ErgasŢa gia to 5o PanellŠnio SunŚdrio kai 10o JerinŞ SqoleŢo PoluplokŞthtac kai QaotikŠc DunamikŠc Mh GrammikŤn SusthmŘtwn JessalonŢkh, 14-25 IoulŢou 1997

EKJETES LYAPUNOV, ENTROPIA KAI POLUPLOKOTHTA

MWUSHS A. MPOUNTOURIDHS

TmŠma HlektrolŞgwn MhqanikŤn kai MhqanikŤn UpologistŤn DhmokrŢteio PanepistŠmio JrŘkhc 671 00 XŘnjh

mboudour@duth.gr http://www.duth.gr/~mboudour/

PerieqŞmena

1. AnalloŢwta kai ErgodikŘ MŚtra 2 1.i. AnalloŢwta MŚtra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.ii. AnalloŢwta MŚtra SuneqŤn ApeikonŢsewn . . . . . . . . . . . . . . . . . . . . . 4 1.iii. ErgodikŘ MŚtra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.iv. To ErgodikŞ JeŤrhma tou Birkhoff . . . . . . . . . . . . . . . . . . . . . . . . . 8

2. EkjŚtec Lyapunov 9 2.i. To UpajroistikŞ ErgodikŞ JeŤrhma . . . . . . . . . . . . . . . . . . . . . . . . 10 2.ii. To PollaplasiastikŞ ErgodikŞ JeŤrhma . . . . . . . . . . . . . . . . . . . . . 11 2.iii. EkjŚtec Lyapunov ApeikonŢsewn DiasthmŘtwn . . . . . . . . . . . . . . . . . . 13

3. EntropŢa 16 3.i. Metro`JewrhtikŠ EntropŢa katŘ Kolmogorov–Sinai . . . . . . . . . . . . . . . 16 3.ii. Metro`JewrhtikŠ EntropŢa katŘ Katok . . . . . . . . . . . . . . . . . . . . . . 20 3.iii. Metro`JewrhtikŠ EntropŢa kai EkjŚtec Lyapunov . . . . . . . . . . . . . . . . 22 3.iv. TopologikŠ EntropŢa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23 3.v. TopologikŠ EntropŢa kai EkjŚtec Lyapunov . . . . . . . . . . . . . . . . . . . . 27 3.vi. EntropŢa ApeikonŢsewn DiasthmŘtwn . . . . . . . . . . . . . . . . . . . . . . . . 28

4. PoluplokŞthta 31 4.i. PoluplokŞthta TroqiŤn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31 4.ii. PoluplokŞthta ApeikonŢsewn DiasthmŘtwn . . . . . . . . . . . . . . . . . . . . 32

1. AnalloŢwta kai ErgodikŘ MŚtra

1.i. AnalloŢwta MŚtra

JewroŰme ton qŤro mŚtrou (X, A, μ), Şpou X eŢnai Śna sŰnolo, A mia s-Řlgebra uposunŞlwn tou X (pou onomŘzontai metrŠsima sŰnola) kai μ: A → [0, +∞] Śna mŚtro ston X. (SunŠjwc, upojŚtoume Şti to μ eŢnai Śna mŚtro pijanŞthtac, dhladŠ, μ(X) = 1.) EpiplŚon, Śstw h apeikŞnish T : X → X ston qŤro mŚtrou X, h opoŢa upotŢjetai Şti eŢnai metrŠsimh (dhladŠ, tŚtoia Ťste T^{−1}(A) ⊂ A).

OrismŞc 1.1. To mŚtro μ onomŘzetai analloŢwto gia thn T (kai h T onomŘzetai metro` diathrhtikŠ wc proc to μ) an μ(T^{−1}(A)) = μ(A), gia kŘje A ∈ A.

IsodŰnama, sumbolŢzontac me M(X) to sŰnolo Şlwn twn mŚtrwn ston X, to mŚtro μ eŢnai analloŢwto gia thn T an kai mŞnon an T^∗(μ) = μ, Şpou h apeikŞnish T^∗ : M(X) → M(X) orŢzetai wc T^∗(μ)(A) = μ(T^{−1}(A)), gia kŘje A ∈ A.

SumbolŢzoume me M(X, T ) to sŰnolo Şlwn twn analloŢwtwn mŚtrwn ston X gia thn T : X → X. LŠmma 1.1. (QarakthrismŞc analloŢwtwn mŚtrwn.) IsqŰei Şti μ ∈ M(X, T ) an kai mŞnon an ∫ X f ∘ T dμ = ∫ X f dμ, gia kŘje f ∈ L^1(X, A, μ).

ApŞdeixh. SumbolŢzontac me χ_A thn qarakthristikŠ sunŘrthsh enŞc A ∈ A, Śqoume profanŤc χ_A ∘T = χ_T −1_{(A)}. ’Etsi, an ∫ f ∘T dμ = ∫ f dμ, gia kŘje f ∈ L^1(X, A, μ), jŚtontac f = χ_A gia aujaŢreto A ∈ A, Śqoume μ(A) = ∫ χ_A dμ = ∫ χ_A ∘ T dμ = ∫ χ_T −1_{(A)} dμ = μ(T^{−1}(A)), dhladŠ, μ ∈ M(X, T ). ApŞ thn Řllh meriŘ, an μ ∈ M(X, T ), tŞte ∫ χ_A dμ = μ(A) = μ(T^{−1}(A)) = ∫ χ_T −1_{(A)} dμ = ∫ χ_A ∘ T dμ, gia kŘje A ∈ A, opŞte proseggŢzontac opoiadŠpote sunŘrthsh f ∈ L^1(X, A, μ) (sth nŞrma tou L^1) me peperasmŚnouc sunduasmoŰc tŚtoiwn qarakthristikŤn sunartŠsewn, aporrŚei h zhtoŰmenh sqŚsh. �

ParŘdeigma 1.1. ’Estw S^1 = {z ∈ C : |z| = 1} o monadiaŢoc kŰkloc, pou mporeŢ na jewrhjeŢ san to monadiaŢo diŘsthma [0, 1), Ştan tautisjeŢ me ton qŤro phlŢko R/Z, twn pragmatikŤn arijmŤn ‘mod 1.’ To sŰnolo autŞ apoktŘ thn domŠ enŞc qŤrou mŚtrou efodiasmŚno me th sunŠjh s-Řlgebra Borel. OrŢzoume thn apeikŞnish thc peristrofŠc tou kŰklou T : [0, 1) → [0, 1) me th sqŚsh T (x) = x + a (mod 1), Şpou a ∈ R. (IsodŰnama, ston S^1, h apeikŞnish thc peristrofŠc orŢzetai san T (e^{2πiθ}) = e^{2πi(θ+a)}.) ProfanŤc to sunŠjec mŚtro Lebesgue ston kŰklo eŢnai analloŢwto gia thn apeikŞnish autŠ thc peristrofŠc. �

ParŘdeigma 1.2. ’Estw T^2 = S^1 ×S^1 o disdiŘstatoc tŞroc, pou mporeŢ na jewrhjeŢ san to monadiaŢo tetrŘgwno [0, 1) × [0, 1), Ştan tautisjeŢ me ton qŤro phlŢko R^2 /Z^2. To sŰnolo autŞ apoktŘ thn domŠ enŞc qŤrou mŚtrou efodiasmŚno me th sunŠjh s-Řlgebra Borel. OrŢzoume thn apeikŞnish thc metaforŘc Š peristrofŠc stic suntetagmŚnec tou tŞrou T : [0, 1) × [0, 1) → [0, 1)×[0, 1) me th sqŚsh T (x_1, x_2) = (x_1 +a_1, x_2 +a_2) (mod 1), Şpou (a_1, a_2) ∈ R^2 . ProfanŤc to sunŠjec mŚtro Lebesgue–Haar ston tŞro eŢnai analloŢwto gia thn apeikŞnish autŠ thc metaforŘc. �

ParŘdeigma 1.3. ’Estw o r-adikŞc metasqhmatismŞc T : [0, 1) → [0, 1), pou orŢzetai wc T (x) = rx (mod 1), Şpou r > 1 akŚraioc. To [0, 1) jewreŢtai efodiasmŚno me th sunŠjh s- Řlgebra Borel. O antŢstrofoc metasqhmatismŞc T^{−1} apeikonŢzei ta diastŠmata [a, b) ⊂ [0, 1) wc exŠc

T^{−1}([a, b)) = r−1⋃ j=0 [ a + j r , b + j r ) .

’Etsi, an L eŢnai to mŚtro Lebesgue sto [0, 1), epeidŠ

L(T^{−1}([a, b))) = r−1∑ j=0 | | | b + j r − a + j r | | | = b − a = L([a, b)),

to mŚtro Lebesgue eŢnai analloŢwto gia ton r-adikŞ metasqhmatismŞ. �

ParŘdeigma 1.4. ’Estw h apeikŞnish tou Gauss T : (0, 1) → (0, 1), pou orŢzetai wc T (x) = 1/x (mod 1), Şpou to (0, 1) jewreŢtai efodiasmŚno me th sunŠjh s-Řlgebra Borel. H apeikŞnish tou Gauss Śqei analloŢwto mŚtro to onomazŞmeno mŚtro tou Gauss: μ(A) = 1 log 2 ∫ A 1 1 + x dx, A ∈ A, pou eŢnai apolŰtwc suneqŚc wc proc to mŚtro Lebesgue. EpiplŚon, mporeŢ na apodeiqjeŢ Şti to mŚtro tou Gauss eŢnai to monadikŞ analloŢwto mŚtro gia thn apeikŞnish tou Gauss (deŢte [Mañé87]). �

JeŤrhma 1.1. (To JeŤrhma thc EpanaforŘc tou Poincaré.) ’Estw (X, A, μ) Śnac qŤroc mŚtrou pijanŞthtac kai T : X → X mia metrŠsimh apeikŞnish, gia thn opoŢa to μ ∈ M(X, T ) eŢnai Śna analloŢwto mŚtro. Gia kŘje sŰnolo A ∈ A, sqedŞn Şla ta shmeŢa tou A epistrŚfoun sto A Řpeirec forŚc, dhladŠ, to sŰnolo A_0 = {x ∈ A : T^n(x) ∈ A, gia Řpeiro plŠjoc n ≥ 0} eŢnai metrŠsimo kai μ(A) = μ(A_0).

ApŞdeixh. ’Estw C_n = {x ∈ A : T^j(x) /∈ A, gia kŘje j ≥ n}. ProfanŤc, A_0 = A r ⋃_{+∞} n=1 C_n kai to jeŤrhma ja Śqei apodeiqjeŢ, an deŢxoume Şti C_n ∈ A kai μ(C_n) = 0, gia kŘje n ≥ 1. KajŤc C_n = A r ⋃ j≥n T^{−1}(A), prŘgmati, C_n ∈ A kai, epiplŚon, C_n ⊂ ⋃ j≥0 T^{−j}(A) r ⋃ j≥n T^{−j}(A), apŞ Şpou paŢrnoume μ(C_n) ≤ μ (⋃ j≥0 T^{−j}(A) ) −μ (⋃ j≥n T^{−j}(A) ) . AllŘ epeidŠ ⋃ j≥n T^{−j}(A) = T^{−n} (⋃ j≥0 T^{−j}(A) ) , Śqoume μ (⋃ j≥n T^{−j}(A) ) = μ ( T^{−n} (⋃ j≥0 T^{−j}(A) )) , pou sunepŘgetai Şti μ(C_n) = 0. �

UpŘrqei mia topologikŠ ekdoqŠ tou jewrŠmatoc thc epanaforŘc, gia thn opoŢa qreiazŞmaste thn Śnnoia tou ‘w-oriakoŰ sunŞlou’ enŞc shmeŢou kŘtw apŞ mia apeikŞnish. ’Estw X Śnac topologikŞc qŤroc kai T : X → X mia apeikŞnish. OrŢzoume to w-oriakŞ sŰnolo enŞc shmeŢou x ∈ X san to sŰnolo twn shmeŢwn y ∈ X, gia ta opoŢa kŘje geitoniŘ U tou y Śqei T^n(x) ∈ U gia Řpeiro plŠjoc jetikŤn n. ’Otan to X eŢnai Śnac metrikŞc qŤroc me metrikŠ d, autŞ isodunameŢ me th sunjŠkh lim inf_{n→+∞} d(T^n(x), y) = 0. To w-oriakŞ sŰnolo tou x sumbolŢzetai wc ω(x). EidikŞtera, Śna shmeŢo x ∈ X onomŘzetai (jetikŘ) epanaferŞmeno an x ∈ ω(x). JeŤrhma 1.2. ’Estw X Śnac diaqwrŢsimoc metrikŞc qŤroc, (X, A, μ) qŤroc mŚtrou Borel pijanŞthtac kai T : X → X mia metrŠsimh apeikŞnish, gia thn opoŢa to μ ∈ M(X, T ) eŢnai Śna analloŢwto mŚtro. TŞte μ({x : x /∈ ω(x)}) = 0, Š, me Řlla lŞgia, sqedŞn kŘje shmeŢo eŢnai epanaferŞmeno.

ApŞdeixh. ’Estw {U_n}_{n≥0} mia bŘsh anoiktŤn sunŞlwn tŚtoiwn Ťste lim_{n→+∞} diam(U_n) = 0 kai ⋃ n≥m U_n = X, gia kŘje m ≥ 0. ’Estw Ũ_n = {x ∈ U_n : T^j(x) ∈ U_n, gia Řpeiro plŠjoc timŤn tou j > 0}. ApŞ to prohgoŰmeno jeŤrhma, μ(U_n r Ũ_n) = 0. JŚtoume X̃ = ⋂_{+∞} m=0 ⋃ n≥m Ũ_n. ’Epetai Şti μ(X r X̃) = μ (⋃_{+∞} m=0 ( X r^⋃_{n≥m}^~Un^{))} = μ^{(⋃+∞}_{m=0}^{(⋃}_{n≥m} Un r^⋃_{n≥m}^~Un^{))} ≤ μ (⋃_{+∞} m=0 ⋃ n≥m(U_n r Ũ_n) ) = 0. EpomŚnwc, to mŞno pou mŚnei na deŢxoume eŢnai Şti x ∈ X̃ sunepŘgetai x ∈ ω(x). ’Estw r > 0 kai dialŚgoume m Śtsi Ťste diam(U_n) ≤ r/3, Ştan n ≥ m. AfoŰ x ∈ X̃, Śqoume x ∈ ⋃ n≥m Ũ_n. ’Ara, upŘrqei n ≥ m tŚtoio Ťste x ∈ Ũ_n. EpeidŠ diam(U_n) ≤ r/3, Śpetai Şti U_n ⊂ B_r(x) (B_r(x) eŢnai h anoiktŠ mpŘlla aktŢnac r me kŚntro x), pou sunepŘgetai Şti T^j(x) ∈ B_r(x), an T^j(x) ∈ U_n. AllŘ, afoŰ x ∈ Ũ_n, T^j(x) ∈ U_n, gia Řpeiro plŠjoc timŤn tou j, kai, sunepŤc, x ∈ ω(x). �

1.ii. AnalloŢwta MŚtra SuneqŤn ApeikonŢsewn

UpojŚtoume tŤra, sthn parŘgrafo autŠ, Şti to X eŢnai Śnac sumpagŠc metrikŞc qŤroc kai Şti h T : X → X eŢnai mia suneqŠc apeikŞnish.

EpiplŚon, episunŘptoume sto X th s-Řlgebra Borel mazŢ me kŘpoia mŚtra Borel, pou upotŢjentai Şti eŢnai mŚtra pijanŞthtac. ’Opwc pio prin, sumbolŢzoume me M(X) to sŰnolo Şlwn twn mŚtrwn Borel pijanŞthtac ston X.

AkŞmh, sumbolŢzoume me C(X) to sŰnolo Şlwn twn suneqŤn sunartŠsewn f : X → R. UpenjumŢzoume Şti sthn perŢptwsh autŠ (to X sumpagŠc metrikŞc qŤroc), to C(X) gŢnetai Śnac normikŞc grammikŞc qŤroc efodiasmŚnoc me thn nŞrma ‖f‖_0 = sup_{x∈X} |f(x)|.

JeŤrhma 1.3. ’Estw μ, ν ∈ M(X). An ∫ X f dμ = ∫ X f dν, gia kŘje f ∈ C(X), tŞte μ = ν.

JeŤrhma 1.4. (To JeŤrhma thc AnaparŘstashc tou Riesz.) ’Estw F ∈ C(X)^∗ Śna jetikŞ suneqŚc grammikŞ sunarthsiakŞ ston C(X), dhladŠ, mia suneqŠc grammikŠ apeikŞnish F : C(X) → R. An F (f) ≥ 0, Ştan f ∈ C(X), f ≥ 0, kai F (χ_X ) = 1, tŞte upŘrqei monadikŞ μ ∈ M(X) tŚtoio Ťste ∫ X f dμ = F (f), gia kŘje f ∈ C(X).

(DeŢte [Walters82] gia thn apŞdeixh tou JewrŠmatoc 1.3 kai [Rudin74] gia mia apŞdeixh tou JewrŠmatoc 1.4 thc AnaparŘstashc tou Riesz.)

SŰmfwna me ta parapŘnw, orŢzetai mia apeikŞnish apŞ to M(X) sto {F ∈ C(X)^∗ : F (f) ≥ 0, an f ≥ 0, kai F (χ_X ) = 1}, pou dŢnetai wc μ → ∫ X · dμ = F_μ(·). H apeikŞnish autŠ eŢnai epŢ (apŞ to JeŤrhma 1.4 thc AnaparŘstashc tou Riesz) kai Śna`proc`Śna (apŞ to JeŤrhma 1.3). EpiplŚon, h apeikŞnish autŠ eŢnai omoparallhlikŠ (dhladŠ, F_{pμ+(1−p)ν} = pF_μ + (1 − p)F_ν, gia p ∈ [0, 1], μ, ν ∈ M(X)), opŞte to M(X) tautŢzetai me Śna kurtŞ sŰnolo thc monadiaŢac mpŘllac sto C(X)^∗. Gia to lŞgo autŞ, mporeŢ to M(X) na efodiasjeŢ me mia topologŢa pou aporrŚei apŞ thn asjenŠ^∗ topologŢa sto C(X)^∗.

OrismŞc 1.2. H asjenŠc^∗ topologŢa sto M(X) eŢnai h mikrŞterh topologŢa pou kŘnei suneqeŢc Şlec tic apeikonŢseic μ → ∫ X f dμ (f ∈ C(X)). Mia bŘsh autŠc thc topologŢac dŢnetai apŞ tic sullogŚc Şlwn twn sunŞlwn thc morfŠc

U_μ(f_1, . . . , f_k; ε) = { ν ∈ M(X): | | | ∫ X f_i dν − ∫ X f_i dμ | | | < ε, 1 ≤ i ≤ k } , Şpou μ ∈ M(X), k ≥ 1, f_i ∈ C(X) kai ε > 0.

O epŞmenoc qarakthrismŞc thc sŰgklishc mŚtrwn sto M(X) apodeiknŰetai sto biblŢo tou [Mañé87].

PrŞtash 1.1. DojŚntoc Şti to X eŢnai Śnac sumpagŠc metrikŞc qŤroc, upŘrqei mia akoloujŢa {f_j}_{j=1, ... ,∞} sunartŠsewn tou C(X), pou apoteleŢ Śna sŰnolo puknŞ sth monadiaŢa mpŘlla {f ∈ C(X): ‖f‖_0 ≤ 1}. ’Etsi, orŢzetai h exŠc metrikŠ sto M(X): d(μ, ν) = ∞∑ j=1 1 2^j | | | ∫ X f_j dμ − ∫ X f_j dν | | | . ’Estw h akoloujŢa μ_n ∈ M(X). TŞte ta parakŘtw eŢnai isodŰnama:

(i) μ_n → μ sthn asjenŠ^∗ topologŢa tou M(X).

(ii) lim_{n→∞} d(μ_n, μ) = 0.

(iii) lim_{n→∞} ∫ X f dμ_n = ∫ X f dμ, gia kŘje f ∈ C(X).

JeŤrhma 1.5. ’Estw X Śnac sumpagŠc metrikŞc qŤroc kai T : X → X mia suneqŠc apeikŞnish. TŞte isqŰoun ta parakŘtw:

(i) To M(X) eŢnai Śnac sumpagŠc metrikŞc qŤroc (gia thn asjenŠ^∗ topologŢa).

(ii) H apeikŞnish T^∗ : M(X) → M(X) eŢnai suneqŠc kai omoparallhlikŠ.

(iii) (Krylov & Bogolioubov.) To M(X, T ) eŢnai mh`kenŞ.

(iv) To M(X, T ) eŢnai sumpagŚc kai kurtŞ sŰnolo tou M(X).

ApŞdeixh. Sto biblŢo tou [Walters82] apodeiknŰontai Şloi oi isqurismoŢ tou jewrŠmatoc autoŰ. EdŤ ja apodeŢxoume mŞno to (iii), dhladŠ, thn mh`kenŞthta tou M(X, T ). PaŢrnoume Śna opoiodŠpote μ ∈ M(X) kai jewroŰme thn akoloujŢa μ_n ∈ M(X) pou orŢzetai wc

μ_n = 1 n n−1∑ j=0 μ ∘ T^{−j} = 1 n n−1∑ j=0 (T^∗)^j (μ).

(ParapŘnw kai sth sunŚqeia, oi ekjŚtec stic apeikonŢseic sumbolŢzoun epanalŠyeic, dhladŠ, sunjŚseic apeikonŢsewn.) LŞgw thc kurtŞthtac tou M(X), μ_n ∈ M(X), gia kŘje n ≥ 1, kai lŞgw thc sumpagŞthtac tou M(X), upŘrqei mia sugklŢnousa upakoloujŢa {μ_{nj} } me Şrio μ̃ = lim_{j→∞} μ_{nj} . EpeidŠ

T^∗(μ̃) = lim_{j→∞} T^∗(μ_{nj} ) = lim_{j→∞} ( μ_{nj} − μ − (T^∗)^{nj +1}(μ) n_j ) = lim_{j→∞} μ_{nj} = μ̃,

to μ̃ eŢnai analloŢwto. H apŞdeixh autŠ den eŢnai tŢpote Řllo parŘ mia aplŠ ekdoqŠ tou JewrŠmatoc StajeroŰ ShmeŢou tou Schauder. �

ParatŠrhsh 1.1. ’Otan to X eŢnai Śnac sumpagŠc metrikŞc qŤroc kai h T : X → X mia suneqŠc apeikŞnish, beltiŤnetai to LŠmma 1.1 tou qarakthrismoŰ twn analloŢwtwn mŚtrwn wc exŠc: μ ∈ M(X, T ) an kai mŞnon an ∫ X f ∘ T dμ = ∫ X f dμ, gia kŘje f ∈ C(X).

ParatŠrhsh 1.2. Sthn perŢptwsh pou h apeikŞnish T : X → X Śqei Śna periodikŞ shmeŢo x periŞdou n (dhladŠ, tŚtoio Ťste T^n(x) = x), tŞte brŢskoume amŚswc Śna analloŢwto mŚtro. AutŞ eŢnai to μ = 1 n n−1∑ j=0 δ_T j_{(x)},

Şpou δ_y eŢnai to mŚtro Dirac sto shmeŢo y ∈ X (dhladŠ, δ_y(A) = 1, Ştan y ∈ A, kai δ_y(A) = 0, Ştan y /∈ A.)

To parŘdeigma pou akoloujeŢ deŢqnei Şti an qajeŢ h sunŚqeia thc T , tŞte mporeŢ na mhn upŘrqei analloŢwto mŚtro.

ParŘdeigma 1.5. JewroŰme thn apeikŞnish T : [0, 1] → [0, 1] pou orŢzetai wc

T (x) = {_x 2 , 0 < x ≤ 1, 1, x = 0. Ja deŢxoume Şti autŠ h apeikŞnish den Śqei kanŚna analloŢwto mŚtro. H antŢstrofh apeikŞnish eŢnai

T^{−1}(x) =

2x, 0 < x ≤^1_2 , 0, x = 1, {?}, alloiŤc.

Ac upojŚsoume Şti h T eŢqe Śna analloŢwto mŚtro μ. TŞte μ({0}) = μ(T^{−1}({0})) = μ(?) = 0 kai μ({1}) = μ(T^{−1}({1})) = μ({0}) = 0. EpomŚnwc, μ((0, 1/2)) = μ(T^{−1}(0, 1/2)) = 1 kai, epagwgikŘ, μ((0,^1_{2n} )) = 1, gia kŘje n ≥ 1. ’Estw A = (0,^1_{2n} ). TŞte lim_{n→∞} μ(A_n) = 1 kai lim_{n→∞}μ(A_n) = μ( ⋂_∞ n=1 A_n) = μ(?) = 0, pou eŢnai kŘti Řtopo. �

1.iii. ErgodikŘ MŚtra

’Estw (X, A, μ) Śnac qŤroc mŚtrou pijanŞthtac kai T : X → X mia apeikŞnish.

OrismŞc 1.3. ’Ena analloŢwto mŚtro μ ∈ M(X, T ) onomŘzetai ergodikŞ gia thn T an kŘje sŰnolo A ∈ A, pou eŢnai analloŢwto wc proc thn T (dhladŠ, T^{−1}(A) = A), Śqei mŚtro eŢte μ(A) = 0 Š μ(A) = 1. (EpiplŚon, sthn perŢptwsh autŠ, h T onomŘzetai ergodikŠ apeikŞnish wc proc to μ.)

O orismŞc autŞc lŚei Şti, gia na eŢnai Śna analloŢwto mŚtro μ ergodikŞ, ta mŞna analloŢwta metrŠsima sŰnola pou mporoŰn na upŘrxoun eŢnai mŞno ekeŢna me ‘mŚgejoc’ Ţso proc Şlo to sŰnolo X Š ta mhdeno`sŰnola.

SumbolŢzoume me E(X, T ) to sŰnolo Şlwn twn ergodikŤn analloiŤtwn mŚtrwn gia thn T : X → X. LŠmma 1.2. (QarakthrismŞc ergodikŤn mŚtrwn.) Ta parakŘtw eŢnai isodŰnama: (i) μ ∈ E(X, T ). (ii) An f metrŠsimh ston X kai f ∘ T = f s.p., tŞte h f eŢnai stajerŘ s.p. (wc proc μ) sto X.

ApŞdeixh. (ii) ⇒ (i). ’Estw A metrŠsimo sŰnolo analloŢwto gia thn T . JewroŰme thn qarakthristikŠ sunŘrthsh χ_A tou A. KajŤc to A eŢnai analloŢwto gia thn T , χ_A ∘ T = χ_T −1_{(A)} = χ_A, opŞte h (ii) sunepŘgetai Şti h χ_A eŢnai stajerŘ s.p. (wc proc μ). EpeidŠ oi timŚc thc qarakthristikŠc sunŘrthshc eŢnai eŢte 1 Š 0, paŢrnoume eŢte μ(A) = 0 Š μ(A) = 1.

(i) ⇒ (ii). UpojŚtoume Şti upŘrqei mia metrŠsimh sunŘrthsh f, h opoŢa den eŢnai stajerŘ s.p. TŞte ja mporoŰsame na broŰme Śnan pragmatikŞ arijmŞ c tŚtoion Ťste to sŰnolo A = {x ∈ X : f(x) ≥ c} na Śqei mŚtro 0 < μ(A) < 1. ’Omwc h sunjŠkh f ∘ T = f sunepŘgetai Şti T^{−1}(A) = A, pou eŢnai Řtopo. �

ParŘdeigma 1.6. ’Estw T : R/Z → R/Z h apeikŞnish thc peristrofŠc tou kŰklou T (x) = x + a (mod 1) me a ∈ R, gia thn opoŢa to mŚtro Lebesgue eŢnai analloŢwto. An a ∈ Q, Şla ta shmeŢa tou kŰklou eŢnai periodikŘ (me thn Ţdia perŢodo) kai h peristrofŠ tou kŰklou den eŢnai ergodikŠ gia to mŚtro Lebesgue. An a /∈ Q, tŞte to mŚtro Lebesgue eŢnai ergodikŞ gia thn apeikŞnish thc peristrofŠc tou kŰklou. (DeŢte [Mañé87] gia tic leptomŚreiec.) �

ParŘdeigma 1.7. ’Estw T : R^2 /Z^2 → R^2 /Z^2 h apeikŞnish thc metaforŘc (Š peristrofŠc twn suntetagmŚnwn tou tŞrou) T (x_1, x_2) = (x_1 + a_1, x_2 + a_2) (mod 1) me (a_1, a_2) ∈ R^2, gia thn opoŢa to mŚtro Lebesgue–Haar eŢnai analloŢwto. An^{a1}_{a2} /∈ Q, tŞte to kanonikopoihmŚno mŚtro Lebesgue–Haar L eŢnai to monadikŞ analloŢwto mŚtro gia thn apeikŞnish T thc autŠc peristrofŠc tou tŞrou, opŞte M(X, T ) = E(X, T ) = {L}. (DeŢte [Mañé87] gia tic leptomŚreiec.) An

a_1 a_2 ∈ Q, tŞte ta M(X, T ) kai E(X, T ) eŢnai kai ta duo apeirosŰnola kai M(X, T ) ≠ E(X, T ). � ’Eqoume Šdh dei Şti to sŰnolo M(X, T ) twn analloiŤtwn mŚtrwn eŢnai kurtŞ uposŰnolo tou sunŞlou M(X) Şlwn twn mŚtrwn. Sth sunŚqeia ja tautŢsoume to sŰnolo E(X, T ) twn ergodikŤn mŚtrwn me Śna sugkekrimŚno uposŰnolo tou M(X, T ) kai ja prosdiorŢsoume analutikŞtera th sqŚsh analloiŤtwn kai ergodikŤn mŚtrwn.

Gia to skopŞ autŞ, qreiazŞmaste ton orismŞ twn ‘akraŢwn shmeŢwn’ enŞc kurtoŰ sunŞlou C. ’Ena x ∈ C onomŘzetai akraŢo shmeŢo tou C an den mporeŢ na grafeŢ san kurtŞc sunduasmŞc duo diaforetikŤn shmeŢwn tou C, dhladŠ, an x = λy + (1 − λ)z, gia y, z ∈ C, y ≠ z, 0 ≤ λ ≤ 1, na sunepŘgetai Şti λ = 0 Š λ = 1. SumbolŢzoume me Ext(C) to sŰnolo twn akraŢwn shmeŢwn tou kurtoŰ sunŞlou C. EŢnai eŰkolo na doŰme Şti an C ≠ ?, tŞte Ext(C) ≠ ?.

JeŤrhma 1.6. Ta akraŢa shmeŢa tou M(X, T ) eŢnai akribŤc ta ergodikŘ mŚtra, dhladŠ, Ext(M(X, T )) = E(X, T ). EpiplŚon, dojŚntoc opoioudŠpote analloiŤtou mŚtrou μ ∈ M(X, T ), upŘrqei Śna mŚtro pijanŞthtac τ_μ ∈ M(M(X, T )) tŚtoio Ťste:

(i) τ_μ(E(X, T )) = 1.

(ii) ∫ X f dμ = ∫ E(X,T ) (∫ X f dμ^′ ) dτ_μ(μ^′), gia kŘje f ∈ L^1(X, A, μ). Me Řlla lŞgia, to analloŢwto mŚtro μ eŢnai Śnac kurtŞc sunduasmŞc twn ergodikŤn analloiŤtwn mŚtrwn μ^′ pou katanŚmontai me to τ_μ.

H apŞdeixh tou prŤtou mŚrouc tou apotelŚsmatoc autoŰ eŢnai aplŠ (deŢte [Mañé87]). To deŰtero mŚroc sunŠjwc apodeiknŰetai mŚsw tou JewrŠmatoc tou Choquet allŘ upŘrqei mia enallaktikŠ apŞdeixh sto biblŢo tou [Pollicott93] (pou sthrŢzetai se idŚec tou [Mañé87]).

’Opwc Šdh Śqoume dei, M(X, T ) ≠ ?, gia suneqeŢc apeikonŢseic T se sumpageŢc metrikoŰc qŤrouc X. EpomŚnwc, lambŘnontac upŞyh Şti ta (mh-kenŘ) kurtŘ sŰnola pŘnta Śqoun akraŢa shmeŢa, prokŰptei to exŠc apotŚlesma sthn perŢptwsh autŠ.

PŞrisma 1.1. (’Uparxh ErgodikŤn MŚtrwn gia SuneqeŢc ApeikonŢseic.) ’Estw X Śnac sumpagŠc metrikŞc qŤroc kai T : X → X mia suneqŠc apeikŞnish. TŞte pŘntote upŘrqei toulŘqiston Śna ergodikŞ mŚtro gia thn T , dhladŠ, E(X, T ) ≠ ?.

1.iv. To ErgodikŞ JeŤrhma tou Birkhoff

Ta ergodikŘ mŚtra Śqoun polŰ kalŚc idiŞthtec epanaforŘc, Şpwc faŢnetai apŞ to epŞmeno apotŚlesma, pou apoteleŢ to deŰtero shmantikŞ jeŤrhma thc ergodikŠc jewrŢac (metŘ to jeŤrhma epanaforŘc tou Poincaré).

JeŤrhma 1.7. (To ErgodikŞ JeŤrhma tou Birkhoff .) ’Estw (X, A, μ) Śnac qŤroc mŚtrou pijanŞthtac kai T : X → X mia metrŠsimh apeikŞnish, gia thn opoŢa to μ ∈ E(X, T ) eŢnai Śna ergodikŞ mŚtro. TŞte, gia kŘje f ∈ L^1(X, A, μ), isqŰei lim n→+∞ 1 n n−1∑ j=0 f(T^j(x)) = ∫ X f dμ, gia sqedŞn (wc proc to μ) Şla ta shmeŢa x ∈ X.

LambŘnontac upŞyh Şti to sŰnolo {T^n(x)}_{n=0,1,2, ...} paristŘ thn troqiŘ thc T pou xekinŘ apŞ to shmeŢo x ∈ X, Śqoume mia endiafŚrousa ermhneŢa tou jewrŠmatoc autoŰ. PrŘgmati, to ergodikŞ jeŤrhma tou Birkhoff mac lŚei Şti, dojeŢshc miac (oloklhrŤsimhc) sunŘrthshc f, h mŚsh timŠ thc f pŘnw sthn troqiŘ apŞ to x, gia sqedŞn (wc proc to mŚtro μ) Şla ta x ∈ X, isoŰtai me thn qwrikŠ mŚsh timŠ thc f (pou eŢnai to oloklŠrwma wc proc to mŚtro μ thc f se Şlo ton qŤro X), efŞson to mŚtro μ eŢnai ergodikŞ.

Gia A ∈ A me μ(A) > 0, jŚtontac f = χ_A, prokŰptei h parakŘtw shmantikŠ sunŚpeia tou ergodikoŰ jewrŠmatoc tou Birkhoff.

PŞrisma 1.2. DojŚntoc enŞc sunŞlou A ∈ A me μ(A) > 0, isqŰei Şti, gia sqedŞn (wc proc to μ) Şla ta shmeŢa x ∈ X, lim n→+∞ #{0 ≤ j ≤ n − 1: T^j(x) ∈ A} n = μ(A), dhladŠ, h analogŢa tou qrŞnou pou dapanŘ h troqiŘ tou shmeŢou x gia na brŢsketai mŚsa sto A eŢnai μ(A).

H apŞdeixh tou ergodikoŰ jewrŠmatoc tou Birkhoff mporeŢ na brejeŢ se biblŢa thc ergodikŠc jewrŢac, Şpwc ta biblŢa twn [Walters82], [Mañé87] kai [Pollicott93].

KŘpoiec EfarmogŚc tou ErgodikoŰ JewrŠmatoc tou Birkhoff:

(I) SqedŞn gia Şla ta 0 ≤ x ≤ 1 (wc proc to mŚtro Lebesgue), o mŚsoc arijmŞc twn mhdenikŤn sthn dekadikŠ anŘlush x = 0.x_1x_2x_3 · · · eŢnai 1/10 (tŚtoioi arijmoŢ onomŘzontai kanonikoŢ arijmoŢ). PrŘgmati, jewroŰme thn apeikŞnish T : [0, 1) → [0, 1), T (x) = 10x (mod 1), kai parathroŰme Şti to mŚtro Lebesgue eŢnai analloŢwto kai ergodikŞ gia autŠ thn apeikŞnish. JŚtontac A = [0, 1/10), eŢnai eŰkolo na doŰme Şti x_j = 0 an kai mŞnon an T^j(x) ∈ A. EpomŚnwc, o prohgoŰmenoc isqurismŞc aporrŚei apŞ to pŞrisma tou ergodikoŰ jewrŠmatoc tou Birkhoff.

(II) UpojŚtoume Şti to 0 < x < 1 Śqei anŘlush suneqoŰc klŘsmatoc thc morfŠc 1 a_1 + 1 a_2 + 1 a_3 + · · · ,

Şpou a_1, a_2, a_3, · · · ≥ 1. Gia to suneqŚc klŘsma autŞ, orŢzetai h akoloujŢa p_n/q_n wc p_n q_n = 1 a_1 + 1 a_2 + 1 ... + 1 a_n

,

kai autŠ h akoloujŢa rhtŤn arijmŤn Śqei Şrio lim_{n→∞} p_n/q_n = x. IsqurizŞmaste Şti, sqedŞn gia Şla ta x (wc proc to mŚtro Lebesgue), ikanopoioŰntai oi parakŘtw sqŚseic:

(i) lim_{n→+∞} (a_1 · · · a_n)^{1/n} = +∞∏ k=1 ( 1 + 1 k^2 + 2k

)_{log k/ log 2} kai

(ii) lim_{n→+∞} log q_n n = π 12 log 2 . Gia na deŢxoume autŚc tic sqŚseic, jewroŰme thn apeikŞnish tou Gauss T : (0, 1) → (0, 1), T (x) = 1/x (mod 1), gia thn opoŢa to mŚtro tou Gauss eŢnai ergodikŞ (wc to monadikŞ analloŢwto mŚtro). ParathroŰme Şti a_j = k an kai mŞnon an T^j(x) ∈ [1/(k +1), 1/k). ’Estw f : (0, 1) → R h sunŘrthsh pou orŢzetai jŚtontac f(x) = log k, Ştan x ∈ [1/(k + 1), 1/k). ApŞ to ergodikŞ jeŤrhma tou Birkhoff Śqoume lim n→+∞ 1 n n∑ j=1 log a_j = lim_{n→+∞} 1 n n−1∑ j=0 f(T^j(x)) =

= 1 log 2

∫_1 0 f(x) 1 + x dx = +∞∑ k=1 log k log 2 log ( 1 + 1 k^2 + 2k ) . UyŤnontac sto e th sqŚsh autŠ prokŰptei h (i). ParŞmoia deŢqnetai h (ii).

2. EkjŚtec Lyapunov

Sta prohgoŰmena exetŘzame analloŢwta kai ergodikŘ mŚtra gia genikŚc metrŠsimec apeikonŢseic se genikoŰc qŤrouc mŚtrou. TŤra ja meletŠsoume thn eidikŠ perŢptwsh miac apeikŞnishc f pou eŢnai Śnac diafomorfismŞc tŘxhc C^1 pŘnw se mia sumpagŠ pollaplŞthta. AfoŰ tŤra ja Śqoume mia diaforŢsimh apeikŞnish f, eŢnai fusikŞ na perimŚnoume na isqŰoun ergodikŘ jewrŠmata, sta opoŢa h oloklhrŤsimh sunŘrthsh eŢnai mia Śkfrash pou periŚqei paragŤgouc D_xf.

Me ton trŞpo autŞ, ja odhghjoŰme sthn eisagwgŠ kŘpoiwn arijmhtikŤn stajerŤn, pou onomŘzontai ‘ekjŚtec Lyapunov,’ oi opoŢoi metroŰn thn euaŢsjhth exŘrthsh thc mellontikŠc exŚlixhc twn epanalŠyewn thc apeikŞnishc apŞ mikrŚc allagŚc stic arqikŚc sunjŠkec.

Pio sugkekrimŚna, ja asqolhjoŰme tŤra me mia diaforŢsimh apeikŞnish f : M → M pŘnw se mia sumpagŠ pollaplŞthta (tŘxhc C^∞) M. Gia kŘje x ∈ M, sumbolŢzoume me T_xM ton dianusmatikŞ qŤro Şlwn twn dianusmŘtwn pou efŘptontai thc M sto shmeŢo x. Sthn efaptŞmenh dŚsmh T M = ⋃ x∈M T_xM mporeŢ na dojeŢ mia fusikŠ domŠ pollaplŞthtac (ki autŠ tŘxhc C^∞). An h f : M → M eŢnai diaforŢsimh tŘxhc C^r (r ≥ 1), dhladŠ, Śnac diafomorfismŞc taxhc C^r, tŞte h efaptŞmenŠ thc apeikŞnish T f : T M → T M eŢnai mia diaforŢsimh, tŘxhc C^{r−1}, apeikŞnish kai, gia kŘje x ∈ M, orŢzetai h parŘgwgoc thc f san mia grammikŠ apeikŞnish D_xf = T f|_{TxM} : T_xM → T_{f(x)}M.

’Otan h M eŢnai pollaplŞthta tou Riemann, h efaptŞmenh dŚsmh T M Śqei mia metrikŠ tou Riemann, dhladŠ, gia kŘje x ∈ M, upŘrqei Śna eswterikŞ ginŞmeno (·, ·)_x ston T_xM, pou exartŘtai omalŘ apŞ to x. KŘje metrikŠ tou Riemann thc M prosdiorŢzei mia nŞrma ‖ · ‖_x ston T_xM kai Şlec oi metrikŚc tou Riemann thc M eŢnai isodŰnamec metaxŰ touc.

O skopŞc thc jewrŢac twn dunamikŤn susthmŘtwn eŢnai na gŢnei katanohtŠ h sumperiforŘ twn epanalŠyewn thc f, dhladŠ, twn sunjŚsewn f^n = f ∘ · · · ∘ f (n forŚc), kajŤc to n pŘei asumptwtikŘ sto Řpeiro. Gia to skopŞ, autŞ qreiŘzetai na meletŠsei kaneŢc thn diastolŠ kai sustolŠ pou prokaleŢ h f, pou gewmetrikŘ perigrŘfontai, se prŤth prosŚggish, apŞ thn T f^n. Me Řlla lŞgia, prŚpei na katalŘbei kaneŢc pŤc h nŞrma ‖D_xf^n‖ metabŘlletai asumptwtikŘ wc proc n. Kai Şpwc ja doŰme lŢgo pio kŘtw, h apŘnthsh dŢnetai apŞ touc ‘ekjŚtec Lyapunov’ pou orŢzontai san katŘllhla asumptwtikŘ Şria autŠc thc nŞrmac.

ApŞ ton kanŞna thc alusŢdac, D_xf^n = D_f n−1_{(x)}f · · · D_{f(x)}f · D_xf, opŞte

‖D_xf^n‖ ≤ n−1∏ j=0 ‖D_f j_{(x)}f‖.

An sunŚbaine h teleutaŢa anisŞthta na Štan isŞthta, tŞte, jŚtontac f(x) = log ‖D_xf‖, ja eŢqame Şti^1_n log ‖D_xf^n‖ =^1_n ∑_{n−1} j=0 f(T^j(x)) kai, Śtsi, ja mporoŰsame na qrhsimopoioŰsame to ergodikŞ jeŤrhma tou Birkhoff, an xŚrame Şti h ‖D_xf‖ Štan fragmŚnh apŞ kŘtw (Ťste h f na Štan oloklhrŤsimh). EpomŚnwc, ta problŠmata sthn qrŠsh autoŰ tou ergodikoŰ jewrŠmatoc eŢnai Şti afenŞc den isqŰei isŞthta gia to ∑_{n−1} j=0 f(T^j(x)) kai afetŚrou oi sunartŠseic log ‖D_xf‖ mporeŢ na mhn eŢnai oloklhrŤsimec kai akŞmh mporeŢ na paŢrnoun thn timŠ −∞. JŚtontac Şmwc f_n(x) = log ‖D_xf^n‖, tŞte afenŞc isqŰei kŘpoia sunjŠkh upajroistikŞthtac kai afetŚrou h f^+_n = max{0, f_n} gŢnetai oloklhrŤsimh (epeidŠ h f_n eŢnai fragmŚnh apŞ pŘnw). Oi parathrŠseic autŚc odŠghsan sto onomazŞmeno ‘upajroistikŞ’ ergodikŞ jeŤrhma tou Kingman, pou ja doŰme sth sunŚqeia.

2.i. To UpajroistikŞ ErgodikŞ JeŤrhma

ArqŢzoume me Śna apotŚlesma pou dŢnei plhroforŢec gia thn aŰxhsh twn normŤn ‖D_xf^n‖, kajŤc n → +∞. PrŞtash 2.1. ’Estw f : M → M Śnac diafomorfismŞc C^1 miac sumpagoŰc pollaplŞthtac Riemann M, gia ton opoŢon to μ ∈ E(M, f) eŢnai Śna ergodikŞ mŚtro. TŞte upŘrqei Śna

λ ∈ R tŚtoio Ťste lim_{n→+∞}^1_n log ‖Dxf^n‖ = λ, gia sqedŞn (wc proc μ) Şla ta x ∈ M.

ParatŠrhsh 2.1. H nŞrma ‖D_xf^n‖ thc grammikŠc apeikŞnishc D_xf^n : T_xM → T_f n_{(x)}M exartŘtai profanŤc apŞ tic nŞrmec twn T_xM, T_f n_{(x)}M, oi opoŢec me th seirŘ touc exartŤntai apŞ th metrikŠ tou Riemann pou epilŚgetai gia thn pollaplŞthta M. An Şmwc dialŚgame mia Řllh metrikŠ tou Riemann gia thn M, ja paŢrname to Ţdio akribŤc Şrio gia to λ, epeidŠ Şlec autŚc oi metrikŚc eŢnai isodŰnamec metaxŰ touc, afoŰ tŞte ja prostŢjeto mia stajerŘ sto log ‖D_xf^n‖, thc opoŢac h suneisforŘ sto^1_n log ‖D_xf^n‖ ja exafanizŞtan, kajŤc n → +∞.

To prohgoŰmeno apotŚlesma den eŢnai parŘ Śna aplŞ pŞrisma tou parakŘtw genikoŰ ergodikoŰ jewrŠmatoc.

JeŤrhma 2.1. (To UpajroistikŞ ErgodikŞ JeŤrhma tou Kingman.) ’Estw (X, A, μ) Śnac qŤroc mŚtrou pijanŞthtac kai T : X → X mia metrŠsimh apeikŞnish, gia thn opoŢa to μ ∈ E(X, T ) eŢnai Śna ergodikŞ mŚtro. ’Estw {f_n}_{n=1, ... ,+∞} ⊂ L^1(X, A, μ) mia akoloujŢa sunartŠsewn pou eŢnai tŚtoiec Ťste, gia kŘje n, k ≥ 1,

f_{n+k}(x) ≤ f_n(x) + f_k(T^n(x)),

sqedŞn gia Şla ta x ∈ X (wc proc μ). (H sqŚsh autŠ onomŘzetai ‘upajroistikŠ sunjŠkh.’) TŞte

(i) upŘrqei λ ∈ R ∪ {−∞} tŚtoio Ťste lim_{n→+∞} 1 n f_n(x) = λ, sqedŞn gia Şla ta x ∈ X,

(ii) to λ dŢnetai wc λ = inf_{n≥1}{ 1 n ∫ X f_n dμ}. To upajroistikŞ ergodikŞ jeŤrhma arqikŘ diatupŤjhke kai apodeŢqjhke apŞ ton Kingman (deŢte [Kingman73]). Sto biblŢo tou [Pollicott93] dŢnetai h pio prŞsfath allŘ kai pio sŰntomh apŞdeixh twn Katznelson kai Weiss ([KW82]).

ApŞdeixh thc PrŞtashc 2.1 apŞ to UpajroistikŞ ErgodikŞ JeŤrhma. PaŢrnoume X = M kai f_n(x) = log ‖D_xf^n‖. ParathroŰme Şti, epeidŠ h D_xf^n eŢnai fragmŚnh, afoŰ h M eŢnai sumpagŠc kai h x → D_xf^n suneqŠc, Śpetai Şti h f_n eŢnai oloklhrŤsimh (gia kŘje n ≥ 1). ApŞ ton kanŞna thc alusŢdac, Śqoume ‖D_xf^{n+k}‖ = ‖D_f n_{(x)}f^k · D_xf^n‖ ≤ ‖D_f n_{(x)}f^k‖‖D_xf^n‖. PaŢrnontac logŘrijmouc, brŢskoume Şti isqŰei h upajroistikŠ sunjŠkh, opŞte to upajroistikŞ ergodikŞ jeŤrhma sunepŘgetai thn epijumhtŠ Űparxh tou λ.

H perŢptwsh λ = −∞ den mporeŢ na isqŰei tŤra. PrŘgmati, epeidŠ ‖D_xf^n‖ = ‖ ( D_f n_{(x)}f^{−n} )_{−1} ‖ ≥ 1 ‖D_f n_{(x)}(f^{−1})^n‖ ≥ 1 ‖D_xf^{−1}‖ , Śpetai Şti^1_n log ‖D_xf^n‖ ≥^1_n log ‖D_xf^{−1}‖^{−n} = − log ‖D_xf^{−1}‖, gia kŘje n ≥ 1.EpomŚnwc, h f_n eŢnai omoiŞmorfa fragmŚnh apŞ kŘtw kai to Şrio λ prŚpei na eŢnai peperasmŚno. (QrhsimopoioŰme to gegonŞc Şti ‖L^{−1}‖ ≥ 1/‖L‖, gia kŘje antistreptŞ grammikŞ telestŠ L.) �

2.ii. To PollaplasiastikŞ ErgodikŞ JeŤrhma

UpojŚtoume tŤra Şti Śqoume mia apeikŞnish f pou eŢnai Śnac diafomorfismŞc tŘxhc C^1 pŘnw se mia sumpagŠ pollaplŞthta M diŘstashc d. TŞte, profanŤc oi efaptŞmenoi qŤroi T_xM eŢnai d-diŘstatoi grammikoŢ qŤroi kai oi parŘgwgoi D_xf^n : T_xM → T_f n_{(x)}M mporoŰn na anaparastajoŰn wc pŢnakec d × d (wc proc opoiadŠpote bŘsh twn efaptŞmenwn qŤrwn). H PrŞtash 2.1 mac dŢnei kŘpoia genikŠ plhroforŢa gia ton asumptwtikŞ rujmŞ aŰxhshc thc nŞrmac autŤn twn pinŘkwn. UpŘrqoun Şmwc oxŰterec ektimŠseic, oi opoŢec perigrŘfontai sto apotŚlesma pou akoloujeŢ, Şpou eisŘgontai oi ‘ekjŚtec Lyapunov.’

JeŤrhma 2.2. (To PollaplasiastikŞ ErgodikŞ JeŤrhma tou Oseledec.) ’Estw f : M → M Śnac diafomorfismŞc C^1 miac sumpagoŰc pollaplŞthtac Riemann M diŘstashc d, gia ton opoŢon to μ ∈ E(M, f) eŢnai Śna ergodikŞ mŚtro. TŞte upŘrqoun:

(i) k pragmatikoŢ arijmoŢ λ_1 > λ_2 > · · · > λ_k, Şpou k ≤ d,

(ii) k jetikoŢ akŚraioi m_1, m_2, . . . , m_k tŚtoioi Ťste m_1 + · · · + m_k = d,

(iii) Śna sŰnolo A ∈ A me f(A) ⊂ A kai μ(A) = 1 tŚtoio Ťste, gia kŘje x ∈ A, na upŘrqei h metrŠsimh anŘlush T_xM = E^1_x ⊕ E^2_x ⊕ · · · ⊕ E^k_x me dim E^j_x = m_j, D_xf(E^j_x) = E^j_{f(x)} kai tŚtoia Ťste lim n→+∞ 1 n log ‖D_xf^n(u)‖ = λ_j, Ştan u ∈ E^j_x r {0}, j = 1, . . . , k. EpiplŚon, gia kŘje x ∈ A, upŘrqei o pŢnakac lim_{n→+∞} ( (D_xf^n)^†D_xf^n )_{1/2n} = Λ_x kai Śqei idiotimŚc e^{λ1} , . . . , e^{λk} me antŢstoiqec pollaplŞthtec m_1, . . . , m_k.

Oi arijmoŢ λ_1, . . . , λ_k onomŘzontai ekjŚtec Lyapunov tou ergodikoŰ mŚtrou μ me antŢstoiqec pollaplŞthtec m_1, . . . , m_k kai me antŢstoiqouc idioqŤrouc E^1_x, . . . , E^k_x se kŘje x ∈ A. To jeŤrhma tou Oseledec ([Oseledec68]) apodeiknŰetai Şqi me aplŞ trŞpo kai upŘrqoun arketŚc diaforetikŚc apodeŢxeic tou. O [Pollicott93] dŢnei mia sqetikŘ aplŠ apŞdeixh gia thn perŢptwsh epifaneiŤn (dhladŠ, pollaplotŠtwn diŘstashc 2). Stouc [Ruelle79] kai [Walters82] mporeŢ na brejeŢ h apŞdeixh thc genikŠc perŢptwshc (deŢte epŢshc ton [Mañé87]).

ParatŠrhsh 2.2. (i) LŚgontac ‘metrŠsimh anŘlush’ sto jeŤrhma tou Oseledec ennooŰme Şti h apeikŞnish x → E^j_x eŢnai metrŠsimh, gia kŘje j = 1, . . . , k.

(ii) Den eŢnai dŰskolo na dei kaneŢc Şti to λ thc PrŞtashc 2.1 den eŢnai Řllo parŘ o mŚgistoc ekjŚthc Lyapunov λ_1.

(iii) AntikajistŤntac thn f me thn f^{−1}, opoiodŠpote ergodikŞ mŚtro gia thn f eŢnai epŢshc ergodikŞ mŚtro gia thn f^{−1}. H diaforŘ eŢnai Şti to μ ∈ E(M, f) Śqei touc ekjŚtec Lyapunov λ_1 > · · · > λ_k, enŤ to μ ∈ E(M, f^{−1}) Śqei touc ekjŚtec Lyapunov −λ_k > · · · > −λ_1. EpomŚnwc, metŘ to mŚroc (ii) autŠc thc paratŠrhshc, o mŚgistoc ekjŚthc Lyapunov λ_1 kai o elŘqistoc ekjŚthc Lyapunov λ_k dŢnontai apŞ tic sqŚseic (gia sqedŞn ` wc proc μ ` Şla ta x ∈ M)

λ_1 = lim_{n→+∞} 1 n log ‖D_xf^n‖, λ_k = − lim_{n→+∞} 1 n log ‖D_xf^{−n}‖. (iv) ’Estw Şti gia ton diafomorfismŞ f : M → M o (kanonikopoihmŚnoc) Şgkoc eŢnai Śna analloŢwto kai epŢshc ergodikŞ mŚtro. EpeidŠ o f diathreŢ touc Şgkouc, Śqei IakwbianŠ Ţsh me 1, dhladŠ, e^{λ1} · · · e^{λk} = 1 Š λ_1 + · · · + λ_k = 0. Sthn eidikŠ perŢptwsh enŞc tŚtoiou diafomorfismoŰ pŘnw se mia disdiŘstath pollaplŞthta M (dhladŠ, mia epifŘneia) prokŰptei Şti λ_1 = −λ_2.

(v) DojeŢshc miac epifŘneiac M kai enŞc shmeŢou x ∈ M mporoŰme qwrŢc duskolŢa na kataskeuŘsoume Śnan diafomorfismŞ f : M → M Śtsi Ťste f(x) = x kai h parŘgwgoc D_xf na Śqei idiotimŚc e^{λ1} kai e^{λ2} (me λ_1 > λ_2). PaŢrnontac san ergodikŞ mŚtro to mŚtro Dirac μ = δ_x, blŚpoume Şti ta λ_1, λ_2 eŢnai oi ekjŚtec Lyapunov gia autŞ to mŚtro. ProfanŤc, h kataskeuŠ autŠ mporeŢ na epanalhfjeŢ gia opoiodŠpote Řllo shmeŢo y ∈ M kai gia opoiodŠpote Řllo zeugŘri pragmatikŤn arijmŤn pou ja gŢnoun duo Řlloi ekjŚtec Lyapunov. AutŞ deŢqnei Şti oi ekjŚtec Lyapunov den eŢnai monadikoŢ allŘ exartŤntai apŞ to epilegŞmeno ergodikŞ mŚtro.

ParŘdeigma 2.1. ’Estw o disdiŘstatoc tŞroc M = R^2 /Z^2 kai h apeikŞnish f : M → M thc metaforŘc (Š peristrofŠc stic suntetagmŚnec tou tŞrou) f : M → M, f(x_1, x_2) = (x_1+a_1, x_2+ a_2) (mod 1), Şpou (a_1, a_2) ∈ R^2 kai^{a1}_{a2} /∈ Q, opŞte to (kanonikopoihmŚno) mŚtro Lebesgue– Haar eŢnai ergodikŞ. EpeidŠ, gia kŘje x ∈ M, D_xf =

[_1 0 0 1 ] , Śqoume D_xf^n(u) = u, gia kŘje n ≥ 1 kai gia kŘje u ∈ T_xM. EpomŚnwc, lim_{n→+∞}^1_n ‖D_xf^n(u)‖ = lim_{n→+∞}^1_n ‖u‖ = 0, gia kŘje u ∈ T_xM, dhladŠ, oi ekjŚtec Lyapunov eŢnai λ_1 = λ_2 = 0. �

ParŘdeigma 2.2. PŘli ston disdiŘstato tŞro M = R^2 /Z^2 jewroŰme thn apeikŞnish f : M → M, f(x_1, x_2) = (2x_1 + x_2, x_1 + x_2) (mod 1), gia thn opoŢa pŘli to (kanonikopoihmŚno) mŚtro Lebesgue–Haar eŢnai ergodikŞ. Se kŘje x ∈ M, Śqoume D_xf =

[_2 1 1 1 ] me idiotimŚc (3 ± √ 5)/2.

EpomŚnwc, oi ekjŚtec Lyapunov eŢnai λ_1 = log(3 + √ 5)/2 kai λ_2 = log(3 − √ 5)/2. EpiplŚon, h anŘlush T_xM = R^2 = E^1_x ⊕E^2_x den metabŘlletai me to x kai oi E^1_x kai E^2_x eŢnai oi ‘metatopŢseic’ twn idioqŤrwn thc D_xf sto (0, 0) + Z^2. �

ParŘdeigma 2.3. JewroŰme thn apeikŞnish tou petŘlou tou Smale. Gia thn kataskeuŠ tou petŘlou tou Smale, arqŢzei kaneŢc me thn gnwstŠ apeikŞnish pou orŢzetai se Śna orjogŤnio R

tou R^2 , gia na thn epekteŢnei se Śna diafomorfismŞ f : M → M pou orŢzetai sthn monadiaŢa

sfaŢra S^2 tou R^3 (deŢte [PdM82]). UpojŚtoume Şti h apeikŞnish f sustŚllei to orjogŤnio (sto R ∩ f^{−1}(R)) sthn orizŞntia dieŰjunsh katŘ β = 1/α < 1/2 kai to diastŚllei (sto R ∩ f(R)) sthn katakŞrufh dieŰjunsh katŘ α > 2.

’Estw Ω = ⋃_{+∞} n=−∞ f −n(R) to mh`periplanŤmeno sŰnolo thc f, dhladŠ, to sŰnolo Şlwn twn shmeŢwn tou R pou paramŚnoun sto R kŘtw apŞ Şlec tic epanalŠyeic thc f kai proc ta mproc kai proc ta pŢsw. To sŰnolo Ω eŢnai omoiomorfikŞ me Śna sŰnolo Cantor kai h f|Ω eŢnai topologikŘ isodŰnamh me thn apeikŞnish metatŞpishc sto {0, 1}Z ([Robinson95]). An μ = (^1_2 ,^1_2 )Z eŢnai to fusikŞ mŚtro Bernoulli sto Ω (dhladŠ, tŚtoio Ťste kŘje sunistŤsa tou ⋂_{+q} n=−p f −n(R) na Śqei mŚtro

(_1 2 )_{p+q+1} ), tŞte to μ eŢnai ergodikŞ.

Se kŘje x ∈ Ω, Śqoume D_xf = [_α 0 0 1/α ] . EpomŚnwc, oi ekjŚtec Lyapunov eŢnai λ_1 = − log α kai λ_2 = log α kai h anŘlush T_xM = R^2 = E^1_x ⊕ E^2_x antistoiqeŢ sthn orizŞntia (sustellŞmenh) kai thn katakŞrufh (diastellŞmenh) dieŰjunsh. �

2.iii. EkjŚtec Lyapunov ApeikonŢsewn DiasthmŘtwn

Sthn parŘgrafo autŠ ja asqolhjoŰme me monodiŘstata dunamikŘ sustŠmata pou parŘgontai apŞ mia eidikŠ kathgorŢa apeikonŢsewn apŞ to diŘsthma I = [0, 1] ston eautŞ tou: Mia apeikŞnish f : I → I onomŘzetai katŘ tmŠmata monŞtonh an upŘrqei Śnac diamerismŞc {I_1, I_2, . . . , I_r} tou I se Śna peperasmŚno plŠjoc diasthmŘtwn (anŘ duo xŚnwn metaxŰ touc) Śtsi Ťste, gia kŘje j = 1, . . . , r, o periorismŞc f|I_j : I_j → I na eŢnai mia monŞtonh kai suneqŠc apeikŞnish. Mia katŘ tmŠmata monŞtonh apeikŞnish f onomŘzetai katŘ tmŠmata C^r an kŘje periorismŞc f|I_j eŢnai tŘxhc C^r kai Śqei fragmŚnh parŘgwgo tŘxhc r.

OrismŞc 2.1. ’Estw f : I → I mia katŘ tmŠmata C^1 monŞtonh apeikŞnish. O ekjŚthc Lya-

punov thc f sto x ∈ I orŢzetai wc

λ(x) = lim_{n→+∞} 1 n log |(f^n)^′(x)| = lim_{n→+∞} 1 n n−1∑ j=0 log |f^′(f^j(x))| ,

efŞson to Şrio autŞ upŘrqei.

Gia na apantŠsoume to erŤthma thc Űparxhc tou orŢou λ(x), qreiŘzetai na prosdŤsoume sto I = [0, 1] domŠ qŤrou mŚtrou, efodiŘzontŘc to me th sunŠjh s-Řlgebra Borel. TŞte, to ergodikŞ jeŤrhma tou Birkhoff mac dŢnei amŚswc thn parakŘtw apŘnthsh.

PrŞtash 2.2. ’Estw f : I → I mia katŘ tmŠmata C^1 monŞtonh apeikŞnish, gia thn opoŢa to μ ∈ E(I, f) eŢnai Śna ergodikŞ mŚtro. TŞte upŘrqei Śna λ_μ ∈ R tŚtoio Ťste λ(x) = λ_μ, gia sqedŞn (wc proc μ) Şla ta x ∈ I. To λ_μ onomŘzetai ekjŚthc Lyapunov tou ergodikoŰ mŚtrou μ kai dŢnetai wc λ_μ = ∫ I log |f^′| dμ. Sto shmeŢo autŞ, ja upenjumŢsoume Şti, Ştan Śqoume duo mŚtra μ kai ν, orismŚna sto Ţdio sŰnolo X me thn Ţdia s-Řlgebra A, lŚme Şti to μ eŢnai apolŰtwc suneqŚc wc proc to ν (kai grŘfoume μ ≪ ν), an, gia kŘje A ∈ A me ν(A) = 0, na Śqoume kai μ(A) = 0. ’Otan ta μ kai ν eŢnai mŚtra pijanŞthtac, sŰmfwna me to JeŤrhma Radon–Nikodym, μ ≪ ν an kai mŞnon an upŘrqei monadikŠ (s.p.) sunŘrthsh ϕ ∈ L^1(X, A, ν), ϕ ≥ 0, ∫ X ϕ dν = 1, pou onomŘzetai puknŞthta kai eŢnai tŚtoia Ťste μ(A) = ∫ A ϕ dν, gia kŘje A ∈ A.

ParŘdeigma 2.4. JewroŰme th logistikŠ apeikŞnish f : [0, 1] → [0, 1] (gia stajerŘ Ţsh me 4) pou dŢnetai wc f(x) = 4x(1 − x). MporeŢ na brejeŢ (deŢte [LM94]) Şti h apeikŞnish autŠ Śqei Śna ergodikŞ analloŢwto mŚtro μ, to opoŢo eŢnai apolŰtwc suneqŚc wc proc to mŚtro Lebesgue kai antistoiqeŢ sthn puknŞthta ϕ(x) = 1 π √ x(1 − x) . EpomŚnwc, o ekjŚthc Lyapunov

λ_μ = λ gia to ergodikŞ mŚtro autŠc thc logistikŠc apeikŞnishc mporeŢ na upologisjeŢ apŞ

to oloklŠrwma λ =

∫_1 0 log |4 − 8x| π √ x(1 − x) dx. AntŢ Şmwc na upologŢsoume to oloklŠrwma autŞ,

mporoŰme na qrhsimopoiŠsoume to gegonŞc Şti autŠ h logistikŠ apeikŞnish f eŢnai isodŰnamh mŚsw tou diafomorfismoŰ h : [0, 1] → [0, 1], h(x) =^1_2 −^1_2 cos(πx), me thn apeikŞnish thc tŚntac T (x) = 1 − 2|x −^1_2 |, x ∈ [0, 1] (deŢte [LM94]). ParathrŤntac tŞte Şti afenŞc to mŚtro Lebesgue sto [0, 1] eŢnai to monadikŞ analloŢwto mŚtro gia thn apeikŞnish thc tŚntac kai Şti duo isodŰnamec apeikonŢseic Śqoun touc Ţdiouc ekjŚtec Lyapunov, brŢskoume amŚswc Şti o ekjŚthc Lyapunov gia to ergodikŞ mŚtro autŠc thc logistikŠc apeikŞnishc eŢnai λ = log 2. �

’Estw Şti Śqoume duo mŚtra μ kai ν, orismŚna sto Ţdio sŰnolo me ta Ţdia metrŠsima uposŰnola, kai Śstw mia apeikŞnish sto sŰnolo pou orŢzontai ta mŚtra. An to μ Štan ergodikŞ gia thn apeikŞnish autŠ, ja ikanopoiŞntan h sunjŠkh sŰgklishc tou ergodikoŰ jewrŠmatoc tou Birkhoff. To erŤthma tŤra eŢnai tŢ eŢdouc mŚtro prŚpei na eŢnai to μ Ťste na ikanopoieŢ mia asjenŠ (se sqŚsh me to mŚtro ν) sunjŠkh sŰgklishc tou ergodikoŰ jewrŠmatoc tou Birkhoff? H apŘnthsh dŢnetai ston parakŘtw orismŞ.

OrismŞc 2.2. ’Estw μ kai ν dŰo mŚtra orismŚna sto Ţdio sŰnolo X me thn Ţdia s-Řlgebra A kai Śstw mia apeikŞnish T : X → X. To μ onomŘzetai mŚtro Bowen–Ruelle–Sinai (Š suntomografikŘ mŚtro B.R.S.) wc proc to ν an isqŰei mia apŞ tic exŠc duo isodŰnamec sunjŠkec:

(i) Gia kŘje f ∈ C(X), Śqoume lim n→+∞ 1 n n−1∑ j=0 f(T^j(x)) = ∫ X f dμ, gia Śna sŰnolo shmeŢwn x ∈ X, pou Śqei jetikŞ mŚtro ν.

(ii) IsqŰei h sŰgklish sthn asjenŠ^∗ topologŢa tou M(X) lim n→+∞ 1 n n−1∑ j=0 δ_T j_{(x)} = μ, gia Śna sŰnolo shmeŢwn x ∈ X, pou Śqei jetikŞ mŚtro ν.

ProfanŤc, an to mŚtro μ eŢnai afenŞc apolŰtwc suneqŚc proc to ν kai afetŚrou ergodikŞ, tŞte to μ eŢnai mŚtro B.R.S. wc proc to ν.

Sto ParŘdeigma 2.4 eŢdame mia suneqŠ katŘ tmŠmata monŞtonh apeikŞnish (th logistikŠ apeikŞnish gia stajerŘ Ţsh me 4), gia thn opoŢa to mŚtro Lebesgue den eŢnai analloŢwto, allŘ h apeikŞnish autŠ Śqei Śna ergodikŞ mŚtro apolŰtwc suneqŚc wc proc to mŚtro Lebesgue (dhladŠ, Śqei Śna mŚtro B.R.S. wc proc to mŚtro Lebesgue). H apeikŞnish autŠ eŢnai mia polŰ eidikŠ perŢptwsh twn apeikonŢsewn miac genikŞterhc kathgorŢac apeikonŢsewn sto diŘsthma, oi opoŢec orŢzontai sth sunŚqeia kai gia tic opoŢec mporoŰn kŘtw apŞ orismŚnec sunjŠkec na orisjoŰn mŚtra B.R.S..

OrismŞc 2.3. (i) Mia katŘ tmŠmata monŞtonh apeikŞnish f : I → I (I = [0, 1]) onomŘzetai monotropikŠ (unimodal) an eŢnai suneqŠc, katŘ duo tmŠmata monŞtonh (opŞte h f Śqei monadikŞ krŢsimo shmeŢo c sto eswterikŞ tou I) kai f(∂I) ⊂ ∂I.

(ii) Mia monotropikŠ apeikŞnish f : I → I tŘxhc C^3 onomŘzetai S-monotropikŠ (Sunimodal) an to krŢsimo shmeŢo thc c eŢnai mh`epŢpedo kai h f Śqei arnhtikŠ parŘgwgo tou Schwarz sto I.

LŚme Şti to krŢsimo shmeŢo c thc f eŢnai mh`epŢpedo an upŘrqei Śnac diafomorfismŞc

ϕ: R → I tŘxhc C^2 me ϕ(0) = c Śtsi Ťste f ∘ ϕ na eŢnai Śna poluŤnumo kontŘ sthn arqŠ.

H parŘgwgoc tou Schwarz thc f orŢzetai wc Sf = f^{′′′} f^′ − 3 2 ( f^{′′} f^′ )_2 . An Sf ≤ 0, tŞte

Sf^n ≤ 0, gia Şlec tic epanalŠyeic f^n thc f. EpiplŚon, Sf ≤ 0 an kai mŞnon an h 1 √ |f^′| eŢnai kurtŠ se kŘje diŘsthma monotonŢac thc f (deŢte [Misiurewicz81], Şpou apodeiknŰetai kai h Űparxh apolŰtwc suneqŤn analloiŤtwn mŚtrwn kŘtw apŞ orismŚnec sunjŠkec).

Gia tic S-monotropikŚc apeikonŢseic upŘrqei to epŞmeno shmantikŞ apotŚlesma tou Keller pou susqetŢzei ekjŚtec Lyapunov me mŚtra B.R.S..

JeŤrhma 2.3. (Keller.) ’Estw f : I → I mia S-monotropikŠ apeikŞnish. TŞte upŘrqei mia stajerŘ λ_f ∈ R tŚtoia Ťste, sqedŞn (wc proc to mŚtro Lebesgue) gia Şla ta x ∈ I,

lim sup n→+∞ 1 n log |(f^n)^′(x)| = λ_f ,

kai, an λ_f ≠ 0, upŘrqei Śna mŚtro B.R.S. (wc proc to mŚtro Lebesgue) kai o ekjŚthc Lyapunov gia to mŚtro autŞ eŢnai lim_{n→+∞}^1_n log |(f^n)^′(x)| = λ_f , sqedŞn (wc proc to mŚtro Lebesgue) gia Şla ta x ∈ I. Pio sugkekrimŚna:

(i) λ_f > 0 an kai mŞnon an h f Śqei Śna apolŰtwc suneqŚc analloŢwto mŚtro μ pou eŢnai mŚtro B.R.S. (wc proc to mŚtro Lebesgue).

(ii) λ_f < 0 an kai mŞnon an h f Śqei Śnan eustajŠ periodikŞ elkustŠ pou sthrŢzei Śna mŚtro B.R.S. (wc proc to mŚtro Lebesgue).

H apŞdeixh tou jewrŠmatoc autoŰ mporeŢ na brejeŢ sthn ergasŢa tou Keller ([Keller90]) Š sto biblŢo twn de Melo kai van Strien ([dMvS93]).

Ac parathrŠsoume Şti to prohgoŰmeno apotŚlesma tou Keller den perilambŘnei thn perŢptwsh λ_f = 0. ApŞ thn jemeliŤdouc shmasŢac douleiŘ tou Guckenheimer ([Guckenheimer79]) gia thn topologikŠ taxinŞmhsh twn S–monotropikŤn apeikonŢsewn, gnwrŢzoume Şti, ektŞc tou periodikoŰ elkustŠ, h mŞnh Řllh perŢptwsh me λ_f = 0 eŢnai o swlhnoeidŠc elkustŠc. AllŘ kai pŘli, epeidŠ sthn perŢptwsh autŠ o periorismŞc thc f ston elkustŠ apodeiknŰetai Şti eŢnai topologikŘ suzugŠc me mia mh`anagwgŢsimh peristrofŠ pŘnw se mia sumpagŠ omŘda, upŘrqei monadikŞ analloŢwto mŚtro pou eŰkola diapistŤnetai Şti eŢnai mŚtro B.R.S..

EdŤ prŚpei na epishmŘnoume Şti o Johnson Śqei brei mia kathgorŢa S–monotropikŤn apeikonŢsewn, oi opoŢec den Śqoun kanŚna apolŰtwc suneqŚc analloŢwto mŚtro kai oŰte kanŚnan periodikŞ Š swlhnoeidŠ elkustŠ ([Johnson87]). ProfanŤc, gia tic apeikonŢseic autŚc ja prŚpei λ_f = 0. EpiplŚon, Şpwc Śqei apodeiqjeŢ apŞ touc Hofbauer kai Keller ([HK90]), akŞmh kai mŚsa sthn kathgorŢa twn tetragwnikŤn apeikonŢsewn (thc morfŠc thc logistikŠc apeikŞnishc f_a(x) = ax(1 − x)) upŘrqoun apeikonŢseic qwrŢc na Śqoun kanŚna mŚtro B.R.S..

3. EntropŢa

3.i. Metro`JewrhtikŠ EntropŢa katŘ Kolmogorov–Sinai

’Estw (X, A, μ) Śnac qŤroc mŚtrou pijanŞthtac. ’Enac diamerismŞc tou X eŢnai mia sullogŠ apŞ metrŠsima uposŰnola, anŘ duo xŚna metaxŰ touc, twn opoŢwn h Śnwsh eŢnai to X. Oi diamerismoŢ ja sumbolŢzontai me mikrŘ ellhnikŘ grŘmmata, p.q., ξ, η, ... kok. KurŢwc, endiaferŞmaste gia metrŠsimouc diamerismoŰc: O diamerismŞc ξ onomŘzetai metrŠsimoc an μ(A ∩ B) = 0, gia A, B ∈ ξ, A ≠ B, kai μ(X r ⋃ A∈ξ A) = 0. EpŢshc, sunŠjwc endiaferŞmaste gia peperasmŚnouc diamerismoŰc: O diamerismŞc ξ eŢnai peperasmŚnoc, Ştan o plhjŘrijmŞc tou card ξ = k < +∞, opŞte ξ = {A_1, ..., A_k}. UpŘrqei mia profanŠc merikŠ diŘtaxh metaxŰ diamerismŤn: DojŚntwn duo diamerismŤn ξ kai η tou (X, A, μ), lŚme Şti o η eŢnai mia eklŚptunsh tou ξ Š Şti o ξ eŢnai upotaktikŞc tou η kai grŘfoume ξ ≤ η an, gia kŘje B ∈ η, upŘrqei Śna A ∈ ξ Śtsi Ťste B ⊂ A. Mia profanŠc eklŚptunsh twn diamerismŤn ξ kai η eŢnai h sŰnayŠ touc, pou sumbolŢzetai wc ξ ∨ η kai orŢzetai san o diamerismŞc ξ ∨ η = {A ∩ B : A ∈ ξ, B ∈ η}. ParŞmoia, orŢzetai h sŰnayh twn n diamerismŤn ξ_1, ..., ξ_n kai sumbolŢzetai wc ⋁_n j=1 ξ_j = ξ_1 ∨ · · · ∨ ξ_n. TŚloc, lŚme Şti oi diamerismoŢ ξ kai η eŢnai anexŘrthtoi an μ(A ∩ B) = μ(A) · μ(B), gia kŘje A ∈ ξ, B ∈ η.

OrismŞc 3.1. H entropŢa tou diamerismoŰ ξ gia to mŚtro μ orŢzetai wc

H_μ(ξ) = − ∑ A∈ξ μ(A) log μ(A),

Şpou sumfwnoŰme na jewroŰme 0 log 0 = 0 kai epŢshc mporoŰme na paraleŢpoume ton deŢkth μ apŞ to H_μ(ξ), Ştan eŢnai safŚc Şti anaferŞmaste sto mŚtro μ. ’Otan o diamerismŞc ξ eŢnai arijmŠsima Řpeiroc, h entropŢa tou mporeŢ na eŢnai Řpeirh.

’Opwc exhgeŢtai sto biblŢo [Walters82], h H(ξ) eŢnai Śna mŚtro thc abebaiŞthtac pou apomakrŰnetai (Š thc plhroforŢac pou kerdŢzetai), Ştan ekteleŢtai Śna peŢrama, tou opoŢou to sŰnolo twn apotelesmŘtwn eŢnai {A: A ∈ ξ}.

OrismŞc 3.2. DojŚntoc tou diamerismoŰ ξ kai tou x ∈ X sumbolŢzoume me C_ξ(x) to stoiqeŢo tou ξ pou periŚqei to x. H sunŘrthsh I_ξ : X → R,

I_ξ(x) = − log μ(C_ξ(x))

onomŘzetai sunŘrthsh plhroforŢac tou diamerismoŰ ξ gia to mŚtro μ. (Sto pedŢo orismoŰ thc sunŘrthshc autŠc den lambŘnontai upŞyh ta x me μ(C_ξ(x)) = 0.)

ApŞ touc prohgoŰmenouc orismoŰc Śqoume thn exŠc anaparŘstash thc entropŢac tou ξ: H_μ(ξ) = ∫ X I_ξ dμ. Ston parakŘtw orismŞ qrhsimopoioŰme to upŞ sunjŠkh mŚtro (pijanŞthtac) wc μ(A | B) = μ(A ∩ B)/μ(B), gia A, B ∈ A, μ(B) > 0. OrismŞc 3.3. ’Estw duo diamerismoŢ ξ kai η tou (X, A, μ). H upŞ sunjŠkh entropŢa tou diamerismoŰ ξ wc proc ton diamerismŞ η (gia to mŚtro μ) orŢzetai wc H(ξ | η) = − ∑ B∈η μ(B) ∑ A∈ξ μ(A | B) log μ(A | B).

’Opwc lŢgo pio prin, orŢzontac th sunŘrthsh upŞ sunjŠkh plhroforŢac I_{ξ,η}(x) = − log μ(C_ξ(x) | C_η(x)), brŢskoume amŚswc mia deŰterh Śkfrash gia thn upŞ sunjŠkh entropŢa diamerismŤn H(ξ | η) = ∫ X I_{ξ,η} dμ. H epŞmenh prŞtash sunoyŢzei tic basikŚc idiŞthtec thc entropŢac kai thc upŞ sunjŠkh entropŢac diamerismŤn.

PrŞtash 3.1. ’Estw oi diamerismoŢ ξ, η kai ζ tou (X, A, μ). TŞte:

(i) 0 < − log(sup_{A∈ξ} μ(A)) ≤ H(ξ) ≤ log card ξ kai, Ştan o ξ eŢnai peperasmŚnoc, H(ξ) = log card ξ an kai mŞnon an Şla ta mŚlh tou ξ Śqoun to Ţdio mŚtro.

(ii) 0 ≤ H(ξ | η) ≤ H(ξ). H(ξ | η) = H(ξ) an kai mŞnon an oi diamerismoŢ ξ kai η eŢnai anexŘrthtoi. H(ξ | η) = 0 an kai mŞnon an ξ ≤ η. An ζ ≥ η, tŞte H(ξ | ζ) ≤ H(ξ | η).

(iii) H(ξ ∨ η | ζ) = H(ξ | ζ) + H(η | ξ ∨ ζ). OpŞte, gia ζ = {X}, paŢrnoume H(ξ ∨ η) = H(ξ) + H(η | ξ). (iv) H(ξ ∨ η | ζ) ≤ H(ξ | ζ) + H(η | ζ). OpŞte, gia ζ = {X}, paŢrnoume H(ξ ∨ η) ≤ H(ξ) + H(η). (v) H(ξ | η) + H(η | ζ) ≥ H(ξ | ζ). (vi) An to λ eŢnai Śna Řllo mŚtro sto X, tŞte, gia kŘje diamerismŞ ξ, pou eŢnai metrŠsimoc kai wc proc μ kai wc proc λ kai gia kŘje p ∈ [0, 1], Śqoume pH_μ(ξ) + (1 − p)H_λ(ξ) ≤ H_{pμ+(1−p)λ}(ξ). H apŞdeixh thc prŞtashc autŠc eŢnai aplŠ kai mporeŢ na brejeŢ sto biblŢo twn Katok kai Hasselblatt ([KH95]).

’Estw tŤra mia apeikŞnish T : X → X sto qŤro mŚtrou (X, A, μ) pou upojŚtoume Şti eŢnai μ-metro`diathrhtikŠ (dhladŠ, Şti to μ eŢnai analloŢwto gia thn T ). ProfanŤc isqŰei:

PrŞtash 3.2. An ξ eŢnai Śnac μ-metrŠsimoc diamerismŞc tou X, tŞte kai o diamerismŞc T^{−1}(ξ), pou orŢzetai wc T^{−1}(ξ) = {T^{−1}(A) : A ∈ ξ} eŢnai metrŠsimoc diamerismŞc tou X kai, epiplŚon, H(T^{−1}(ξ)) = H(ξ).

PrŞtash 3.3. An ξ eŢnai Śnac μ-metrŠsimoc diamerismŞc tou qŤrou mŚtrou pijanŞthtac (X, A, μ) kai T : X → X mia mia μ-metro`diathrhtikŠ apeikŞnish, tŞte to Şrio lim n→+∞ 1 n H n−1⋁ j=0 T^{−j}(ξ) upŘrqei.

ApŞdeixh. ’Estw a_n = H (⋁_{n−1} j=0 T^{−j}(ξ) ) ≥ 0. TŞte, apŞ to (iv) thc PrŞtashc 3.1 paŢrnoume

a_{n+p} = H n+p−1⋁

j=0 T^{−j}(ξ)

≤ H n−1⋁ j=0 T^{−j}(ξ) + H n+p−1⋁

j=n T^{−j}(ξ)

kai, epeidŠ apŞ thn PrŞtash 3.2, H (⋁_{n+p−1} j=n T^{−j}(ξ) ) = H (⋁_{p−1} j=0 T^{−j}(ξ) ) , katalŠgoume sto a_{n+p} ≤ a_n + a_p. ’Ara, afoŰ h akoloujŢa {a_n} eŢnai upoajroistikŠ, upŘrqei to zhtoŰmeno Şrio. � OrismŞc 3.4. ’Estw (X, A, μ) Śnac qŤroc mŚtrou pijanŞthtac, ξ Śnac μ-metrŠsimoc diamerismŞc tou X kai T : X → X mia μ-metro`diathrhtikŠ apeikŞnish. TŞte h metrikŠ (Š metro` jewrhtikŠ) entropŢa wc proc ton diamerismŞ ξ tou T −analloŢwtou mŚtrou μ (Š thc μ−metro`diathrhtikŠc apeikŞnishc T ) orŢzetai wc h_μ(T, ξ) = lim_{n→+∞} 1 n H_μ n−1⋁ j=0 T^{−j}(ξ) .

MporoŰme na paraleŢpoume ton deŢkth μ apŞ to h_μ(T, ξ), Ştan eŢnai safŚc Şti anaferŞmaste sto mŚtro μ.

OrismŞc 3.5. ’Estw (X, A, μ) Śnac qŤroc mŚtrou pijanŞthtac kai T : X → X mia μ-metro` diathrhtikŠ apeikŞnish. TŞte h metro`jewrhtikŠ (Š metrikŠ) entropŢa tou T −analloŢwtou mŚtrou μ (Š thc μ−metro`diathrhtikŠc apeikŞnishc T ) katŘ Kolmogorov–Sinai orŢzetai wc h_μ(T ) = sup{h_μ(T, ξ): ξ diamerismŞc tou X me H_μ(ξ) < +∞}.

PŘli mporoŰme na paraleŢpoume ton deŢkth μ apŞ to h_μ(T ), Ştan eŢnai safŚc Şti anaferŞmaste sto mŚtro μ.

Me Řlla lŞgia, h entropŢa h_μ(T ) ∈ [0, +∞] ekfrŘzei Śna mŚtro tou pŞso polŰ abebaiŞthta (Š pŞso lŢgh plhroforŢa) gia th mellontikŠ prŞbleyh mac dŢnei h gnŤsh thc katŘstashc tou sustŠmatoc apŞ to pareljŞn wc to parŞn. ’Etsi, Śna sŰsthma mhdenikŠc entropŢac mporeŢ na jewrhjeŢ plŠrwc aitiokratikŞ, me thn Śnnoia Şti h gnŤsh tou pareljŞntoc mporeŢ na prosdiorŢsei to mŚllon tou.

Sto epŞmeno apotŚlesma paratŢjentai kŘpoiec apŞ tic basikŚc idiŞthtec thc entropŢac. (ApodeŢxeic sto [Walters82] Š kai [KH95].)

PrŞtash 3.4. (i) h_μ(id_X ) = 0, Şpou id_X eŢnai h tautotikŠ apeikŞnish sto X.

(ii) h_μ(T^k) = kh_μ(T ), gia kŘje k ∈ N. An h T eŢnai antistrŚyimh, tŞte h_μ(T^{−1}) = h_μ(T ), opŞte h_μ(T^k) = |k|h_μ(T ), gia kŘje k ∈ Z.

(iii) An μ, λ ∈ M(X, T ) kai p ∈ [0, 1], tŞte h_{pμ+(1−p)λ}(T ) ≥ ph_μ(T ) + (1 − p)h_λ(T ). SŰmfwna me to jeŤrhma pou akoloujeŢ, h entropŢa mŚnei analloŢwth se metro`jewrhtikŚc suzugŢec. Gia na orŢsoume tic suzugŢec autŚc, qreiŘzetai prŤta na epekteŢnoume touc orismoŰc thc metrhsimŞthtac kai thc metro`diathrhtikŞthtac gia apeikonŢseic metaxŰ diaforetikŤn qŤrwn mŚtrwn. ’Estw loipŞn (X_1, A_1, μ_1) kai (X_2, A_2, μ_2) duo qŤroi mŚtrwn pijanŞthtac kai T : X_1 → X_2 mia apeikŞnish. TŞte, h T eŢnai metrŠsimh an T^{−1}(A_2) ⊂ A_1 kai metro` diathrhtikŠ an eŢnai metrŠsimh kai μ_1(T^{−1}(A)) = μ_2(A), gia kŘje A ∈ A_2. AkŞmh, upenjumŢzoume Şti, dojŚntoc tou qŤrou mŚtrou pijanŞthtac (X, A, μ), Śna M ∈ A me μ(M) > 0 efodiasmŚno me th s-Řlgebra M ∩ A kai to mŚtro^1_{μ(M)} (μ|M) sugkroteŢ Śna qŤro mŚtrou pijanŞthtac.

OrismŞc 3.6. ’Estw (X, A, μ), (Y, B, ν) duo qŤroi mŚtrwn pijanotŠtwn kai T : X → X, S : Y → Y duo metro`diathrhtikŚc apeikonŢseic, gia ta mŚtra μ kai ν, antistoŢqwc. H apeikŞnish S onomŘzetai metro`jewrhtikŞc (Š metrikŞc) parŘgontac thc apeikŞnishc T an upŘrqoun:

• duo sŰnola M ∈ A, N ∈ B me μ(M) = ν(N) = 1,

• kai mia apeikŞnish φ: M → N, pou eŢnai epŢ kai metro`diathrhtikŠ,

Śtsi Ťste na isqŰei s.p. (wc proc μ) ston X φ ∘ T = S ∘ φ, dhladŠ, na antimetatŢjetai s.p. to diŘgramma: M ⊂ X^T−−−→ X ⊃ M φ φ N ⊂ Y −−−→_S Y ⊃ N An, epiplŚon, h apeikŞnish φ eŢnai Śna`proc`Śna, opŞte antistreptŠ, kai h antŢstrofh apeikŞnish φ^{−1} eŢnai ki autŠ metro`diathrhtikŠ, tŞte oi apeikonŢseic T, S onomŘzontai metro` jewrhtikŘ (Š metrikŘ) suzugeŢc.

JeŤrhma 3.1. ’Estw (X, A, μ), (Y, B, ν) duo qŤroi mŚtrwn pijanotŠtwn kai S : X → X, T : Y → Y duo metro`diathrhtikŚc apeikonŢseic, gia ta mŚtra μ kai ν, antistoŢqwc. An h S eŢnai metro`jewrhtikŞc parŘgontac thc T , tŞte h_μ(S) ≤ h_ν(T ). Kai Řra, an oi T, S eŢnai metro`jewrhtikŘ suzugeŢc, tŞte h_μ(T ) = h_ν (S).

ApŞdeixh. Gia opoiodŠpote metrŠsimo diamerismŞ η tou N, to φ^{−1}(η) = {φ^{−1}(B) : B ∈ η} eŢnai metrŠsimoc diamerismŞc tou M kai ex orismoŰ H_μ(φ^{−1}(η)) = H_ν(η) kai h_μ(T, φ^{−1}(η)) = h_ν(S, η). SunepŤc, h_μ(T ) = sup{h_μ(T, ξ) : H_μ(ξ) < ∞} ≥ sup{h_μ(T, φ^{−1}(η)) : H_μ(φ^{−1}(η)) < ∞} = sup{h_ν (S, η): H_ν(η) < ∞} = h_ν(S). �

ErqŞmaste tŤra sto krŢsimo jŚma tou upologismoŰ thc metrikŠc entropŢac katŘ Kolmogorov–Sinai. Ta epŞmena duo apotelŚsmata lŚne Şti mporoŰme na apofŰgoume na pŘroume to supremum gia Şlouc touc diamerismoŰc ston orismŞ autŠc thc entropŢac kai na upologŢsoume thn entropŢa eŢte san thn entropŢa enŞc orŢou entropiŤn katallŠlwn diamerismŤn Š akŞmh san thn entropŢa enŞc katŘllhla epilegmŚnou diamerismoŰ.

JeŤrhma 3.2. ’Estw (X, A, μ) Śnac qŤroc mŚtrou pijanŞthtac kai T : X → X mia μmetro`diathrhtikŠ apeikŞnish. An {ξ_n}_{n=1,2,...} eŢnai mia akoloujŢa metrŠsimwn diamerismŤn tou X me H_μ(ξ_n) < ∞, gia kŘje n ≥ 1, pou eŢnai tŚtoia Ťste “ξ_n → A,” kajŤc n → +∞ (me thn Śnnoia Şti, gia kŘje ε > 0 kai A ∈ A, upŘrqoun m ≥ 1 kai B_1, ..., B_r ∈ ξ_m Śtsi Ťste μ ( A △ ⋃_r j=1 B_j ) < ε), tŞte h_μ(T, ξ_n) → h_μ(T ), kajŤc n → +∞.

H apŞdeixh tou jewrŠmatoc autoŰ periŚqetai sto biblŢo tou Parry ([Parry81]).

JeŤrhma 3.3. (Kolmogorov–Sinai.) ’Estw (X, A, μ) Śnac qŤroc mŚtrou pijanŞthtac kai T : X → X mia μ-metro`diathrhtikŠ apeikŞnish.

(i) An ξ eŢnai Śnac metrŠsimoc diamerismŞc tou X me H_μ(ξ) < ∞ tŚtoioc Ťste h s-

Řlgebra pou parŘgetai apŞ thn +∞⋁ n=0 T^{−n}(ξ) na eŢnai h Ţdia h A (opŞte o diamerismŞc ξ

onomŘzetai monŞpleuroc gennŠtorac gia thn T ), tŞte h_μ(T ) = h_μ(T, ξ).

(ii) An, epiplŚon, h T eŢnai antistreptŠ me thn T^{−1} μ-metro`diathrhtikŠ kai ξ eŢnai Śnac metrŠsimoc diamerismŞc tou X me H_μ(ξ) < ∞ tŚtoioc Ťste h s-Řlgebra pou parŘgetai

apŞ thn +∞⋁ n=−∞ T^n(ξ) na eŢnai h Ţdia h A (opŞte o diamerismŞc ξ onomŘzetai dŢpleuroc

gennŠtorac gia thn T ), tŞte h_μ(T ) = h_μ(T, ξ).

H apŞdeixh tou jewrŠmatoc twn Kolmogorov–Sinai upŘrqei sta biblŢa twn [Parry81] kai [Walters82].

ApŞ ta parapŘnw blŚpoume pwc h entropŢa katŘ Kolmogorov–Sinai eŢnai Śnac deŢkthc thc taqŰthtac sŰgklishc tou mŚtrou kŘpoiwn sunŞlwn. TŚtoiec Şmwc ektimŠseic sugklŢsewn eŢqan arqikŘ (1948) dieureunhjeŢ sthn klasikŠ jewrŢa thc plhroforŢac tou Shannon. To epŞmeno apotŚlesma, pou apoteleŢ to ergodikŞ jeŤrhma thc jewrŢac thc plhroforŢac, diasafhnŢzei th sqŚsh entropŢac`plhroforŢac. (DeŢte thn apŞdeixŠ tou sto biblŢo tou [Parry81], sel. 39-41.)

JeŤrhma 3.4. (Shannon–McMillan–Breiman.) ’Estw (X, A, μ) Śnac qŤroc mŚtrou pijanŞthtac, T : X → X mia μ-ergodikŠ apeikŞnish kai ξ Śnac metrŠsimoc diamerismŞc tou X me H_μ(ξ) < ∞, o opoŢoc upotŢjetai Şti eŢnai Śnac monŞpleuroc gennŠtorac gia thn T . Gia kŘje x ∈ X, sumbolŢzoume me C_{ξ,n}(x) to stoiqeŢo tou diamerismoŰ ⋁_{n−1} j=0 T^{−j}(ξ) pou periŚqei to x. TŞte lim n→+∞ − 1 n log μ(C_{ξ,n}(x)) = h_μ(T ),

sqedŞn (wc proc μ) gia Şla ta x ∈ X.

3.ii. Metro`JewrhtikŠ EntropŢa katŘ Katok

ErqŞmaste tŤra se Śnan deŰtero orismŞ thc entropŢac pou eŢnai isodŰnamoc me ton prohgoŰmeno allŘ Śqei to pleonŚkthma eŰkolwn upologismŤn. Gia to skopŞ autŞ, upojŚtoume tŤra Şti to X eŢnai Śnac sumpagŠc metrikŞc qŤroc me metrikŠ d(· , ·) kai Şti h T : X → X eŢnai Śnac omoiomorfismŞc tou X, dhladŠ, mia suneqŠc antistreptŠ apeikŞnish me suneqŠ antŢstrofh. EpiplŚon, Śstw μ ∈ M(X, T ) Śna T -analloŢwto mŚtro.

TŞte orŢzoume ta exŠc megŚjh:

(i) Gia kŘje akŚraio n ≥ 1, orŢzoume mia nŚa metrikŠ d_{n,T} sto X wc d_{n,T} (x, y) = max_{0≤j≤n} d(T^n(x), T^n(y)). (ii) DojŚntwn n ≥ 1, δ > 0, ε > 0, Śna peperasmŚno sŰnolo K ⊂ X onomŘzetai (n, ε, δ)` kalŰpton sŰnolo an h Śnwsh ⋃ x∈K B_ε(x; d_{n,T} ) twn ε-mpallŤn B_ε(x; d_{n,T} ) = {y ∈ X :

d_{n,T} (x, y) < ε} ston metrikŞ qŤro (X, d_{n,T} ) me kŚntra sta shmeŢa x ∈ X Śqei mŚtro μ megalŰtero Š Ţso proc 1 − δ.

(iii) ’Estw N_T (n, ε, δ) o mikrŞteroc dunatŞc plhjŘrijmoc twn (n, ε, δ)`kaluptŞntwn sunŞlwn, dhladŠ, N_T (n, ε, δ) = min{card K : K eŢnai Śna (n, ε, δ)`kalŰpton sŰnolo}.

ParathroŰme Şti, gia stajerŘ ε, δ, h apeikŞnish n → N_T (n, ε, δ) eŢnai monotŞnwc aŰxousa, gia stajerŘ n, δ, h apeikŞnish ε → N_T (n, ε, δ) eŢnai monotŞnwc fjŢnousa kajŤc kai, gia stajerŘ n, ε, h apeikŞnish δ → N_T (n, ε, δ) eŢnai monotŞnwc fjŢnousa.

OrismŞc 3.7. ([Katok80]) An X, T, μ eŢnai Şpwc parapŘnw, tŞte h metro`jewrhtikŠ (Š metrikŠ) entropŢa tou T −analloŢwtou mŚtrou μ (Š thc μ−metro`diathrhtikŠc apeikŞnishc T ) katŘ Katok orŢzetai wc

h_{μ,Katok}(T ) = lim_{ε→0} lim inf_{n→+∞} 1 n log N_T (n, ε, δ) = lim_{ε→0} lim sup_{n→+∞} 1 n log N_T (n, ε, δ), gia kŘje δ > 0 (me thn Śnnoia Şti ta prohgoŰmena Şria eŢnai anexŘrthta tou δ).

H isodunamŢa twn duo orismŤn thc entropŢac, twn Kolmogorov–Sinai kai Katok, dŢnetai apŞ to exŠc apotŚlesma.

JeŤrhma 3.5. An X, T, μ eŢnai Şpwc parapŘnw, tŞte isqŰei h_{μ,Katok}(T ) = h_μ(T ).

H apŞdeixh tou jewrŠmatoc autoŰ brŢsketai sthn arqikŠ ergasŢa tou Katok ([Katok80]) allŘ mia enallaktikŠ apŞdeixh upŘrqei sto biblŢo tou Pollicott ([Pollicott93]).

IsqŰei h exŠc topologikŠ ekdoqŠ tou JewrŠmatoc Shannon–McMillan–Breiman pou apodeŢqjhke apŞ touc Brin kai Katok ([BK83]).

JeŤrhma 3.6. (Brin–Katok.) ’Estw X Śnac sumpagŠc metrikŞc qŤroc kai T : X → X mia suneqŠc apeikŞnish, gia thn opoŢan to μ ∈ E(X, T ) eŢnai Śna ergodikŞ mŚtro. ’Estw B_ε(x; d_{n,T} ) = {y ∈ X : d_{n,T} (x, y) < ε} h mpŘlla ston (X, d_{n,T} ) me kŚntro to shmeŢo x ∈ X kai aktŢna ε > 0. TŞte

lim_{ε→0} lim inf n→+∞ − 1 n log μ(B_ε(x; d_{n,T} )) = lim_{ε→0} lim sup_{n→+∞} − 1 n log μ(B_ε(x; d_{n,T} )) = h_μ(T ),

sqedŞn (wc proc μ) gia Şla ta x ∈ X.

ParŘdeigma 3.1. ’Estw o disdiŘstatoc tŞroc M = R^2 /Z^2 kai h apeikŞnish f : M → M thc metaforŘc (Š peristrofŠc stic suntetagmŚnec tou tŞrou) f : M → M, f(x_1, x_2) = (x_1+a_1, x_2+ a_2) (mod 1), Şpou (a_1, a_2) ∈ R^2 kai^{a1}_{a2} /∈ Q, opŞte to (kanonikopoihmŚno) mŚtro Lebesgue– Haar eŢnai ergodikŞ. EpeidŠ h f eŢnai isometrŢa, Śqoume d(f^j(x), f^j(y)) = d(x, y), gia kŘje j ≥ 1, dhladŠ, d_{n,f} (x, y) = d(x, y), gia kŘje n ≥ 1. EpomŚnwc, N_f (n, ε, δ) = N_f (1, ε, δ), gia kŘje n ≥ 1, kai Śtsi h_μ(f) = lim_{ε→0} lim inf_{n→+∞}^1_n log N_f (1, ε, δ) = 0. �

ParŘdeigma 3.2. PŘli ston disdiŘstato tŞro M = R^2 /Z^2 jewroŰme thn apeikŞnish f : M → M, f(x_1, x_2) = (2x_1 + x_2, x_1 + x_2) (mod 1). EpeidŠ h arqŠ (0, 0) eŢnai stajerŞ shmeŢo thc f, to mŚtro Dirac μ = δ_{(0,0)} eŢnai ergodikŞ analloŢwto mŚtro. ApŞ ton orismŞ thc entropŢac katŘ Katok, to monosŰnolo K = {(0, 0)} eŢnai pŘnta Śna (n, ε, δ)`kalŰpton sŰnolo gia to mŚtro autŞ. AutŞ shmaŢnei Şti N_f (n, ε, δ) = 1 kai, Řra, h_μ(f) = lim_{ε→0} lim inf_{n→+∞}^1_n log 1 = 0. �

ParŘdeigma 3.3. ’Estw M, f Şpwc sto prohgoŰmeno parŘdeigma. Ac jewrŠsoume tŤra wc analloŢwto mŚtro to mŚtro Lebesgue–Haar. Se kŘje x ∈ M, Śqoume D_xf =

[_2 1 1 1 ] me idiotimŚc λ_1, λ_2 = (3 ± √ 5)/2. TŞte, eŢnai eŰkolo na diapistŤsoume Şti upŘrqoun duo stajerŚc c, C > 0 tŚtoiec Ťste na Śqoume c ≤^{Nf (n,ε,δ)}_λn_1 ≤ C, gia arketŘ megŘla n, opŞte, h_μ(f) = lim_{ε→0} lim inf_{n→+∞}^1_n log λ^n_1 = log λ_1. �

3.iii. Metro`JewrhtikŠ EntropŢa kai EkjŚtec Lyapunov

’Opwc mporeŢ kaneŢc na upoyiasjeŢ apŞ to ParŘdeigma 3.3, upŘrqei kŘpoia sqŚsh metaxŰ metro` jewrhtikŠc entropŢac kai ekjetŤn Lyapunov. To genikŞ apotŚlesma eŢnai to epŞmeno, to opoŢo arqikŘ apodeŢqjhke apŞ ton Ruelle ([Ruelle78]) kai gia autŞ fŚrei to ŞnomŘ tou (mia aplŠ apŞdeixŠ tou upŘrqei sto biblŢo tou [Pollicott93]).

JeŤrhma 3.7. (H AnisŞthta tou Ruelle.) ’Estw f : M → M Śnac diafomorfismŞc C^1 miac sumpagoŰc pollaplŞthtac Riemann M diŘstashc d, gia ton opoŢon to μ ∈ E(M, f) eŢnai Śna ergodikŞ mŚtro. ’Estw λ_1, ..., λ_k oi ekjŚtec Lyapunov tou μ me antŢstoiqec pollaplŞthtec m_1, ..., m_k. TŞte isqŰei h anisŞthta: h_μ(f) ≤ ∑ λ_j >0 m_jλ_j. ParatŠrhsh 3.1. An antikatastŠsoume ton diafomorfismŞ f me ton antŢstrofŞ tou f^{−1}, o antŢstrofoc diafomorfismŞc ja Śqei to Ţdio ergodikŞ mŚtro μ kai thn Ţdia entropŢa, allŘ ja allŘxei to prŞshmo twn ekjetŤn Lyapunov. TŞte h anisŞthta tou Ruelle gŢnetai: −h_μ(f) ≥ ∑ λ_j <0 m_jλ_j. H perŢptwsh thc isŞthtac sth sqŚsh tou prohgoŰmenou jewrŠmatoc Śqei arqikŘ dieureunhjeŢ apŞ ton Pesin (deŢte thn ergasŢa tou [Pesin77]) kai gia autŞ fŚrei to ŞnomŘ tou.

JeŤrhma 3.8. (H IsŞthta tou Pesin.) ’Estw f : M → M Śnac diafomorfismŞc C^{1+α} (dhladŠ, Hölder C^1) miac sumpagoŰc pollaplŞthtac Riemann M diŘstashc d, gia ton opoŢon to μ ∈ E(M, f) eŢnai Śna ergodikŞ mŚtro kai, epiplŚon, eŢnai apolŰtwc suneqŚc wc proc to mŚtro Lebesgue sthn M. TŞte isqŰei h isŞthta:

h_μ(f) = ∑ λ_j >0 m_jλ_j.

San mia Řmesh efarmogŠ twn prohgoumŚnwn, prokŰptei o parakŘtw upologismŞc thc entropŢac enŞc grammikoŰ automorfismoŰ tou n-diŘstatou tŞrou T^n = S^1 × · · · × S^1 (n forŚc) wc proc to mŚtro Lebesgue–Haar. (AutomorfismŞc shmaŢnei antistreptŠ apeikŞnish pou h Ţdia kai h antŢstrofŠ thc eŢnai kai oi duo metrŠsimec.) To apotŚlesma autŞ eŢqe arqikŘ apodeiqjeŢ to 1958 apŞ ton Sinai me stoiqeiŤdeic mejŞdouc. Gia thn exagwgŠ tou apŞ thn isŞthta tou Pesin kai thn anisŞthta tou Ruelle deŢte sto biblŢo [Mañé87].

PŞrisma 3.1. ’Estw A : T^n → T^n Śnac grammikŞc automorfismŞc tou tŞrou T^n me idiotimŚc α_1, ..., α_n kai Śstw μ to (kanonikopoihmŚno) mŚtro Lebesgue–Haar ston T^n. TŞte isqŰei h isŞthta: h_μ(f) = ∑ |α_j |>1 log |α_j|. 3.iv. TopologikŠ EntropŢa

ErqŞmaste tŤra sthn Śnnoia thc topologikŠc entropŢac, gia thn opoŢa den qreiazŞmaste kajŞlou thn domŠ tou qŤrou mŚtrou parŘ mŞnon mia topologikŠ domŠ (kai gia autŞ h onomasŢa). PrŚpei na poŰme Şti upŘrqoun duo diaforetikoŢ orismoŢ topologikŠc entropŢac, pou apodeiknŰetai Şmwc Şti eŢnai isodŰnamoi.

XekinŘme me ton palaiŞtero orismŞ thc topologikŠc entropŢac, pou dŞjhke apŞ touc Adler, Konheim & McAndrew to 1965 ([AKM65]) kai proqwrŘ parŘllhla me ton orismŞ thc metrojewrhtikŠc entropŢac twn Kolmogorov & Sinai, me thn diaforŘ Şti antŢ gia diamerismoŰc jewreŢ kalŰmmata.

’Estw X Śnac sumpagŠc topologikŞc qŤroc. ’Ena anoiktŞ kŘlumma tou X eŢnai mia sullogŠ apŞ anoiktŘ uposŰnola, twn opoŢwn h Śnwsh eŢnai to X. Ta anoiktŘ kalŰmmata suqnŘ ja sumbolŢzontai, Şpwc oi diamerismoŢ, me mikrŘ ellhnikŘ grŘmmata, p.q., α, β, ... kok. To anoiktŞ kŘlumma α onomŘzetai peperasmŚno, Ştan o plhjŘrijmŞc tou card α = k < +∞, opŞte α = {A_1, ..., A_k}. ’Opwc stouc diamerismoŰc, upŘrqei mia profanŠc merikŠ diŘtaxh metaxŰ kalummŘtwn: DojŚntwn duo anoiktŤn kalummŘtwn α kai β tou X, lŚme Şti to β eŢnai mia eklŚptunsh tou α Š Şti to α eŢnai upotaktikŞ tou β kai grŘfoume α ≤ β an, gia kŘje B ∈ β, upŘrqei Śna A ∈ α Śtsi Ťste B ⊂ A. Mia profanŠc eklŚptunsh twn anoiktŤn kalummŘtwn α kai β eŢnai h sŰnayŠ touc, pou sumbolŢzetai wc α ∨ β kai orŢzetai san to anoiktŞ kŘlumma α ∨ β = {A ∩ B : A ∈ α, B ∈ β}. ParŞmoia, orŢzetai h sŰnayh twn n anoiktŤn kalummŘtwn α_1, ..., α_n kai sumbolŢzetai wc ⋁_n j=1 α_j = α_1 ∨ · · · ∨ α_n.

DojŚntoc tou anoiktoŰ kalŰmmatoc α tou X, mia uposullogŠ β twn anoiktŤn sunŞlwn, pou apartŢzoun to kŘlumma α, onomŘzetai (anoiktŞ) upokŘlumma tou X, an h Śnwsh Şlwn twn uposunŞlwn thc uposullogŠc β eŢnai pŘli to X. ProfanŤc, Ştan β upokŘlumma tou α, tŞte α ≤ β. OrismŞc 3.8. H entropŢa tou anoiktoŰ kalŰmmatoc α tou X orŢzetai wc

H(α) = log N(α),

Şpou N(α) eŢnai o mikrŞteroc dunatŞc plhjŘrijmoc (dhladŠ, arijmŞc stoiqeŢwn) twn peperasmŚnwn anoiktŤn upokalummŘtwn tou α, pou shmaŢnei Şti N(α) = min{card β : β peperasmŚno anoiktŞ upokŘllumma tou α}.

Oi parakŘtw treic protŘseic apodeiknŰontai eŰkola. (DeŢte [Walters82] gia tic leptomŚrec.)

PrŞtash 3.5. ’Estw ta anoiktŘ kalŰmmata α, β tou X. TŞte:

(i) H(α) ≥ 0.

(ii) H(α) = 0 ⇔ N(α) = 1 ⇔ X ∈ α. (iii) An α ≤ β, tŞte H(α) ≤ H(β). (iv) H(α ∨ β) ≤ H(α) + H(β).

’Estw tŤra mia suneqŠc apeikŞnish T : X → X.

PrŞtash 3.6. An α eŢnai Śna anoiktŞ kŘlumma tou X, tŞte kai to T^{−1}(α) = {T^{−1}(A) : A ∈ α} eŢnai anoiktŞ kŘlumma tou X kai H(T^{−1}(α)) ≤ H(α). An, epiplŚon, h T eŢnai epŢ, H(T^{−1}(α)) = H(α).

PrŞtash 3.7. An α eŢnai Śna anoiktŞ kŘlumma tou X kai T : X → X mia suneqŠc apeikŞnish, tŞte to Şrio lim_{n→+∞} 1 n H n−1⋁ j=0 T^{−j}(α) upŘrqei.

’Etsi, eŢmaste se jŚsh na diatupŤsoume ton orismŞ twn Adler, Konheim & McAndrew thc topologikŠc entropŢac.

OrismŞc 3.9. ([AKM65]) ’Estw X Śnac sumpagŠc topologikŞc qŤroc, α Śna anoiktŞ kŘlumma tou X kai T : X → X mia suneqŠc apeikŞnish. TŞte h topologikŠ entropŢa wc proc to kŘlumma α thc apeikŞnishc T katŘ Adler, Konheim & McAndrew orŢzetai wc

h_{top}(T, α) = lim_{n→+∞} 1 n H n−1⋁ j=0 T^{−j}(α) .

OrismŞc 3.10. ([AKM65]) ’Estw X Śnac sumpagŠc topologikŞc qŤroc kai T : X → X mia suneqŠc apeikŞnish. TŞte h topologikŠ entropŢa thc apeikŞnishc T katŘ Adler, Konheim & McAndrew orŢzetai wc h_{top}(T ) = sup{h_{top}(T, α): α anoiktŞ kŘlumma tou X}.

ErqŞmaste tŤra na dŤsoume Śnan deŰtero (isodŰnamo) orismŞ topologikŠc entropŢac pou epinoŠjhke to 1970 xeqwristŘ apŞ ton Bowen ([Bowen70]) kai ton Dinaburg ([Dinaburg70]) kai gia autŞ fŚrei ta onŞmatŘ touc.

UpojŚtoume tŤra Şti X eŢnai Śnac sumpagŠc metrikŞc qŤroc (me metrikŠ d(· , ·)). Sthn pragmatikŞthta, h upŞjesh thc sumpagŞthtac tou X eŢnai perittŠ (me katŘllhlec tropopoiŠseic, Şpwc Śdeixe o Bowen).

PrŤta orŢzoume ta exŠc megŚjh:

(i) Gia kŘje akŚraio n ≥ 1, orŢzoume mia nŚa metrikŠ d_{n,T} sto X wc d_{n,T} (x, y) = max_{0≤j≤n} d(T^n(x), T^n(y)).

(ii) DojŚntwn n ≥ 1, ε > 0, Śna sŰnolo F ⊂ X onomŘzetai (n, ε)`kalŰpton sŰnolo an X ⊂ ⋃ x∈F B_ε(x; d_{n,T} ), Şpou B_ε(x; d_{n,T} ) = {y ∈ X : d_{n,T} (x, y) < ε} sumbolŢzei thn mpŘlla ston metrikŞ qŤro (X, d_{n,T} ) me kŚntro sto shmeŢo x ∈ X kai aktŢna ε > 0.

(iii) ’Estw r_T (n, ε) o mikrŞteroc dunatŞc plhjŘrijmoc twn (n, ε)`kaluptŞntwn sunŞlwn, dhladŠ, r_T (n, ε) = min{card F : F eŢnai Śna (n, ε)`kalŰpton sŰnolo}.

(iv) DojŚntwn n ≥ 1, ε > 0, Śna sŰnolo E ⊂ X onomŘzetai (n, ε)`diaqwrismŚno an, gia kŘje duo diaforetikŘ shmeŢa x, y ∈ E, x ≠ y, upŘrqei toulŘqiston Śna k ∈ [0, n) Śtsi Ťste d_{n,T} (x, y) > ε. (v) ’Estw s_T (n, ε) o megalŰteroc dunatŞc plhjŘrijmoc twn (n, ε)`diaqwrismŚnwn sunŞlwn, dhladŠ, s_T (n, ε) = max{card E : E eŢnai Śna (n, ε)`diaqwrismŚno sŰnolo}.

ParathroŰme Şti, gia stajerŞ n, oi apeikonŢseic ε → r_T (n, ε) kai ε → s_T (n, ε) eŢnai kai oi duo monotŞnwc fjŢnousec kai Şti isqŰoun oi anisŞthtec s_T (n, 2ε) ≤ r_T (n, ε) ≤ s_T (n, ε). An orŢsoume touc ekjetikoŰc rujmoŰc aŰxhshc twn r_T (n, ε) kai s_T (n, ε) wc

h(f, ε) = lim inf_{n→+∞} 1 n log r_T (n, ε), h(f, ε) = lim sup_{n→+∞} 1 n log s_T (n, ε), epeidŠ ta h(f, ε), h(f, ε) eŢnai mh`fjŢnousec sunartŠseic tou ε, orŢzontai ta antŢstoiqa Şria, kajŤc ε → 0. SŰmfwna me touc Bowen kai Dinaburg ta duo Şria autŘ tautŢzontai kai h koinŠ timŠ touc orŢzei thn topologikŠ entropŢa.

OrismŞc 3.11. ([Bowen70] & [Dinaburg70]) ’Estw (X, d) Śnac (sumpagŠc) metrikŞc qŤroc kai T : X → X mia suneqŠc apeikŞnish. TŞte h topologikŠ entropŢa thc apeikŞnishc T katŘ Bowen & Dinaburg orŢzetai wc

h_{top,BD}(T ; d) = lim_{ε→0} lim inf_{n→+∞} 1 n log r_T (n, ε) = lim_{ε→0} lim sup_{n→+∞} 1 n log s_T (n, ε), Şpou h exŘrthsh autŠc thc entropŢac apŞ th metrikŠ d upodeiknŰetai me to sumbolismŞ autŞ.

Sthn pragmatikŞthta, apodeiknŰetai (deŢte [Walters82] Š [KH95]) Şti h topologikŠ entropŢa katŘ Bowen & Dinaburg paŢrnei thn Ţdia timŠ gia isodŰnamec metrikŚc:

PrŞtash 3.8. An d^′ eŢnai mia Řllh metrikŠ sto X pou orŢzei thn Ţdia topologŢa me thn d, tŞte h_{top,BD}(T ; d^′) = h_{top,BD}(T ; d).

EpiplŚon, apodeiknŰetai Şti oi entropŢec katŘ Bowen & Dinaburg kai katŘ Adler, Konheim & McAndrew tautŢzontai (deŢte [Walters82] gia thn apŞdeixh):

JeŤrhma 3.9. An X eŢnai Śnac sumpagŠc metrikopoiŠsimoc topologikŞc qŤroc, d mia opoiadŠpote metrikŠ sto X kai T : X → X mia suneqŠc apeikŞnish, tŞte

h_{top}(T ) = h_{top,BD}(T ; d).

Sto epŞmeno apotŚlesma paratŢjentai kŘpoiec apŞ tic basikŚc idiŞthtec thc topologikŠc entropŢac. (ApodeŢxeic sto [Walters82] Š kai [KH95].)

PrŞtash 3.9. (i) h_{top}(T ) ≥ 0.

(ii) h_{top}(id_X ) = 0, Şpou id_X eŢnai h tautotikŠ apeikŞnish sto X.

(iii) h_{top}(T^k) = |k|h_{top}(T ), gia kŘje k ∈ Z.

(iv) An Λ eŢnai Śna T -analloŢwto (me thn Śnnoia, T (Λ) = Λ) kleistŞ sŰnolo tou X, tŞte h_{top}(T |Λ) ≤ h_{top}(T ).

SŰmfwna me to jeŤrhma pou akoloujeŢ h topologikŠ entropŢa mŚnei analloŢwth se topologikŚc suzugŢec, pou orŢzontai wc exŠc:

OrismŞc 3.12. ’Estw X, Y duo topologikoŢ qŤroi kai T : X → X, S : Y → Y duo suneqeŢc apeikonŢseic. H apeikŞnish S onomŘzetai topologikŞc parŘgontac thc apeikŞnishc T an upŘrqei mia apeikŞnish φ: X → Y , pou eŢnai epŢ kai suneqŠc Śtsi Ťste na isqŰei ston X φ ∘ T = S ∘ φ, dhladŠ, na antimetatŢjetai to diŘgramma: X^T−−−→ X φ φ Y −−−→_S Y An, epiplŚon, h apeikŞnish φ eŢnai Śna`proc`Śna, opŞte antistreptŠ, kai h antŢstrofh apeikŞnish φ^{−1} eŢnai ki autŠ suneqŠc (dhladŠ, an h φ eŢnai Śnac omoiomorfismŞc), tŞte oi apeikonŢseic T, S onomŘzontai topologikŘ suzugeŢc.

JeŤrhma 3.10. ’Estw X, Y duo sumpageŢc metrikopoiŠsimoi topologikoŢ qŤroi kai T : X → X, S : Y → Y duo suneqeŢc apeikonŢseic. An h S eŢnai topologikŞc parŘgontac thc T , tŞte h_{top}(S) ≤ h_{top}(T ). Kai Řra, an oi T, S eŢnai topologikŘ suzugeŢc, tŞte h_{top}(T ) = h_{top}(S).

ApŞdeixh. ’Estw d_X , d_Y oi metrikŚc twn X, Y (antistoŢqwc) kai Śstw φ : X → Y h epŢ kai suneqŠc apeikŞnish tŚtoia Ťste φ ∘ T = S ∘ φ. ProfanŤc, h φ eŢnai omoiomŞrfwc suneqŠc, opŞte, gia kŘje ε > 0, upŘrqei δ = δ(ε) > 0 tŚtoio Ťste d_X (x_1, x_2) < δ na sunepŘgetai d_Y (φ(x_1), φ(x_2)) < ε. EpomŚnwc, h eikŞna kŘje mpŘllac B_δ(x; (d_X )_{n,T} ) tou X brŢsketai mŚsa se mia mpŘlla B_ε(y; (d_Y )_{n,S}) tou Y kai, Řra, r_T (n, δ; d_X ) ≥ r_S(n, ε; d_Y ). PaŢrnontac logarŢjmouc kai Şria, prokŰptei h zhtoŰmenh sqŚsh. �

AkoloujoŰn duo paradeŢgmata upologismoŰ thc topologikŠc entropŢac, pou gŢnetai mŚsw tou orismoŰ twn Bowen kai Dinaburg.

ParŘdeigma 3.4. ’Estw o disdiŘstatoc tŞroc M = R^2 /Z^2 kai h apeikŞnish f : M → M thc metaforŘc (Š peristrofŠc stic suntetagmŚnec tou tŞrou) f : M → M, f(x_1, x_2) = (x_1+a_1, x_2+ a_2) (mod 1), Şpou (a_1, a_2) ∈ R^2 . EpeidŠ h f eŢnai isometrŢa, Śqoume d(f^j(x), f^j(y)) = d(x, y), gia kŘje j ≥ 1, dhladŠ, d_{n,f} (x, y) = d(x, y), gia kŘje n ≥ 1. EpomŚnwc, r_f (n, ε) = r_f (1, ε), gia kŘje n ≥ 1, kai Śtsi h_{top}(f) = lim_{ε→0} lim inf_{n→+∞}^1_n log r_f (1, ε) = 0. �

ParŘdeigma 3.5. PŘli ston disdiŘstato tŞro M = R^2 /Z^2 jewroŰme thn apeikŞnish f : M → M, f(x_1, x_2) = (2x_1 + x_2, x_1 + x_2) (mod 1). Se kŘje x ∈ M, Śqoume D_xf =

[_2 1 1 1 ] me idiotimŚc λ_1, λ_2 = (3 ± √ 5)/2. TŞte, eŢnai eŰkolo na frŘxoume to r_f (n, ε), gia arketŘ megŘlec timŚc tou n, me fragmoŰc pou perilambŘnoun thn n-ostŠ dŰnamh λ^n_1 thc megalŰterhc idiotimŠc λ_1 = (3 + √ 5)/2. ’Etsi, paŢrnoume h_{top}(f) = lim_{ε→0} lim inf_{n→+∞}^1_n log r_f (n, ε) = log λ_1. �

H sqŚsh metaxŰ topologikŠc kai metro`jewrhtikŠc entropŢac dŢnetai apŞ to epŞmeno jemeliŤdec apotŚlesma (pou apodeiknŰetai sta biblŢa [Mañé87] kai [Walters82]).

JeŤrhma 3.11. (H ArqŠ BeltistopoŢhshc thc EntropŢac.) ’Estw X Śnac sumpagŠc metrikŞc qŤroc kai T : X → X mia suneqŠc apeikŞnish. TŞte h topologikŠ entropŢa thc T ikanopoieŢ th sqŚsh h_{top}(T ) = sup μ∈M(X,T ) h_μ(T ). TŚloc, stic parakŘtw protŘseic gŢnontai upologismoŢ thc topologikŠc entropŢac gia sugkekrimŚnouc tŰpouc apeikonŢsewn. Oi apodeŢxeic twn protŘsewn autŤn mporoŰn na brejoŰn sto biblŢo tou Walters ([Walters82]) kai stic paratijŚmenec anaforŚc.

PrŞtash 3.10. ’Estw X Śnac sumpagŠc metrikŞc qŤroc kai T : X → X mia apeikŞnish. An h T eŢnai eŢte isometrŢa Š sustolŠ Š periodikŠ, tŞte h_{top}(T ) = 0.

PrŞtash 3.11. An f : S^1 → S^1 eŢnai Śnac omoiomorfismŞc tou monadiaŢou kŰklou, tŞte h_{top}(f) = 0.

PrŞtash 3.12. An f : R^n → R^n eŢnai mia apeikŞnish Lipschitz me stajerŘ c, tŞte h_{top}(f) ≤ max{0, n log c}. PrŞtash 3.13. ’Estw f : M → M mia diaforŢsimh apeikŞnish se mia sumpagŠ pollaplŞthta Riemann M diŘstashc d. TŞte:

(i) ([Bowen71]) h_{top}(f) ≤ max{0, d log sup_{x∈M} ‖D_xf‖}.

(ii) ([S.Katok80]) h_{top}(f) ≤ log max_{x∈M} max_{L⊂TxM} | det D_xf|L|.

(iii) ([Przytycki80]) An h f eŢnai C^{1+α} kai M qwrŢc sŰnoro, tŞte

h_{top}(f) ≤ lim sup n→+∞ 1 n log max L⊂TxM ∫ M | det D_xf^n|L| dL(x). 3.v. TopologikŠ EntropŢa kai EkjŚtec Lyapunov

TŤra ja prospajŠsoume na diereunŠsoume kŘtw apŞ poiŘ sunjŠkh gia thn topologikŠ entropŢa Śqoume mh`mhdenikoŰc ekjŚtec Lyapunov. Sthn perŢptwsh diafomorfismoŰ se sumpagŠ pollaplŞthta, h sunjŠkh autŠ sumbaŢnei na eŢnai h jetikŞthta thc topologikŠc entropŢac, Şpwc deŢqnei to epŞmeno jeŤrhma. ParŘllhla, an epiplŚon h pollaplŞthta eŢnai disdiŘstath (dhladŠ, epifŘneia), h sunjŠkh autŠ sunepŘgetai Şti kai oi duo ekjŚtec Lyapunov eŢnai mh`mhdenikoŢ.

JeŤrhma 3.12. ’Estw f : M → M mia diaforŢsimh apeikŞnish se mia sumpagŠ pollaplŞthta M. An h_{top}(f) > 0, tŞte isqŰoun ta exŠc:

(i) UpŘrqei μ ∈ E(M, f) me mh`mhdenikŞ ekjŚth Lyapunov.

(ii) ’Otan dim M = 2, tŞte upŘrqei μ ∈ E(M, f) me ekjŚtec Lyapunov λ_1 > 0 > λ_2. ApŞdeixh. (i) ApŞ thn arqŠ beltistopoŢhshc thc entropŢac (JeŤrhma 3.11), upŘrqei Śna mŚtro μ ∈ M(M, f) tŚtoio Ťste h_{top}(f) ≥ h_μ(f) > 0. EpeidŠ to M(M, f) eŢnai kurtŞc qŤroc, tou opoŢou ta akraŢa shmeŢa eŢnai sto E(M, f) (JewrŠmata 1.5(iv) kai 1.6) kai h apeikŞnhsh M(M, f) ∋ μ → h_μ(f) ∈ R^+ eŢnai koŢlh (PrŞtash 3.4(iii)), qwrŢc na qŘsoume se genikŞthta mporoŰme na antikatastŠsoume to μ me Śna ergodikŞ mŚtro μ^′ ∈ E(M, f) (pou emfanŢzetai sthn ergodikŠ anŘlush tou μ ` JeŤrhma 1.6) kai na upojŚsoume Şti akŞmh isqŰei h sunjŠkh h_μ′ (f) > 0. OpŞte h anisŞthta tou Ruelle (JeŤrhma 3.7) sunepŘgetai to zhtoŰmeno.

(ii)’Estw tŤra λ_1, λ_2 oi duo ekjŚtec Lyapunov. PrŤta parathroŰme Şti apŞ thn (i) upŘrqei μ ∈ E(M, f) me λ_1 > 0. AllŘ to μ paramŚnei ergodikŞ kai gia thn antŢstrofh apeikŞnish f^{−1} kai h_μ(f^{−1}) = h_μ(f) > 0, enŤ oi ekjŚtec Lyapunov allŘzoun prŞshmo. OpŞte h anisŞthta tou Ruelle sunepŘgetai Şti λ_2 < 0. �

3.vi. EntropŢa ApeikonŢsewn DiasthmŘtwn

Ja exetŘsoume tŤra thn entropŢa gia apeikonŢseic diasthmŘtwn. Pio sugkekrimŚna, endiaferŞmaste gia tic katŘ tmŠmata monŞtonec apeikonŢseic apŞ to diŘsthma I = [0, 1] ston eautŞ tou. ’Estw f : I → I eŢnai mia tŚtoia apeikŞnish kai I = {I_1, I_2, ..., I_r} o diamerismŞc tou I se peperasmŚno plŠjoc diasthmŘtwn (anŘ duo xŚnwn metaxŰ touc) tŚtoiwn Ťste kŘje Śna apŞ ta I_J na eŢnai diŘsthma monotonŢac kai sunŚqeiac thc f (Š kalŰtera, tou periorismoŰ f|I_j). EpiplŚon, kŘje Śna apŞ ta diastŠmata tou diamerismoŰ ⋁_{n−1} j=1 T^{−j}(I) ja eŢnai diŘsthma monotonŢac kai sunŚqeiac thc f^n (Š kalŰtera, tou periorismoŰ f^n|I_j).

Mia katŘ tmŠmata C^1 monŞtonh apeikŞnish f : I → I onomŘzetai epektatikŠ an upŘrqei stajerŘ λ tŚtoia Ťste

|f^′(x)| ≥ λ > 1, sqedŞn gia kŘje x ∈ I.

H Űparxh analloŢwtwn mŚtrwn gia epektatikŚc katŘ tmŠmata monŞtonec apeikonŢseic Śqei melethjeŢ diexodikŘ sthn bibliografŢa. ’Ena sqetikŘ genikŞ apotŚlesma pou isqŰei eŢnai to epŞmeno (gia to opoŢo h apŞdeixh mazŢ me analutikŚc sqetikŚc suzhtŠseic mporoŰn na brejoŰn sto biblŢo [LM94]).

JeŤrhma 3.13. ’Estw f : I → I mia epektatikŠ katŘ tmŠmata C^1 monŞtonh apeikŞnish, gia thn opoŢa ikanopoioŰntai oi sunjŠkec:

(i) UpŘrqei stajerŘ c > 0 tŚtoia Ťste, gia kŘje n ≥ 0, c^{−1} ≤ |(f^n)^′(x)| |(f^n)^′(y)| ≤ c, gia kŘje x, y ∈ ⋁_{n−1} j=1 T^{−j}(I).

(ii) Gia kŘje j = 1, ..., r, f(I_j) ⊃ (0, 1) (dhladŠ, h f|I_j : int I_j → (0, 1) eŢnai epŢ). TŞte upŘrqei monadikŞ f-analloŢwto mŚtro pijanŞthtac μ sta sŰnola Borel tou I, pou eŢnai apolŰtwc suneqŚc wc proc to mŚtro Lebesgue. EpiplŚon, h f eŢnai akribŠc apeikŞnish wc proc to μ.

ParatŠrhsh 3.2. ’Otan h f : I → I eŢnai apeikŞnish tŘxhc C^2, h parapŘnw sunjŠkh (i) mporeŢ na antikatastajeŢ apŞ th sunjŠkh Şti upŘrqei stajerŘ C > 0 tŚtoia Ťste |f^{′′}(x)| |f^′(y)| ≤ C, gia kŘje I_j (j = 1, ..., r) kai gia kŘje x, y ∈ I_j.

Gia epektatikŚc apeikonŢseic pou ikanopoioŰn tic sunjŠkec tou jewrŠmatoc 3.13 o Rohlin ([Rohlin61]) upolŞgise th metrikŠ entropŢa gia to apolŰtwc suneqŚc analloŢwto mŚtro μ sŰmfwna me to epŞmeno apotŚlesma (apŞdeixh tou opoŢou mporeŢ na brejeŢ kai sto Řrjro tou Jakobson sto biblŢo [Sinai89]).

JeŤrhma 3.14. (TŰpoc tou Rohlin.) ’Estw f : I → I kai μ Şpwc sto JeŤrhma 3.13. TŞte isqŰei: h_μ(f) = ∫ I log |f^′| dμ kai Śtsi (katŘ thn PrŞtash 2.2) h_μ(f) = λ_μ,

Şpou λ_μ eŢnai o ekjŚthc Lyapunov tou akriboŰc (kai Řra ergodikoŰ) mŚtrou μ.

ParŘdeigma 3.6. ’Estw o r-adikŞc metasqhmatismŞc T (x) = rx (mod 1), x ∈ [0, 1), Şpou r > 1 akŚraioc. EpeidŠ, tŞte, to monadikŞ analloŢwto mŚtro eŢnai to mŚtro Lebesgue L, Śqoume h_L(T ) = log r. ParŞmoia, gia thn apeikŞnish thc tŚntac T (x) = 1 − 2|x −^1_2 |, x ∈ [0, 1], isqŰei Şti h_L(T ) = log 2. ’Etsi, epeidŠ h logistikŠ apeikŞnish (gia stajerŘ Ţsh me 4) f(x) = 4x(1−x), x ∈ [0, 1], eŢnai topologikŘ suzugŠc me thn apeikŞnish thc tŚntac kai h entropŢa mŚnei analloŢwth se suzugŢec, brŢskoume Şti kai gia th logistikŠ apeikŞnish (gia stajerŘ Ţsh me 4) h_μ(f) = log 2, Şpou μ eŢnai to monadikŞ apolŰtwc suneqŚc analloŢwto mŚtro thc logistikŠc autŠc apeikŞnishc. �

ParŘdeigma 3.7. ’Estw h apeikŞnish tou Gauss T (x) = 1/x (mod 1), x ∈ (0, 1). ParŞti h apeikŞnish autŠ Śqei arijmŠsimo plŠjoc asuneqeiŤn, opŞte den anŠkei sthn kathgorŢa twn katŘ tmŠmata monotŞnwn apeikonŢsewn pou edŤ meletŘme, isqŰei kai gia autŠn o tŰpoc tou Rohlin ([Rohlin61]). DojŚntoc, tŞte, Şti to mŚtro Gauss μ (deŢte ParŘdeigma 1.4) eŢnai to monadikŞ

apolŰtwc suneqŚc analloŢwto mŚtro, paŢrnoume h_μ(T ) = 2 log 2

∫_1 0 | log x| 1 + x dx = π^2 6 log 2 . � To erŤthma tŤra eŢnai ti sumbaŢnei me tic katŘ tmŠmata monŞtonec apeikonŢseic pou den eŢnai epektatikŚc. UpŘrqei mia apŘnthsh pou dŢnetai gia mia eidikŠ kathgorŢa tŚtoiwn apeikonŢsewn, oi opoŢec perigrŘfontai ston orismŞ pou akoloujeŢ.

OrismŞc 3.13. Mia katŘ tmŠmata C^1 monŞtonh apeikŞnish f : I → I onomŘzetai PC`apeikŞnish an se kŘje I_j oi f kai f^′ ikanopoioŰn tic exŠc sunjŠkec:

(i) H f^′ eŢnai suneqŠc katŘ Hölder tŘxhc α > 0.

(ii) H f Śqei mŞno Śna peperasmŚno plŠjoc krŢsimwn shmeŢwn, dhladŠ, shmeŢwn c_i ∈ I_j, Şpou f^′(c_i) = 0.

(iii) Ta krŢsima shmeŢa thc f eŢnai mh`ekfulismŚna, me thn Śnnoia Şti upŘrqoun jetikŚc stajerŚc C kai k^−_i (k^+_i ) tŚtoiec Ťste C^{−1} ≤ |f^′(x)| |x − c_i|^{k−(+)}i ≤ C, se mia aristerŠ (dexiŘ) geitoniŘ tou c_i.

Gia thn genikŠ autŠ kathgorŢa apeikonŢsewn (pou perilambŘnei th logistikŠ apeikŞnish) o Ledrappier apŚdeixe to epŞmeno shmantikŞ apotŚlesma sthn ergasŢa tou [Ledrappier81] pou sundŚei metrikŠ entropŢa kai ekjŚth Lyapunov.

JeŤrhma 3.15. (Ledrappier.) ’Estw f : I → I mia PC`apeikŞnish kai μ Śna ergodikŞ analloŢwto mŚtro me ekjŚth Lyapunov λ_μ. TŞte

(i) h_μ(f) ≤ max{0, λ_μ}.

(ii) An H_μ(I) > 0, opŞte to μ Śqei jetikŠ metrikŠ entropŢa, tŞte to μ eŢnai apolŰtwc suneqŚc wc proc to mŚtro Lebesgue an kai mŞnon an h_μ(f) = λ_μ.

AnaforikŘ tŤra me thn topologikŠ entropŢa, autŠ mporeŢ amŚswc na upologisjeŢ gia tic suneqeŢc katŘ tmŠmata monŞtonec apeikonŢseic, metrŤntac to plŠjoc diasthmŘtwn monotonŢac twn epanalŠyewn, sŰmfwna me to parakŘtw apotŚlesma twn Misiurewicz kai Szlenk (pou apodeiknŰetai sthn ergasŢa touc [MS80] kai sto biblŢo [ALM93]).

JeŤrhma 3.16. (Misiurewicz & Szlenk.) ’Estw f : I → I mia suneqŠc katŘ tmŠmata monŞtonh apeikŞnish. SumbolŢzoume me c_n ton elŘqisto arijmŞ diasthmŘtwn monotonŢac thc f^n. TŞte h_{top}(f) = lim_{n→+∞} 1 n log c_n

kai h_{top}(f) ≤^1_n log c_n, gia kŘje n ≥ 1.

’Opwc apodeiknŰetai sta duo apotelŚsmata pou akoloujoŰn, oi suneqeŢc katŘ tmŠmata monŞtonec apeikonŢseic me jetikŠ topologikŠ entropŢa mporoŰn na eŢnai topologikŘ suzugeŢc me katŘllhlec suneqeŢc katŘ tmŠmata grammikŚc apeikonŢseic Š na Śqoun topologikoŰc parŘgontec tŚtoiec apeikonŢseic.

JeŤrhma 3.17. (Parry.) ’Estw f : I → I (Şpou to I eŢnai tuqŞn diŘsthma tou R) mia suneqŠc katŘ tmŠmata (austhrŤc) monŞtonh apeikŞnish, pou eŢnai topologikŘ metabatikŠ (dhladŠ, Śqei mia puknŠ troqiŘ). TŞte h_{top}(f) = log s > 0 kai h f eŢnai topologikŘ suzugŠc me mia suneqŠ katŘ tmŠmata grammikŠ apeikŞnish T : [0, 1] → [0, 1] me klŢsh ±s.

H apŞdeixh tou jewrŠmatoc autoŰ upŘrqei sthn ergasŢa tou Parry [Parry66] allŘ kai sto biblŢo [ALM93].

JeŤrhma 3.18. (Milnor & Thurston.) ’Estw f : I → I (Şpou to I eŢnai tuqŞn diŘsthma tou

R) mia suneqŠc katŘ tmŠmata (austhrŤc) monŞtonh apeikŞnish me topologikŠ entropŢa

h_{top}(f) = log s > 0. TŞte upŘrqei mia suneqŠc katŘ tmŠmata grammikŠ apeikŞnish T : [0, 1] → [0, 1] me klŢsh ±s pou eŢnai topologikŞc parŘgontac thc f mŚsw miac apeikŞnishc φ : I → [0, 1] suneqoŰc, epŢ kai tŚtoiac Ťste φ ∘ f = T ∘ φ, h opoŢa (apeikŞnish φ), epiplŚon, eŢnai monotŞnwc aŰxousa.

To apotŚlesma autŞ Śqei apodeiqjeŢ sthn ergasŢa [MT77] twn Milnor kai Thurston (deŢte kai sto biblŢo [dMvS93]), enŤ mia diaforetikŠ apŞdeixh periŚqetai sto biblŢo [ALM93].

4. PoluplokŞthta

4.i. PoluplokŞthta TroqiŤn

O orismŞc thc poluplokŞthtac twn troqiŤn twn dunamikŤn susthmŘtwn Śqei dojeŢ apŞ ton Brudno me bŘsh ton orismŞ thc algorijmikŠc poluplokŞthtac enŞc peperasmŚnou antikeimŚnou pou Śqei epinohjeŢ apŞ ton Kolmogorov.

OrismŞc 4.1. ([Kolmogorov65]) ’Estw S Śna peperasmŚno sŰnolo (alfŘbhtoc), S^∗ to sŰnolo twn peperasmŚnwn lŚxewn apŞ to S kai A mia upologŢsimh apeikŞnish apŞ to {0, 1}^∗ sto S^∗, dhladŠ, Śnac algŞrijmoc pou ulopoieŢtai se mia kajolikŠ mhqanŠ tou Turing. TŞte h (algorijmikŠ) poluplokŞthta thc lŚxhc w ∈ S^∗ wc proc ton algŞrijmo A orŢzetai wc

K_A(w) = { inf{l(p): p ∈ {0, 1}^∗, A(p) = w}, ∞, an A(p) ≠ w, gia kŘje p ∈ {0, 1}^∗, Şpou me l(p) sumbolŢzetai to mŠkoc thc lŚxhc p ∈ {0, 1}^∗, dhladŠ, o arijmŞc grammŘtwn tou p apŞ thn alfŘbhto {0, 1}.

O Kolmogorov Śdeixe ([Kolmogorov65]) Şti upŘrqei Śnac algŞrijmoc B tŚtoioc Ťste, gia kŘje Řllo algŞrijmo A kai gia kŘje lŚxh w, na isqŰei

K_B(w) ≤ K_A(w) + C_A,

Şpou C_A eŢnai mia stajerŘ pou exartŘtai apŞ to A (allŘ Şqi apŞ to w). ’Enac tŚtoioc algŞrijmoc onomŘzetai asumptwtikŘ bŚltistoc. EpomŚnwc, pŘntote ja upologŢzetai h poluplokŞthta miac lŚxhc w wc proc Śnan asumptwtikŘ bŚltisto algŞrijmo kai gia autŞ ja sumbolŢzetai wc K(w) qwrŢc deŢkth.

O Brudno Śdwse ton exŠc orismŞ thc poluplokŞthtac miac lŚxhc pou apoteleŢtai apŞ Śna arijmŠsimo plŠjoc grammŘtwn. TŚtoiec lŚxeic anŠkoun sto sŰnolo S^∞ = SN, dhladŠ, to sŰnolo S^∞ = {w = {w(j)}_{j∈}N : w(j) ∈ S, gia kŘje j ∈ N}.

OrismŞc 4.2. ([Brudno83]) H poluplokŞthta thc lŚxhc w ∈ S^∞ orŢzetai wc

K(w) = lim sup_{n→∞} 1 n K(w^n), Şpou w^n = w(0)w(1) · · · w(n − 1) ∈ S^∗.

’Estw tŤra X Śnac sumpagŠc topologikŞc qŤroc kai T : X → X mia apeikŞnish. JewroŰme to peperasmŚno kŘlumma U = {U_j}_{j∈S} se anoiktŘ sŰnola tou X kai orŢzoume mia apeikŞnish φ_U : X → S^∞ wc exŠc

w = {w(j)}_{j∈}N ∈ φ_U (x) ⇔ T^j(x) ∈ U_{w(j)}, gia kŘje j ∈ N.

ProfanŤc, to φ_U (x) perigrŘfei to dromolŞgio thc troqiŘc tou x ∈ X, dhladŠ, tou sunŞlou {T^j(x) : j ∈ N}, katagrŘfontac touc deŢktec twn sunŞlwn tou kalŰmmatoc U tou X, apŞ ta opoŢa pernŘ h troqiŘ.

OrismŞc 4.3. ([Brudno83]) H poluplokŞthta thc troqiŘc tou shmeŢou x ∈ X (kŘtw apŞ thn T ) wc proc to kŘlumma U tou X orŢzetai wc K(x, T | U) = lim sup_{n→+∞} 1 n inf w∈φ_U (x) K(w^n).

ApodeiknŰetai ston [Brudno83] o exŠc qrŠsimoc qarakthrismŞc: K(x, T | U) ≤ inf_{w∈φU (x)} K(w), opŞte, K(x, T | U) = K(φ_U (x)). OrismŞc 4.4. ([Brudno83]) ’Otan X kai T eŢnai Şpwc parapŘnw, h poluplokŞthta thc troqiŘc tou shmeŢou x ∈ X (kŘtw apŞ thn T ) orŢzetai wc K(x, T ) = sup {K(x, T | U): U peperasmŚno kŘlumma tou X}.

To basikŞ apotŚlesma tou Brudno (pou apodeiknŰetai sthn ergasŢa [Brudno83]) anafŚretai sth sqŚsh metaxŰ thc poluplokŞthtac troqiŘc kai thc metrikŠc entropŢac kai eŢnai to parakŘtw: JeŤrhma 4.1. (Brudno.) An μ ∈ E(X, T ), tŞte K(x, T ) = h_μ(T ), sqedŞn (wc proc μ) gia kŘje x ∈ X.

Sthn genikŠ perŢptwsh, o Brudno apodeiknŰei to exŠc jeŤrhma: JeŤrhma 4.2. (Brudno.) An μ ∈ M(X, T ), tŞte K(x, T ) ≤ sup{h_μ(T ): μ ∈ V_T (δ_x)}, gia kŘje x ∈ X, Şpou to V_T (δ_x) apoteleŢtai apŞ Şla ta shmeŢa sussŤreushc sthn asjenŠ^∗ topologŢa thc akoloujŢac

{_1 n ∑_{n−1} j=0 δ_T −j_{(x)} } n≥1 kai δ_y eŢnai to mŚtro Dirac sto y ∈ X.

4.ii. PoluplokŞthta ApeikonŢsewn DiasthmŘtwn

Ja exetŘsoume tŤra thn poluplokŞthta gia apeikonŢseic diasthmŘtwn kai pio sugkekrimŚna, gia tic katŘ tmŠmata monŞtonec apeikonŢseic apŞ to diŘsthma I = [0, 1] ston eautŞ tou. ’Estw f : I → I mia tŚtoia apeikŞnish kai I = {I_1, I_2, ..., I_r} to peperasmŚno kŘlumma tou I sta diastŠmata monotonŢac kai suneqeŢac thc f. Sthn perŢptwsh autŠ, Śqoume thn alfŘbhto S = {1, ..., r}, Şpou r = card I. EpiplŚon, sumbolŢzoume tŤra to dromolŞgio thc troqiŘc tou x ∈ I wc φ_U (x) = (x_0x_1x_2 · · · ), Şpou x_0 = x kai x_n = f(x_{n−1}) = f^n(x_0), gia kŘje n ≥ 1. ’Etsi, h peperasmŚnh perikopŠ tou φ_U (x) eŢnai φ_U (x)^n = (x_0 · · · x_{n−1}).

OrismŞc 4.5. ([Brudno83]) H poluplokŞthta thc troqiŘc tou shmeŢou x ∈ I (kŘtw apŞ thn f) wc proc to kŘlumma I tou I orŢzetai wc K(x, f| I) = lim sup_{n→+∞} 1 n K(x_0 · · · x_{n−1}). TŞte to jemeliŤdec apotŚlesma tou Brudno grŘfetai wc exŠc.

JeŤrhma 4.3. (Brudno.) An μ ∈ E(I, f), tŞte K(x, f| I) = h_μ(f), sqedŞn (wc proc μ) gia kŘje x ∈ I.

An μ ∈ M(I, f), tŞte K(x, f| I) ≤ sup{h_μ(f): μ ∈ V_f (δ_x)}, gia kŘje x ∈ I.

Gia thn perŢptwsh twn katŘ tmŠmata monotŞnwn apeikonŢsewn diasthmŘtwn, o Keller sthn ergasŢa tou [Keller95] Śqei tropopoiŠsei wc exŠc touc orismoŰc thc poluplokŞthtac troqiŘc. OrismŞc 4.6. ([Keller95]) Gia kŘje m ∈ N, Śstw k_m(x, f| I) = K(x_0 · · · x_{m−1}) kai K_m(x, f| I) = lim sup_{n→+∞} 1 n n−1∑ j=0 k_m(T^j(x), f| I). LŞgw upajroistikŞthtac orŢzetai to Şrio K̃(x, f| I) = lim_{m→+∞} 1 m K_m(x, f| I) kai, Ştan μ ∈ M(I, f), to Şrio K̃_μ(I) = lim_{m→+∞} 1 m ∫ I k_m(x, f| I) dμ(x). TŞte, o Keller apŚdeixe sthn [Keller95] to parakŘtw apotŚlesma.

JeŤrhma 4.4. (Keller.) (i) K(x, f| I) ≤ K̃(x, f| I) kai, an μ ∈ E(I, f), K(x, f| I) = h_μ(f, I) = K̃_μ(I) = K̃(x, f| I), sqedŞn (wc proc μ) gia kŘje x ∈ I.

(ii) K̃(x, f| I) = sup{K̃_μ(I): μ ∈ V_f (δ_x)}, gia kŘje x ∈ I, kai, an μ ∈ M(I, f), K̃_μ(I) = h_μ(f, I). Gia thn perŢptwsh twn S-monotropikŤn apeikonŢsewn o Keller Śqei apodeŢxei ([Keller95]) to exŠc jeŤrhma.

JeŤrhma 4.5. (Keller.) ’Estw f : I → I mia S-monotropikŠ apeikŞnish. TŞte upŘrqoun duo stajerŚc λ_f , C_f (I) ∈ R (h λ_f Şpwc sto JeŤrhma 2.3) tŚtoiec Ťste C_f (I) ≥ max{λ_f , 0} kai K̃(x, f| I) = C_f (I), sqedŞn (wc proc to mŚtro Lebesgue) gia Şla ta x ∈ I. EpiplŚon:

(i) An λ_f > 0, tŞte eŢnai C_f (I) = λ_f .

(ii) An h f Śqei Śnan eustajŠ periodikŞ elkustŠ Š Śnan swlhnoeidŠ elkustŠ (oi elkustŚc autoŢ perilambŘnontai sthn perŢptwsh λ_f < 0 kai se kŘpoiec apŞ tic periptŤseic λ_f = 0 tou JewrŠmatoc 2.3 kai twn parathrŠsewn pou to akoloujoŰn), tŞte eŢnai C_f (I) = 0.

O Keller isqurŢzetai sthn [Keller95] Şti upŘrqoun Şmwc S-monotropikŚc apeikonŢseic me λ_f = 0 kai 0 < C_f (I) <^{1+} √ 5 2 (akŞmh kai metaxŰ twn melŤn thc logistikŠc oikogŚneiac).

AnaforŚc

[AKM65] Adler, R.L., A.G. Konheim, and M.H. McAndrew. Topological entropy. Trans. Amer. Math. Soc., 114 (1965), 309-319.

[ALM93] Alsedà, Lluís, Jaume Llibre, and Michal Misiurewicz. Combinatorial Dynamics and Entropy in Dimension One. World Scientific, Singapore, 1993.

[Bowen70] Bowen, Rufus. Topological Entropy and Axiom A. In Global Analysis, Proceedings of Symposia in Pure Mathematics, vol. 14, pp. 23-41. American Mathematical Society, Providence (RI), 1970.

[Bowen71] Bowen, Rufus. Entropy for group endomorhisms and homogeneous spaces. Trans. Amer. Math. Soc., 153 (1971), 401-414.

[BK83] Brin, M., and A. Katok. On local entropy. Lect. Notes Math., 1007 (1983), 30-38.

[Brudno83] Brudno, A.A. Entropy and the complexity of trajectories of a dynamical system. Transl. Moscow Math. Soc., 44 (1983), 127-151.

[Dinaburg70] Dinaburg, E.I. The relation between topological entropy and metric entropy. Soviet Math., 11 (1970), 13-16.

[Guckenheimer79] Guckenheimer, John. Sensitive dependence to initial conditions for one dimensional maps. Commun. Math. Phys., 70 (1979), 133-160.

[HK90] Hofbauer, Franz, and Gerhard Keller. Quadratic maps without asymptotic measure. Commun. Math. Phys., 127 (1990), 319-317.

[Johnson87] Johnson, Stewart D. Singular measures without restrictive intervals. Commun. Math. Phys., 110 (1987), 185-190.

[Katok80] Katok, Anatole. Lyapunov exponents, entropy and periodic orbits for diffeomorhisms. Publ. Math. I.H.E.S., 51 (1980), 137-173.

[KH95] Katok, Anatole, and Boris Hasselblatt. Introduction to the Modern Theory of Dynamical Systems. Cambridge University Press, Cambridge (UK), 1995.

[S.Katok80] Katok, Svetlana R. The estimation from above for the topological entropy of a diffeomorphism. Lect. Notes Math., 819 (1980), 258-264.

[KW82] Katznelson, Y., and B. Weiss. A simple proof of some ergodic theorems. Israel J. Math., 42 (1982), 291-296.

[Keller90] Keller, Gerhard. Exponents, attractors and Hopf decompositions for interval maps. Ergod. Th. & Dynam. Sys., 10 (1990), 717-744.

[Keller95] Keller, Gerhard. Lyapunov exponents and complexity for interval maps. Lect. Notes Math., 1486 (1995), 216-226.

[Kingman73] Kingman, J.F.C. Subadditive ergodic theory. Ann. Probab., 1 (1973), 883- 909.

[Kolmogorov65] Kolmogorov, A.N. Three approaches to the definition of the concept of the ”ammount of information.” Problemy Peredachi Informatsii, 1 (1965), 3-11. Selected Transl. Math. Statist. and Probab., 7 (1968), 293-302.

[LM94] Lasota, Andrzej, and Michael C. Mackey. Chaos, Fractals, and Noise. Stochastic Aspects of Dynamics. Springer–Verlag, New York, 1994.

[Ledrappier81] Ledrappier, François. Some properties of absolutely continuous invariant measures on an interval. Regod. Th. & Dynam. Sys., 1 (1981), 77-93.

[Mañé87] Mañé, Ricardo. Ergodic Theory and Differentiable Dynamics. Springer– Verlag, Berlin, 1987.

[dMvS93] de Melo, Welington, and Sebastian van Strien. One–Dimensional Dynamics. Springer–Verlag, Berlin, 1993.

[MT77] Milnor, J., and W. Thurston. On Iterated maps of the Interval: I, II Princeton preprint, 1977. Lect. Notes Math., 1342 (1988), 465-563.

[Misiurewicz81] Misiurewicz, Michal. Absolutely continuous measures for certain maps of the interval. Publ. Math. I.H.E.S., 53 (1981), 17-51.

[MS80] Misiurewicz, M., and W. Szlenk. Entropy of piecewise monotone mappings. Studia Math., 67 (1980), 45-63.

[Oseledec68] Oseledec, V.I. A multiplicative ergodic theorem. Liapunov characteristic numbers for dynamical systems. Trans. Moscow Math. Soc., 19 (1968), 197-221.

[PdM82] Palis, Jr., Jacob, and Welington de Melo. Geometric Theory of Dynamical Systems. Springer–Verlag, New York, 1982.

[Parry66] Parry, William. Symbolic dynamics and transformations of the unit interval. Trans. Amer. Math. Soc., 122 (1966), 368-378.

[Parry81] Parry, William. Topics in Ergodic Theory. Cambridge University Press, Cambridge UK, 1981.

[Pesin77] Pesin, Ya. B. Characteristic Lyapunov exponents and smooth ergodic theory. Russian Math. Surveys, 32 (1977), 54-114.

[Pollicott93] Pollicott, Mark. Lectures on Ergodic Theory and Pesin Theory on Compact Manifolds. Cambridge University Press, Cambridge (UK), 1993.

[Przytycki80] Przytycki, Feliks. An upper estimation for topological entropy of diffeomorphisms. Invent. Math., 59 (1980), 205-213.

[Robinson95] Robinson, Clark. Dynamical Systems. Stability, Symbolic Dynamics, and Chaos. CRC Press, Boca Raton (Fl.), 1995.

[Rohlin61] Rohlin, V.A. Exact endomorphisms of Lebesgue space. Izv. Akad. Nauk. SSSR Ser. Mat., 25 (1961), 499-530. Amer. Math. Soc. Trans. (2) 39 (1964), 1-36.

[Rudin74] Rudin, Walter. Real and Complex Analysis. McGraw–Hill, New York, 1974.

[Ruelle78] Ruelle, David. An inequality for the entropy of differentiable maps. Bol. Soc. Bras. Mat., 9 (1978), 83-87.

[Ruelle79] Ruelle, David. Ergodic theory of differentiable dynamical systems. Publ. Math. I.H.E.S., 50 (1979), 275-320.

[Sinai89] Sinai, Ya. G. (Ed.). Dynamical Systems II. Springer–Verlag, Berlin, 1989. [Walters82] Walters, Peter. An Introduction to Ergodic Theory. Springer–Verlag, New York, 1982.