ErgasÐa gia to 11o Jerinì SqoleÐo - Panellănio Sunèdrio MH GRAMMIKH DUNAMIKH:

POLUPLOKOTHTA KAI QAOS LibadeiĹ, 13-25 IoulÐou 1998

ERGODIKOTHTA DUNAMIKWN SUSTHMATWN

MWUSHS A. MPOUNTOURIDHS

Tmăma Hlektrolìgwn Mhqanikÿn kai Mhqanikÿn Upologistÿn DhmokrÐteio Panepistămio JrĹkhc 671 00 XĹnjh

mboudour@duth.gr http://www.duth.gr/~mboudour/

Perieqìmena

1.1.DunamikĹ Sustămata 1-1

1.2.AnalloÐwta Mètra 1-4

1.3.AnalloÐwta Mètra Suneqÿn ApeikonÐsewn 1-6

1.4.ErgodikĹ Mètra 1-8

1.5.To Ergodikì Jeÿrhma tou Birkhoff 1-10

BibliografÐa 1-12

1.1. DunamikĹ Sustămata

’Estw X èna mh-kenì sÔnolo kai G mia hmi`omĹda ă omĹda. Genikÿc, èna dunamikì sÔsthma eÐnai èna zeugĹri (X, T_G) tou sunìlou X kai miac mono`parametrikăc oikogèneiac T_G = {ϕ^g}_{g∈G} apeikonÐsewn ϕ^g : X → X, h opoÐa apoteleÐ mia drĹsh thc G sto X. Lègontac ìti h T_G eÐnai mia drĹsh, ennooÔme ìti ikanopoieÐtai h sqèsh

ϕ^{g1+g2} (x) = ϕ^{g1} ∘ ϕ^{g2} (x), gia kĹje g_1, g_2 ∈ G kai x ∈ X,

ìpou me “+” èqoume sumbolÐsei thn prĹxh sthn G. 1-1

Gia to dunamikì sÔsthma (X, T_G), to sÔnolo X apoteleÐ ton qÿro fĹsewn (ă katastĹsewn) tou dunamikoÔ sustămatoc kai sthn hmi`omĹda ă omĹda G paÐrnei timèc o qrìnoc, me thn pĹrodo tou opoÐou exelÐssetai to dunamikì sÔsthma autì.

Prèpei na parathrăsoume ìti h idiìthta thc drĹshc sunepĹgetai:

ϕ^0 = id_X (ìtan G monoeidèc ă omĹda) ,

ϕ^{−g} = (ϕ^g)^{−1}, gia g ∈ G (mìno ìtan G omĹda) ,

ìpou èqoume sumbolÐsei me “0” to oudètero stoiqeÐo thc G (pou fusikĹ pĹnta upĹrqei, an h G eÐnai omĹda ă monoeidèc, dhladă, hmi`omĹda me oudètero stoiqeÐo), me id_X : X → X thn tautotikă apeikìnish sto X (id_X (x) = x, gia kĹje x ∈ X) kai me (ϕ^g)^{−1} : X → X thn antÐstrofh apeikìnish thc ϕ^g.

’Etsi, apodÐdontac to 0 tou G (omĹda ă monoeidèc) me thn arqă tou qrìnou, h timă ϕ^g(x) paristĹ thn fĹsh (ă katĹstash) tou sustămatoc sto qrìno g ∈ G, ìtan arqikĹ to sÔsthma brÐsketai sto x ∈ X. Kajÿc o qrìnoc g metabĹlletai, ìlec oi fĹseic pou paÐrnei to sÔsthma, ìtan arqikĹ brÐsketai sto x, sqhmatÐzoun to sÔnolo {ϕ^g(x): g ∈ G} tou X, to opoÐo onomĹzetai troqiĹ, pou xekinĹ apì to x.

Sthn fÔsh, oi timèc pou paÐrnei o qrìnoc mporoÔn na eÐnai eÐte suneqeÐc, dhladă, na anăkoun sto sÔnolo twn pragmatikÿn arijmÿn R, ă diakritèc, dhladă, na anăkoun sto sÔnolo twn akeraÐwn arijmÿn Z. ’Etsi, sunăjwc se èna dunamikì sÔsthma, h hmi`omĹda G mporeÐ na eÐnai eÐte to sÔnolo twn mh-arnhtikÿn pragmatikÿn arijmÿn R^+ ă to sÔnolo twn fusikÿn arijmÿn N kai h omĹda G mporeÐ na eÐnai eÐte to sÔnolo twn pragmatikÿn arijmÿn R ă to sÔnolo twn akeraÐwn arijmÿn Z. ’Otan G = R^+ ă R, to dunamikì sÔsthma pou antistoiqeÐ sthn drĹsh aută onomĹzetai dunamikì sÔsthma suneqoÔc qrìnou, enÿ, ìtan G = N ă Z, onomĹzetai dunamikì sÔsthma diakritoÔ qrìnou.^∗

Sunăjwc, se èna dunamikì sÔsthma suneqoÔc qrìnou, h drĹsh {ϕ^g}_{g∈G} onomĹzetai hmi` roă, ìtan G = R^+ , kai roă, ìtan G = R. KatĹ analogÐa, se èna dunamikì sÔsthma diakritoÔ qrìnou, h drĹsh {ϕ^g}_{g∈G} mporeÐ na onomasjeÐ hmi`diadoqă, ìtan G = N, kai diadoqă, ìtan G = Z. Eidikìtera gia èna dunamikì sÔsthma diakritoÔ qrìnou h idiìthta thc drĹshc grĹfetai:

ϕ^{n+m}(x) = ϕ^n(x) ∘ ϕ^m(x), gia kĹje n, m ∈ N ă Z kai x ∈ X.

H sqèsh aută sunepĹgetai tÿra (pèran twn ϕ^0 = id_X kai ϕ^{−n} = (ϕ^n)^{−1}, gia n ∈ Z) ìti, gia kĹje akèraio n > 0, ϕ^n = ϕ ∘ . . . ∘ ϕ n forèc ,

ìpou

ϕ = ϕ^1.

(Prosoqă: oi ekjètec stic apeikonÐseic ja sumbolÐzoun sunjèseic kai ìqi dunĹmeic.)

AllĹ kai antistrìfwc, dojèntwn tou (mh-kenoÔ) sunìlou X kai thc apeikìnishc T : X → X, orÐzetai, gia kĹje akèraio n > 0, h n-ostă epanĹlhyh thc T san h sÔnjesh thc T me ton

∗Pèra ìmwc apì tic drĹseic tou N ă tou Z, èqoun megĹlo endiafèron kai ta dunamikĹ sustămata pou prokÔptoun apì thn drĹsh plegmĹtwn, ìpwc to N^d ă to Z^d (gia akèraio d > 1). 1-2 eautì thc n forèc, T^n = T ∘ . . . ∘ T (n forèc). Tìte h n-ostă epanĹlhyh thc T (mazÐ me thn T^0 = id_X ) gÐnetai h drĹsh tou N sto X, dhladă, me aută thn ènnoia, h apeikìnish T : X → X parĹgei èna dunamikì sÔsthma diakritoÔ qrìnou (X, T_N ), T_N = {T^n}_{n∈N} , sto opoÐo to N dra pĹnw ston qÿro fĹsewn X. An, epiplèon, h apeikìnish T : X → X eÐnai antistreptă, dhladă, an upĹrqei h antÐstrofh apeikìnish T^{−1} : X → X, h n-ostă epanĹlhyh thc T (mazÐ me tic T^{−n} = (T^n)^{−1} kai T^0 = id_X ) gÐnetai h drĹsh tou Z sto X, dhladă, me aută thn ènnoia, h apeikìnish T : X → X parĹgei èna dunamikì sÔsthma diakritoÔ qrìnou (X, T_Z), T_Z = {T^n}_{n∈Z}, sto opoÐo to Z dra pĹnw ston qÿro fĹsewn X.

Epomènwc, me thn prohgoÔmenh ènnoia, kĹje dunamikì sÔsthma diakritoÔ qrìnou (X, T_N ) ă (X, T_Z), sto opoÐo to N ă to Z dra pĹnw ston qÿro fĹsewn X, mporeÐ isodÔnama na orisjeÐ san to zeugĹri (X, T ) enìc (mh-kenoÔ) sunìlou X kai miac apeikìnishc T : X → X (pou endèqetai na eÐnai antistreptă).

Sto biblÐo autì prìkeitai na meletăsoume mìno ta dunamikĹ sustămata diakritoÔ qrìnou. Gia autì, apì edÿ kai Ôstera se ìlo to biblÐo, lègontac “dunamikì sÔsthma” ja ennooÔme “dunamikì sÔsthma diakritoÔ qrìnou.” Epiplèon, sÔmfwna me thn prohgoÔmenh dieukrÐnish, ja dhlÿnoume èna dunamikì sÔsthma me to zeugĹri (X, T ) enìc sunìlou X kai miac apeikìnishc T : X → X. Mèqri tÿra èqoume jewrăsei èna genikì, sunolo`jewrhtikì, dunamikì sÔsthma (X, T ) enìc sunìlou X kai miac apeikìnishc T : X → X (pou endèqetai na eÐnai antistreptă). Gia na mporèsoume na meletăsoume plhrèstera thn dunamikă enìc tètoiou sustămatoc, qreiĹzetai na èqoume perissìterec plhroforÐec gia to sÔnolo X kai thn apeikìnish T sto X. Sthn JewrÐa twn Dunamikÿn SusthmĹtwn upĹrqoun oi exăc treic genikèc kathgorÐec susthmĹtwn:

(i) Ta TopologikĹ DunamikĹ Sustămata, pou parĹgontai apì tic epanalăyeic miac suneqoÔc^† apeikìnishc T se ènan topologikì qÿro X.

(ii) Ta Metrăsima DunamikĹ Sustămata, pou parĹgontai apì tic epanalăyeic miac metrăsimhc apeikìnishc T se ènan qÿro mètrou, sunăjwc qÿro mètrou pijanìthtac, X.

(iii) Ta DiaforÐsima ă OmalĹ DunamikĹ Sustămata, pou parĹgontai apì tic epanalăyeic miac diaforÐsimhc apeikìnishc T se ènan grammikì qÿro, ă genikìtera se mia pollaplìthta, X.

Parìti h katanìhsh thc dunamikăc sumperiforĹc memonwmènwn shmeÐwn (ă, kalÔtera, twn troqiÿn pou xekinoÔn apì autĹ ta shmeÐa) apoteleÐ èna apì ta shmantikìtera zhtămata thc jewrÐac twn dunamikÿn susthmĹtwn, o kÔrioc skopìc mac sto biblÐo autì eÐnai na katalĹboume pÿc sumperifèrontai olìklhra sÔnola tètoiwn shmeÐwn, ta opoÐa katanèmontai ston qÿro fĹsewn me kĹpoia pijanìthta. Me Ĺlla lìgia, o skopìc mac eÐnai na meletăsoume thn dunamikă ston qÿro fĹsewn pijanokratikĹ, dhladă, apì th skopiĹ thc JewrÐac Mètrou. Epomènwc, sto biblÐo autì ja estiĹsoume katexoqăn thn prosoqă mac sthn anĹlush twn Metrăsimwn Dunamikÿn SusthmĹtwn. Autì bèbaia den shmaÐnei ìti ja agnohjoÔn oi Ĺllec duo kathgorÐec dunamikÿn susthmĹtwn. Dojèntoc ìti h sunhjèsterh topologikă domă sunthreÐ kĹpoia domă mètrou, se ìla ta kefĹlaia apì to trÐto kai èpeita, ja mac apasqolăsei to jèma twn sqèsewn topologÐac kai mètrou. Epiplèon, sto kefĹlaio gia touc Ekjètec Lyapunov (kai sta Ĺlla sqetikĹ epìmena kefĹlaia) ja exetĹsoume thn diaplokă diaforisimìthtac kai mètrou.

†’Oqi pĹnta suneqăc. P.q., ìpwc ja doÔme, apì to deÔtero kefĹlaio kai èpeita, megĹlo endiafèron èqoun oi apeikonÐseic diasthmĹtwn pou eÐnai mìno katĹ tmămata suneqeÐc, dhladă, asuneqeÐc se peperasmèno ă arijmăsimo plăjoc shmeÐwn.

1-3

Sunepÿc, eÐnai entelÿc aparaÐthto gia thn pijanokratikă anĹlush thc dunamikăc na gnwrÐzoume tic basikèc ènnoiec kai ta jemeliÿdh apotelèsmata twn Topologikÿn Dunamikÿn SusthmĹtwn (pou Ĺllwste apoteloÔn thn bĹsh kai twn DiaforisÐmwn Dunamikÿn SusthmĹtwn). Tic ènnoiec kai ta apotelèsmata autĹ ja exetĹsoume stic paragrĹfouc tou kefalaÐou autoÔ, pou akoloujoÔn thn epomènh epÐshc genikă parĹgrafo.

1.2. AnalloÐwta Mètra

JewroÔme ton qÿro mètrou (X, A, μ), ìpou X eÐnai èna sÔnolo, A mia s-Ĺlgebra uposunìlwn tou X (pou onomĹzontai metrăsima sÔnola) kai μ: A → [0, +∞] èna mètro ston X. (Sunăjwc, upojètoume ìti to μ eÐnai èna mètro pijanìthtac, dhladă, μ(X) = 1.) Epiplèon, èstw h apeikìnish T : X → X ston qÿro mètrou X, h opoÐa upotÐjetai ìti eÐnai metrăsimh (dhladă, tètoia ÿste T^{−1}(A) ⊂ A).

Orismìc 1.2.1. To mètro μ onomĹzetai analloÐwto gia thn T (kai h T onomĹzetai metro` diathrhtikă wc proc to μ) an μ(T^{−1}(A)) = μ(A), gia kĹje A ∈ A.

IsodÔnama, sumbolÐzontac me M(X) to sÔnolo ìlwn twn mètrwn ston X, to mètro μ eÐnai analloÐwto gia thn T an kai mìnon an T^∗(μ) = μ, ìpou h apeikìnish T^∗ : M(X) → M(X) orÐzetai wc T^∗(μ)(A) = μ(T^{−1}(A)), gia kĹje A ∈ A.

SumbolÐzoume me M(X, T ) to sÔnolo ìlwn twn analloÐwtwn mètrwn ston X gia thn T : X → X. Lămma 1.2.1. (Qarakthrismìc analloÐwtwn mètrwn.) IsqÔei ìti μ ∈ M(X, T ) an kai mìnon an ∫ X f ∘ T dμ = ∫ X f dμ, gia kĹje f ∈ L^1(X, A, μ).

Apìdeixh. SumbolÐzontac me χ_A thn qarakthristikă sunĹrthsh enìc A ∈ A, èqoume profanÿc χ_A ∘T = χ_T −1_{(A)}. ’Etsi, an ∫ f ∘T dμ = ∫ f dμ, gia kĹje f ∈ L^1(X, A, μ), jètontac f = χ_A gia aujaÐreto A ∈ A, èqoume μ(A) = ∫ χ_A dμ = ∫ χ_A∘T dμ = ∫ χ_T −1_{(A)} dμ = μ(T^{−1}(A)), dhladă, μ ∈ M(X, T ). Apì thn Ĺllh meriĹ, an μ ∈ M(X, T ), tìte ∫ χ_A dμ = μ(A) = μ(T^{−1}(A)) = ∫ χ_T −1_{(A)} dμ = ∫ χ_A ∘ T dμ, gia kĹje A ∈ A, opìte proseggÐzontac opoiadăpote sunĹrthsh f ∈ L^1(X, A, μ) (sth nìrma tou L^1) me peperasmènouc sunduasmoÔc tètoiwn qarakthristikÿn sunartăsewn, aporrèei h zhtoÔmenh sqèsh. □

ParĹdeigma 1.2.1. ’Estw S^1 = {z ∈ C : |z| = 1} o monadiaÐoc kÔkloc, pou mporeÐ na jewrhjeÐ san to monadiaÐo diĹsthma [0, 1), ìtan tautisjeÐ me ton qÿro phlÐko R/Z, twn pragmatikÿn arijmÿn ‘mod 1.’ To sÔnolo autì apoktĹ thn domă enìc qÿrou mètrou efodiasmèno me th sunăjh s-Ĺlgebra Borel. OrÐzoume thn apeikìnish thc peristrofăc tou kÔklou T : [0, 1) → [0, 1) me th sqèsh T (x) = x + a (mod 1), ìpou a ∈ R. (IsodÔnama, ston S^1, h apeikìnish thc peristrofăc orÐzetai san T (e^{2πiθ}) = e^{2πi(θ+a)}.) Profanÿc to sunăjec mètro Lebesgue ston kÔklo eÐnai analloÐwto gia thn apeikìnish aută thc peristrofăc. □

ParĹdeigma 1.2.2. ’Estw T^2 = S^1 ×S^1 o disdiĹstatoc tìroc, pou mporeÐ na jewrhjeÐ san to monadiaÐo tetrĹgwno [0, 1) × [0, 1), ìtan tautisjeÐ me ton qÿro phlÐko R^2 /Z^2. To sÔnolo autì apoktĹ thn domă enìc qÿrou mètrou efodiasmèno me th sunăjh s-Ĺlgebra Borel. OrÐzoume thn apeikìnish thc metaforĹc ă peristrofăc stic suntetagmènec tou tìrou T : [0, 1) × [0, 1) → [0, 1) × [0, 1) me th sqèsh T (x_1, x_2) = (x_1 + a_1, x_2 + a_2) (mod 1), ìpou (a_1, a_2) ∈ R^2 . Profanÿc to sunăjec mètro Lebesgue–Haar ston tìro eÐnai analloÐwto gia thn apeikìnish aută thc metaforĹc. □ 1-4

ParĹdeigma 1.2.3. ’Estw o r-adikìc metasqhmatismìc T : [0, 1) → [0, 1), pou orÐzetai wc T (x) = rx (mod 1), ìpou r > 1 akèraioc. To [0, 1) jewreÐtai efodiasmèno me th sunăjh s- Ĺlgebra Borel. O antÐstrofoc metasqhmatismìc T^{−1} apeikonÐzei ta diastămata [a, b) ⊂ [0, 1) wc exăc

T^{−1}([a, b)) = r−1⋃ j=0 [ a + j r , b + j r ) .

’Etsi, an L eÐnai to mètro Lebesgue sto [0, 1), epeidă

L(T^{−1}([a, b))) = r−1∑ j=0 | | | b + j r − a + j r | | | = b − a = L([a, b)), to mètro Lebesgue eÐnai analloÐwto gia ton r-adikì metasqhmatismì. □

ParĹdeigma 1.2.4. ’Estw h apeikìnish tou Gauss T : (0, 1) → (0, 1), pou orÐzetai wc T (x) = 1/x (mod 1), ìpou to (0, 1) jewreÐtai efodiasmèno me th sunăjh s-Ĺlgebra Borel. H apeikìnish tou Gauss èqei analloÐwto mètro to onomazìmeno mètro tou Gauss:

μ(A) = 1 log 2 ∫ A 1 1 + x dx, A ∈ A, pou eÐnai apolÔtwc suneqèc wc proc to mètro Lebesgue. Epiplèon, mporeÐ na apodeiqjeÐ ìti to mètro tou Gauss eÐnai to monadikì analloÐwto mètro gia thn apeikìnish tou Gauss (deÐte [Ma né87]). □

Jeÿrhma 1.2.1. (To Jeÿrhma thc EpanaforĹc tou Poincaré.) ’Estw (X, A, μ) ènac qÿroc mètrou pijanìthtac kai T : X → X mia metrăsimh apeikìnish, gia thn opoÐa to μ ∈ M(X, T ) eÐnai èna analloÐwto mètro. Gia kĹje sÔnolo A ∈ A, sqedìn ìla ta shmeÐa tou A epistrèfoun sto A Ĺpeirec forèc, dhladă, to sÔnolo A_0 = {x ∈ A : T^n(x) ∈ A, gia Ĺpeiro plăjoc n ≥ 0} eÐnai metrăsimo kai μ(A) = μ(A_0).

Apìdeixh. ’Estw C_n = {x ∈ A : T^j(x) /∈ A, gia kĹje j ≥ n}. Profanÿc, A_0 = A ∖ ⋃_{+∞} n=1 C_n kai to jeÿrhma ja èqei apodeiqjeÐ, an deÐxoume ìti C_n ∈ A kai μ(C_n) = 0, gia kĹje n ≥ 1. Kajÿc C_n = A ∖ ⋃ j≥n T^{−1}(A), prĹgmati, C_n ∈ A kai, epiplèon, C_n ⊂ ⋃ j≥0 T^{−j}(A) ∖ ⋃ j≥n T^{−j}(A), apì ìpou paÐrnoume μ(C_n) ≤ μ (⋃ j≥0 T^{−j}(A) ) −μ (⋃ j≥n T^{−j}(A) ) . AllĹ epeidă ⋃ j≥n T^{−j}(A) = T^{−n} (⋃ j≥0 T^{−j}(A) ) , èqoume μ (⋃ j≥n T^{−j}(A) ) = μ ( T^{−n} (⋃ j≥0 T^{−j}(A) )) , pou sunepĹgetai ìti μ(C_n) = 0. □

UpĹrqei mia topologikă ekdoqă tou jewrămatoc thc epanaforĹc, gia thn opoÐa qreiazìmaste thn ènnoia tou ‘w-oriakoÔ sunìlou’ enìc shmeÐou kĹtw apì mia apeikìnish. ’Estw X ènac topologikìc qÿroc kai T : X → X mia apeikìnish. OrÐzoume to w-oriakì sÔnolo enìc shmeÐou x ∈ X san to sÔnolo twn shmeÐwn y ∈ X, gia ta opoÐa kĹje geitoniĹ U tou y èqei T^n(x) ∈ U gia Ĺpeiro plăjoc jetikÿn n. ’Otan to X eÐnai ènac metrikìc qÿroc me metrikă d, autì isodunameÐ me th sunjăkh lim inf_{n→+∞} d(T^n(x), y) = 0. To w-oriakì sÔnolo tou x sumbolÐzetai wc ω(x). Eidikìtera, èna shmeÐo x ∈ X onomĹzetai (jetikĹ) epanaferìmeno an x ∈ ω(x).

1-5

Jeÿrhma 1.2.2. ’Estw X ènac diaqwrÐsimoc metrikìc qÿroc, (X, A, μ) qÿroc mètrou Borel pijanìthtac kai T : X → X mia metrăsimh apeikìnish, gia thn opoÐa to μ ∈ M(X, T ) eÐnai èna analloÐwto mètro. Tìte μ({x : x /∈ ω(x)}) = 0, ă, me Ĺlla lìgia, sqedìn kĹje shmeÐo eÐnai epanaferìmeno.

Apìdeixh. ’Estw {U_n}_{n≥0} mia bĹsh anoiktÿn sunìlwn tètoiwn ÿste lim_{n→+∞} diam(U_n) = 0 kai ⋃ n≥m U_n = X, gia kĹje m ≥ 0. ’Estw Ũ_n = {x ∈ U_n : T^j (x) ∈ U_n, gia Ĺpeiro plăjoc timÿn tou j > 0}. Apì to prohgoÔmeno jeÿrhma, μ(U_n ∖ Ũ_n) = 0. Jètoume X̃ = ⋂_{+∞} m=0 ⋃ n≥m Ũ_n. ’Epetai ìti μ(X ∖ X̃) = μ (⋃_{+∞} m=0 ( X ∖ ⋃ n≥m Ũ_n )) = μ (⋃_{+∞} m=0 (⋃ n≥m U_n ∖ ⋃ n≥m Ũ_n )) ≤ μ (⋃_{+∞} m=0 ⋃ n≥m(U_n ∖ Ũ_n) ) = 0. Epomènwc, to mìno pou mènei na deÐxoume eÐnai ìti x ∈ X̃ sunepĹgetai x ∈ ω(x). ’Estw r > 0 kai dialègoume m ètsi ÿste diam(U_n) ≤ r/3, ìtan n ≥ m. AfoÔ x ∈ X̃, èqoume x ∈ ⋃ n≥m Ũ_n. ’Ara, upĹrqei n ≥ m tètoio ÿste x ∈ Ũ_n. Epeidă diam(U_n) ≤ r/3, èpetai ìti U_n ⊂ B_r(x) (B_r(x) eÐnai h anoiktă mpĹlla aktÐnac r me kèntro x), pou sunepĹgetai ìti T^j(x) ∈ B_r(x), an T^j(x) ∈ U_n. AllĹ, afoÔ x ∈ Ũ_n, T^j (x) ∈ U_n, gia Ĺpeiro plăjoc timÿn tou j, kai, sunepÿc, x ∈ ω(x). □

1.3. AnalloÐwta Mètra Suneqÿn ApeikonÐsewn

Upojètoume tÿra, sthn parĹgrafo aută, ìti to X eÐnai ènac sumpagăc metrikìc qÿroc kai ìti h T : X → X eÐnai mia suneqăc apeikìnish.

Epiplèon, episunĹptoume sto X th s-Ĺlgebra Borel mazÐ me kĹpoia mètra Borel, pou upotÐjentai ìti eÐnai mètra pijanìthtac. ’Opwc pio prin, sumbolÐzoume me M(X) to sÔnolo ìlwn twn mètrwn Borel pijanìthtac ston X.

Akìmh, sumbolÐzoume me C(X) to sÔnolo ìlwn twn suneqÿn sunartăsewn f : X → R. UpenjumÐzoume ìti sthn perÐptwsh aută (to X sumpagăc metrikìc qÿroc), to C(X) gÐnetai ènac normikìc grammikìc qÿroc efodiasmènoc me thn nìrma ‖f‖_0 = sup_{x∈X} |f(x)|.

Jeÿrhma 1.3.1. ’Estw μ, ν ∈ M(X). An ∫ X f dμ = ∫ X f dν, gia kĹje f ∈ C(X), tìte μ = ν.

Jeÿrhma 1.3.2. (To Jeÿrhma thc AnaparĹstashc tou Riesz.) ’Estw F ∈ C(X)^∗ èna jetikì suneqèc grammikì sunarthsiakì ston C(X), dhladă, mia suneqăc grammikă apeikìnish F : C(X) → R. An F (f) ≥ 0, ìtan f ∈ C(X), f ≥ 0, kai F (χ_X ) = 1, tìte upĹrqei monadikì μ ∈ M(X) tètoio ÿste ∫ X f dμ = F (f), gia kĹje f ∈ C(X).

(DeÐte [Walters82] gia thn apìdeixh tou Jewrămatoc 1.3 kai [Rudin74] gia mia apìdeixh tou Jewrămatoc 1.4 thc AnaparĹstashc tou Riesz.)

SÔmfwna me ta parapĹnw, orÐzetai mia apeikìnish apì to M(X) sto {F ∈ C(X)^∗ : F (f) ≥ 0, an f ≥ 0, kai F (χ_X ) = 1}, pou dÐnetai wc μ → ∫ X · dμ = F_μ(·). H apeikìnish aută eÐnai epÐ (apì to Jeÿrhma 1.4 thc AnaparĹstashc tou Riesz) kai èna`proc`èna (apì to Jeÿrhma 1.3). Epiplèon, h apeikìnish aută eÐnai omoparallhlikă (dhladă, F_{pμ+(1−p)ν} = pF_μ + (1 − p)F_ν, gia p ∈ [0, 1], μ, ν ∈ M(X)), opìte to M(X) tautÐzetai me èna kurtì sÔnolo thc monadiaÐac mpĹllac sto C(X)^∗. Gia to lìgo autì, mporeÐ to M(X) na efodiasjeÐ me mia topologÐa pou aporrèei apì thn asjenă^∗ topologÐa sto C(X)^∗.

Orismìc 1.3.1. H asjenăc^∗ topologÐa sto M(X) eÐnai h mikrìterh topologÐa pou kĹnei suneqeÐc ìlec tic apeikonÐseic μ → ∫ X f dμ (f ∈ C(X)). Mia bĹsh autăc thc topologÐac dÐnetai apì tic sullogèc ìlwn twn sunìlwn thc morfăc

1-6

U_μ(f_1, . . . , f_k; ε) = { ν ∈ M(X): | | ∫ X f_i dν − ∫ X f_i dμ | | < ε, 1 ≤ i ≤ k } , ìpou μ ∈ M(X), k ≥ 1, f_i ∈ C(X) kai ε > 0.

O epìmenoc qarakthrismìc thc sÔgklishc mètrwn sto M(X) apodeiknÔetai sto biblÐo tou [Ma né87].

Prìtash 1.3.1. Dojèntoc ìti to X eÐnai ènac sumpagăc metrikìc qÿroc, upĹrqei mia akoloujÐa {f_j}_{j=1, ... ,∞} sunartăsewn tou C(X), pou apoteleÐ èna sÔnolo puknì sth monadiaÐa mpĹlla {f ∈ C(X): ‖f‖_0 ≤ 1}. ’Etsi, orÐzetai h exăc metrikă sto M(X):

d(μ, ν) = ∞∑ j=1 1 2^j | | | ∫ X f_j dμ − ∫ X f_j dν | | | . ’Estw h akoloujÐa μ_n ∈ M(X). Tìte ta parakĹtw eÐnai isodÔnama:

(i) μ_n → μ sthn asjenă^∗ topologÐa tou M(X).

(ii) lim_{n→∞} d(μ_n, μ) = 0.

(iii) lim_{n→∞} ∫ X f dμ_n = ∫ X f dμ, gia kĹje f ∈ C(X).

Jeÿrhma 1.3.3. ’Estw X ènac sumpagăc metrikìc qÿroc kai T : X → X mia suneqăc apeikìnish. Tìte isqÔoun ta parakĹtw:

(i) To M(X) eÐnai ènac sumpagăc metrikìc qÿroc (gia thn asjenă^∗ topologÐa).

(ii) H apeikìnish T^∗ : M(X) → M(X) eÐnai suneqăc kai omoparallhlikă.

(iii) (Krylov & Bogolioubov.) To M(X, T ) eÐnai mh`kenì.

(iv) To M(X, T ) eÐnai sumpagèc kai kurtì sÔnolo tou M(X).

Apìdeixh. Sto biblÐo tou [Walters82] apodeiknÔontai ìloi oi isqurismoÐ tou jewrămatoc autoÔ. Edÿ ja apodeÐxoume mìno to (iii), dhladă, thn mh`kenìthta tou M(X, T ). PaÐrnoume èna opoiodăpote μ ∈ M(X) kai jewroÔme thn akoloujÐa μ_n ∈ M(X) pou orÐzetai wc

μ_n = 1 n n−1∑ j=0 μ ∘ T^{−j} = 1 n n−1∑ j=0 (T^∗)^j (μ).

(ParapĹnw kai sth sunèqeia, oi ekjètec stic apeikonÐseic sumbolÐzoun epanalăyeic, dhladă, sunjèseic apeikonÐsewn.) Lìgw thc kurtìthtac tou M(X), μ_n ∈ M(X), gia kĹje n ≥ 1, kai lìgw thc sumpagìthtac tou M(X), upĹrqei mia sugklÐnousa upakoloujÐa {μ_{nj} } me ìrio μ̃ = lim_{j→∞} μ_{nj} . Epeidă

T^∗(μ̃) = lim_{j→∞} T^∗(μ_{nj} ) = lim_{j→∞} ( μ_{nj} − μ − (T^∗)^{nj +1}(μ) n_j ) = lim_{j→∞} μ_{nj} = μ̃,

to μ̃ eÐnai analloÐwto. H apìdeixh aută den eÐnai tÐpote Ĺllo parĹ mia aplă ekdoqă tou Jewrămatoc StajeroÔ ShmeÐou tou Schauder. □ 1-7

Paratărhsh 1.3.1. ’Otan to X eÐnai ènac sumpagăc metrikìc qÿroc kai h T : X → X mia suneqăc apeikìnish, beltiÿnetai to Lămma 1.1 tou qarakthrismoÔ twn analloÐwtwn mètrwn wc exăc: μ ∈ M(X, T ) an kai mìnon an ∫ X f ∘ T dμ = ∫ X f dμ, gia kĹje f ∈ C(X).

Paratărhsh 1.3.2. Sthn perÐptwsh pou h apeikìnish T : X → X èqei èna periodikì shmeÐo x periìdou n (dhladă, tètoio ÿste T^n(x) = x), tìte brÐskoume amèswc èna analloÐwto mètro. Autì eÐnai to

μ = 1 n n−1∑ j=0 δ_T j_{(x)},

ìpou δ_y eÐnai to mètro Dirac sto shmeÐo y ∈ X (dhladă, δ_y(A) = 1, ìtan y ∈ A, kai δ_y(A) = 0, ìtan y /∈ A.)

To parĹdeigma pou akoloujeÐ deÐqnei ìti an qajeÐ h sunèqeia thc T , tìte mporeÐ na mhn upĹrqei analloÐwto mètro.

ParĹdeigma 1.3.1. JewroÔme thn apeikìnish T : [0, 1] → [0, 1] pou orÐzetai wc

T (x) = {_x 2 , 0 < x ≤ 1, 1, x = 0. Ja deÐxoume ìti aută h apeikìnish den èqei kanèna analloÐwto mètro. H antÐstrofh apeikìnish eÐnai

T^{−1}(x) =

2x, 0 < x ≤^1_2 , 0, x = 1, {∅}, alloiÿc. Ac upojèsoume ìti h T eÐqe èna analloÐwto mètro μ. Tìte μ({0}) = μ(T^{−1}({0})) = μ(∅) = 0 kai μ({1}) = μ(T^{−1}({1})) = μ({0}) = 0. Epomènwc, μ((0, 1/2)) = μ(T^{−1}(0, 1/2)) = 1 kai, epagwgikĹ, μ((0,^1_{2n} )) = 1, gia kĹje n ≥ 1. ’Estw A = (0,^1_{2n} ). Tìte lim_{n→∞} μ(A_n) = 1 kai lim_{n→∞}μ(A_n) = μ( ⋂_∞ n=1 A_n) = μ(∅) = 0, pou eÐnai kĹti Ĺtopo. □

1.4. ErgodikĹ Mètra

’Estw (X, A, μ) ènac qÿroc mètrou pijanìthtac kai T : X → X mia apeikìnish.

Orismìc 1.4.1. ’Ena analloÐwto mètro μ ∈ M(X, T ) onomĹzetai ergodikì gia thn T an kĹje sÔnolo A ∈ A, pou eÐnai analloÐwto wc proc thn T (dhladă, T^{−1}(A) = A), èqei mètro eÐte μ(A) = 0 ă μ(A) = 1. (Epiplèon, sthn perÐptwsh aută, h T onomĹzetai ergodikă apeikìnish wc proc to μ.)

O orismìc autìc lèei ìti, gia na eÐnai èna analloÐwto mètro μ ergodikì, ta mìna analloÐwta metrăsima sÔnola pou mporoÔn na upĹrxoun eÐnai mìno ekeÐna me ‘mègejoc’ Ðso proc ìlo to sÔnolo X ă ta mhdeno`sÔnola.

SumbolÐzoume me E(X, T ) to sÔnolo ìlwn twn ergodikÿn analloiÿtwn mètrwn gia thn T : X → X.

1-8

Lămma 1.4.2. (Qarakthrismìc ergodikÿn mètrwn.) Ta parakĹtw eÐnai isodÔnama: (i) μ ∈ E(X, T ). (ii) An f metrăsimh ston X kai f ∘ T = f c.p., tìte h f eÐnai stajerĹ c.p. (wc proc μ) sto X. Apìdeixh. (ii) ⇒ (i). ’Estw A metrăsimo sÔnolo analloÐwto gia thn T . JewroÔme thn qarakthristikă sunĹrthsh χ_A tou A. Kajÿc to A eÐnai analloÐwto gia thn T , χ_A ∘ T = χ_T −1_{(A)} = χ_A, opìte h (ii) sunepĹgetai ìti h χ_A eÐnai stajerĹ c.p. (wc proc μ). Epeidă oi timèc thc qarakthristikăc sunĹrthshc eÐnai eÐte 1 ă 0, paÐrnoume eÐte μ(A) = 0 ă μ(A) = 1.

(i) ⇒ (ii). Upojètoume ìti upĹrqei mia metrăsimh sunĹrthsh f, h opoÐa den eÐnai stajerĹ c.p. Tìte ja mporoÔsame na broÔme ènan pragmatikì arijmì c tètoion ÿste to sÔnolo A = {x ∈ X : f(x) ≥ c} na èqei mètro 0 < μ(A) < 1. ’Omwc h sunjăkh f ∘ T = f sunepĹgetai ìti T^{−1}(A) = A, pou eÐnai Ĺtopo. □

ParĹdeigma 1.4.1. ’Estw T : R/Z → R/Z h apeikìnish thc peristrofăc tou kÔklou T (x) = x + a (mod 1) me a ∈ R, gia thn opoÐa to mètro Lebesgue eÐnai analloÐwto. An a ∈ Q, ìla ta shmeÐa tou kÔklou eÐnai periodikĹ (me thn Ðdia perÐodo) kai h peristrofă tou kÔklou den eÐnai ergodikă gia to mètro Lebesgue. An a /∈ Q, tìte to mètro Lebesgue eÐnai ergodikì gia thn apeikìnish thc peristrofăc tou kÔklou. (DeÐte [Ma né87] gia tic leptomèreiec.) □

ParĹdeigma 1.4.2. ’Estw T : R^2 /Z^2 → R^2 /Z^2 h apeikìnish thc metaforĹc (ă peristrofăc twn suntetagmènwn tou tìrou) T (x_1, x_2) = (x_1 + a_1, x_2 + a_2) (mod 1) me (a_1, a_2) ∈ R^2, gia thn opoÐa to mètro Lebesgue–Haar eÐnai analloÐwto. An^{a1}_{a2} /∈ Q, tìte to kanonikopoihmèno mètro Lebesgue–Haar L eÐnai to monadikì analloÐwto mètro gia thn apeikìnish T thc autăc peristrofăc tou tìrou, opìte M(X, T ) = E(X, T ) = {L}. (DeÐte [Ma né87] gia tic leptomèreiec.) An

a_1 a_2 ∈ Q, tìte ta M(X, T ) kai E(X, T ) eÐnai kai ta duo apeirosÔnola kai M(X, T ) ≠ E(X, T ). □ ’Eqoume ădh dei ìti to sÔnolo M(X, T ) twn analloiÿtwn mètrwn eÐnai kurtì uposÔnolo tou sunìlou M(X) ìlwn twn mètrwn. Sth sunèqeia ja tautÐsoume to sÔnolo E(X, T ) twn ergodikÿn mètrwn me èna sugkekrimèno uposÔnolo tou M(X, T ) kai ja prosdiorÐsoume analutikìtera th sqèsh analloiÿtwn kai ergodikÿn mètrwn.

Gia to skopì autì, qreiazìmaste ton orismì twn ‘akraÐwn shmeÐwn’ enìc kurtoÔ sunìlou C. ’Ena x ∈ C onomĹzetai akraÐo shmeÐo tou C an den mporeÐ na grafeÐ san kurtìc sunduasmìc duo diaforetikÿn shmeÐwn tou C, dhladă, an x = λy + (1 − λ)z, gia y, z ∈ C, y ≠ z, 0 ≤ λ ≤ 1, na sunepĹgetai ìti λ = 0 ă λ = 1. SumbolÐzoume me Ext(C) to sÔnolo twn akraÐwn shmeÐwn tou kurtoÔ sunìlou C. EÐnai eÔkolo na doÔme ìti an C ≠ ∅, tìte Ext(C) ≠ ∅.

Jeÿrhma 1.4.1. Ta akraÐa shmeÐa tou M(X, T ) eÐnai akribÿc ta ergodikĹ mètra, dhladă, Ext(M(X, T )) = E(X, T ). Epiplèon, dojèntoc opoioudăpote analloiÿtou mètrou μ ∈ M(X, T ), upĹrqei èna mètro pijanìthtac τ_μ ∈ M(M(X, T )) tètoio ÿste:

(i) τ_μ(E(X, T )) = 1.

(ii) ∫ X f dμ = ∫ E(X,T ) (∫ X f dμ^′ ) dτ_μ(μ^′), gia kĹje f ∈ L^1(X, A, μ). Me Ĺlla lìgia, to analloÐwto mètro μ eÐnai ènac kurtìc sunduasmìc twn ergodikÿn analloiÿtwn mètrwn μ^′ pou katanèmontai me to τ_μ.

1-9

H apìdeixh tou prÿtou mèrouc tou apotelèsmatoc autoÔ eÐnai aplă (deÐte [Ma né87]). To deÔtero mèroc sunăjwc apodeiknÔetai mèsw tou Jewrămatoc tou Choquet allĹ upĹrqei mia enallaktikă apìdeixh sto biblÐo tou [Pollicott93] (pou sthrÐzetai se idèec tou [Ma né87]).

’Opwc ădh èqoume dei, M(X, T ) ≠ ∅, gia suneqeÐc apeikonÐseic T se sumpageÐc metrikoÔc qÿrouc X. Epomènwc, lambĹnontac upìyh ìti ta (mh-kenĹ) kurtĹ sÔnola pĹnta èqoun akraÐa shmeÐa, prokÔptei to exăc apotèlesma sthn perÐptwsh aută.

Pìrisma 1.4.1. (’Uparxh Ergodikÿn Mètrwn gia SuneqeÐc ApeikonÐseic.) ’Estw X ènac sumpagăc metrikìc qÿroc kai T : X → X mia suneqăc apeikìnish. Tìte pĹntote upĹrqei toulĹqiston èna ergodikì mètro gia thn T , dhladă, E(X, T ) ≠ ∅.

1.5. To Ergodikì Jeÿrhma tou Birkhoff

Ta ergodikĹ mètra èqoun polÔ kalèc idiìthtec epanaforĹc, ìpwc faÐnetai apì to epìmeno apotèlesma, pou apoteleÐ to deÔtero shmantikì jeÿrhma thc ergodikăc jewrÐac (metĹ to jeÿrhma epanaforĹc tou Poincaré).

Jeÿrhma 1.5.1. (To Ergodikì Jeÿrhma tou Birkhoff.) ’Estw (X, A, μ) ènac qÿroc mètrou pijanìthtac kai T : X → X mia metrăsimh apeikìnish, gia thn opoÐa to μ ∈ E(X, T ) eÐnai èna ergodikì mètro. Tìte, gia kĹje f ∈ L^1(X, A, μ), isqÔei lim n→+∞ 1 n n−1∑ j=0 f(T^j(x)) = ∫ X f dμ,

gia sqedìn (wc proc to μ) ìla ta shmeÐa x ∈ X.

LambĹnontac upìyh ìti to sÔnolo {T^n(x)}_{n=0,1,2, ...} paristĹ thn troqiĹ thc T pou xekinĹ apì to shmeÐo x ∈ X, èqoume mia endiafèrousa ermhneÐa tou jewrămatoc autoÔ. PrĹgmati, to ergodikì jeÿrhma tou Birkhoff mac lèei ìti, dojeÐshc miac (oloklhrÿsimhc) sunĹrthshc f, h mèsh timă thc f pĹnw sthn troqiĹ apì to x, gia sqedìn (wc proc to mètro μ) ìla ta x ∈ X, isoÔtai me thn qwrikă mèsh timă thc f (pou eÐnai to oloklărwma wc proc to mètro μ thc f se ìlo ton qÿro X), efìson to mètro μ eÐnai ergodikì.

Gia A ∈ A me μ(A) > 0, jètontac f = χ_A, prokÔptei h parakĹtw shmantikă sunèpeia tou ergodikoÔ jewrămatoc tou Birkhoff.

Pìrisma 1.5.1. Dojèntoc enìc sunìlou A ∈ A me μ(A) > 0, isqÔei ìti, gia sqedìn (wc proc to μ) ìla ta shmeÐa x ∈ X, lim n→+∞ #{0 ≤ j ≤ n − 1: T^j(x) ∈ A} n = μ(A), dhladă, h analogÐa tou qrìnou pou dapanĹ h troqiĹ tou shmeÐou x gia na brÐsketai mèsa sto A eÐnai μ(A).

H apìdeixh tou ergodikoÔ jewrămatoc tou Birkhoff mporeÐ na brejeÐ se biblÐa thc ergodikăc jewrÐac, ìpwc ta biblÐa twn [Walters82], [Ma né87] kai [Pollicott93].

KĹpoiec Efarmogèc tou ErgodikoÔ Jewrămatoc tou Birkhoff:

(I) Sqedìn gia ìla ta 0 ≤ x ≤ 1 (wc proc to mètro Lebesgue), o mèsoc arijmìc twn mhdenikÿn sthn dekadikă anĹlush x = 0.x_1x_2x_3 · · · eÐnai 1/10 (tètoioi arijmoÐ onomĹzontai

1-10 kanonikoÐ arijmoÐ). PrĹgmati, jewroÔme thn apeikìnish T : [0, 1) → [0, 1), T (x) = 10x (mod 1), kai parathroÔme ìti to mètro Lebesgue eÐnai analloÐwto kai ergodikì gia aută thn apeikìnish. Jètontac A = [0, 1/10), eÐnai eÔkolo na doÔme ìti x_j = 0 an kai mìnon an T^j (x) ∈ A. Epomènwc, o prohgoÔmenoc isqurismìc aporrèei apì to pìrisma tou ergodikoÔ jewrămatoc tou Birkhoff.

(II) Upojètoume ìti to 0 < x < 1 èqei anĹlush suneqoÔc klĹsmatoc thc morfăc 1 a_1 + 1 a_2 + 1 a_3 + · · · ,

ìpou a_1, a_2, a_3, · · · ≥ 1. Gia to suneqèc klĹsma autì, orÐzetai h akoloujÐa p_n/q_n wc p_n q_n = 1 a_1 + 1 a_2 + 1 .. . + 1 a_n

,

kai aută h akoloujÐa rhtÿn arijmÿn èqei ìrio lim_{n→∞} p_n/q_n = x. Isqurizìmaste ìti, sqedìn gia ìla ta x (wc proc to mètro Lebesgue), ikanopoioÔntai oi parakĹtw sqèseic:

(i) lim_{n→+∞} (a_1 · · · a_n)^{1/n} = +∞∏ k=1 ( 1 + 1 k^2 + 2k

)_{log k/ log 2} kai

(ii) lim_{n→+∞} log q_n n = π 12 log 2 . Gia na deÐxoume autèc tic sqèseic, jewroÔme thn apeikìnish tou Gauss T : (0, 1) → (0, 1), T (x) = 1/x (mod 1), gia thn opoÐa to mètro tou Gauss eÐnai ergodikì (wc to monadikì analloÐwto mètro). ParathroÔme ìti a_j = k an kai mìnon an T^j(x) ∈ [1/(k + 1), 1/k). ’Estw f : (0, 1) → R h sunĹrthsh pou orÐzetai jètontac f(x) = log k, ìtan x ∈ [1/(k + 1), 1/k). Apì to ergodikì jeÿrhma tou Birkhoff èqoume lim n→+∞ 1 n n∑ j=1 log a_j = lim_{n→+∞} 1 n n−1∑ j=0 f(T^j(x)) =

= 1 log 2

∫_1 0 f(x) 1 + x dx = +∞∑ k=1 log k log 2 log ( 1 + 1 k^2 + 2k ) . Uyÿnontac sto e th sqèsh aută prokÔptei h (i). Parìmoia deÐqnetai h (ii).

1-11

Anaforèc

[AKM65] Adler, R.L., A.G. Konheim, and M.H. McAndrew. Topological entropy. Trans. Amer. Math. Soc., 114 (1965), 309-319.

[ALM93] Alsedà, Lluís, Jaume Llibre, and Michal Misiurewicz. Combinatorial Dynamics and Entropy in Dimension One. World Scientific, Singapore, 1993.

[BBCDS92] Banks, J., J. Brooks, G. Cairns, G. Davis, and P. Stacey. On Devaney’s definition of chaos. Amer. Math. Month., 99 (1992), 332-334.

[Bowen70] Bowen, Rufus. Topological Entropy and Axiom A. In Global Analysis, Proceedings of Symposia in Pure Mathematics, vol. 14, pp. 23-41. American Mathematical Society, Providence (RI), 1970.

[Bowen71] Bowen, Rufus. Entropy for group endomorhisms and homogeneous spaces. Trans. Amer. Math. Soc., 153 (1971), 401-414.

[BK83] Brin, M., and A. Katok. On local entropy. Lect. Notes Math., 1007 (1983), 30-38.

[Brudno83] Brudno, A.A. Entropy and the complexity of trajectories of a dynamical system. Transl. Moscow Math. Soc., 44 (1983), 127-151.

[Devaney89] Devaney, Robert L. An Introduction to Chaotic Dynamical Systems. Addison–Wesley, Redwood City, CA, 1989.

[Dinaburg70] Dinaburg, E.I. The relation between topological entropy and metric entropy. Soviet Math., 11 (1970), 13-16.

[DS57] Dunford, N., and J.T. Schwartz. Linear Operators. Part I: General Theory. Wiley, New York, 1957.

[Guckenheimer79] Guckenheimer, John. Sensitive dependence to initial conditions for one dimensional maps. Commun. Math. Phys., 70 (1979), 133-160.

[HK90] Hofbauer, Franz, and Gerhard Keller. Quadratic maps without asymptotic measure. Commun. Math. Phys., 127 (1990), 319-317.

[Johnson87] Johnson, Stewart D. Singular measures without restrictive intervals. Commun. Math. Phys., 110 (1987), 185-190.

[Katok80] Katok, Anatole. Lyapunov exponents, entropy and periodic orbits for diffeomorhisms. Publ. Math. I.H.E.S., 51 (1980), 137-173.

[KH95] Katok, Anatole, and Boris Hasselblatt. Introduction to the Modern Theory of Dynamical Systems. Cambridge University Press, Cambridge (UK), 1995.

[S.Katok80] Katok, Svetlana R. The estimation from above for the topological entropy of a diffeomorphism. Lect. Notes Math., 819 (1980), 258-264.

[KW82] Katznelson, Y., and B. Weiss. A simple proof of some ergodic theorems. Israel J. Math., 42 (1982), 291-296.

1-12

[Keller90] Keller, Gerhard. Exponents, attractors and Hopf decompositions for interval maps. Ergod. Th. & Dynam. Sys., 10 (1990), 717-744.

[Keller95] Keller, Gerhard. Lyapunov exponents and complexity for interval maps. Lect. Notes Math., 1486 (1995), 216-226.

[KR69] Keynes, H.B., and J.B. Robertson. Generators for topological entropy and expansiveness. Math. Systems Theory., 3 (1969), 51-59.

[Kingman73] Kingman, J.F.C. Subadditive ergodic theory. Ann. Probab., 1 (1973), 883- 909.

[Kolmogorov65] Kolmogorov, A.N. Three approaches to the definition of the concept of the “ammount of information.” Problemy Peredachi Informatsii, 1 (1965), 3-11. Selected Transl. Math. Statist. and Probab., 7 (1968), 293-302.

[LM94] Lasota, Andrzej, and Michael C. Mackey. Chaos, Fractals, and Noise. Stochastic Aspects of Dynamics. Springer–Verlag, New York, 1994.

[LY73] Lasota, Andrzej, and James A. Yorke. On the existence of invariant measures for piecewise monotonic transformations. Trans. Amer. Math. Soc., 186 (1973), 481-488.

[Ledrappier81] Ledrappier, François. Some properties of absolutely continuous invariant measures on an interval. Regod. Th. & Dynam. Sys., 1 (1981), 77-93.

[LiY78] Li, T.Y., and J.A. Yorke. Ergodic transformations from an interval into itself. Trans. Amer. Math. Soc., 235 (1978), 183-192.

[Lin71] Lin, M. Mixing for Markov operators. Z. Wahrscheinlichkeitstheorie Verw. Gebiete, 19 (1971), 231-242.

[Ma~né87] Ma~né, Ricardo. Ergodic Theory and Differentiable Dynamics. Springer–Verlag, Berlin, 1987.

[dMvS93] de Melo, Welington, and Sebastian van Strien. One–Dimensional Dynamics. Springer–Verlag, Berlin, 1993.

[MT77] Milnor, J., and W. Thurston. On Iterated maps of the Interval: I, II Princeton preprint, 1977. Lect. Notes Math., 1342 (1988), 465-563.

[Misiurewicz81] Misiurewicz, Michal. Absolutely continuous measures for certain maps of the interval. Publ. Math. I.H.E.S., 53 (1981), 17-51.

[MS80] Misiurewicz, M., and W. Szlenk. Entropy of piecewise monotone mappings. Studia Math., 67 (1980), 45-63.

[Oseledec68] Oseledec, V.I. A multiplicative ergodic theorem. Liapunov characteristic numbers for dynamical systems. Trans. Moscow Math. Soc., 19 (1968), 197-221.

[PdM82] Palis, Jr., Jacob, and Welington de Melo. Geometric Theory of Dynamical Systems. Springer–Verlag, New York, 1982.

1-13

[Parry66] Parry, William. Symbolic dynamics and transformations of the unit interval. Trans. Amer. Math. Soc., 122 (1966), 368-378.

[Parry81] Parry, William. Topics in Ergodic Theory. Cambridge University Press, Cambridge UK, 1981.

[Pesin77] Pesin, Ya. B. Characteristic Lyapunov exponents and smooth ergodic theory. Russian Math. Surveys, 32 (1977), 54-114.

[Pollicott93] Pollicott, Mark. Lectures on Ergodic Theory and Pesin Theory on Compact Manifolds. Cambridge University Press, Cambridge (UK), 1993.

[Przytycki80] Przytycki, Feliks. An upper estimation for topological entropy of diffeomorphisms. Invent. Math., 59 (1980), 205-213.

[Reddy68] Reddy, W.L. Lifting expansive homeomorphisms to symbolic flows. Math. Systems Theory, 2 (1968), 91-92.

[Robinson95] Robinson, Clark. Dynamical Systems. Stability, Symbolic Dynamics, and Chaos. CRC Press, Boca Raton (Fl.), 1995.

[Rohlin61] Rohlin, V.A. Exact endomorphisms of Lebesgue space. Izv. Akad. Nauk. SSSR Ser. Mat., 25 (1961), 499-530. Amer. Math. Soc. Trans. (2) 39 (1964), 1-36.

[Rudin74] Rudin, Walter. Real and Complex Analysis. McGraw–Hill, New York, 1974. [Ruelle78] Ruelle, David. An inequality for the entropy of differentiable maps. Bol. Soc. Bras. Mat., 9 (1978), 83-87.

[Ruelle79] Ruelle, David. Ergodic theory of differentiable dynamical systems. Publ. Math. I.H.E.S., 50 (1979), 275-320.

[Sinai89] Sinai, Ya. G. (Ed.). Dynamical Systems II. Springer–Verlag, Berlin, 1989. [Walters82] Walters, Peter. An Introduction to Ergodic Theory. Springer–Verlag, New York, 1982.

1-14