
���������������	
�� ����������
�����
�

�����������������
�

���������������
�

������� !#"���%$"&' (�)*+�,,



--../01234567489:;<=>?@A5BCDDE

FGHIJLKMLNOPQSplines-PiecewisePolynomials(CubicSplines)

RSTUVJLWXLY1ZI

[\]_^` ^abc\dc\^e ^af_gb\h
{xk,f(xk),k=0,1,2,...,N},

iIQj1KOkKIPlman^dam` naofef`\pIKqKZMZIKINGHOrMNGHqJLK1LN1

slatoubofavwgc nduncenexyzeola ^dync{f\Ik=[xk−1,xk]wf|xao]

hk−1wHIUJkjO KIP} HIVUYG~HG ZU�UGXI�ZU�wFk(x)wc gcadaunce

dx\ balade`c d]nobz|xe] h

Fk(xi)=f(xi),i=0,1,2,...,N s#�v
x\d

F′
k(xk−)=F′

k+1(xk+),F′′
k(xk−)=F′′

k+1(xk+),k=1,2,...,N−1, s#�v�



�\zu]x\d� �UO VkVY}UHNGH�MpOQ VUG�IUJPN�U�HIJ�WKOJINKU

N�HUJUKUGVO�kUGUJPNZU���{t\ ^|w{lmane��`�aon\nobymc{ n{

z\g�e dc{bfam�|h

fe h

F(X)=

F1(x),x0≤x≤x1
F2(x),x1≤x≤x2

������������������������

FN(x),xN−1≤x≤xN
���Fk(x)�k=1,2,...,N

����������� �������L�� ��

� � ���

laoe` b\dlma�\ bu]nobe�|]nobymc{ n{feNGHOrOkQ VJ ~KOQpIP�O �KOJOQ

l\m\�u�ao]�

¡S¢IKI NpOGM



£x\c\ nxe o|cao]�` bec\d¤]e¥|] h

¦d\c o�\`aola ^dync{f\Ik=[xk−1,xk]w{^e§cem{l\m y�¤�a]F′′(x)

�ondxyz\e` b\d�m\ffdx|wfec df_g]_^e oc gm¤bl\m\�u�¤bwgnc¤c d] h

Mk−1=F′′
k−1(xk−1−)=F′′

k(xk−1+),k=1,2,...,N−1.

¨©m\nca^dync{f\[xk−1,xk]wz\g�e d\xm\`e]c df_g]Mk−1x\dMkwalªce

lma�\ bu]z\^` ^ec\d\lªca�b¤nc ªlm¤ca« yzfdalatoubofaP1(x)w

lao^dgm�ec\d\lªc\n{fe`\(xk−1,Mk−1)x\d(xk,Mk)h

F′′(x)=Mk−1
xk−x

xk−xk−1
+Mk

x−xk−1

xk−xk−1
. s¬v

®ybataxt{munaofec{bs¬vwe§xat\t\f« ybaofe h

∫

F′′(x)dx=
∫

Mk−1·
xk−x

xk−xk−1
dx+

∫

Mk
x−xk−1

xk−xk−1
dx,



|

F′
k(x)=−Mk−1·

(xk−x)2

2hk
+Mk·

(x−xk−1)2

2hk
+c1, s#¯v

fec1c{nc\zem yataxt|m¤n{]�

°g\ataxt|m¤n{c{]s#¯vf\]^` ^e dl\mafa`¤]c{bFk(x)h

Fk(x)=Mk−1·
(xk−x)3

6hk
+Mk·

(x−xk−1)3

6hk
+c1x+c2, s±v

fec2c{bg\nc\zem yataxt|m¤n{]�

²c{s±vwadnc\zem g]c{]ataxt|m¤n{]c1x\dc2z\lma n^dam dnza§b

\lªc d]nobz|xe]s#�v hFk(xk−1)=f(xk−1)x\dFk(xk)=f(xk)�¨®c ndw



t\f« ybaofec d]n�gne d]w\lªc{bs±vw�d\x=xk−1x\dx=xkh

f(xk−1)=Fk(xk−1)=Mk−1
h3

k

6hk
+Mk

0

6hk
+c1x+c2, s³v

f(xk)=Fk(xk)=Mk−1
0

6hk
+Mk

h3
k

6hk
+c1xk+c2. sµ´v

©lªcan§nc{f\c¤bs³vx\dsµ´vwe§xat\g�aofe\lªc{bt§n{cao¤]

lma]c1x\dc2h

c1=
f(xk)−f(xk−1)−(Mk−Mk−1)(

h2
k
6)

hk
, s¶v

c2=
xkf(xk−1)−xk−1f(xk)−(xkMk−1−xk−1Mk)(

h2
k
6)

hk
. s·v

¸ª�¤c¤bs¶vx\ds·vw{s±v�` bec\dªc\ b\ bc dx\c\ nc| naofec\c1x\d



c2h

Fk(x)=Mk−1

{

(xk−x)[(xk−x)
2
−h

2
k]

6hk

}

+Mk

{

(x−xk−1)[(x−xk−1)
2
−h

2
k]

6hk

}

+

+
1

hk

f(xk−1)·(xk−x)+
1

hk

f(xk)·(x−xk−1). s#�¹v
ºma�\ bu]we yb�b¤m`�\fec d]c df_g]c¤bMkwk=1,2,...,N−1wc ªce

{s#�¹vz\f\]lman^dªm d�elt|m¤]c d]�{ca§fe be]ex�m yne ndc¤bef¼»

ltexªfe b¤bcm dca« yzfd¤blato¤b§f¤b�

ºm y�f\laoflama§feb\eldc§�aofee ybxybaofe�m| n{c{]lmuc{ »

]c¤bnobz{xubs#�v hF′
k(xk−)=F′

k+1(xk+)s NGH}rOPIK½HVJ ~K½H

VIJI�~�½Hvw�d\c d]ala`e]t\f« ybaofewfel\m\�u�dn{c{]s#�¹v h

F′
k(x)=Mk−1

[

h2
k−3(xk−x)2

6hk

]

+Mk

[

(3(x−xk−1)2−h2
k]

6hk

]

+
1

hk
[fk−fk−1].



¨©m\h

F′
k(xk−)=Mk−1

hk

6
+

hk

3
Mk+

1

hk
[f(xk)−f(xk−1)]=F′

k+1(xk+)=

=−
hk+1

3
Mk−

hk+1

6
Mk+1+

1

hk+1
[f(xk+1)−f(xk)],

|wfec ycab�¤m dnf ª�b¤ncubx\d\�bunc¤bh

hk

6
Mk−1+

hk+hk+1

3
Mk+

hk+1

6
Mk+1=

=
1

hk+1
[f(xk+1)−f(xk)]−

1

hk
[f(xk)−f(xk−1)],k=1,2,...,N−1 s#��v

¾dNr} NOPQs#��vNGHPNKU�H} HI�JI ZZPpWN�NK1ZIN−1e¥ dnune¤b

feN+1\�buncao] hM0,M1,M2,...,MN¿�GHq ZO �IHIUJkNUG ZO� �U

OÀIGK~HpIKqXU�Y1LN1wl���c d]M0x\dMNs nobam d\xg]vwalªceca

t\f«\ bªfe bacm d^d\�ubdan§nc{f\g�e dlybcacet§n{w\�a§al` b\x\]

c¤bnobce te ncuc¤b\�bunc¤be` b\d\ onc{mu]^d\�¤b`¤]olemcemub�



ºdano�xexm df_gb\g�aofeca\xªtaozacm d^d\�ubdan§nc{f\h
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6
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f2−f1

h2−
f1−f0

h1−
M0h1

6

f3−f2

h3−
f2−f1

h2

f4−f3

h4−
f3−f2

h3

f5−f4

h5−
f4−f3

h4

ÁÁÁ

fN−1−fN−2

hN−1−
fN−2−fN−1

hN−2

fN−fN−1

hN−
fN−1−fN−2

hN−1−
MNhN

6











































s#��v
¦d\dn\lg�abc\n{fe`\h0=h1=···=hN=hx\dM0=MN=0wca



s#��v�m y�ec\dh
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f2−2f1+f0

f3−2f2+f1

f4−2f3+f2

f5−2f4+f3

f6−2f5+f4

f7−2f6+f5

ÁÁÁ

fN−3−2fN−4+fN−5

fN−2−2fN−3+fN−4

fN−1−2fN−2+fN−3

fN−2fN−1+fN−2
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h2 s#�¬v
�SÂIJq�OP�ZI

¨®nc¤f(x)=
1

1+x2|0≤x≤1x\d\]ze¤m| naofec\³n{fe`\x0,x1=

0.2,x2=0.4,x3=0.6,x4=0.8wx\dx5=1.0wx\dc d]nobam d\xg]nob»

z|xe] hM0=M5=0slma�\ bu]g�aobolaceze`adnobz|xe]c\§c dn{]

s#�v hF(xk)=f(x)|x=xk,k=0,1,...,5v�Ãan§nc{f\s#�¬vf\]l\m g�e d



c d]c df_g]c¤bM1,M2,M3wx\dM4laoe` b\dh

M1=−2.165813,M2=−0.487940,M3=0.021771,x\dM4=0.586379,

e bu\lªc d]ex�m yne d]s#�¹vz\g�aofec d]c df_g]c{]F(x)|0≤x≤1

�d\x∈[0,1]�

¨®c ndwflama§feb\ldb\xalad| naofec d]c df_g]c{]xo«Ldx|]splinelao

g�aofex\c\ nxe oyne dncan§batawl��� wxk=0.0,1.0,0.02walªceg�aofe

cabl\m\xyc¤l` b\x\h
ÄÅÆÇÈ ÇÉÊËÌÍÆÊÎÉf(x)Ï ÊÎÉF(x)È ÇËFk(x)−f(x)



xkFk(x)f(x)Fk(x)−f(x)

ÐÑÐÐ�� ÑÐÐÐÐÐÐ� ÑÐÐÐÐÐÐÐÑÐÐÐÐÐÐ ÐÑÐÒ�ÐÑÓÓÔÕÖ×ÐÑÓÓÓØÐÐÙÐÑÐÐÒÐ� Ô ÐÑÐÚ�ÐÑÓÓÕÐ ÖÐÐÑÓÓ ÖÐÚ ×ÙÐÑÐÐ ×××Ò × ÐÑÐØ�ÐÑÓÓÒÚÐ ×ÐÑÓÓØÚ� ×ÙÐÑÐÐÚÐ�Ð ÐÑÐ Ö�ÐÑÓ ÖÓÚØÔÐÑÓÓ ×ØÚ�ÙÐÑÐÐÚ� ÔÚ ÐÑ�Ð�ÐÑÓ ÖØ� ÖÚÐÑÓÓÐÐÓÓÙÐÑÐÐ ×Ó�Õ ÐÑ� Ò�ÐÑÓ ÖÒÚØÖÐÑÓ ÖÕÖÐÚÙÐÑÐÐ ×××Ô ÐÑ� Ú�ÐÑÓÔÖÒ ×ÒÐÑÓ ÖÐÔÔÔÙÐÑÐÐÒÕÚÕ ÐÑ� Ø�ÐÑÓÔ ××ÖÓÐÑÓÔÕÐ ×ÓÙÐÑÐÐ� ØÕÐ ÐÑ� Ö�ÐÑÓØÔÖÕÚÐÑÓØÖØ� ÔÙÐÑÐÐÐÔØ × ÐÑÒÐ�Û ÒÐÑÓØ�Õ ×ÖÐÑÓØ�Õ ×ÖÐÑÐÐÐÐÐÐ ÐÑÒÒÒÐÑÓÕÚ ×Ö×ÐÑÓÕ ×Ö×ÚÐÑÐÐÐÕÚÖ ÐÑÒÚÒÐÑÓÚØÚÒÔÐÑÓÚÕÕ ×ÔÐÑÐÐÐ ÖÓÐ ÐÑÒØÒÐÑÓ ×ÔÔÚÐÐÑÓ ×ØØÖÐÐÑÐÐ�ÐØÐ ÐÑÒÖÒÐÑÓÒÖ×ÖÖÐÑÓÒÔ ×ÐÐÐÑÐÐ�Ð ÖÖ ÐÑ ×ÐÒÐÑÓ� ÖÚ ×ÖÐÑÓ� ÔÚ ×�ÐÑÐÐ�ÐÐÔ ÐÑ ×ÒÒÐÑÓÐÔÓÕÔÐÑÓÐÔ�� ÒÐÑÐÐÐ ÖÚØ ÐÑ ×ÚÒÐÑÖÓÔÐ� ×ÐÑÖÓØ ×ÔÓÐÑÐÐÐØ ×Ú ÐÑ ×ØÒÐÑÖÖÕØÔÒÐÑÖÖÕÒØÓÐÑÐÐÐÚÐ × ÐÑ ×ÖÒÐÑÖÔÚÐÐÒÐÑÖÔ ×ÖÒÐÐÑÐÐÐ� Ö� ÐÑÚÐÒÛ ×ÐÑÖØÒÐØÓÐÑÖØÒÐØÓÐÑÐÐÐÐÐÐ ÐÑÚÒ×ÐÑÖÚÓÓ ××ÐÑÖÕÐÐÕ�ÙÐÑÐÐÐ�� Ö ÐÑÚÚ×ÐÑÖ×ÔØÒ ×ÐÑÖ×ÔÖÐÒÙÐÑÐÐÐ� ÔÓ ÐÑÚØ×ÐÑÖÒÕ�ÕÖÐÑÖÒÕ ×ÕÕÙÐÑÐÐÐ�ÓÔ ÐÑÚÖ×ÐÑÖ� ÒÕÕÓÐÑÖ� ÒÔÚÚÙÐÑÐÐÐ� ÖÚ ÐÑÕÐ×ÐÑÔÓÓ ÖÚÔÐÑÖÐÐÐÐÐÙÐÑÐÐÐ�Õ ×

xkFk(x)f(x)Fk(x)−f(x)

ÐÑÕÒ×ÐÑÔÖÔÐÚ�ÐÑÔÖÔ�ÕÚÙÐÑÐÐÐ�� Ò ÐÑÕÚ×ÐÑÔÔÚ� Ø ×ÐÑÔÔÚÒ ×ÚÙÐÑÐÐÐÐÔ� ÐÑÕØ×ÐÑÔØ� Ò ×ÒÐÑÔØ� ÒØÔÙÐÑÐÐÐÐ ×Õ ÐÑÕÖ×ÐÑÔÚÖÒØÓÐÑÔÚÖÒÔÓÙÐÑÐÐÐÐ�Ð ÐÑØÐ×Û ÚÐÑÔ ×ÕÒÓÚÐÑÔ ×ÕÒÓÚÐÑÐÐÐÐÐÐ ÐÑØÒÚÐÑÔÒÒ ×ÒÖÐÑÔÒÒ ×ÕÕÙÐÑÐÐÐÐÐ Ø ÐÑØÚÚÐÑÔÐÓ ×ÓÚÐÑÔÐÓÚÒ�ÙÐÑÐÐÐÐÒÔ ÐÑØØÚÐÑØÓØÕ� ÚÐÑØÓØÕÔ ×ÙÐÑÐÐÐÐÕÓ ÐÑØÖÚÐÑØÖ×Ô�ÐÐÑØÖ×ÖÐÔÙÐÑÐÐÐÐÓ Ö ÐÑÔÐÚÐÑØÔ�ÐÐÕÐÑØÔ�� Ú�ÙÐÑÐÐÐ� ×Ø ÐÑÔÒÚÐÑØÕÖÚÒ�ÐÑØÕÖÕÖÖÙÐÑÐÐÐ� ØÔ ÐÑÔÚÚÐÑØÚÕÓ ÖÒÐÑØÚØ� ØÒÙÐÑÐÐÐ� ÖÐ ÐÑÔØÚÐÑØ ××Ô�ÐÐÑØ ××ÖÔÚÙÐÑÐÐÐ� ØÚ ÐÑÔÖÚÐÑØÒ� ØÒÔÐÑØÒ� Ô ×ØÙÐÑÐÐÐ�ÐÓ ÐÑÖÐÚÛÕÐÑØÐÓÔÕØÐÑØÐÓÔÕØÐÑÐÐÐÐÐÐ ÐÑÖÒÕÐÑÕÓ Ö�� ÒÐÑÕÓÔÓÚ ×ÐÑÐÐÐ� ØÓ ÐÑÖÚÕÐÑÕÖØØÔÓÐÑÕÖØ ×ÐÚÐÑÐÐÐ ×ÔÕ ÐÑÖØÕÐÑÕÔÕÚ ×ÚÐÑÕÔÚÖÚÕÐÑÐÐÐÕÖÓ ÐÑÖÖÕÐÑÕØÚ ×Õ ×ÐÑÕØ ×ÕÔ�ÐÑÐÐÐÔÖÒ ÐÑÓÐÕÐÑÕÕ ×Ú� ÒÐÑÕÕÒÚÖØÐÑÐÐÐÓÒØ ÐÑÓÒÕÐÑÕÚÒÕÖÓÐÑÕÚ�ÕÓÚÐÑÐÐÐÓÓÚ ÐÑÓÚÕÐÑÕ ×� ÖØÐÐÑÕ ×Ð ÖÓ ÖÐÑÐÐÐÓØ� ÐÑÓØÕÐÑÕÒ� ÒÐ�ÐÑÕÒÐÚÐÐÐÑÐÐÐ ÖÐ� ÐÑÓ ÖÕÐÑÕ�ÐÕÖÓÐÑÕ�Ð�ÐÐÐÑÐÐÐÚÖÓ � ÑÐÐÕÐÑÕÐÐÐÐÐÐÑÕÐÐÐÐÐÐÑÐÐÐÐÐÐ

º\m\xyc¤ncan�|f\�^` ^aofec{�m\�dx|l\m ync\ n{c{]nobymc{ n{]



n�ytf\ca]E(x)h

Ek(x)=Fk(x)−f(x)=Fk(x)−
1

1+x2, s#�¯v
lao\lªcabl` b\x\e` b\dn\�g]ªc dadc df_g]e` b\dlat§fdxm g]w�dÝÜ

\ oc ªx\d{�m\�dx|l\m ync\ n{e` b\dolªfe�gzobn{s ncabl` b\x\c dfub

g�aobola�m\fdnze`c\^e ^af_gb\c¤bg¥ dnobz{xubc\§c dn{]v h
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àIáµâZIYU VUk1LN1K1Q VJU N} ��PN1QZOK1XUM�OPIK½HsplinesS



ÂIJq�OP�ZI/²c\l\m\xyc¤��n{fe`\lmang��dn{] h

xk¹�¯�´¬¬¯�¯¶³�´¯¶···��¯

f(xk)�³�·¬³¯¶±¬·¹��·��¹·³��¯¬³

g�e dolata�dnce`caP10(x)x\dfec{«a|ze dycaog�e d«meze`{�m\�dx|

l\m ync\ n{lao^` ^ec\dl\m\xyc¤�®l` n{]wg�e dolata�dnce`{cubics-

plinelao^dgm�ec\d\lª\ oc yx\dlt{me`c d]nobz|xe]f′′(0)=M0=0

x\df′′(114)=M114=0�d\c{bala`\afa`¤]g�e d^aze`{�m\�dx|

l\m ync\ n{lao\la ^` ^ec\dfec{^dexexaf_gb{�m\ff|caon�|f\ca]w

{^en§�xm dn{c¤b^§an\�u]\la ^` ^e dc{baf\tala`{ n{c{]lmang�»

�dn{]w\�a§g�aob\laxale`ade¥ ym ne d]caolato¤b§faoP10(x)fec\

\xm\`\f_g�dnc\nc{blem da�|cao³¹¹x\d��¹¹�



020406080100120
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àXá%ãIYPHI�~�1LN1K½HO VPJJU~HK½Hä�G NKJLWV½Håàwildá VIJIK1JMçæ

NO½H



²can�|f\lao\xataoze`ªt\c\n{fe`\c¤bl\m\c{m| ne¤b«m` nxab»

c\dnee oze`\lt{be bª]^oncm ªlao�Ãal\mef«atdxªlatoubofalao

olata�`�ec\dP5(x)\le dxab`�ec\d\lªc{nobe�|�m\ff|w{^eeldmma|

cao^oncm ªlaon{fe`aofec\«Ld« y�ec\dneªt\c\ ^d\ nc|f\c\¤]fd\xo»

f\cae d^|]fam�|�²c\` ^d\n{fe`\l\m\c{m| ne¤b{�m| n{c{]xo«Ldx|]

splinefec d]^e§ceme]l\m\�u�ao]f{ ^gbnc\yxm\\la ^` ^ec\d\l ªc{b

^dexexaff_gb{�m\ff|w\l Üªlao^e�\` bec\d{nf`xm obn{caoe§mao]cao

x§f\ca]wlm y�f\lao\la ^` ^e dc{�\tdb\�u�{ n{laolmax\te`{�m| n{

c{]spline�



11.522.533.544.555.56
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à �áÂOJk VK½N1U ZIYMQ VJU NO ��PNKPpMQNGHqJLK1LN1Qàr½JkQOÀqJ æ

NOPQá



²c{blem`lc¤n{\ oc|{l\mef«at|fesplines�O HVJU Nè}JOPKk VUKO

KUUG NPI NKPpWwªl¤]�\` bec\dncan�|f\lao\xataoze` w
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ßJ�I NKMJPI

ßJ�I NKMJPURéU/¦d\cal\m y^e d�f\�ott\ ^`aoe§m\cecaf(x)=
1

1+x2

nc\³n{fe`\xk=0.0(0.2)1.0x\d^un\ceca^dy�m\ff\c{]nobymc{ n{]

n�ytf\ca]E1(x)=P5(x)−f(x)wx\dno�xm` b\cecafeca^dy�m\ff\cao

n�|f\ca]�¤]lma]c{bU ZIYWK1KIssmoothnessv�Ãgta]we§m\cec d]

c df_g]c{]l\m\�u�aoc{]F(x),F′(x)nc\n{fe`\xk=k/5wk=1,2,3

x\d4�

ßJ�I NKMJPURêU/¦d\cal\m y^e d�f\cao�ott\ ^`aonca^dync{f\

ë »±w±ì wze¤m| n\cec{bxo«Ldx|splinenc\n{fe`\ly�ao]h=5/10x\d

lman^dam` n\ceca\ bc` ncad�al\mef«atdxªlatoubofaP20(x)�Ãgta]w

^un\cec\^d\�m yff\c\c¤bf(x),F(x)x\dP20(x)�Ãdnoflgm\ nf\

noby�ec\d¤]lma]c{baf\tªc{c\ssmoothnessvc{]lmang��dn{]í

ÂJUIPJO KPpMïî-Np1LN1/



²c\l\m\xyc¤��n{fe`\lmang��dn{] h

xk¹�¯�´¬¬¯�¯¶³�´¯¶···��¯

f(xk)�³�·¬³¯¶±¬·¹��·��¹·³��¯¬³

g�e dolata�dnce`caP10(x)wf\�`fec{b�m\�dx|caol\m ync\ n{�®l` n{ »
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