ErgasŢa gia to 4o PanellŠnio SunŚdrio kai 9o JerinŞ SqoleŢo PoluplokŞthtac kai QaotikŠc DunamikŠc Mh GrammikŤn SusthmŘtwn PŘtra, 22 IoulŢou ` 2 AugoŰstou 1996

ANALLOIWTA METRA MESW TOU TELESTOU FROBENIUS{PERRON

MWUSHS A. MPOUNTOURIDHS

TmŠma HlektrolŞgwn MhqanikŤn kai MhqanikŤn UpologistŤn DhmokrŢteio PanepistŠmio JrŘkhc 671 00 XŘnjh

mboudour@duth.gr http://www.duth.gr/~mboudour/

PerieqŞmena

1. TelestŚc Markov 2

2. TelestŚc Frobenius-Perron 3

3. TelestŚc Koopman 4

4. QarakthrismŞc Metro`DiathrhtikŞthtac 5

5. EpektatikŚc KatŘ TmŠmata MonŞtonec ApeikonŢseic 7

6. QarakthrismŞc ErgodikŞthtac 9

7. QarakthrismŞc AnŘmeixhc kai AkrŢbeiac 12

1. TelestŚc Markov

ArqŢzoume me ton basikŞ orismŞ tou mŚtrou kai tou qŤrou mŚtrou. ’Estw X Śna mh-kenŞ sŰnolo kai A mia s-Řlgebra tou X, dhladŠ, mia sullogŠ uposunŞlwn tou X pou perilambŘnei Şlo to X kai eŢnai kleistŠ se sumplhrŤmata kai se arijmŠsimec enŤseic. Mia apeikŞnish μ: A → [0, +∞] onomŘzetai mŚtro (sto X) an:

(i) μ(?) = 0 kai

(ii) gia kŘje A_i ∈ A, i = 1, 2, . . . , pou eŢnai anŘ duo xŚna, μ( +∞⋃ i=1 A_i) = +∞∑ i=1 μ(A_i). EpiplŚon, tŞte, kŘje sŰnolo sth s-Řlgebra A onomŘzetai metrŠsimo kai h triŘda (X, A, μ) lŚgetai qŤroc mŚtrou.

Sthn perŢptwsh pou to X eŢnai to diŘsthma [0, 1] tou R, Şpwc sta dunamikŘ sustŠmata pou ja mac apasqolŠsoun pio kŘtw, Š genikŞtera to X eŢnai Śnac topologikŞc qŤroc, ta metrŠsima sŰnola eŢnai ta sŰnola Borel. H sullogŠ twn sunŞlwn Borel apoteleŢ th mikrŞterh s-Řlgebra pou periŚqei Şla ta anoiktŘ kai kleistŘ sŰnola kai Şla ta anoiktŘ, kleistŘ, hmi`anoiktŘ, hmi`kleistŘ diastŠmata, fragmŚna Š mh`fragmŚna. Sth s-Řlgebra Borel orŢzetai to mŚtro Lebesgue, pou ja sumbolŢzetai me λ, kai periorizŞmeno se diŘsthma dŢnei to mŠkoc tou.

Mia sunŘrthsh φ: X → R onomŘzetai metrŠsimh an h antŢstrofh sunŘrthsh φ^{−1} apeikonŢzei sŰnola Borel tou R se metrŠsima sŰnola tou X.

O grammikŞc qŤroc L^1 = L^1(X, A, μ) orŢzetai wc o qŤroc Şlwn twn (klŘsewn isodunamŢac) sunartŠsewn φ: X → R pou eŢnai metrŠsimec kai Śqoun thn |φ| oloklhrŤsimh ston X. ’Etsi, o qŤroc L^1(X, A, μ) eŢnai efodiasmŚnoc me th nŞrma:

‖φ‖_1 = ∫ X |φ| dμ. OrismŞc 1.1. ’Enac grammikŞc telestŠc P : L^1 → L^1 onomŘzetai telestŠc Markov an, gia kŘje f ∈ L^1, isqŰoun (i) f ≥ 0 ⇒ P f ≥ 0, (ii) ‖P f‖_1 = ‖f‖_1, gia f ≥ 0.

OrismŞc 1.2. Mia sunŘrthsh f : X → R onomŘzetai puknŞthta an eŢnai f ∈ L^1, f ≥ 0 kai ‖f‖_1 = 1.

MerikŚc forŚc, ja sumbolŢzoume me D to sŰnolo twn puknotŠtwn (grammikŞc upŞqwroc tou L^1):

D = {f ∈ L^1 : f ≥ 0, ‖f‖_1 = ∫ X f dμ = 1}. MporeŢ kaneŢc na dei amŚswc ta exŠc ([LM94]):

(i) ’Enac grammikŞc telestŠc eŢnai Markov an kai mŞnon an apeikonŢzei puknŞthtec se puknŞthtec.

(ii) An P telestŠc Markov, tŞte, gia kŘje f ∈ L^1, ‖P f‖_1 ≤ ‖f‖_1.

2. TelestŚc Frobenius-Perron

OrismŞc 2.1. ’Estw (X, A, μ) qŤroc mŚtrou.

• O qŤroc (X, A, μ) (antŢstoiqa, to mŚtro μ) onomŘzetai s`peperasmŚnoc qŤroc mŚtrou (antŢstoiqa, s`peperasmŚno mŚtro) an upŘrqei mia akoloujŢa {A_n}, A_n ∈ A, μ(A_n) < ∞, gia kŘje n, tŚtoia Ťste X = ∪^∞_{n=1}A_n.

• O qŤroc (X, A, μ) (antŢstoiqa, to mŚtro μ) onomŘzetai peperasmŚnoc qŤroc mŚtrou (antŢstoiqa, peperasmŚno mŚtro) an μ(X) < ∞. Sthn eidikŠ perŢptwsh pou μ(X) = 1, o qŤroc (X, A, μ) (antŢstoiqa, to mŚtro μ) onomŘzetai qŤroc mŚtrou pijanŞthtac (antŢstoiqa, mŚtro pijanŞthtac) .

Sth sunŚqeia, oi qŤroi mŚtrou, pou ja jewroŰme, pŘnta ja upotŢjentai Şti eŢnai s` peperasmŚnoi, ektŞc an rhtŘ dhlŤnetai kŘti Řllo.

JeŤrhma 2.1. (Radon–Nikodym) ’Estw (X, A, μ) qŤroc mŚtrou kai ν Śna deŰtero mŚtro sthn σ-Řlgebra A. An to ν eŢnai peperasmŚno kai μ(A) = 0, gia A ∈ A, sunepŘgetai Şti ν(A) = 0 (opŞte to mŚtro ν onomŘzetai apolŰtwc suneqŚc wc proc to mŚtro μ Š, alliŤc, m`suneqŚc mŚtro), tŞte upŘrqei monadikŠ mh`arnhtikŠ f ∈ L^1(X, A, μ) tŚtoia Ťste ν(A) = ∫ A f dμ, για A ∈ A. H f onomŘzetai parŘgwgoc Radon–Nikodym tou mŚtrou ν wc proc to mŚtro μ kai sumbolŢzetai f = dν dμ . Sth sunŚqeia akoloujoŰn oi orismoŢ kŘpoiwn basikŤn kathgoriŤn apeikonŢsewn pou sunantŤntai sthn JewrŢa MŚtrou kai sthn jewrŢa twn MetrŠsimwn DunamikŤn SusthmŘtwn.

OrismŞc 2.2. ’Estw (X, A, μ) qŤroc mŚtrou kai S : X → X mia apeikŞnish.

• H S onomŘzetai metrŠsimh apeikŞnish (wc proc to mŚtro μ) an, gia kŘje A ∈ A, S^{−1}(A) ∈ A. • H S onomŘzetai mh`idiŞmorfh apeikŞnish (wc proc to mŚtro μ) an eŢnai metrŠsimh kai an, gia kŘje A ∈ A me μ(A) = 0, na eŢnai μ(S^{−1}(A)) = 0.

• H S onomŘzetai metro`diathrhtikŠ apeikŞnish (wc proc to mŚtro μ) an eŢnai metrŠsimh kai an, gia kŘje A ∈ A, na isqŰei μ(A) = μ(S^{−1}(A)). ’Otan h S eŢnai metro`diathrhtikŠ wc proc to mŚtro μ, to μ onomŘzetai analloŢwto mŚtro gia thn S. (ProfanŤc, mia metro`diathrhtikŠ apeikŞnish eŢnai mh`idiŞmorfh.)

OrismŞc 2.3. ’Estw (X, A, μ) qŤroc mŚtrou kai S : X → X mia apeikŞnish. An h S eŢnai mh`idiŞmorfh, tŞte, gia kŘje (mh`arnhtikŠ) f ∈ L^1(X, A, μ), to oloklŠrwma ∫ S�1_{(A)} f dμ (A ∈ A) orŢzei Śna mŚtro apolŰtwc suneqŚc wc proc to μ. ’Ara, sŰmfwna me to JeŤrhma Radon– Nikodym, upŘrqei Śnac monadikŞc grammikŞc telestŠc P = P_S : L^1 → L^1, pou onomŘzetai telestŠc Frobenius–Perron, tŚtoioc Ťste

P f = d dμ ∫ S�1_{(•)} f dμ, dhladŠ, gia kŘje A ∈ A, ∫ A P f dμ = ∫ S�1_{(A)} f dμ. ProfanŤc, o telestŠc Frobenius–Perron eŢnai telestŠc Markov.

3. TelestŚc Koopman

’Estw (X, A, μ) qŤroc mŚtrou. O grammikŞc qŤroc L^∞ = L^∞(X, A, μ) orŢzetai wc o qŤroc Şlwn twn (klŘsewn isodunamŢac) sunartŠsewn φ : X → R, pou eŢnai metrŠsimec kai, gia kŘje mia apŞ tic opoŢec, upŘrqei stajerŘ K > 0 tŚtoia Ťste |φ(x)| ≤ K, sqedŞn gia kŘje x ∈ X. ’Etsi, o qŤroc L^∞(X, A, μ) eŢnai efodiasmŚnoc me th nŞrma: ‖φ‖_∞ = inf{K > 0: |φ(x)| ≤ K, σ.π. στoν X}. OrismŞc 3.1. ’Estw (X, A, μ) qŤroc mŚtrou kai S : X → X mia apeikŞnish. An h S eŢnai mh`idiŞmorfh, tŞte h sqŚsh Uf(x) = f(S(x)), f ∈ L^∞, orŢzei Śnan telestŠ U = U_S : L^∞ → L^∞, pou onomŘzetai telestŠc Koopman (gia thn S) kai eŢnai grammikŞc kai fragmŚnoc ston L^∞, dhladŠ, gia kŘje f ∈ L^∞, ‖Uf‖_∞ ≤ ‖f‖_∞. LambŘnontac upŞyh Şti o L^1 eŢnai o duikŞc qŤroc tou L^∞, Şpou h sqŚsh thc duikŞthtac sumbolŢzetai me to eswterikŞ ginŞmeno (·,·), pou orŢzetai wc (f, g) = ∫ X fg dμ, f ∈ L^1, g ∈ L^∞, Śqoume to parakŘtw apotŚlesma pou susqetŢzei touc telestŚc Frobenius–Perronkai Koopman. JeŤrhma 3.1. O telestŠc Koopman eŢnai o suzugŠc tou telestoŰ Frobenius–Perron, dhladŠ, gia kŘje f ∈ L^1 kai g ∈ L^∞, (P f, g) = (f, Ug) . ApŞdeixh. To basikŞ stŘdio eŢnai na apodeiqjeŢ h sqŚsh thc duikŞthtac gia g = χ_A, thn qarakthristikŠ sunŘrthsh enŞc A ∈ A. EpeidŠ, tŞte, Ug = Uχ_A = χ_A ∘ S = χ_S�1_{(A)}, Śqoume (f, Ug) = ∫ X f Ug dμ = ∫ X f χ_S�1_{(A)} dμ = ∫ S�1_{(A)} f dμ =

= ∫ A P f dμ = ∫ X P f χ_A dμ = ∫ A P f g dμ = (P f, g). �

4. QarakthrismŞc Metro`DiathrhtikŞthtac

JeŤrhma 4.1. ’Estw (X, A, μ) qŤroc mŚtrou. DojeŢshc f ∈ L^1, f ≥ 0, jewroŰme to mŚtro μ_f , pou orŢzetai wc

μ_f (A) = ∫ A f dμ, A ∈ A. ’Estw S : X → X mia mh`idiŞmorfh apeikŞnish kai P = P_S o telestŠc Frobenius–Perron gia thn S. TŞte, afenŞc to mŚtro μ_f eŢnai apolŰtwc suneqŚc wc proc to mŚtro μ kai afetŚrou to mŚtro μ_f eŢnai analloŢwto gia thn S, dhladŠ, h S eŢnai metro`diathrhtikŠ wc proc to μ_f , an kai mŞnon an h f eŢnai stajerŞ shmeŢo tou P .

ApŞdeixh. ’Otan to μ_f eŢnai analloŢwto, tŞte, gia kŘje A ∈ A, μ_f (A) = μ_f (S^{−1}(A)), dhladŠ, ∫ A f dμ = ∫ S�1_{(A)} f dμ = ∫ A P f dμ, kai Řra P f = f.

AntistrŞfwc, Ştan P f = f, tŞte, gia kŘje A ∈ A, ∫ S�1_{(A)} f dμ = ∫ A P f dμ = ∫ A f dμ, dhladŠ, μ_f (S^{−1}(A)) = μ_f (A). �

PŞrisma 4.1. To mŚtro μ eŢnai analloŢwto gia thn S an kai mŞnon an h f_∗ ≡ 1 eŢnai stajerŞ shmeŢo tou telestoŰ Frobenius–Perron P .

ParŘdeigma 4.1. ’Estw o r-adikŞc metasqhmatismŞc S : [0, 1] → [0, 1], pou orŢzetai wc S(x) = rx (mod 1), Şpou r > 1 akŚraioc. O antŢstrofoc metasqhmatismŞc S^{−1} apeikonŢzei ta diastŠmata [0, x] ⊂ [0, 1] wc exŠc

S^{−1}([0, x]) = r−1⋃ j=0 [ j r , j r + x r ].

’Estw λ to mŚtro Lebesgue sto [0, 1]. EpeidŠ λ(S^{−1}([0, x])) = λ([0, x]) (= x), o r-adikŞc metasqhmatismŞc S eŢnai mia metro`diathrhtikŠ apeikŞnish wc proc λ.

O telestŠc Frobenius–Perron P = P_S orŢzetai apŞ th sqŚsh ∫_x 0 P f(u) du = ∫ S�1_{([0,x])} f(u) du (f ∈ L^1) Š P f(x) = d dx ∫ S�1_{([0,x])} f(u) du = d dx r−1∑ j=0 ∫_{j/r+x/r} j/r f(u) du =

= 1 r r−1∑ j=0 f( j r + x r ). ’Etsi,

P (1) = 1 r r−1∑ j=0 1 = 1,

dhladŠ, f_∗ = 1 eŢnai stajerŞ shmeŢo tou P kai to mŚtro Lebesgue λ eŢnai analloŢwto gia ton r-adikŞ metasqhmatismŞ S. �

ParŘdeigma 4.2. JewroŰme th logistikŠ apeikŞnish gia stajerŘ Ţsh me 4, dhladŠ, thn apeikŞnish S : [0, 1] → [0, 1], pou orŢzetai wc S(x) = 4x(1 − x) . O antŢstrofoc metasqhmatismŞc S^{−1} apeikonŢzei ta diastŠmata [0, x] ⊂ [0, 1] wc exŠc

S^{−1}([0, x]) = [0, 1 2 − 1 2 √ 1 − x] ∪ [ 1 2 + 1 2 √ 1 − x, 1] . ProfanŤc, to mŚtro Lebesgue λ sto [0, 1] den eŢnai analloŢwto gia thn S, dhladŠ, autŠ h logistikŠ apeikŞnish den eŢnai metro`diathrhtikŠ wc proc λ.

O telestŠc Frobenius–Perron P = P_S orŢzetai apŞ th sqŚsh ∫_x 0 P f(u) du = ∫ S�1_{([0,x])} f(u) du (f ∈ L^1) Š P f(x) = d dx ∫ S�1_{([0,x])} f(u) du =

= d dx ∫ 1_{2 −} 1_2^√_{1−x} 0 f(u) du + d dx ∫_1 1 2 + 12 √ 1−x f(u) du =

= 1 4 √ 1 − x [f( 1 2 − 1 2 √ 1 − x) + f( 1 2 + 1 2 √ 1 − x)] . Gia na broŰme to stajerŞ shmeŢo tou telestoŰ Frobenius–Perron P , arqŢzontac me f(x) ≡ 1, upologŢzoume thn akoloujŢa {P^nf(x)} kai brŢskoume Şti to Şrio f_∗(x) = lim_{n→∞} P^nf(x), dhladŠ, h sunŘrthsh

f_∗(x) = 1 π √ x(1 − x) , eŢnai to zhtoŰmeno stajerŞ shmeŢo tou P (P f_∗ = f_∗). EpomŚnwc, to mŚtro

μ_f�(A) = ∫ A dx π √ x(1 − x) , για A ∈ A , Š, gia x ∈ [0, 1],

μ_f�([0, x]) = ∫_x 0 du π √ u(1 − u) = 1 2 − 1 π arcsin(1 − 2x)

eŢnai analloŢwto gia autŠ th logistikŠ apeikŞnish S. �

5. EpektatikŚc KatŘ TmŠmata MonŞtonec ApeikonŢseic

H basikŠ kathgorŢa twn apeikonŢsewn se Śna diŘsthma, gia thn opoŢa mporeŢ na apodeiqjeŢ h Űparxh analloiŤtou mŚtrou mŚsw tou telestoŰ Frobenius–Perron, dŢnetai ston orismŞ pou akoloujeŢ.

OrismŞc 5.1. Mia apeikŞnish S : [0, 1] → [0, 1] onomŘzetai katŘ tmŠmata monŞtonh apeikŞnish C^2 an upŘrqei Śnac diamerismŞc 0 = a_0 < a_1 < · · · < a_r = 1 tou [0, 1] tŚtoioc Ťste, gia kŘje i = 1, . . . , r, o periorismŞc thc S sto diŘsthma (a_{i−1}, a_i) eŢnai mia sunŘrthsh C^2 kai upŘrqei mia peperasmŚnh pragmatikŠ stajerŘ c tŚtoia Ťste, gia kŘje x ≠ a_i, i = 0, . . . , r, |S^{′′}(x)| |S^′(x)|^2 ≤ c. EpiplŚon, mia katŘ tmŠmata monŞtonh apeikŞnish C^2 onomŘzetai epektatikŠ an upŘrqei mia stajerŘ λ > 1 tŚtoia Ťste, gia kŘje x ≠ a_i, i = 0, . . . , r, |S^′(x)| ≥ λ. DojeŢshc loipŞn miac epektatikŠc katŘ tmŠmata monŞtonhc apeikŞnishc S : [0, 1] → [0, 1] kai jewrŤntac Şti to [0, 1] eŢnai efodiasmŚno me to mŚtro Lebesgue, ja broŰme thn Śkfrash gia ton antŢstoiqo telestŠ Frobenius–Perron P = P_S. Gia to skopŞ autŞ, prŤta, sumbolŢzoume me S_i ton periorismŞ thc S sto diŘsthma (a_{i−i}, a_i) (gia i = 1, . . . , r) kai me J_i thn eikŞna tou (a_{i−i}, a_i) kŘtw apŞ thn S_i, dhladŠ, J_i = S_i((a_{i−i}, a_i)) (gia i = 1, . . . , r). AmŚswc blŚpoume Şti, gia kŘje x ∈ [0, 1],

S^{−1}([0, x]) = r⋃ i=1 I_i(x), Şpou kŘje Śna apŞ ta diastŠmata I_i, i = 1, . . . , r, eŢnai enŞc apŞ touc exŠc treic tŰpouc:

• (a_{i−1}, S^{−1}_i (x)), Ştan x ∈ J_i kai S^′_i > 0,

• (S^{−1}_i (x), a_{i−1}), Ştan x ∈ J_i kai S^′_i < 0, • ? Š (ai−i, ai), Ştan x /∈ Ji. ’Etsi, epeidŠ apŞ ton orismŞ tou telestoŰ Frobenius–Perron Śqoume, gia kŘje f ∈ L^1, P f(x) = d dx ∫ S�1_{([0,x])} f(t) dt = r∑ i=1 d dx ∫ I_i(x) f(t) dt, prokŰptei o exŠc tŰpoc gia ton telestŠ Frobenius–Perron P = P_S thc epektatikŠc katŘ tmŠmata monŞtonhc apeikŞnishc S, gia f ∈ L^1, x ∈ [0, 1], P f(x) = r∑ i=1 f(S^{−1}_i (x))σ_i(x)χ_{Ji} (x), Şpou σ_i = |(S^{−1}_i )^′| (i = 1, . . . , r) kai χ_{Ji} h qarakthristikŠ sunŘrthsh tou diastŠmatoc J_i (i = 1, . . . , r).

Me thn boŠjeia thc parapŘnw Śkfrashc tou telestoŰ Frobenius–Perron, apodeiknŰetai to akŞloujo apotŚlesma (leptomerŠc apŞdeixh sthn [LY73]).

JeŤrhma 5.1. (Lasota & Yorke) ’Estw S : [0, 1] → [0, 1] mia epektatikŠ katŘ tmŠmata monŞtonh apeikŞnish C^2 kai P = P_S o antŢstoiqoc telestŠc Frobenius–Perron. TŞte upŘrqei mia sunŘrthsh f_∗ ∈ L^1, pou eŢnai stajerŞ shmeŢo tou P (P f_∗ = f_∗), dhladŠ, upŘrqei Śna mŚtro μ_f�(A) = ∫ A f_∗ dλ (A ∈ A), pou eŢnai analloŢwto gia thn S kai apolŰtwc suneqŚc wc proc to mŚtro Lebesgue λ sto [0, 1].

Gia thn apŞdeixh tou JewrŠmatoc twn Lasota & Yorke qreiŘzetai na qrhsimopoihjeŢ h Śnnoia thc olikŠc metabolŠc miac pragmatikŠc sunŘrthshc.

OrismŞc 5.2. ’Estw φ: [a, b] → R kai Śstw P Śnac diamerismŞc tou [a, b] wc:

a = x_0 < x_1 < · · · < x_n = b.

OrŢzoume th metabolŠ thc φ sto [a, b] wc proc ton diamerismŞ P san

V^b_a (φ, P) = n∑ i=1 |φ(x_i) − φ(x_{i−1})| kai thn (olikŠ) metabolŠ thc φ sto diŘsthma [a, b] san V^b_a (φ) = sup{V^b_a (φ, P): P διαμερισμóς τoυ [a, b]}. An V^b_a (φ) < +∞, h sunŘrthsh φ onomŘzetai fragmŚnhc metabolŠc sto diŘsthma [a, b].

ParatŠrhsh 5.1. ProfanŤc, an mia sunŘrthsh eŢnai monŞtonh, tŞte eŢnai fragmŚnhc metabolŠc ki, an eŢnai fragmŚnhc metabolŠc, tŞte eŢnai oloklhrŤsimh.

SumbolŢzoume me L^1([0, 1]) to qŤro L^1 gia to sŰnolo X = [0, 1] efodiasmŚno me th s- Řlgebra twn sunŞlwn Borel kai to mŚtro Lebesgue λ.

LŠmma 5.1. (AnisŞthta tou Yorke) An h sunŘrthsh φ eŢnai fragmŚnhc metabolŠc sto [0, 1] ⊃ [a, b], tŞte

V^1_0 (φχ_{[a,b]}) ≤ 2V^b_a (φ) + 2 b − a ∫_b a |φ(x)| dx. Me thn boŠjeia kŘpoiwn stoiqeiwdŤn idiotŠtwn thc olikŠc metabolŠc kai thc anisŞthtac tou Yorke mporeŢ na apodeiqjeŢ h parakŘtw prŞtash, pou apoteleŢ to basikŞ stŘdio sthn apŞdeixh tou JewrŠmatoc twn Lasota & Yorke.

PrŞtash 5.1. UpŘrqoun duo jetikŚc stajerŚc K, L tŚtoiec Ťste, gia kŘje f ∈ L^1([0, 1]),

V^1_0 (P f) ≤ KV^1_0 (f) + L‖f‖_1.

ApŞ thn prŞtash autŠ Śpetai Şti upŘrqei mia jetikŠ stajerŘ M, pou eŢnai anexŘrthth thc f, tŚtoia Ťste: lim sup n→∞ V^1_0 (P^nf) ≤ M‖f‖_1.

QrhsimopoiŤntac tŞte ton gnwstŞ qarakthrismŞ thc asjenoŰc prosumpagŞthtac Şti Śna sŰnolo F ⊂ L^1(X, A, μ) eŢnai asjenŤc prosumpagŚc an kai mŞnon an upŘrqei g ∈ L^1(X, A, μ), g ≥ 0, tŚtoia Ťste, gia kŘje f ∈ F , na isqŰei |f(x)| ≤ g(x), sqedŞn gia kŘje x ∈ X (deŢte to biblŢo twn Dunford & Schwartz [DS57]), katalŠgoume Şti h akoloujŢa twn epanalŠyewn tou telestoŰ Frobenius–Perron {P^nf} eŢnai Śna asjenŤc prosumpagŚc sŰnolo ston L^1([0, 1]).

(UpenjumŢzoume Şti to sŰnolo F ⊂ L^1(X, A, μ) onomŘzetai asjenŤc prosumpagŚc an kŘje akoloujŢa {f_n} tou F periŚqei mia asjenŤc sugklŢnousa upakoloujŢa {f_{nk} }, dhladŠ, tŚtoia Ťste na upŘrqei f_0 ∈ L^1(X, A, μ) Śtsi Ťste, gia kŘje g ∈ L^∞(X, A, μ), h arijmhtikŠ akoloujŢa (f_{nk} , g) na sugklŢnei sto (f_0, g).)

TŞte, h apŞdeixh tou JewrŠmatoc twn Lasota & Yorke oloklhrŤnetai me thn qrhsimopoŢhsh tou parakŘtw jewrŠmatoc stajeroŰ shmeŢou (deite [DS57]).

JeŤrhma 5.2. (To ErgodikŞ JeŤrhma Kakutani–Yoshida) ’Estw (X, A, μ) qŤroc mŚtrou kai P : L^1 → L^1 telestŠc Markov. An, gia kŘje f ∈ L^1, h akoloujŢa {^1_n ∑_{n−1} k=0 P^kf} (tou mŚsou Şrou twn epanalŠyewn tou P ) eŢnai Śna asjenŤc prosumpagŚc sŰnolo tou L^1, tŞte upŘrqei mia sunŘrthsh f_∗ ∈ L^1, pou eŢnai stajerŞ shmeŢo tou P (P f_∗ = f_∗) kai tŚtoia Ťste lim_{n→∞} 1 n n−1∑ k=0 P^kf = f_∗ isqurŤc ston L^1.

6. QarakthrismŞc ErgodikŞthtac

OrismŞc 6.1. ’Estw (X, A, μ) qŤroc mŚtrou (Şqi upoqrewtikŘ s`peperasmŚnoc) kai S : X → X mia metro`diathrhtikŠ apeikŞnish (wc proc to analloŢwto mŚtro μ). H S onomŘzetai ergodikŠ apeikŞnish wc proc to μ (kai to analloŢwto mŚtro μ onomŘzetai ergodikŞ mŚtro gia thn S) an kŘje sŰnolo A pou eŢnai metrŠsimo (A ∈ A) kai analloŢwto gia thn S (dhladŠ, S^{−1}(A) = A) eŢnai tŚtoio Ťste eŢte μ(A) = 0 Š μ(X r A) = 0.

’Etsi, Ştan (X, A, μ) eŢnai qŤroc mŚtrou pijanŞthtac, h metro`diathrhtikŠ apeikŞnish S : X → X eŢnai ergodikŠ an kŘje analloŢwto metrŠsimo sŰnolo A Śqei μ(A) = 0 Š μ(A) = 1.

ProfanŤc, Ştan h S eŢnai ergodikŠ ston (X, A, μ), tŞte o qŤroc X den mporeŢ na analujeŢ se duo analloŢwta mŚrh pou eŢnai metrŠsima kai Śqoun jetikŞ mŚtro to kajŚna. Me Řlla lŞgia, sthn perŢptwsh thc ergodikŞthtac, Şla ta mh-terimmŚna analloŢwta metrŠsima sŰnola Śqoun mhdenikŞ mŚtro.

Sth melŚth thc ergodikŞthtac mŚsw tou telestoŰ Frobenius–Perron qrhsimopoieŢtai to exŠc bohjhtikŞ apotŚlesma (pou apodeiknŰetai sto biblŢo [LM94]):

PrŞtash 6.1. ’Estw (X, A, μ) qŤroc mŚtrou, S : X → X mia mh`idiŞmorfh apeikŞnish kai P = P_S o telestŠc Frobenius–Perron gia thn S. TŞte:

(i) gia kŘje A ∈ A, f ∈ L^1, P f(x) = 0, για x ∈ A ⇔ f(x) = 0, για x ∈ S^{−1}(A), (ii) isqŰei supp f ⊂ S^{−1}(supp P f).

Sthn prohgoŰmenh prŞtash, to stŠrigma thc f orŢzetai san: supp f = {x ∈ X : f(x) ≠ 0}. EidikŞtera, o Ślegqoc thc ergodikŞthtac mŚsw tou telestoŰ Frobenius–Perron gŢnetai me to parakŘtw apotŚlesma.

JeŤrhma 6.1. ’Estw (X, A, μ) qŤroc mŚtrou, S : X → X mia mh`idiŞmorfh apeikŞnish kai P = P_S o telestŠc Frobenius–Perron gia thn S.

(i) An h S eŢnai ergodikŠ wc proc to μ, tŞte upŘrqei monadikŠ puknŞthta pou eŢnai stajerŞ shmeŢo tou P kai eŢnai h f_∗ ≡ 1.

(ii) An upŘrqei monadikŠ puknŞthta f_∗ tŚtoia Ťste f_∗ > 0, sqedŞn pantoŰ ston X, pou eŢnai stajerŞ shmeŢo tou P , tŞte h S eŢnai ergodikŠ wc proc to analloŢwto mŚtro

μ_f�(A) = ∫ A f_∗ dμ (A ∈ A). ApŞdeixh. (i) ’Estw S ergodikŠ kai f_1, f_2 ∈ D (puknŞthtec), f_1 ≠ f_2, stajerŘ shmeŢa tou P . OrŢzoume: g = f_1 − f_2,

opŞte P g = g, P g^+ = g^+, P g^− = g^−,

Şpou g^+ = max{0, g}, g^− = min{0, −g}. ’Estw A = supp g^+, B = supp g^−.

ProfanŤc, toulŘqiston Śna apŞ ta A, B Śqei jetikŞ mŚtro. Ac upojŚsoume μ(A) > 0. H prohgoŰmenh bohjhtikŠ prŞtash sunepŘgetai A ⊂ S^{−1}(A) kai epagwgikŘ prokŰptei, gia kŘje fusikŞ arijmŞ n, A ⊂ S^{−1}(A) ⊂ S^{−2}(A) ⊂ · · · ⊂ S^{−n}(A). OrŢzoume: A = +∞⋃ n=1 S^{−n}(A).

ProfanŤc, Śqoume A ∈ A, μ(A) > 0 kai amŚswc blŚpoume Şti to A eŢnai analloŢwto (S^{−1}(A) = A). AutŘ Şmwc antifŘskoun thn ergodikŞthta thc S kai, Řra, ja prŚpei g = 0.

(ii) ’Estw f_∗ ∈ D, f_∗ > 0, s. p. ston X, to monadikŞ stajerŞ shmeŢo tou P . UpojŚtoume Şti h S den eŢnai ergodikŠ. EpomŚnwc, ja upŘrqei analloŢwto sŰnolo A ∈ A me μ(A) > 0. GrŘfoume B = X r A, opŞte kai to sŰnolo B ∈ A eŢnai analloŢwto kai Śqei μ(B) > 0. EpiplŚon, X = A ∪ B, A ∩ B = ?, kai, Śtsi, mporoŰme na grŘyoume

f_∗ = χ_Af_∗ + χ_Bf_∗.

EpeidŠ P f_∗ = f_∗, paŢrnoume

χ_Af_∗ + χ_Bf_∗ = P (χ_Af_∗) + P (χ_Bf_∗).

’Otan x ∈ A = S^{−1}(A), tŞte χ_Bf_∗ = 0 kai h prohgoŰmenh bohjhtikŠ PrŞtash sunepŘgetai Şti χ_Bf_∗ = 0, dhladŠ, χ_Af_∗ = P (χ_Af_∗).

ParomoŢwc, χ_Bf_∗ = P (χ_Bf_∗).

DiairŤntac me tic antŢstoiqec nŞrmec (pou eŢnai mh`mhdenikŚc, diŞti f_∗ > 0 s. p.), brŢskoume Şti oi sunartŠseic

f_1 = χ_Af_∗ ‖χ_Af_∗‖_1 , f_2 = χ_Bf_∗ ‖χ_Bf_∗‖_1 eŢnai stajerŘ shmeŢa tou P , allŘ f_1 ≠ f_2, kŘti Řtopo kai, Řra, h S eŢnai ergodikŠ. �

To prohgoŰmeno apotŚlesma dhlŤnei Şti h monadikŞthta tou stajeroŰ shmeŢou tou telestoŰ Frobenius–Perron apoteleŢ ikanŠ kai anagkaŢa sunjŠkh gia thn ergodikŞthta thc apeikŞnishc. ’Opwc Şmwc ja doŰme sto epŞmeno apotŚlesma, mia Řllh tŚtoia sunjŠkh dŢnetai kai apŞ th sŰgklish tou mŚsou Şrou twn epanalŠyewn tou telestoŰ Frobenius–Perron pou droun se puknŞthtec.

JeŤrhma 6.2. ’Estw (X, A, μ) qŤroc mŚtrou pijanŞthtac, S : X → X mia metro`diathrhtikŠ apeikŞnish kai P = P_S o telestŠc Frobenius–Perron gia thn S. TŞte h S eŢnai ergodikŠ an kai mŞnon an lim_{n→∞} 1 n n−1∑ k=0 P^kf = 1, για κάθε f ∈ D. ApŞdeixh. ’Otan h S eŢnai ergodikŠ, sŰmfwna me to JeŤrhma 6.1, h f_∗ ≡ 1 eŢnai h monadikŠ puknŞthta pou eŢnai stajerŞ shmeŢo tou P . PrŤta, upojŚtoume Şti h f ∈ D eŢnai fragmŚnh, f ≤ c. TŞte P^nf ≤ cP^n1 = c kai, Řra,^1_n ∑_{n−1} k=0 P^kf ≤ c. SunepŤc, h akoloujŢa {^1_n ∑_{n−1} k=0 P^kf} eŢnai asjenŤc prosumpagŠc ston L^1, opŞte to ErgodikŞ JeŤrhma Kakutani–Yoshida sunepŘgetai Şti upŘrqei stajerŞ shmeŢo tou P , pou Şmwc lŞgw thc monadikŞthtac ja prŚpei na eŢnai to f_∗ ≡ 1, Śtsi Ťste lim_{n→∞}^1_n ∑_{n−1} k=0 P^kf = 1. ’Otan h f den eŢnai fragmŚnh, akoloujoŰme tic tupikŚc tropopoiŠseic (deŢte sel. 93-94 tou biblŢou twn Lasota & Mackey [LM94]).

AntŢstrofa, an, gia kŘje f ∈ D, lim_{n→∞}^1_n ∑_{n−1} k=0 P^kf = 1, tŞte f_∗ ≡ 1, gia P f_∗ = f_∗.

DhladŠ, h f_∗ ≡ 1 eŢnai h monadikŠ puknŞthta pou eŢnai stajerŞ shmeŢo tou P , opŞte, pŘli sŰmfwna me to JeŤrhma 6.1, h S eŢnai ergodikŠ. �

Gia touc antŢstoiqouc qarakthrismoŰc thc ergodikŞthtac mŚsw tou telestoŰ Koopman, qreiŘzetai to parakŘtw apotŚlesma (p.q., deŢte to biblŢo tou [Walters82]).

JeŤrhma 6.3. ’Estw (X, A, μ) qŤroc mŚtrou (Şqi upoqrewtikŘ s`peperasmŚnoc) kai S : X → X mia metro`diathrhtikŠ apeikŞnish. H S eŢnai ergodikŠ an kai mŞnon an, gia kŘje metrŠsimh sunŘrthsh f : X → R, tŚtoia Ťste f(S(x)) = f(x), (sqedŞn) gia kŘje x ∈ X, sunepŘgetai Şti h f eŢnai stajerŘ sqedŞn pantoŰ.

TŞte ta JewrŠmata 6.1 kai 6.2 dŢnoun touc exŠc qarakthrismoŰc thc ergodikŞthtac mŚsw tou telestoŰ Koopman.

PŞrisma 6.1. ’Estw (X, A, μ) qŤroc mŚtrou, S : X → X mia metro`diathrhtikŠ apeikŞnish kai U = U_S o telestŠc Koopman gia thn S. TŞte ta parakŘtw eŢnai isodŰnama:

(i) h S eŢnai ergodikŠ,

(ii) Şla ta stajerŘ shmeŢa tou U eŢnai stajerŚc sunartŠseic,

(iii) gia kŘje f ∈ L^1, g ∈ L^∞, lim_{n→∞} 1 n n−1∑ k=0 (f, U^kg) = (f, 1)(1, g).

AnaforikŘ tŤra me thn ergodikŞthta twn epektatikŤn katŘ tmŠmata monŞtonwn apeikonŢsewn diastŠmatoc isqŰei to parakŘtw apotŚlesma twn Li & Yorke, tou opoŢou h apŞdeixh upŘrqei sthn ergasŢa touc [LiY78].

JeŤrhma 6.4. (Li & Yorke) ’Estw S : [0, 1] → [0, 1] mia epektatikŠ katŘ tmŠmata monŞtonh apeikŞnish C^2 kai P = P_S o antŢstoiqoc telestŠc Frobenius–Perron. TŞte upŘrqoun:

• jetikŞc akŚraioc m, • sŰnola L_1, . . . , L_m ⊂ [0, 1], • sunartŠseic f_1, . . . , f_m, pou eŢnai stajerŘ shmeŢa tou P , tŚtoia Ťste (gia i, j = 1, . . . , m):

(i) kŘje L_i eŢnai Śnwsh peperasmŚnou plŠjouc diasthmŘtwn, (ii) Ştan i ≠ j, to L_i ∩ L_j periŚqei to polŰ peperasmŚno plŠjoc shmeŢwn, (iii) kŘje L_i periŚqei sto eswterikŞ tou toulŘqiston Śna shmeŢo asunŚqeiac twn S kai S^′ kai, Řra, m ≤ #{shmeŢwn asunŚqeiac twn S kai s^′}, (iv) f_i(x) = 0, gia x /∈ L_i, f_i > 0 s.p. sto L_i, ∫ L_i fi(x) dx = 1, (v) an g eŢnai stajerŞ shmeŢo tou P , pou ikanopoieŢ thn (iv), tŞte g = f_k s.p. sto [0, 1], gia kŘpoio k = 1, . . . , m, (vi) kŘje stajerŞ shmeŢo f tou P mporeŢ na grafeŢ san f = m∑ k=1 α_kf_k, gia katŘllhlec stajerŚc α_k, k = 1, . . . , m.

PŞrisma 6.2. An h S : [0, 1] → [0, 1] eŢnai mia epektatikŠ se duo tmŠmata monŞtonh apeikŞnish C^2, tŞte h S eŢnai ergodikŠ (gia kŘpoio analloŢwto mŚtro).

7. QarakthrismŞc AnŘmeixhc kai AkrŢbeiac

OrismŞc 7.1. ’Estw (X, A, μ) qŤroc mŚtrou pijanŞthtac kai S : X → X mia metro`diathrhtikŠ apeikŞnish. H S onomŘzetai anamemeigmŚnh apeikŞnish (wc proc to analloŢwto mŚtro μ) an, gia kŘje A, B ∈ A, lim_{n→∞} μ(A ∩ S^{−n}(B)) = μ(A)μ(B). ParatŠrhsh 7.1. ProfanŤc, x ∈ A ∩ S^{−n}(B) an kai mŞnon an x ∈ A kai S^n(x) ∈ B. ’Etsi, Ştan h S eŢnai anamemeigmŚnh, gia kŘje A, B ∈ A, h “pijanŞthta” na brŢsketai to x sto A kai to S^n(x) sto B, exartŘtai mŞno (kajŤc n → ∞) apŞ to mŚgejoc twn A kai B. AutŞ shmaŢnei Şti h troqiŘ mporeŢ na pŘei opoudŠpote xekinŤntac apŞ opoudŠpote kai, Řra, Śqoume anŘmeixh me autŠ thn Śnnoia.

EŰkola mporeŢ na deiqjeŢ to exŠc (deŢte [Walters82]):

PrŞtash 7.1. ’Estw (X, A, μ) qŤroc mŚtrou pijanŞthtac kai S : X → X mia metro`diathrhtikŠ apeikŞnish. An h S eŢnai anamemeigmŚnh, tŞte eŢnai ergodikŠ.

To epŞmeno apotŚlesma dŢnei ton qarakthrismŞ thc anŘmeixhc mŚsw twn telestŤn Frobenius`Perron kai Koopman.

JeŤrhma 7.1. ’Estw (X, A, μ) qŤroc mŚtrou, S : X → X mia metro`diathrhtikŠ apeikŞnish, P = P_S o telestŠc Frobenius–Perron gia thn S kai U = U_S o telestŠc Koopman gia thn S. TŞte ta parakŘtw eŢnai isodŰnama:

(i) h S eŢnai anamemeigmŚnh, (ii) gia kŘje f ∈ D, h akoloujŢa {P^nf} sugklŢnei asjenŤc sto 1, (iii) gia kŘje f ∈ L^1, g ∈ L^∞, lim_{n→∞}(P^nf, g) = (f, 1)(1, g), (iv) gia kŘje f ∈ L^1, g ∈ L^∞, lim_{n→∞}(f, U^ng) = (f, 1)(1, g). ApŞdeixh. OusiastikŘ to mŞno pou qreiŘzetai na deiqjeŢ eŢnai to Şti (i) ⇔ (ii). Ki autŞ mŘlista arkeŢ na apodeiqjeŢ gia qarakthristikŚc sunartŠseic, giatŢ sth sunŚqeia kŘpoia tupikŘ epiqeirŠmata gia sugklŢseic stouc L^1 kai L^∞ oloklhrŤnoun thn apŞdeixh (deŢte sel. 73-74 tou biblŢou twn Lasota & Mackey [LM94]).

PrŘgmati, an h S eŢnai anamemeigmŚnh, tŞte, gia kŘje A, B ∈ A, lim_{n→∞} μ(A ∩ S^{−n}(B)) = μ(A)μ(B), Š grŘfontac thn parapŘnw sqŚsh me oloklhrŤmata lim_{n→∞} ∫ X χ_A(x)χ_B(S^n(x)) dμ(x) = ∫ X χ_A dμ ∫ X χ_B dμ. MŚsw tou telestoŰ Koopman h sqŚsh autŠ grŘfetai: lim_{n→∞}(χ_A, U^nχ_B) = (χ_A, 1)(1, χ_B ), dhladŠ, mŚsw tou telestoŰ Frobenius–Perron, pou eŢnai o suzugŠc tou telestoŰ Koopman, lim_{n→∞}(P^nf, g) = (f, 1)(1, g), Şpou f = χ_A kai g = χ_B. AllŘ kai antistrŞfwc autŠ h epilogŠ twn f kai g sthn (iii) sunepŘgetai Şti h S eŢnai anamemeigmŚnh. � OrismŞc 7.2. ’Estw (X, A, μ) qŤroc mŚtrou pijanŞthtac kai S : X → X mia metro`diathrhtikŠ apeikŞnish tŚtoia Ťste S(A) ∈ A, gia kŘje A ∈ A. H S onomŘzetai akribŠc (wc proc to analloŢwto mŚtro μ) an, gia kŘje A ∈ A me μ(A) > 0, lim_{n→∞} μ(S^n(A)) = 1.

ParatŠrhsh 7.2. ’Opwc ja doŰme parakŘtw ston qarakthrismŞ thc akrŢbeiac mŚsw tou telestoŰ Frobenius–Perron, kŘje akribŠc apeikŞnish eŢnai anamemeigmŚnh kai, Řra, kai ergodikŠ. H apŞdeixh tou Şti h akrŢbeia sunepŘgetai anŘmeixh gŢnetai mŘllon dŰskola apŞ touc antŢstoiqouc orismoŰc.

ParatŠrhsh 7.3. Mia antistreptŠ metro`diathrhtikŠ apeikŞnish S den mporeŢ na eŢnai akribŠc, afoŰ tŞte μ(S(A)) = μ(S^{−1}(S(A))) = μ(A) kai epagwgikŘ μ(S^n(A)) = μ(A), pou den mporeŢ na sugklŢnei sto 1, gia kŘje A ∈ A.

OrismŞc 7.3. ’Estw (X, A, μ) qŤroc mŚtrou pijanŞthtac kai S : X → X mia antistreptŠ apeikŞnish tŚtoia Ťste kai h T kai h T^{−1} na eŢnai metro`diathrhtikŚc. H S onomŘzetai automorfismŞc tou Kolmogorov Š K-automorfismŞc an upŘrqei mia s-Řlgebra A_o ⊂ A tŚtoia Ťste:

(i) S^{−1}(A_o) = A_o, (ii) h mikrŞterh s-Řlgebra pou periŚqei thn ⋃_∞ n=0 S^n(A_o) eŢnai h A, (iii) ⋂_∞ n=0 S^{−n}(A_o) = {?, X}. SŰmfwna me thn ParatŠrhsh 7.3, oi K-automorfismoŢ den eŢnai akribeŢc apeikonŢseic. To epŞmeno apotŚlesma apodeiknŰetai ston [Walters82].

JeŤrhma 7.2. KŘje K-automorfismŞc eŢnai anamemeigmŚnh apeikŞnish (Řra, kai ergodikŠ).

OrismŞc 7.4. ’Estw (X, A, μ), (Y, B, ν) duo qŤroi mŚtrwn pijanotŠtwn kai S : X → X, T : Y → Y duo metro`diathrhtikŚc apeikonŢseic. H apeikŞnish S onomŘzetai metro`jewrhtikŞc parŘgontac thc apeikŞnishc T an upŘrqoun:

• duo sŰnola M ∈ A, N ∈ B me μ(M) = ν(N) = 1, • kai mia apeikŞnish φ: M → N, pou eŢnai epŢ kai metro`diathrhtikŠ, Śtsi Ťste na isqŰei s.p. ston X φ ∘ T = S ∘ φ, dhladŠ, na antimetatŢjetai s.p. to diŘgramma: M ⊂ X^T−−−→ X ⊃ M φ φ N ⊂ Y −−−→_S Y ⊃ N (An, epiplŚon, h apeikŞnish φ eŢnai Śna`proc`Śna, opŞte antistreptŠ, kai h antŢstrofh apeikŞnish φ^{−1} eŢnai ki autŠ metro`diathrhtikŠ, tŞte oi apeikonŢseic T, S onomŘzontai metro` jewrhtikŘ suzugeŢc.)

O Rohlin sthn ergasŢa tou [Rohlin61] apŚdeixe to exŠc shmantikŞ apotŚlesma: JeŤrhma 7.3. (Rohlin) KŘje akribŠc apeikŞnish eŢnai metro`jewrhtikŞc parŘgontac enŞc K-automorfismoŰ.

IsqŰei o exŠc qarakthrismŞc thc akrŢbeiac mŚsw thc asumptwtikŠc eustŘjeiac tou telestoŰ Frobenius–Perron.

JeŤrhma 7.4. ’Estw (X, A, μ) qŤroc mŚtrou pijanŞthtac, S : X → X mia mh`idiŞmorfh apeikŞnish tŚtoia Ťste S(A) ∈ A, gia kŘje A ∈ A, kai P = P_S o telestŠc Frobenius– Perron gia thn S.

(i) An to μ eŢnai analloŢwto mŚtro gia thn S kai h S eŢnai akribŠc wc proc to μ, tŞte h puknŞthta f_∗ ≡ 1 eŢnai to monadikŞ stajerŞ shmeŢo tou P tŚtoio Ťste lim_{n→∞} ‖P^nf − 1‖_1 = 0, για κάθε f ∈ D. (ii) An upŘrqei monadikŠ puknŞthta f_∗ ∈ D, pou eŢnai stajerŞ shmeŢo tou P kai tŚtoia Ťste lim_{n→∞} ‖P^nf − f_∗‖_1 = 0, για κάθε f ∈ D, tŞte h S eŢnai akribŠc wc proc to analloŢwto mŚtro μ_f�(A) = ∫ A f_∗ dμ (A ∈ A). ApŞdeixh. Gia thn apŞdeixh tou (i) deŢte thn ergasŢa tou Lin ([Lin71]). EdŤ ja apodeŢxoume to (ii). ’Estw loipŞn A ∈ A me μ(A) > 0. OrŢzoume: f_A(x) = 1 μ_f�(A) χ_A(x). ProfanŤc, f_A ∈ D kai lim_{n→∞} ‖P^nf_A − f_∗‖_1 = 0. ’Etsi, μ_f�(S^n(A)) = ∫ S^n(A) f_∗ dμ =

= ∫ S^n(A) P^nf_A dμ − ∫ S^n(A) (P^nf_A − f_∗) dμ ≥ ≥ ∫ S^n(A) P^nf_A dμ − r_n = ∫ S�n_{(S}n_{(A))} f_A dμ − r_n ≥ ≥ ∫ A f dμ − r_n = 1 − r_n, diŞti S^{−n}(S^n(A)) ⊃ A. OpŞte, paŢrnontac to Şrio n → ∞, prokŰptei h sunjŠkh thc akrŢbeiac lim_{n→∞} μ_f�(S^n(A)) = 1. �

ApŞ to prohgoŰmeno jeŤrhma aporrŚei o exŠc orismŞc.

OrismŞc 7.5. ’Estw (X, A, μ) qŤroc mŚtrou kai P : L^1 → L^1 Śnac telestŠc Markov. H akoloujŢa twn epanalŠyewn {P^n} onomŘzetai asumptwtikŘ eustajŠc an upŘrqei monadikŠ puknŞthta f_∗ ∈ D, pou eŢnai stajerŞ shmeŢo tou P kai tŚtoia Ťste, gia kŘje f ∈ D, lim_{n→∞} ‖P^nf − f_∗‖_1 = 0.

Gia th melŚth thc asumptwtikŠc eustŘjeiac twn epanalŠyewn enŞc telestoŰ Markov, qreiŘzontai oi parakŘtw orismoŢ.

OrismŞc 7.6. (i) Mia sunŘrthsh h ∈ L^1 onomŘzetai sunŘrthsh katwtŚrou fragmoŰ gia ton telestŠ Markov P : L^1 → L^1 an lim_{n→∞} ‖(P^nf − h)^−‖_1 = 0, για κάθε f ∈ D. (UpenjumŢzoume Şti g^− = max{0, −g}.)

(ii) Mia sunŘrthsh katwtŚrou fragmoŰ h ∈ L^1 onomŘzetai mh-tetrimmŚnh an h ≥ 0 kai ‖h‖_1 > 0.

To epŞmeno apotŚlesma (pou apodeiknŰetai stic sel. 107-109 tou biblŢou twn Lasota & Mackey [LM94]) parŚqei mia ikanŠ kai anagkaŢa sunjŠkh asumptwtikŠc eustŘjeiac twn epanalŠyewn enŞc telestoŰ Markov.

JeŤrhma 7.5. ’Estw (X, A, μ) qŤroc mŚtrou kai P : L^1 → L^1 Śnac telestŠc Markov. H akoloujŢa twn epanalŠyewn {P^n} eŢnai asumptwtikŘ eustajŠc an kai mŞnon an upŘrqei mia mh-tetrimmŚnh sunŘrthsh katwtŚrou fragmoŰ gia ton P .

To prohgoŰmeno apotŚlesma mporeŢ na qrhsimopoihjeŢ gia mia qrŠsimh efarmogŠ sthn perŢptwsh twn epektatikŤn katŘ tmŠmata monŞtonwn apeikonŢsewn. ’Etsi, prokŰptei to jeŤrhma pou akoloujeŢ (tou opoŢou h apŞdeixh mporeŢ na brejeŢ sto biblŢo twn Lasota & Mackey [LM94], sel. 148-150).

JeŤrhma 7.6. ’Estw S : [0, 1] → [0, 1] mia epektatikŠ katŘ tmŠmata monŞtonh apeikŞnish C^2 kai P = P_S o antŢstoiqoc telestŠc Frobenius–Perron. An, gia kŘje i = 1, . . . , r, S_i : (a_{i−1}, a_i) → (0, 1) είναι απεικóνιση επί, tŞte h akoloujŢa twn epanalŠyewn {P^n} eŢnai asumptwtikŘ eustajŠc, dhladŠ, h S eŢnai akribŠc (gia kŘpoio analloŢwto mŚtro).

ParŘdeigma 7.1. SŰmfwna me to prohgoŰmeno jeŤrhma, h r-adikŠ apeikŞnish eŢnai akribŠc, kŘti pou Řllwste mporeŢ na epalhjeuteŢ kai apeujeŢac apŞ to gegonŞc Şti h upologisjeŢsa sto ParŘdeigma 4.1 puknŞthta isorropŢac ikanopoieŢ th sunjŠkh thc asumptwtikŠc eustŘjeiac twn epanalŠyewn tou P .

ParŘdeigma 7.2. AnaforikŘ tŤra me th logistikŠ apeikŞnish S(x) = 4x(1 − x) (gia stajerŘ Ţsh me 4), autŠ profanŤc den eŢnai epektatikŠ katŘ tmŠmata monŞtonh apeikŞnish. ’Omwc, qrhsimopoiŤntac th sunŘrthsh g(x) = 1 2 − 1 π arcsin(1 − 2x)

me antŢstrofh sunŘrthsh g^{−1}(x) = 1 2 − 1 2 cos(πx), h apeikŞnish T : [0, 1] → [0, 1], pou orŢzetai wc T (x) = g ∘ S ∘ g^{−1}(x), eŰkola brŢsketai na eŢnai

T (x) = { 2x, gia x ∈ [0,^1_2 ), 2(1 − x), gia x ∈ [^1_2 , 1], pou eŢnai gnwstŠ san apeikŞnish tŚntac. KatŘ to JeŤrhma 7.6, h akoloujŢa twn epanalŠyewn {P^n_T } tou telestoŰ Frobenius–Perron thc T eŢnai asumptwtikŘ eustauŠc, dhladŠ, h apeikŞnish tŚntac eŢnai akribŠc me monadikŠ puknŞthta thn f_∗ ≡ 1, afoŰ to mŚtro Lebesgue λ eŢnai analloŢwto gia thn T . AllŘ tŞte, blŚpoume amŚswc Şti to mŚtro λ(g(A)) eŢnai analloŢwto gia th logistikŠ apeikŞnish S kai mŘlista h S eŢnai akribŠc wc proc to mŚtro autŞ, to opoŢo antistoiqeŢ sth monadikŠ puknŞthta isorropŢac f_∗(x) =^1_π√_{x(1−x)} .

AnaforŚc

[DS57] Dunford, N., and J.T. Schwartz. Linear Operators. Part I: General Theory. Wiley, New York, 1957.

[LM94] Lasota, Andrzej, and Michael C. Mackey. Chaos, Fractals, and Noise. Stochastic Aspects of Dynamics. Springer–Verlag, New York, 1994.

[LY73] Lasota, Andrzej, and James A. Yorke. On the existence of invariant measures for piecewise monotonic transformations. Trans. Amer. Math. Soc., 186 (1973), 481-488.

[LiY78] Li, T.Y., and J.A. Yorke. Ergodic transformations from an interval into itself. Trans. Amer. Math. Soc., 235 (1978), 183-192.

[Lin71] Lin, M. Mixing for Markov operators. Z. Wahrscheinlichkeitstheorie Verw. Gebiete, 19 (1971), 231-242.

[Rohlin61] Rohlin, V.A. Exact endomorphisms of Lebesgue space. Izv. Akad. Nauk. SSSR Ser. Mat., 25 (1961), 499-530. Amer. Math. Soc. Trans. (2) 39 (1964), 1-36.

[Walters82] Walters, Peter. An Introduction to Ergodic Theory. Springer–Verlag, New York, 1982.