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1. Introduction

A map f :[0,1] — [0,1] defines an one-dimensional dynamical system. We are interested in
the asymptotic properties of its iterates and a central notion is that of the orbit of a point x,
which is the set O(z) = {z, f(z), f2(z), ... }. The w-limit set of z is the set of accumulation
points of O(z) and is denoted by w(z). An interesting question is when should we consider
two dynamical systems f : [0,1] — [0,1] and ¢ : [0,1] — [0,1] as being the same? There
are many ways to answer this question depending on the features of dynamics we want to be
preserved. According to the following definition two dynamical systems are the same if they
have the same orbits.

Definition 1.1. Two dynamical systems f : [0,1] — [0,1] and g : [0,1] — [0, 1] are called
topologically conjugate if there exists a homeomorphism h : [0,1] — [0,1] (called conjugacy)
such that

hof=goh.

In that case h maps f-orbit of x to g-orbit of h(x). So if x is a periodic point of f, then
h(z) is a periodic point of g with the same period. Futhermore, if z is an attracting periodic
point, so is h(z).

The study of such topics has commenced with H. Poincaré in the 1880s. He considered
homeomorphisms f : S* — S? of the unit circle S = R/Z and showed that if f has no periodic
points then there exists a unique rotation R : S* — S' such that, for every n € N and z € S?,

{z,f Y z),...,f™=)} and {z,R7'(z),...,R"(z)}
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are ordered in the same way on the unit circle S'. From the above result follows that there
exists a continuous, surjective and monotone map h : S* — S! (called semi-conjugacy) such
that ho f = Roh. A. Denjoy (1932) showed that if f is a C? diffeomorphism, then A is
injective hence it is a conjugacy.

Similar results for piecewise monotone maps f : [0,1] — [0, 1] were proved later by W.
Parry [Pa] and J. Milnor and W. Thurston (1977). So, if f is continuous, piecewise monotone
with positive topological entropy h(f), then there exists a piecewise linear map 7' with slope
+s = exp(h(f)) and a semiconjugacy h such that ho f = T o h. A semiconjugacy becomes
conjugacy, if there are no attracting periodic points and no wandering intervals for f. The
non existence of wandering intervals has been proved for a large class of functions satisfying
some mild smoothness conditions ([BL] [Gu] [Lyu] [MMS]).

In this paper we consider the family M of functions which are piecewise monotone but not
necessarily continuous. Particularly, f : [0,1] — [0, 1] belongs in the family M if there exists
a partition 0 = a9 < a1 < ... <a, =1, (r > 2) of [0,1] such that f|(a;—1,a;) (i =1,2,...,7)
is a monotone C! function and f(a; 1,a;) = (0,1), i = 1,2,... ,r. Futhermore, we assume
that there is A > 1 such that |f/(z)| > A, for almost every = € [0, 1], in which case, f is called
ezpansive. Our aim is to show that every f € M is topologically conjugate to a map T which
is linear and surjective on each interval [%, %] (t=1,2,...,r). Next we prove a more general
result. We consider a larger set of functions than M by replacing the condition f(a;—1,a;) =
(0,1),¢=1,2,...,r, with the following Markov condition: for every i = 1,2,... ,r, there exist
1(i),r(i) €{0,1,... ,r} with I(i) < r(i) such that f(a;—1,a;) = (a13), ar(s))- We denote by M’
this class of functions. In the last section, we consider the class My, where [0,1] accepts a
countable partition accumulating to 1.

Convention: if I C [0,1] is an interval, we denote |I| its length.

2. Topological Conjugacies

When f € Mand 0 = a9 < a1 < ... < a, = 1 is the partition corresponding to f, we say
that f is of order r. The points of the partition are called critical points of f. We denote
by Ii,...,I, the intervals of the partition, i.e. I; = (aj_1,a;). Also we denote by f; the
restriction of f to I;. Note that every f; is injective so there exist the inverse function fj_l.
Finally we denote by F},;, ;. the composition f;l ) szl 0...0 fﬁl. For every z € [0,1],
Fjjo...jx () is the unique point which belongs to I;;.

Definition 2.1. Let f € M. An open interval I C [0,1] is called a branch of f™ if f*|I is
continuous, monotone and f"™(I) = (0,1). The set of branches of f™ is denoted by B, (f).

For each f € M, we define the sets

r n—1 r o
Cu()=J U fa), n=0,1,... and C(f) =] f ¥(a))
7=01:=0 7=01i=0

Frequently we write C,, and C instead of C,(f) and C(f).

Lemma 2.1. If I € B,(f), then cl(I)NC, = dI.

Proof. We suppose that this is not true. There are two cases:
(i) There exists a « € int(I) N Cy. Then f*(x) = a;, for some i, j. If f is not continuous at
aj, then f*~7|fI(I) = f™I is not continuous, which is a contradiction since I is a branch of



f™. If f is continuous at a;, then there exists ¢ > 0 such that f|(a; —¢,a;) and f|(aj,a; +¢€)
are not of the same monotonicity type. Consequently, f*~7|f7(I) is not monotone, which is a
contradiction.

(ii) There exists a « € 01 \ C,,. Then there exists an interval 7' 2 I such that TNC, = @.

Then f™|T is monotone and, so, f~™(T) 2 f "(I) = [0,1], which is a contradiction. O
From the previous lemma it follows that if I € B,(f), then f*¥(I) N C; = @, for every
k=0,1,... ,n—1. Thus, there exist intervals I;,, I;,,... , I, , in By(f) such that f*(I) C I,,

fork:(],l,... ,n—1.

Proposition 2.1. If f g € M are of order r, s, respectively, then f og € M is of order rs.

Proof. Let 0 = agp < a1 <...<a,=1land 0 = by < by < ... < by = 1 be the partitions
of f,g, respectively. We define g; = g|[b;i—1,bi], i = 1,... ,s. Obviously, each g; is invertible
and g;(bi_1,b;) = (0,1). The set of points {g; ' (ao),--- ,9; '(ar)} is a partition of [b;_1, b;].
Each of the intervals [b;_1, b;] is devided into r subintervals and, hence, [0, 1] is devided into
rs intervals. The endpoints of these intervals belong to U7_ Ui 4 g; Y(a;). Let 21,25 be two
successive points of U7_q Uf_g g;° 1(aj). Then there are unique k and m such that {z1,22} =
{g; " (am), 95 ' (am+1)}- So, (f o g)([#1,22]) = [0,1]. Futhermore, f o g is monotone as a
composition of the monotone maps f|[am, am+1] and g|[z1, z2]. O

From the above proposition it follows that f® € M, for each f € M. Futhermore, if
f is of order r, then f™ is of order r™ and its critical points are in C,. In the sequel we
shall introduce some notions from symbolic dynamic. To each point x of C, we correspond a
sequence of symbols which is related with the order of the points of O(z). An interesting notion
in symbolic dynamics is the shift map o: if £ = {z,};2, then o(z) =y, where y = {z,}7° ;.
Inductively, we have o%(z) = {2, }%°

Definition 2.2. The itinerary of x € C with respect to f € M is a sequence if(z) =
{in(z)}52,, where
j if fm I;
zn(x):{ 75 1 f (.’E)E VEI

AL if f(z) = aj.

To each f € M of order r, we associate a subset of {2, 1,3 Syeee Ty %}N. We describe this
set in the following definition.

Definition 2.3. Let f € M with partition 0 = ap < a1 < ... < a, = 1. Then X(f) = {a:
a = {z,}3,} is a set of sequences with entries from the set {3,1,2,... r, 221} with the
following restriction. Let a € $(f), then there exists an entry z,, of the form 25t where

k=0,1,...,r; moreover, if x,, is the first entry of @ with this property, then

o,n—l—l a) = l.f(o)a if f( )_
(@) {zfu), i f(ay)

It is possible to define an order on the set i¢(C) which is consistent with the natural order
of real numbers. Two sequences of symbols z = {z,}n> and y = {yn}o>, belonging to

{2, 1,32 Sree T 2T2"'1 N are called to have discrepancy n if x; = y;, for i = 0,1,... ,n — 1, and
Tp # Yn. If the itineraries of two points of C have discrepancy n, then the first n points
of their orbits are visiting simultaneously the same intervals of Bi(f). Moreover, we define
T<1<3< <<



Definition 2.4. Let f € M and z,y € C with z # y. We assume that itineraries i;(z) and
1 f(y) have discrepancy n and that f is decreasing in & common intervals

(i) Let k = even, then if(z) < if(y) iff in(z) < in(y).

(ii) Let k = odd, then if(z) < if(y) iff in(y) < in(2).

Lemma 2.2. Let f € M be of order r and let x,y € C with x #y. Then iz(x) < is(y) iff
T <y.

Proof. We assume that itineraries i;(z) and i;(y) have discrepancy n. That is, ix(z) =
ix(y) = jk, for k = 0,1,... ;,n — 1, and i,(x) # i,(y). We observe that jo,j1,...,jn—1 are
not of the form 251, To prove this, we assume the contrary. Then i #(z) =ig(y), which is a
contrdiction since i, (z) # in(y). From Definition 2.2, z,y belong to I, and successively visit
the intervals I;,,... , I, ,. So, we can write = Fjy;, . .(f"(z)) and y = Fj;,..j,. . (f"(y))-
We assume that f is decreasing in k of the intervals Iy, Ij,,... , I, ,. There are two cases:

(i) Let k = even, then Fjy;, ;. , is increasing. Assume that i;(z) < i(y), then from
Definition 2.4 we have i,(z) < i,(y). This means that f"(z) < f"(y) and, hence, z =
Fjojir...jn (@) <Y = Fjojr...jnr (f"(¥))-

(ii) Let k = odd, then Fj;,. j,_, is decreasing. Assume that i;(z) < if(y), then from
Definition 2.4 we have i,(y) < in(z). This means that f"(x) > f"(y) and, hence, x =
Fjojr..in (FM(@)) <Y = Fjojr...jn (f"())- O

Lemma 2.3. Let f € M be of order r. The map iy : C — X(f) is a bijection.

Proof. Let z,y € C with i¢(z) = i;(y). Let k,m be the minimal integers for which

f¥(x), f™(y) are critical points of f. Assume that k # m (let k& < m). Since f*(z) is a
critical point, then f*¥+!(z) = 0 or 1, and, so, iz 1(z) = % or 2T2+1. From the other hand,
ir(y) = 1,2,...,r, and, hence, ix41(y) # 3 and ix11(y) # ZSFL, which is a contradiction, since
ik+1(%) = ix41(y). So, k = m. Futhermore, we observe that fE(x) = f¥(y), since ix(z) = ir(y)
and it is of the form 23;1. Consequently, f¥(z) = f*(y) = a;.

Assume that i,(z) = i,(y) = jn € N, for n = 0,1,... ;k — 1. From Definition 2.2,
z,y belong to I, and successively visit the intervals I ,... ,I; ,. So, we can write x =
Fjojrgus(F*(x)) and y = Fjj,._j,_, (f*(y)). Since f¥(x) = f¥(y), we have z = y. Thus, i; is
injective.

Let a = {z,} € B(f). We shall show that there exists a z € C such that i;(z) = a. From

Definition 2.3, an entry of the sequence a is of the form % Let x,, be the first entry with
this property. Then = Fyyq,.. 2, ,(ax) satisfies the desired property. O

Proposition 2.2. Let f € M be of order r. Then C is dence in [0, 1].

Theorem 2.1. Let f € M be of order r with partition 0 = a9 < a1 < ... < ar, = 1. We
consider the map T € M with partition 0 =< % < % <...< % < 1, which is linear in each
interval [=1) 4] and T(=2, L) = (0,1). Futhermore, T|[:2, 1] is of the same monotonicity
with f|[a;—1,a;] and it is continuous, continuous from the right or continuous from the left at 7,
when f is continuous, continuous from the right or continuous from the left at a; respectively.

Then f and T are topologically conjugate.

3. The Linear Case

In this section we shall restrict to the maps of M which are piecewise linear. We will not assume
that the intervals of the partition have the same length. More precisely we consider functions

4



for which there exists a partition 0 = ag < a1 < ... < a, = 1 such that f;(z) = az;aT’]:ll or

fi(z) = ——2.—. We shall show that it is possible to estimate the length of the intervals of

aj_1—aj

the partition of f", for each n > 1.

Lemma 3.1. Let f € M be of order r and I C [0,1]. Then |f;'(I)| = |I||I;].

Proof. Let I = [z1,x2], then fj_l(I) = [(a; — aj—1)z1 + aj_1,(a; — aj—1)z2 + aj_1] or
fj_l(I) = [aj — (a; —aj_1)x2,aj — (aj —aj—1)x1], if f; is increasing or decreasing, respectively.
In both cases, |fj_1(I)| = (aj — aj_1)(z2 — 1) = |I;||1]. O

Proposition 3.1. Let f € M be of order r and I € By(f). Assume that I;,I;,,... ,I;,_,
are intervals of Bi(f) such that f*(I) C I, for k=0,1,... ,n— 1. Then

r
1 =] mr,
i=1

where n; is the number of I;’s in the sequence of intervals I, I; ..., I; .

A consequence of the above proposition is that we can calculate the points of C,. Let
I € B,(f). Then according to the observation that comes after Lemma 2.1, there exist numbers
J0s J1s--- s jn—1 such that f*¥(I) C I, for k = 0,1,... ,n — 1. These number are the first n
elements of itineraries of I. With these numbers we can order the intervals Ji, Jz,... , Jyn of
B,(f) according to Lemma 2.2. If 0 = ¢y < ¢; < ¢ < ... < ¢pn = 1 are the points of C,,, then

k
Ck:Z|Ji" k>1.
=1

4. Markov Maps

An important difference between the families of functions M and M’ is that if f € M’ then
f[l is not defined, for all € (0,1). Consequently, Fj,,. j, is not defined for a random choice
of j1,72,--- ,jk- So we modify Definition 2.3.

Definition 4.1. Let f € M’ with partition 0 = a9 < a; < ... < a, = 1. We define the set
of sequences '(f) = {a : a = {xn}3%,} with entries from the set {3,1,3,... 7, 25t} which
satisfy the following conditions.
(i) Leta = {zn} € T'(f). Then there exists an entry z, of a of the form 22 where k =
0,1,...,r. Futhermore, if z is the first entry of a with this property, then o (g) = ig(ak).
(i) If n < N — 1 and z,, = 7, then I(j) + 1 < 211 < 7(j).

Observe that if @ = {z,} € X'(f), then there exists z € C such that i¢(z) = a. Hence, a
proposition similar to Lemma 2.3, holds, i.e., if f € M’, then i, : C — ¥'(f) is a bijection.

Theorem 4.1. Let f € M’ be of order r with partition 0 = a9 < a1 < ... < a, = 1. We
consider the map T € M’ with partition 0 =< 1 < 2 <. < T_l < 1 which is linear in each
interval [, 4] and T(zrl, i) = (l(:), T(T—)) Futhermore T|[ — T] is of the same monotonicity
with f|[a;_1,a;] and it is continuous, continuous from the right or continuous from the left at *

when f is continuous, continuous from the right or continuous from the left at a; respectively.

Then f and T are topologically conjugate.



5. Maps of Countable Order

In previous sections we studied functions with a finite partition. Here we study a special class
of functions with countable partition. Some modifications are necessary.

Definition 5.1. A map f:[0,1] — [0, 1] belongs to the class of functions M, if there exists
a sequence of real numbers {a,}22, with 0 = a9 < a1 < a2 < ... and lim,_,s a, = 1 such
that:

(i) f is C' and monotone on each interval (a;_1,a;) of the partition.

(ii) For every i € N*, there exist unique [(¢), (i) € N such that f(ai-1,a:) = (i), ar(i))-

(iii) There exists A > 1 such that |f'(z)| > A, for all z € [0, 1].

In this case C(f) = U2, U2, F7(ay).

Definition 5.2. Let f € M, with partition 0 = ap < a1 < as < ... < 1. We define the
set of sequences Too(f) = {a : a = {2,}32,} with entries from {,1,3,...} which satisfy the
following conditions.
(i) Let a ={zp} € ¥x(f). Then there exists an entry z, of a, of the form 2’“2—+1, where
k=0,1,.... Futhermore if z is the first entry of a with this property, then o/ (a) = is(ag)-
(i) f n < N — 1 and z,, = j, then I(j) + 1 < 241 < 7(j)-

Theorem 5.1. Let f € My with partition 0 = ag < a1 < az <...<1. We cons?der the map
T € Moo with partition 0 < 1 < 2 < 3 < ... < 1 which is linear in each interval [:=2, 1) and
T(S2, h%l) = (@, T(r—')) Futhermore, T|[%2, H—Ll] is of the same monotonicity wi.th fllai—1, a4
and it is continuous, continuous from the right or continuous from the left at {7, when f is
continuous, continuous from the right or continuous from the left at a; respectively. Then f

and T are topologically conjugate.
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