‖σ̄‖1

)

,
ν∑

k=0

{E(xk)−ϕ(xk)}
2

(

≡‖σ̄‖
2

2

)

,

max
0≤k≤ν|E(xk)−ϕ(xk)|(≡‖σ̄‖∞),



megr`gqn {pr oj_σ̄e_b| ckn`ny_egt uzokny� o� {uj_`_ o`_ ofjlkz_xk�

k=0,1,2,...,ν�
σ≡{E(x0)−ϕ(x0),E(x1)−ϕ(x1),...,E(xν)−ϕ(xν)}.

 � QF� QL�W�FK�J1� LQ�GLTQOPX1SQKF�F QF�KWJ1W�GFY�_em`ny

`b kny�jlkegur {bn xjlkyk�_bjgs|y okekbne`�okny�r ont�pt_n`kcpgug�

snt�pebhgw ufj {`vp�W�J LQfjlko_ z_ekb ze`vof�megrk u_cn o`gegn kz`_n

1l2STO�K1TFH� QLJ �SKMLTF�TUJL�F�G�SWUJσ̄}¡`kcpntd_r`d

t_ ukz`_nt_n¢| xgqgy`vpN u{cn o`vpVk`b_s�p vp�£}~}¤}�Least

SquaresMethod� }

¥]¦¢1PLJSQKM��T1�¢W���FHTUJNGLP�STUJVW TX LYIJUJ

§n_k�| `_ of`grjfc_pn ojgi`fy£}~}¤}_yjgb��ogrjlkjlk`fwgdxkn_



`fy� ��`fp|t�b_ of�

‖σ̄‖
2

2=
ν∑

k=0

{

a0+a1xk+a2x
2
k+···+aµx

µ
k−ϕ(xk)

}

2
. �#¨�

�bhg�_p�y� `gw�j| ugy`fy�#¨�_eg`k ukzj z_ orp {b `f of`vpe_b_j| `b vp�

a0,a1,...,aµ©qf u_qdn oci kn �
‖σ̄‖2=Φ(a0,a1,a2,···,aµ). �«ª�

¬ysp vo`mmjvy_em`fp�p {ur of�gn_p_st_ zkyorp xdtkysn_`fp

k u_cn o`gegzf of`fy�«ª�kzp_ngnk�dy �
∂Φ

∂ak
=0,k=0,1,2,...,µ. �#�

®nk�n o�okny�#�kzp_ne udxgryµ+1�t_ngn {sp vo`gna0,a1,a2,...,aµ

kzp_nn o{bn xjgn�W�J LQYX LKK Q����kzp_nq kqrp_`mp__egq kn cxkzm`n

1FX��FHSLTUJSHJ TW GWSTIJTUJLYJ ISTUJW�J LQK1K1�WJ Q��©



{b_re {bckne {p `g`kjn_ ui of}�p_ ur`ntm`kb_�gn�#�q zpgrp� 





















































































∂Φ

∂a0

=2
ν∑

k=0

(

a0+a1xk+a2x
2
k+···+aµx

µ
k−ϕ(xk)

)

=0,

∂Φ

∂a1

=2
ν∑

k=0

(

a0+a1xk+a2x
2
k+···+aµx

µ
k−ϕ(xk)

)

=0,

∂Φ

∂a2

=2
ν∑

k=0

(

a0+a1xk+a2x
2
k+···+aµx

µ
k−ϕ(xk)

)

=0,

}}}

∂Φ

∂aµ
=2

ν∑

k=0

(

a0+a1xk+a2x
2
k+···+aµx

µ
k−ϕ(xk)

)

=0.

�«¯�
®nk�n o�okny�«¯��k {pcbf onjgegnd ogrjlk`gptgj°morjwgun ojm`gr



Gauss�
{

xk
}

=
ν∑

λ=0
xk
λ�k=0,1,2,...,2µ�sb {�gp `_nvyk�dy �















































a0

{

x
0
}

+a1

{

x
1
}

+···+aµ{xµ}={ϕ},
a0

{

x
1
}

+a1

{

x
2
}

+···+aµ
{

xµ+1
}

={xϕ},
a0

{

x
2
}

+a1

{

x
3
}

+···+aµ
{

xµ+2
}

=
{

x
2
ϕ

}

,

...................................................................................

a0{xµ}+a1

{

xµ+1
}

+···+aµ
{

x
2µ

}

={xµϕ}.

�«±�
®nk�n o�okny�«±�t_ ugip `_n²� LJFJ Q���´³Znormal[W� QSISW Q�T1�

¢]N] V]�`ge_b_e {p voi o`fj_�«±�kzp_nkpqn_�|bhgr o_forjjlk`bntd

nqnm`f`_©{b__p `z`vpν2`ge udxgy`vporp `k uko`�p

{

xλ
}

�_e_n `gi�

p `_nt_`a_bcd�jmpgν(ν+1)/2ebhgoqn gbn o`| gn orp `k uko`|yR}¤| ugy�

k {p orjwguzogrjlkjlkXTFJ��J L� LTUJ� LX LT1X�SWUJt_nψ`gqn {�



pr oj_TUJTQKIJ`fy orp {b `f ofy�qf u_qd�

X=













1x0x2
0···x

µ
0

1x1x2
1···x

µ
1

}}}}}}}}}}}}}}}

1xνx2
ν···x

µ
ν













,ψ̄=











ϕ(x0)
ϕ(x1)

}}}

ϕ(xν)











,

`m`k`goi o`fj_�«±�sb {�k`_n �

X
T
Xā=X

T
ψ̄. �¶µ�

¡�¶µ�_eg`k ukz`fpKFX��TUJ� LJFJ Q�IJW� QSISWUJegr orpdxvy

_�n gegn gijlksn_`fpkib kof`vpe_b_j| `b vpā}

·]N�LXKFY��

�_� }�yregx| ogrjlk`nye_b_t {`ve_b_`fbd okny_emt {egn g�_npmjlk�

pg�(1,10),(2,2),(3,2),(4,5),(5,4)�t_n_yk�_bjm ogrjlk`fp�¶µ�sn_p_



ebhgoqn gb zogrjlk`geb v`gw {xjn gebhgokssn o`ntmegur�prjg`fy£}~}¤}�

E(x)=a0+a1x.

�b {sj_`n| cgrjlk

X>=

[

11111
12345

]

,ψ̄=(0,2,2,5,4),

gem`kf�¶µ�j_yq zq kn`goi o`fj_�
5a0+15a1=13

15a0+55a1=50,

jlkui of�a0=−0.7�a1=1.1t_nE(x)=−0.7+1.1x}

¤| ugy� o`ge_b_t {`vocdj_ekbnsb {�k`_nfkntmp_`fyebhgo|ssn ofy ©gn

_ o`kb zotgnq zqgrp`ny`nj|yegre_b_`fbdxft_pkp�gn`k ukzkyq zqgrp

`ny`nj|y`grebhgokssn o`ntgiegurvpijgr}¡�G1TWPJ Q��L�F���W Q



�m`_pq kpre {bcgrpjlks {uky_egt uzoknyo`_q kqgj|p_�eb {sj_egr

ofj_ zp knm`nc_b_t`fb z�¸gp `_n_em�K QOFX QSK�J1TOS1}



−10123456
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x

ψ



�w� }�`_ zqn_q kqgj|p__px| u_jlkp_kzc_jlk_p `z`greb v`gw_xj zgr

egurvpijgr`fyebhgfsgijlkpfyekb ze`vofy�`fpjgb�d`gro`_xkbhgi

egurvpijgr�jfq kpntgiw_xjgi�x_kzc_jlkkt`vp�«±��`fpk� zovof�

a0
{

x
0
}

={ϕ},

d

a0(ν+1)=
ν∑

k=0

ϕk,

t_n`k unt {�

E0(x)=
1

ν+1

ν∑

k=0

ϕk� `gpj| ogmbhg`vp`nj�p� } �«¹�
ELX LT1X�SW Q�/

ºi»#¼�«¹�¶½¾¿RÀÁMÂÃÄÃ¾ÂÅÆÃ¾ÇÀ¿hÈÉÊ¾ÂËÆÈÁÌhÍÈÉ½ÈÎÉÏÅÐÄÈÉ ÍÏÅÂÎ¾ÁRÑ�Ò

ÊÍÏÅÍÂÍ¿¾ÓÔÅ ÏÅÕÖÍ¾ÅÈÃ½¾¿¾ Í×¿hÈÐÄ ÂÅ ÂØÍÃÄÀØÂÑÅ¾ÃÙÚÛÜhÝÞRßàÚáâã



äßàÞåæßÚãà ÝçÛçà Ýèäßé âêÝçãÕÈ½ÖÍÂ¾ ½ÖÍ×Å�«¹�ÀÁÈÉÄ ÂÍÈ½¿¾ Ò

Ë ÍÃË Ö¾ ½ÈÍÀÎ ÂÊÄ¾ÖÍÃÝälâæ ÝãëÞ ÝãàìíäßàÞåæßìíº ½¿hîÓÄ¾½ÈÉ

ÊÉÅÌhïÏØÓ ÑÅ ÂÍ¾ÃÊÍ×Å½¿hîð×»¾ ½ÈÍÂÎ ÂÑÍ×ÅÍÃÄÌÄ Âà ÝßñòóÚæà Ýôà ßõ

àÞÛéìíÚáëöæÜòñäÛ÷

ºii»¼Âð ÑÊÏÊ×�¶µ�ÂÑÅ¾ÃÆÉÅ¾ ÍÖÅíÛßøÛóêßùÙÚÛíçæäÛàÚáòäûúâíÛí

á ÝäüëàÞëýÝÕ ÍÈÅ¾Ë ÖÎÈÉ ïÈþÿ¿hÈÇ¾Å ÔØÍÈÆÃ îÅÉÊÄ¾

ā>=(a0,a1,a2,...,aµ),

ÍÏÅÊÉÅ ÍÂÎ ÂÊÍÔÅÍÈÉ½ÈÎÉÏÅÐÄÈÉ� ��ÕÂÑÅ¾ÃÂË ÂÑÅ È½ÈÉÂÎ¾ÁÃ ÊÍÈ½ÈÃ ÂÑ

Í×ÅÀËÇ¿¾Ê×þ

min
ā‖Xā−ψ̄‖2 ���



½ÈÉÄ ÂÁ¿ÌÊ×ÍÈÉÈ¿Ã ÊÄÈÐÆÃ¾ÆÈÁÃËîÓ¿hîÇ ÂÍ¾Ãþ

‖Xā−ψ̄‖
2

2=
(

Xā−ψ̄
)

>
(

Xā−ψ̄
)

=

=āX>Xā−ψ̄Xā−āX>ψ̄+ψ̄>ψ̄=

=
(

X>Xā−X>ψ̄
)

>
(

X̄>X
)

−1
(

X>Xā−X>ψ̄
)

−

−ψ̄>X
(

X>X
)

−1
X>ψ̄+ψ̄>ψ̄.

� Í×ÅÍ¿ÃÄ ÂÎÌ¾Å îÎÉÊ×ÍÈÉÍÂÍ¿¾ÓÔÅ ÈÉÍ×ØÊÍîïÄ×ØÕ ÍÈÆÂÐÍÂ¿hÈË¾Ã

Í¿ ÑÍÈÄÀÎÈØÂÑÅ¾ÃÊÍ¾ïÂ¿RÀØ½ÈÊÖÍ× ÍÂØÕÂÅ ÔÍÈ½¿ ÔÍÈÄÀÎÈØÂÑÅ¾ÃÄ ÂÍ¾ Ò

�Î× ÍÖË¾ÃÂð¾¿ ÍÔÄ ÂÅ ÈÄ ÖÅ È¾ ½ÖÍÈÆÃ îÅÉÊÄ¾āÕî¿¾×�«¹�ï¾Î¾Ä�îÅ ÂÃ

Í×ÅÂÎîÁÃ ÊÍ×ÍÃÄÌÖÍ¾ÅÍÈÍ¿ ÑÍÈÄÀÎÈØÓ ÑÅ ÂÃÄ×ÆÀÅÕ ½¿hîÓÄ¾½ÈÉÉÎÈÒ

½ÈÃ ÂÑÍ¾ÃÖÍ¾ÅÍÈÆÃ îÅÉÊÄ¾þX
>
Xā−X

>
ψ̄Ó ÑÅ ÂÃÍÈÄ×ÆÂÅÃË ÖÕ¾ÇÈÐ

È½ÑÅ¾Ë¾ØX
>
XÂÐËÈÎ¾¾ ½ÈÆÂÃËÅÐÂÍ¾ÃÖÍÃÂÑÅ¾ÃêßàÚáòÝÞÚæälâí Ýã ÷

�ÎÎîÈÄ×ÆÂÅÃ ÊÄ ÖØÍÈÉ½¾¿¾ ½îÅ ÏÆÃ¾ÅÐÊÄ¾ ÍÈØ¾ ½ÈÍÂÎ ÂÑ¾Ë¿Ã�ÔØÍ×Å

Âð ÑÊÏÊ×ÍÏÅÂÎ¾ÁRÑÊÍÏÅÍÂÍ¿¾ÓÔÅ ÏÅ ÷

ºiii»¼ÇÃÎÈÊÈÇ Ñ¾Í×ØÄ ÂïÖÆÈÉÕÂÇ¾¿Ä Ö� ÂÍ¾ÃÊÂÆÃ îÇÈ¿ ÂØ½Â¿Ã ½ÍÔÊÂÃØÕ



½÷Á ÷àÞÚéìí ÝäßàÞÚá�íýÝñçìíèäìíÍ×ØÄÈ¿ÇÌØþ

Π1(x)=
∑

(akηµkx+βkσυνkx), � ���
ÌÕ¾Ë ÖÄ×Ë¾ÃßáêßàÚá�íýÝñçìíèäìíà�ãä ÝÞÜåãþ

Π2(x)=
ν∑

k=0

ake−kx, � ���
¾¿Ë ÂÑÈ½ÑÅ¾Ë¾ØÍÏÅ½¾¿¾ Í×¿ÌÊÂÏÅÅ¾ÃË¾Å È½ÈÃ ÂÑÍÃØ¾Å îÓË ÂØÍ×ØÄ ÂÒ

ïÖÆÈÉÕÆ×Î¾ÆÌ½ÎÌhïÈØ½¾¿¾ Í×¿ÌÊÂÏÅÉ ½À¿ ÍÂ¿hÈÍÈÉ½ÎÌhïÈÉØÍÏÅÂÄ ½ÂÒ

¿Ã ÂÁÈÄÀÅ ÏÅ½¾¿¾ÄÀÍ¿ÏÅÊÍ¾½ÈÎÉ ÔÅÉÄ¾� ���Ë¾Ã� ��� ÷

�ÜÛÞä Ýé âã	�

ºI»� Í¾½¾¿¾ËîÍÏÆÂÆÈÄÀÅ¾þ

xk0π
4

π
2

ϕk011



ÂÑÅ¾ÃÆÉÅ¾ ÍÖÅÅ¾½¿hÈÊÆÃ È¿Ã ÊïÂÑÄÃ¾Í¿ÃÓÏÅ ÈÄ ÂÍ¿ÃËÌÊÉÅ î¿ Í×Ê×þ

Π(x)=a0ηµx+β0συνx, � �¨�
Ä ÂÍ×Å
÷� ÷� ÷º Í¿ Ñ¾Ê×Ä ÂÑ¾ÊÉÅ î¿ Í×Ê×ØÕ½¾¿hîÄ ÂÍ¿hÈÃ» ÷

ÿ¿hÈØÍÈÐÍÈÆ×ÄÃ ÈÉ¿ÓÈÐÄ ÂÍÈÅýùíÛáÛýÛÞÛà�ÞåæßìíXË¾Ã ÍÈÆÃ îÅÉ Ò

ÊÄ¾ψ̄ÕÆ×Î¾ÆÌþ
Ê×Ä ÂÑÈ(0,0)→a0ηµ0◦+β0συν0◦ �

Ê×Ä ÂÑÈ(π
4,1)→a0ηµπ

4+β0συνπ
4
 �

Ê×Ä ÂÑÈ(π
2,1)→a0ηµπ

2+β0συνπ
2
 � ÷

� �¿¾Õï¾ÀÁÈÉÄ Âþ

X=









01 √
2

2

√
2

2
10







,ψ̄=







0
1
1





,



Ë¾Ã Í×ÅÂð ÑÊÏÊ×Í×Ø
÷� ÷� ÷þ

X>Xā=X>ψ̄,

Æ×Î¾ÆÌ



3
2

1
2

1
2

3
2









a0

β0





=





√
2

2+1 √
2

2





,

¾ ½ÖÍ×ÅÈ½ÈÑ¾ÂÐËÈÎ¾ÀÁÈÉÄ Âþa0=
√

2+3
4Ë¾Ãβ0=

√
2−1
4÷�¾ ÍîÊÉÅ À½ÂÃ¾

×ÊÉÅ î¿ Í×Ê×� �¨�¶Í×Ø
÷� ÷� ÷ï¾ÂÑÅ¾Ãþ

Π(x)=

√
2+3

4
ηµx+

√
2−1

4
συνx.

ºII»� Í¾Â½ÖÄ ÂÅ¾ÆÂÆÈÄÀÅ¾

xk035

ϕk4913



ÂÑÅ¾ÃÆÉÅ¾ ÍÖÅÅ¾½¿hÈÊ¾¿ÄÈÊÍÂÑÄÃ¾ÊÉÅ î¿ Í×Ê×
÷� ÷� ÷Í×ØÄÈ¿ÇÌØþ

Π1(x)=a0e−x+a1ex.

� �ª�
�½ÑÅ¾Ë¾Ø½¾¿¾ Í×¿ÌÊÂÏÅÊÍ×Å½¿hÈË ÂÃÄÀÅ×½Â¿ Ñ½ÍÏÊ×ÂÑÅ¾Ãþ

Ê×Ä ÂÑÈ(0,4)→a0e−0+a1e0��

Ê×Ä ÂÑÈ(3,9)→a0e−3+a1e3��

Ê×Ä ÂÑÈ(5,13)→a0e−5+a1e5��� ÷

� �¿¾ï¾ÀÁÈÉÄ Âþ

X=







11
0.0520.085
0.007148.413





,Ë¾Ãψ̄=







4
9
13





,

�½ÖÍÂ×Âð ÑÊÏÊ×Í×Ø
÷� ÷� ÷ï¾ÂÑÅ¾Ãþ 



1.0023.04

3.0422430.93





·




a0

β0





=

[

4.541
2114.134

]

,



¾ ½� Ö½ÈÉÀÁÈÉÄ ÂÍ×ÅÎÐÊ×þa0=4.251Õa1=0.093÷� �¿¾×�× ÍÈÐÄ ÂÅ×

ÊÉÅ î¿ Í×Ê×� �ª�¶Í×Ø
÷� ÷� ÷ï¾ÂÑÅ¾Ãþ

Π1(x)=4.251e−x+0.093ex.

ºiv»¼�¾ÊÃËÌÂð ÑÊÏÊ×Í×Ø
÷� ÷� ÷�¶µ�Õ ½¾¿� ÖÎÈ½ÈÉÈ½ÑÅ¾Ë¾ØÍÏÅÊÉ Ò

Å ÍÂÎ ÂÊÍÔÅ Í×Ø(X>X)ÂÑÅ¾ÃïÂÍÃËîÈ¿Ã ÊÄÀÅ ÈØÕ ÂÅ ÍÈÐÍÈÃØÈÊÉÅ ÍÂÎÊÍÌØ

¾ÊÍîïÂÃ îØÍ×ØÄ ½È¿ ÂÑÅ¾ÂÑÅ¾ÃÄ ÂÓîÎÈØÕÈ½ÖÍÂ×ÎÐÊ×ÍÈÉÊÉÊÍÌÄ¾ Ò

ÍÈØÂÑÅ¾ÃÂÅÆÂÁ ÖÄ ÂÅ ÈÅ¾ÂÑÅ¾Ã¾ÊÍ¾ïÌØ ÷¼ÆÉÊËÈÎ Ñ¾¾É ÍÌÄ ½È¿ ÂÑÅ¾

É ½Â¿Ë Â¿¾ÊïÂÑÂîÅÛíàùà�ãÛá Ýñ ÝçêùÛãàìíä Ýí Ýí åäìí½ÈÉÁ¿×ÊÃ Ò

ÄÈ½ÈÃÌÊ¾Ä ÂÊÍ×ÅÆÈÄÌÍ×ØE(x)þ
x
0
,x

1
,x

2
,x

3
,...,xν,...

Ä ½È¿hÈÐÄ ÂÅ¾Á¿×ÊÃÄÈ½ÈÃÌÊÈÉÄ ÂÖ¿hÈÉØäÚÛãÛá Ýñ ÝçêùÛãÝÞêÝéìíù ìí

ýÝñçìíèäìíþ

T0,T1,T2,...,Tν,



È½ÖÍÂÍÈÍÂÎÃË Ö¾ ½ÈÍÀÎ ÂÊÄ¾ï¾ÂÑÅ¾Ã×¾Å ÍÑÊÍÈÃÁ×Âð ÑÊÏÊ× Í×Ø 
÷� ÷� ÷

Å¾ÀÁMÂÃ½ÑÅ¾Ë¾ÍÏÅÊÉÅ ÍÂÎ ÂÊÍÔÅÙÚÛé �íÚ ÝË¾ÃáÛà òæàÛæ�ýùíÛáÛ

�ßñàÚ ìälâí�æ�äÛíàÚáò÷


