ErgasÐa gia to 1o Panellănio Sunèdrio kai 6o Jerinì SqoleÐo

Poluplokìthtac kai Qaotikăc Dunamikăc Mh Grammikÿn SusthmĹtwn

PĹtra, IoÔlioc 1993

MIGADIKA ANALUTIKA DUNAMIKA SUSTHMATA STHN SFAIRA TOU RIEMANN

MWUSHS A. MPOUNTOURIDHS

Tmăma Hlektrolìgwn Mhqanikÿn kai Mhqanikÿn Upologistÿn DhmokrÐteio Panepistămio JrĹkhc 671 00 XĹnjh

      mboudour@duth.gr
http://www.duth.gr/ ~mboudour/

Perieqìmena

1 ProapaitoÔmena Migadikăc AnĹlushc 2

1.1 SfaÐra tou Riemann . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2 Olìmorfec, Merìmorfec kai Analutikèc Sunartăseic . . . . . . . . . . . . . . . 2 1.3 Analutikèc Sunartăseic sthn SfaÐra tou Riemann . . . . . . . . . . . . . . . . 2 1.4 KanonikĹ SÔnola Analutikÿn Sunartăsewn . . . . . . . . . . . . . . . . . . . . 3

2 DunamikĹ Sustămata Analutikÿn Sunartăsewn sth SfaÐra tou Riemann 3

2.1 Elktikìthc/Apwjhtikìthc Periodikÿn ShmeÐwn . . . . . . . . . . . . . . . . . . 4

3 ArÐjmhsh Elktikÿn kai KrÐsimwn ShmeÐwn 5

4 Dunamikă Metasqhmatismÿn Möbius 5

5 SuzugÐec Analutikÿn Sunartăsewn sth SfaÐra tou Riemann 7

5.1 H Elktikă/Apwjhtikă PerÐptwsh . . . . . . . . . . . . . . . . . . . . . . . . . . 7 5.2 H Uperelktikă PerÐptwsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 5.3 H Oudèterh PerÐptwsh . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

6 SÔnola Fatou kai SÔnola Julia 9

7 Sunèpeiec Jewrămatoc Montel 11

8 Taxinìmhsh tou Sullivan twn Sunìlwn Fatou 12 9 ’Allec Idiìthtec Sunìlwn Julia 14 10 Dunamikă PoluwnÔmwn 15 11 Dunamikă Tetragwnikÿn PoluwnÔmwn 17 12 SÔnola Mandelbrot 19

1 ProapaitoÔmena Migadikăc AnĹlushc

1.1 SfaÐra tou Riemann

To migadikì epÐpedo C mazÐ me to ∞ apoteloÔn thn sfaÐra tou Riemann C̄ = C ∪ {∞} omoiomorfikă me thn didiĹstath sfaÐra S^2 = {(x_1, x_2, x_3) ∈ R^3 : x^2_1 + x^2 + x^2_3 = 1}.

H stereografikă probolă φ : C → S^2 r (0, 0, 1) z = x + iy −→ φ(z) = ( 2x x^2 + y^2 + 1 , 2y x^2 + y^2 + 1 , x^2 + y^2 − 1 x^2 + y^2 + 1 ) . 1.2 Olìmorfec, Merìmorfec kai Analutikèc Sunartăseic

’Estw D ⊂ C fragmèno anoiktì, tìte:

• H f : D → C lègetai olìmorfh (sto D) an ∃f^′(z), ∀z ∈ D.

• H f : D → C̄ lègetai merìmorfh (sto D), an kĹje z ∈ D èqei mia geitoniĹ ìpou eÐte h f ă h 1/f eÐnai olìmorfh. To shmeÐo z_0 ∈ D lègetai pìloc an f(z_0) = ∞.

’Estw D ⊂ C̄ anoiktì tètoio ÿste ∞ ∈ D, tìte h f : D → C lègetai olìmorfh sto ∞ (ă merìmorfh sto ∞), an h z −→ f(1/z) eÐnai olìmorfh (ă merìmorfh) se mÐa geitoniĹ tou.

’Estw D ⊂ C anoiktì, tìte h f : D → C lègetai analutikă (sto D) an eÐnai eÐte olìmorfh ă merìmorfh (sto D).

1.3 Analutikèc Sunartăseic sthn SfaÐra tou Riemann

Basikì apotèlesma:

R : C̄ → C̄ analutikă ⇔ R rhtă : R(z) = p(z) q(z) , ìpou p(z), q(z) poluÿnuma me migadikoÔc suntelestèc kai qwrÐc koinoÔc parĹgontec.

Alloiÿc: upĹrqei antistoiqÐa 1`1 metaxÔ twn analutikÿn sunartăsewn sth sgfaÐra tou Riemann kai twn rhtÿn sunartăsewn.

O bajmìc, deg(R), thc R(z) =^{p(z)}_{q(z)} orÐzetai wc deg(R) = max{deg(p), deg(q)}.

O bajmìc deg(R) thc R : C̄ → C̄ (analutikă):

• metrĹ pìsec forèc h R “tulÐgei” th sfaÐra tou Riemann gÔrw apì ton eautì thc, • isoÔtai me ton arijmì (metrÿntac pollaplìthtec) twn antistrìfwn eikìnwn opoioudăpote shmeÐou thc C̄ .

1.4 KanonikĹ SÔnola Analutikÿn Sunartăsewn Orismìc 1.1 ’Estw U ⊂ C̄ anoiktì, I sÔnolo deiktÿn kai F = {f_j : U → C̄ , j ∈ I} sÔnolo

analutikÿn sunartăsewn, tìte h oikogèneia F onomĹzetai kanonikă an kĹje akoloujÐa {f_n} ⊂ F perièqei mia upakoloujÐa f_{nk} pou sugklÐnei omoiìmorfa sta sumpagă tou U.

Orismìc 1.2 ’Estw (X, d_X ), (Y, d_Y ) merikoÐ qÿroi, I sÔnolo deiktÿn, F = {f_j : X → Y, i ∈ I}, tìte h oikogèneia F onomĹzetai isosuneqăc an ∀ϵ, ∃δ > 0 tètoio ÿste an x_1, x_2 ∈ X èqoun d_X (x_1, x_2) < δ ⇒ d_Y ( f_j(x_1), f_j(x_2) ) < ϵ, ∀j ∈ I. Jeÿrhma 1.1 (Arzelà-Ascoli) ’Estw U ⊂ C̄ anoiktì, I sÔnolo deiktÿn F = { f_j : U → C̄ , analutikèc , j ∈ I } . H oikogèneia F eÐnai kanonikă ⇔ eÐnai isosuneqăc se kĹje sumpagèc tou U.

Jeÿrhma 1.2 (Ikană Sunjăkh Kanonikìthtac) ’Estw U ⊂ C̄ anoiktì, I sÔnolo deiktÿn F = { f_j : U → C̄ , analutikèc , j ∈ I } . An h oikogèneia F eÐnai omoiìmorfa fragmènh sta sumpagă tou U, tìte eÐnai kanonikă.

Jeÿrhma 1.3 (Vitali) ’Estw U ⊂ C̄ anoiktì, {f_n} akoloujÐa analutikÿn sunartăsewn f_n : U → C̄ , n = 0, 1, 2, . . .. An ∃φ ≠ V ⊂ U anoiktì tètoio ÿste ∃ lim_{n→∞} f_n(z) = f(z), ∀z ∈ V , tìte h oriakă sunĹrthsh f mporeÐ na epektajeÐ se mia analutikă sunĹrthsh f : U → C̄ kai f_n → f omoimìrfwc sta sumpagă tou U.

2 DunamikĹ Sustămata Analutikÿn Sunartăsewn sth SfaÐra tou Riemann

’Estw R : C̄ → C̄ analutikă.

Sumbolismìc: Gia kĹje fusikì arijmì n, R^n sumbolÐzei thn sÔnjesh thc R me ton eautì thc n forèc: R^n = R ∘ R ∘ R · · · ∘ R n forèc

: C̄ →^¯C ,

R^0 = Id (h tautotikă apeikìnish sto C̄ ).

Prosoqă: H parĹstash (R(z))^n anafèretai se dunĹmeic kai h parĹstash R^n(z) se sunjèseic.

• Gia z ∈ C̄ , to R^n(z) ∈ C̄ onomĹzetai n-ostă epanĹlhyh thc R sto z.

• H oikogèneia { R^n } n∈N (analutikÿn sunartăsewn sthn C̄ ) lègetai ìti apoteleÐ èna (diakritì) dunamikì sÔsthma sthn C̄ (qÿroc fĹsewn).

• z_n = R^n(z), z ∈ C̄ ⇔ z_{n+1} = R(z_n), z_0 = z. • H akoloujÐa { z_n = R^n(z) } n∈N apoteleÐ thn proc ta emprìc (ă jetikă) troqiĹ tou z ∈ C̄ kai sumbolÐzetai me O^+(z).

• To z ∈ C̄ onomĹzetai stajerì shmeÐo an R(z) = z, opìte O^+(z) = {z}. • To z ∈ C̄ onomĹzetai periodikì shmeÐo an upĹrqei kĹpoio n ∈ N tètoio ÿste R^n(z) = z kai tìte to mikrìtero tètoio n onomĹzetai perÐodoc tou z. Sto periodikì shmeÐo z ∈ C̄ periìdou n, anstistoiqeÐ h periodikă troqiĹ (ă kÔkloc) O^+(z) = { z, R(z), . . . , R^{n−1}(z) } . Profanÿc, èna stajerì shmeÐo eÐnai periodikì shmeÐo periìdou n kai èna periodikì shmeÐo periìdou n eÐnai stajerì shmeÐo thc R^n.

• To z ∈ C̄ onomĹzetai properiodikì (ă telikÿc periodikì) shmeÐo an upĹrqei kĹpoioc akèraioc n ≥ 1 tètoioc ÿste to R^n(z) na eÐnai periodikì shmeÐo periìdou n. (Sunăjwc, èna properiodikì shmeÐo upotÐjetai pwc to Ðdio den eÐnai periodikì.)

2.1 Elktikìthc/Apwjhtikìthc Periodikÿn ShmeÐwn

’Estw R : C̄ → C̄ analutikă kai z ∈ C̄ periodikì shmeÐo periìdou n.

OrismoÐ: To shmeÐo tou C̄ λ(z) = (R^n)^′(z) onomĹzetai idiotimă (ă qarakthristikă timă) thc periodikăc troqiĹc O^+(z) = {z_1, . . . , z_n}, ìpou z_j = R^{j−1}(z), j = 1, . . . , n. Profanÿc isqÔei ìti λ(z) = R^′(z_1) · · · R^′(z_n).

• H periodikă troqiĹ O^+(z) onomĹzetai elktikă an 0 < |λ(z)| < 1. • H periodiokă troqiĹ O^+(z) onomĹzetai uperelktikă an λ(z) = 0. • H periodiokă troqiĹ O^+(z) onomĹzetai apwjhtikă an |λ(z)| > 1. • H periodiokă troqiĹ O^+(z) onomĹzetai oudèterh an |λ(z)| = 1. To z ∈ C̄ onomĹzetai krÐsimo shmeÐo an R^′(z) = 0.

(To z den eÐnai aparaÐthta periodikì.) Epomènwc, sthn troqiĹ enìc uperelktikoÔ periodikoÔ shmeÐou upĹrqei (toulĹqiston) èna krÐsimo shmeÐo.

3 ArÐjmhsh Elktikÿn kai KrÐsimwn ShmeÐwn

’Estw R : C̄ → C̄ analutikă kai z_0 ∈ C̄ elktikì periodikì shmeÐo. H lekĹnh èlxhc tou z_0 eÐnai to sÔnolo W^s(z_0) = { z ∈ C̄ : R^n(z) → z_0, kajÿc n → ∞ } . H Ĺmesh lekĹnh èlxhc tou z_0 eÐnai to sunektikì mèroc thc lekĹnhc èlxhc W^s(z_0) pou perièqei to z_0 kai sumbolÐzetai wc A(z_0). H (Ĺmesh) lekĹnh èlxhc thc periodikăc troqiĹc O^+(z) orÐzetai wc h ènwsh twn (Ĺmeswn) lekanÿn èlxhc ìlwn twn shmeÐwn thc periodikăc autăc troqiĹc.

Jeÿrhma 3.1 (Fatou, Julia) KĹje elktikă periodikă troqiĹ perièqei sthn Ĺmesh lekĹnh èl-

xhc thc toulĹqiston èna krÐsimo shmeÐo.

Jeÿrhma 3.2 KĹje rhtă sunĹrthsh bajmoÔ d èqei to polÔ 2d − 2 krÐsima shmeÐa.

PorÐsmata:

(i) KĹje poluÿnumo bajmoÔ d èqei to polÔ d − 1 elktikèc periodikèc troqièc (se peperasmènh apìstash metaxÔ touc).

(ii) Gia kĹje rhtă sunĹrthsh, bajmoÔ d, isqÔei

card { elktikÿn periodikÿn troqiÿn } + + 1 2 card { oudèterwn periodikÿn troqiÿn } ≤ 2(d − 1)

4 Dunamikă Metasqhmatismÿn Möbius

Mia rhtă sunĹrthsh R(z) bajmoÔ deg(R) = 1 onomĹzetai metasqhmatismìc Möbius an: R(z) = az + b cz + d , ad − bc ≠ 0. ’Otan c ≠ 0, R(∞) =^a_c kai R(−^d_c ) = ∞. ’Otan c = 0, R(∞) = ∞.

PerÐptwsh 1: o R èqei monadikì stajerì shmeÐo.

(1a) ’Estw ∞ to monadikì stajerì shmeÐo, tìte

R(z) = z + a (parĹllhlh metaforĹ), R^n(z) = z = na. ’Ara R^n(z) → ∞, kajÿc n → ∞.

(1b) ’Estw z_0 ∈ C̄ to monadikì stajerì shmeÐo. OrÐzoume h(z) =^1_{z−z0} (z_0 → h(z_0) = ∞) ’Estw S(z) = hRh^{−1}(z), tìte to ∞ eÐnai to monadikì stajerì shmeÐo thc S kai Ĺra S^n(z) = hRh^{−1}(z) → ∞, kajÿc n → +∞, opìte R^n(z) → h^{−1}(∞) = z_0, kajÿc n → +∞ . Me Ĺlla lìgia, gia kĹje metasqhmatismì Möbius R me monadikì stajerì shmeÐo z_0 ∈ C̄ , isqÔei: R^n(z) → z_0(n → +∞), ∀z ∈ C̄ . PerÐptwsh 2: O R èqei dÔo stajerĹ shmeÐa.

(2a) ’Estw 0 kai ∞ ta dÔo stajerĹ shmeÐa, tìte R(z) = kz, k ≠ 0 (R(z) = |k|^k_{|k|} , dhladă, eÐnai h sÔnjesh miac peristrofăc, | |_{k|k|} | | = 1, kai miac omoiojesÐac, |k| > 0) R^n(z) = k^nz. ’Ara R^n(z) → 0, kajÿc n → +∞, ìtan |k| < 1, R^n(z) → ∞, kajÿc n → +∞, ìtan |k| > 1, |R^n(z)| = |z|, gia kĹje n, ìtan |k| = 1. ’Otan |k| = 1, tìte:

eÐte to k eÐnai n-ostă rÐza thc monĹdac to opoÐo sunepĹgetai ìti R^n = Id (opìte oi epanalăyeic kĹje shmeÐou (≠ 0, ∞) peristrèfontai kuklikĹ gÔrw apì to 0 se troqièc me peperasmèno plăjoc shmeÐwn).

ă to k den eÐnai n-ostă rÐza thc monĹdac (opìte oi epanalăyeic kĹje shmeÐou (≠ 0, ∞) peristrèfontai kuklikĹ gÔrw apì to 0 se troqièc pou eÐnai puknèc stouc kÔklouc).

(2b) ’Estw z_0, z_1 ∈ C̄ , z_0 ≠ z_1, ta dÔo stajerĹ shmeÐa. OrÐzoume h(z) = z − z_0 z − z_1 (z_0 → h(z_0) = 0 kai z_1 → h(z_1) = ∞) ’Estw S(z) = hRh^{−1}(z), tìte to 0 kai to ∞ eÐnai ta dÔo stajerĹ shmeÐa thc S(z) kai efarmìzetai h perÐptwsh (2a). Me Ĺlla lìgia, oi epanalăyeic kĹtw apì ènan stajerì metasqhmatsimì Möbius pou èqei dÔo stajerĹ shmeÐa eÐte sugklÐnoun se kĹpoio apì ta stajerĹ shmeÐa, ă kinoÔntai kuklikĹ se troqièc pou eÐte èqoun peperasmèno plăjoc shmeÐwn ă eÐnai puknèc stouc kÔklouc.

5 SuzugÐec Analutikÿn Sunartăsewn sth SfaÐra tou Riemann

’Estw U, V, ⊆ C̄ anoiktĹ, R : U → V analutikă, S : U → V analutikă.

Oi R, S lègonati topikÿc (analutikÿc) suzugeÐc (ìtan U, V ⊈ C̄ ) ă (analutikÿc) suzugeÐc (ìtan U, V = C̄ ) an upĹrqei ènac analutikìc omoiomorfismìc φ : U → V tètoioc ÿste na antimetatÐjetai to parakĹtw diĹgramma: U^R−−−→ U φ φ V −−−→_S V dhladă, φ ∘ R(z) = S ∘ φ(z), z ∈ U, ă R(z) = φ^{−1} ∘ S ∘ φ(z), z ∈ U. Prìtash: ’Estw S : C̄ → C̄ analutikă, tìte h S eÐnai omoiomorfikă an kai mìno an h S eÐnai

rhtă sunĹrthsh bajmoÔ 1 (dhladă, ènac metasqhmatismìc Möbius).

To prÿto ènausma gia suzugÐec sth Migadikă AnĹlush dÐnetai apì to Lămma tou Schwarz.

Sumbolismìc: Gia z_0 ∈ C̄ , r > 0, h parĹstash D_r = {z ∈ C̄ : |z − z_0| < r} sumbolÐzei èna

anoiktì dÐsko sto z_0 kai h D_r = D_r(0) èna anoiktì dÐsko sto 0.

Lămma tou Schwarz: ’Estw f : D_1 → D_1 analutikă tètoia ÿste f(0) = 0, tìte: (i) |f(z)| ≤ |z|, ∀z ∈ D_1 kai (ii) |f^′(0)| ≤ 1.

Epiplèon, an eÐte |f(z)| = |z|, z ≠ 0, ă |f^′(0)| = 1, tìte f(z) = λz, gia kĹpoio λ ∈ C̄ , |λ| = 1. Me Ĺlla lìgia, to Lămma tou Schwarz lèei ìti mia analutikă sunĹrthsh f : D_1 → D_1, pou èqei to 0 stajerì shmeÐo, prèpei eÐte na èqei to 0 elktikì stajerì shmeÐo ă na eÐnai peristrofă (dhladă, to 0 na eÐnai oudètero stajerì shmeÐo).

5.1 H Elktikă/Apwjhtikă PerÐptwsh Jeÿrhma 5.1 ’Estw R : C̄ → C̄ analutikă, z_0 ∈ C̄ elktikì ă apwjhtikì periodikì shmeÐo

periìdou n kai λ = (R^n)^′(z), |λ| ≠ 1. Tìte upĹrqei geitoniĹ U tou z_0 kai kĹpoio r > 0 ètsi ÿste h R^n na eÐnai (topikĹ) suzugăc me thn z → λz mèsw enìc monadikoÔ analutikoÔ omoiomorfismoÔ φ : U → D_r tètoiou ÿste φ(z_0) = 0, φ^′(z_0) = 1 kai me antimetajetikìthta tou diagrĹmmatoc: U^{Rn}−−−→ U φ φ D_r −−−→ z→λz D_r

5.2 H Uperelktikă PerÐptwsh Jeÿrhma 5.2 ’Estw R : C̄ → C̄ analutikă, z_0 ∈ C̄ uperelktikì periodikì shmeÐo periìdou n, k ≥ 2 akèraioc tètoioc ÿste

(R^n)^′(z_0) = (R^n)^{′′}(z_0) = · · · = (R^n)^{(k−1)}(z_0) = 0, (R^n)^{(k)}(z_0) ≠ 0.

Tìte upĹrqei geitoniĹ U tou z_0 kai kĹpoio r > 0 ètsi ÿste h R^n na eÐnai (topikĹ) suzugăc me thn z → z^k mèsw enìc analutikoÔ omoiomorfismoÔ φ : U → D_r tètoiou ÿste φ(z_0) = 0, φ^′(z_0) = 1 kai me antimetajetikìthta tou diagrĹmmatoc: U^{Rn}−−−→ U φ φ D_r −−−→ z→z^k D_r 5.3 H Oudèterh PerÐptwsh

’Estw R : C̄ → C̄ analutikă, deg(R) > 1, z_0 ∈ C̄ oudètero stajerì shmeÐo kai λ = R^′(z_0), |λ| = 1. Upojètoume ìti h R eÐnai (topikÿc) suzugăc me thn z → λz mèsw tou analutikoÔ omoiomorfismoÔ φ : U → D_r, gia kĹpoia geitoniĹ U tou z_0 kai kĹpoio r > 0, opìte antimetatÐjetai to parakĹtw diĹgramma: U^R−−−→ U φ φ D_r −−−→ z→λz D_r dhladă φ ∘ R(z) = λφ(z) (z ∈ U) (SES) ’Etsi, h parapĹnw sunĹrthsiakă exÐswsh, pou onomĹzetai sunarthsiakă exÐswsh tou Schröder (SES), apoteleÐ mia anagkaÐa sunjăkh gia thn (topikă) suzugÐa thc R me thn z → λz.

GewmetrikĹ, h (SES) lèei ìti to z_0 eÐnai to kèntro enìc diskou epÐ tou opoÐou h sunĹrthsh gÐnetai peristrofă.

Prìtash: An to λ eÐnai rÐza thc monĹdac, tìte h (SES) den èqei lÔsh.

Apìdeixh: ’Estw λ^n = 1, φ(z) lÔsh thc (SES). ’Ara φ ∘ R^n ∘ φ^{−1} = Id, to opoÐo sunepĹgetai

ìti R^n = Id sto U. Epeidă h R^n eÐnai analutikă autì sunepĹgetai ìti R^n = Id sthn C̄ . Apì autì paÐrnoume ìti deg R = 1, to opoÐo eÐnai Ĺtopo.�

Jeÿrhma 5.3 (Camacho) ’Estw f(z) = λz + a_2z^2 + a_3z^3 + · · · analutikă gÔrw apì to 0. An λ^n = 1 kai λ^m ≠ 1, gia 1 < m < n, tìte eÐte f^n = Id ă upĹrqei ènac topikìc omoiomorfismìc h kai ènac akèraioc k > 1 ètsi ÿste h(0) = 0 kai h ∘ f ∘ h^{−1}(z) = λz(1 + z^{kn}).

AnĹlush tou jewrămatoc tou Camacho: ’Eqoume {z ∈ C̄ : z^{kn} ∈ R} = kn⋃ j=1 ℓ_j, ìpou ℓ_j eÐnai oi eujeÐec pou pernoÔn apì to 0 kai diairoÔn to C se 2kn gwniakoÔc tomeÐc S_j (o kajènac me gwnÐa π/kn). ’Estw g(z) = z(1+z^{kn}). Amèswc blèpoume ìti h g afănei analloÐwtec kai thn ènwsh twn eujeiÿn ⋃_{kn} j=1 ℓ_j kai kĹje ènan apì touc gwniakoÔc tomeÐc S_j.

Tèloc, h apeikìnish z → λz(1 + z^{kn}) eÐnai h sÔnjesh thc g(z) me thn peristrofă z → λz katĹ gwnÐa^{2qπ}_n , q ∈ Z (epeidă |λ| = 1 kai λ^n = 1 sunepĹgetai ìti λ = e^{2qπ}n^i).

To Jeÿrhma tou ’Anjouc (Fatou, Julia, Camacho) ’Estw f(z) = λz + a_2z^2 + a_3z^3 + · · ·

analutikă gÔrw apì to 0 kai èstw λ^n = 1 kai λ^m ≠ 1, gia 1 < m < n. An f^n ≠ Id, tìte upĹrqei èna akèraioc k kai nk analutikèc kampÔlec, anĹ dÔo efaptìmenec sthn arqă. ’Etsi, sqhmatÐzetai èna Ĺnjoc A me kèntro thn arqă kai gÔrw tou nk pètala Π_j (A = ⋃_{nk} j=1 Π_j), ètsi ÿste

(i) f^n(A) ⊂ A,

(ii) f^p(z) → 0, kajÿc p → +∞, ∀z ∈ A, efaptomenikÿc wc proc ton Ĺxona tou petĹlou,

(iii) f^p(B) → 0, kajÿc p → +∞, omoiomìrfwc gia kĹje sumpagèc B ⊂ Π_j.

Jeÿrhma 5.4 (Siegel) ’Estw R : C̄ → C̄ analutikă, z_0 ∈ C̄ oudètero stajerì shmeÐo kai λ = R^′(z_0) = e^{2πiθ} (|λ| = 1). An θ ∈ R r Q (Ĺrrhtoc) kai upĹrqoun jetikèc stajerèc a, b ètsi ÿste, ∀p, q ∈ Z, q ≥ 1, | | |θ − p q | | > a q^b , (⋆) tìte h (SES) èqei lÔsh, dhladă, h R(z) eÐnai topikÿc suzugăc me thn z → λz mèsw enìc analutikoÔ omoiomorfismoÔ φ : U → D_r, gia kĹpoia geitoniĹ U tou z_0 kai kĹpoio r > 0, opìte antimetatÐjetai to parakĹtw diĹgramma: U^R−−−→ U φ φ D_r −−−→ z→λz D_r Epiplèon, to mètro Lebesgue twn λ ∈ S^1 pou den ikanopoioÔn thn (⋆) eÐnai mhdenikì.

6 SÔnola Fatou kai SÔnola Julia

’Estw R : C̄ → C̄ analutikă, deg(R) ≥ 2.

Orismìc 6.1 ’Ena shmeÐo z ∈ C̄ lègetai ìti anăkei sto sÔnolo Fatou F = F (R) thc R an

upĹrqei mia geitoniĹ U tou z sthn C̄ tètoia ÿste h oikogèneia twn epanalăyewn F = {R^n : U → C̄ , n = 1, 2, . . .} na eÐnai kanonikă.

To sÔnolo Julia J = J(R) thc R orÐzetai wc to sumplărwma sthn C̄ tou sunìlou Fatou F , dhladă, J = C̄ r F . To sÔnolo Fatou onomĹzetai epÐshc:

• perioqă kanonikìthtac,

• perioqă isosunèqeiac kai

• eustajèc sÔnolo.

Basikèc idiìthtec:

(i) An to F eÐnai anoiktì kai plărwc (jetikÿc kai arnhtikÿc) analloÐwto, tìte to J eÐnai sumpagèc kai plărwc analloÐwto.

(ii) An isqÔei F = {z ∈ C̄ : O^+(z) eÐnai eustajăc} kai O^+(z) eustajăc, tìte ∀ε > 0, ∃δ > 0 tètoio ÿste an ζ ∈ C̄ , d(z, ζ) < δ, na sunepĹgetai ìti d(R^n(z), R^n(ζ)) < ε, ∀n = 1, 2, . . .

ParĹdeigma: ’Estw R(z) = z^2. Tìte D_1 ⊂ F , C̄ r D_1 ⊂ F kai S^1 = J. Genikÿc ìmwc ta

sÔnola Julia den eÐnai aparaÐthta omalĹ kai pollèc forèc eÐnai frĹktal (fractal).

Jeÿrhma 6.1 J ≠ ∅.

Apìdeixh: Ac upojèsoume to antÐjeto: J = ∅. Tìte F = C̄ , to opoÐo sunepĹgetai ìti {R^n}

eÐnai kanonikă sthn C̄ . Autì me thn seirĹ tou shmaÐnei ìti upĹrqei upakoloujÐa R^{nk} → S omoiomìrfwc sta sumpagă thc C̄ , ìpou S : C̄ → C̄ analutikă. ’Ara: deg(R^{nk} ) → deg(S) ă [deg(R)]^{nk} → ∞, to opoÐo sunepĹgetai ìti deg(S) = ∞, to opoÐo eÐnai Ĺtopo.�

Paratărhsh: Endèqetai F = ∅. To parĹdeigma tou Lattès apoteleÐ mia tètoia perÐptwsh: R(z) =^{(z2+1)2}

4z(z2−1) me J =

C̄ kai F = ∅.

Jeÿrhma 6.2 IsqÔei: {

(uper)elktikĹ periodikĹ shmeÐa } ⊂ F, { apwjhtikĹ periodikĹ shmeÐa } ⊂ J. (Apìdeixh me to Jeÿrhma Mèshc Timăc kai to Jeÿrhma Arzela-Ascoli.)

Jeÿrhma 6.3 (Fatou, Julia) IsqÔei: J = { apwjhtikĹ periodikĹ shmeÐa }

. (Apìdeixh me to Jeÿrhma Montel apì to opoÐo sunepĹgetai ìti

J ⊂ {apwjhtikĹ periodikĹ shmeÐa}.)

Jeÿrhma 6.4 ’Estw z_0 ∈ C̄ oudètero stajerì shmeÐo kai λ = R^′(z_0), |λ| = 1. Tìte z_0 ∈ F an

kai mìno an h R(z) eÐnai topikÿc suzugăc me thn parĹgwgo tc z → λz.

Apìdeixh: (⇐) Ex orismoÔ thc F .

(⇒) ’Estw z_0 ∈ F , U sunektikì mèroc tou F , z_0 ∈ U. Upojètoume pwc to U eÐnai aplÿc sunektikì. (An to U den eÐnai aplÿc sunektikì, paÐrnoume to olikì kĹlumma tou U.) SÔmfwna me to jeÿrhma thc Apeikìnishc tou Riemann, upĹrqei analutikă φ : U → D_1 tètoia ÿste φ(z_0) = 0 kai h φ eÐnai 1-1. ’Estw S = φ ∘ R ∘ φ^{−1}. Tìte S(0) = 0 kai |S^′(0)| = 1. Apì to Lămma tou Schwarz pèrnoume ìti S(z) = λz.�

Pìrisma: ’Estw z_0 ∈ C̄ oudètero stajerì shmeÐo kai λ = R^′(z_0), |λ| = 1. An λ = e^{2πiθ}, gia

kĹje θ ∈ Q, tìte z_0 ∈ J.

Apìdeixh: Upojètoume to antÐjeto: z_0 ∈ F . GrĹfoume θ =^p_q , p, q sqetikÿc prÿtoi. Epeidă (R^q)^′(z_0) = 1, to prohgoÔmeno jeÿrhma sunepĹgetai thn antimetajetikìthta tou diagrĹmmatoc U^{Rq}−−−→ U φ φ D_r −−−→_{Id} D_r dhladă, φ ∘ R^q = φ ⇒ R^q = Id sto U. R analutikă ⇒ R^q = Id sthn C̄ ⇒ deg(R) = 1, Ĺtopo (≥ 2).�

7 Sunèpeiec Jewrămatoc Montel

Jeÿrhma tou Montel: ’Estw U ⊂ C̄ anoiktì, F = {f : U → C̄ } oikogèneia analutikÿn

sunartăsewn. An upĹrqoun treÐa shmeÐa α, β, γ ∈ C̄ tètoia ÿste ⋃ f∈F f(U) ⊂ C̄ r {α, β, γ},

tìte h oikogèneia F eÐnai kanonikă.

Orismìc 7.1 ’Estw R : C̄ → C̄ analutikă, U ⊂ C̄ anoiktì kai z ∈ C̄ . Ta sÔnola twn

paraleipìmenwn shmeÐwn E_U kai E_z orÐzontai wc exăc: E_U = C̄ r ⋃ n≥0 R^n(U),

E_z = ⋃{ E_V : V ⊂ U anoiktì, z ∈ V } . Jeÿrhma 7.1 ’Estw z ∈ J kai U anoiktă geitoniĹ tou z.

(i) To sÔnolo E_U perièqei to polÔ dÔo shmeÐa, (ii) To sÔnolo E_z perièqei to polÔ dÔo shmeÐa. (Apìdeixh: sunèpeia tou Jewrămatoc Montel.)

Jeÿrhma 7.2 ’Estw z ∈ J.

(i) To E_z eÐnai arnhtikÿc analloÐwto (R^{−1}(E_z) ⊂ E_z).

(ii) To E_z eÐnai anexĹrthto thc epilogăc tou z ∈ J kai gifl autì sumbolÐzetai wc E = E(R).

To E perièqei to polÔ dÔo shmeÐa pou onomĹzontai exairetikĹ shmeÐa. (iii) An to E perièqei akribÿc dÔo exairetikĹ shmeÐa, tìte h R(z) eÐnai tupikĹ suzugăc me thn z → z^{±d}, ìpou d = deg(R), thc opoÐac apeikìnishc ta paraleipìmena shmeÐa eÐnai {0, ∞} (to prìshmo eÐnai + an to E perièqei dÔo stajerĹ shmeÐa kai − an to E perièqei mia periodikă troqiĹ periìdou 2).

(iv) An to E perièqei mìno èna exairetikì shmeÐo, tìte h R(z) eÐnai topikĹ suzugăc me èna poluÿnumo, tou opoÐou to monadikì paraleipìmeno shmeÐo eÐnai to {∞}.

Porisma: An int(J) ≠ ∅, tìte J = C̄ .

Apìdeixh: ’Estw U ⊂ int(J) anoiktì. To ìti to J eÐnai jetikĹ analloÐwto shmaÐnei ìti J ⊃ ⋃ n≥0 R^n(U) = C̄ r E. PaÐrnontac thn kleistìthta, epeidă to J eÐnai kleistì kai to E perièqei to polÔ dÔo shmeÐa, èpetai ìti

J ⊃ C̄ ă J = C̄ .�

Pìrisma:

(i) An z ∈ C̄ r E, tìte J ⊂ { oriakĹ shmeÐa thc ⋃ n≥0 R^{−n}(z) } .

(ii) Sunepÿc, an z ∈ J, tìte J = ⋃ n≥0 R^{−n}(z). Apìdeixh:

(i) Apì ton orismì tou E kai to gegonìc ìti oi epanalăyeic opoiasdăpote geitoniĹc kĹje shmeÐou tou J telikÿc perilambĹnoun to z.

(ii) An z ∈ J, epeidă to J eÐnai arnhtikÿc analloÐwto, apì thn ⋃ n≥0 R^{−n}(z) ⊂ J

sunepĹgetai ìti ⋃ n≥0 R^{−n}(z) ⊂ J̄ = J (kleistì).

ExĹllou apì to (i) sunepĹgetai ìti J ⊂ ⋃ n≥0 R^{−n}(z).� Jeÿrhma 7.3 To sÔnolo Julia J eÐnai tèleio (dhladă, mh-kenì, kleistì kai kĹje shmeÐo tou

eÐnai oriakì shmeÐo).

Apìdeixh: ’Estw tuqìn a ∈ J. Ja deÐxoume ìti to a eÐnai oriakì shmeÐo tou J. ’Estw U

geitoniĹ tou a. Dialègoume èna b ∈ J ìpwc ston Lămma pou akoloujeÐ, dhladă, tètoio ÿste a ∈ O^+(b) allĹ b ∉ O^+(a). AfoÔ b ∈ J, b ∉ E kai upĹrqei k ∈ Z ÿste b ∈ R^k(U). ’Estw c ∈ U tètoio ÿste R^k(c) = b. Tìte c ≠ a, giatÐ b ∉ O^+(a), kai c ∈ J, giatÐ to J eÐnai arnhtikÿc analloÐwto.�

Lămma: An a ∈ J, tìte upĹrqei b ∈ J tètoio ÿste a ∈ O^+(b) allĹ b ∉ O^+(a).

8 Taxinìmhsh tou Sullivan twn Sunìlwn Fatou

To 1982 o Sullivan oloklărwse thn taxinìmhsh twn dunamikÿn idiotătwn miac rhtăc apeikìnhshc pĹnw sto sÔnolì thc Fatou, qrhsimopoiÿntac thn jewrÐa twn sqedìn-summìrfwn apeikonÐsewn (idÐwc to Jeÿrhma thc Metrăsimhc Apeikìnishc Riemann twn Morrey, Ahlfors kai Bers).

Orismìc 8.1 ’Estw R : C̄ → C̄ analutikă, D mia sunistÿsa (sunektikì mèroc) tou sunìlou Fatou F thc R. Tìte to D onomĹzetai

(i) periodikă sunistÿsa an upĹrqei akèraioc n ≥ 0 tètoioc ÿste R^n(D) = D,

(ii) properiodikă (ă telikÿc periodikă) sunistÿsa an upĹrqei akèraioc m ≥ 0 tètoioc ÿste to R^m(D) na eÐnai periodikă sunistÿsa,

(iii) periplanÿmenh sunistÿsa an ta sÔnola R^n(D), gia akèraio n ≥ 0, eÐnai anĹ dÔo xèna.

ArqikĹ o Fatou eÐqe jèsei to erÿthma an upĹrqoun periplanÿmenec sunistÿsec kai thn telikă (arnhtikă) apĹnthsh èdwse o Sullivan to 1982 me to epìmeno apotèlesma.

Jeÿrhma 8.1 (Sullivan) ’Olec oi sunistÿsec tou sunìlou Fatou F thc analutikăc R : C̄ → C̄ eÐnai properiodikèc. Epiplèon, upĹrqei mìno èna peperasmèno plăjoc periodikÿn sunistw-

sÿn.

Epomènwc, h dunamikă thc analutikăc R : C̄ → C̄ kajorÐzetai apì ton periorismì thc R se mia periodikă sunistÿsa tou sunìlou Fatou F . H dunamikă tou periorismoÔ autoÔ eÐnai enìc apì touc pènte tÔpouc tou parakĹtw apotelèsmatoc.

Jeÿrhma 8.2 (Sullivan) ’Estw D sunistÿsa tou sunìlou Fatou F thc analutikăc R : C̄ → C̄ tètoia ÿste_{R(D) = D.}

(An D eÐnai periodikă sunistÿsa, R^n(D) = D, tìte ta parakĹtw isqÔoun gia thn S = R^n.) Tìte h sunistÿsa D eÐnai enìc apì touc exăc pènte tÔpouc:

(i) Elktikă sunistÿsa an to D eÐnai h Ĺmesh lekĹnh èlxhc enìc elktikoÔ stajeroÔ shmeÐou z_o (dhladă, D = A(z_0)). Tìte h R eÐnai 1-1 gÔrw apì to z_0. EpÐshc, sto D upĹrqoun Ĺpeira krÐsima shmeÐa, ta opoÐa susswreÔontai sto z_0 (pou den eÐnai ìmwc krÐsimo shmeÐo).

(ii) Uperelktikă sunistÿsa an to D eÐnai h Ĺmesh lekĹnh èlxhc enìc krÐsimou shmeÐou z_0 pou eÐnai kai stajerì shmeÐo. Tìte upĹrqoun kĹpoiec “emfullÿseic” (?) (foliation) gÔrw apì to z_0 kai h R apeikonÐzei kĹje fÔllo se èna Ĺllo pou brÐsketai plhsièstera sto z_0. Epiplèon, h R eÐnai (sto D) suzugăc proc thn z → z^k, gia kĹje k > 1.

(iii) Parabolikă sunistÿsa (ă perioqă tou Leau) an to sÔnoro ∂D tou D perièqei èna oudètero stajerì shmeÐo z_0 (opìte z_0 ∈ J) tètoio ÿste R^′(z_0) = e^{2πiθ}, θ ∈ Q, kai R^n(z_0) → z_0, kajÿc n → +∞, gia kĹje z ∈ D. Ta pètala sto Jeÿrhma tou ’Anjouc anăkoun se parabolikèc sunistÿsec. EpÐshc, sto D upĹrqoun Ĺpeira krÐsima shmeÐa pou susswreÔontai sto z_0.

(iv) DÐskoc tou Siegel an to D eÐnai aplÿc sunektikì kai o periorismìc R|D eÐnai analutikìc suzugăc me kĹpoia peristrofă se èna dÐsko. Me Ĺlla lìgia, an upĹrqei ènac analutikìc omoiomorfismìc h : D_r → D_r ètsi ÿste na antimetatÐjetai to diĹgramma: D^R−−−→ D h h_{h(z0)=0} D_r −−−−→ z→e^{iθz} D_r θ ∈ R (upoqrewtikĹ θ ∈ R r Q)

Tìte ìlec oi troqièc peristrèfontai gÔra apì to z_0 se aplèc kleistèc kampÔlec. KĹje troqiĹ se mia tètoia kleistă kampÔlh eÐnai puknă sthn kampÔlh aută. To sÔnoro ∂D thc D perièqetai sthn kleistìthta twn (jetikÿn) troqiÿn twn krisÐmwn shmeÐwn thc R.

(v) DaktÔlioc Herman an h R : D → D eÐnai analutikÿc suzugăc proc mia peristrofă se mai daktulioeidă perioqă. Aută eÐnai h mình perÐptwsh pou den antistoiqeÐ se stajerì shmeÐo. Tìte ìlec oi troqièc peristrèfontai se kleistèc kampÔlec mèsa ston daktÔlio kai eÐnai puknèc stic kampÔlec autèc. PĹli, to sÔnoro ∂D thc D perièqetai sthn kleistìthta twn (jetikÿn) troqiÿn twn krÐsimwn shmeÐwn. Apì thn Arqă tou MegÐstou sunepĹgetai ìti ta poluÿnuma den mporoÔn na èqoun daktÔliouc Herman sto sÔnolo Fatou. ParĹdeigma rhtÿn sunartăsewn me daktÔliouc Herman èqei dwsei o Herman. P.q., gia kĹpoiec timèc twn a kai α h apeikìnish R(z) = e^{2πiα} z ( z − a 1 − āz )_2

èqei èna daktÔlio Herman pou perièqei ton S^1.

To jeÿrhma thc taxinìmhshc tou Sullivan èqei pollèc endiafèrousec sunèpeiec.

Pìrisma: An kĹje krÐsimo shmeÐo thc R eÐnai properiodikì (allĹ ìqi periodikì), tìte J = C̄ .

Apìdeixh: ’Otan kĹje krÐsimo shmeÐo eÐnai properiodikì, upĹrqei upoqrewtikĹ mìno èna pepe-

rasmèno plăjoc krisÐmwn shmeÐwn. Epomènwc, F = ∅, giatÐ stic periptÿseic twn sunistwsÿn tou F pou eÐnai elktikèc, parabolikèc, dÐskoi Siegel kai daktÔlioi Herman prèpei ta krÐsima shmeÐa na eÐnai Ĺpeira. Epiplèon, oi uperelktikèc sunistÿsec tou F perièqoun mìno krÐsima shmeÐa.�

Pìrisma: An gia to poluÿnumo p(z) kĹje krÐsimo shmeÐo ektìc tou ∞ eÐnai properiodikì (allĹ

ìqi periodikì), tìte F = A(∞), dhladă, to sÔnolo Fatou F eÐnai aplÿc sunektikì.

Apìdeixh: ’Opwc sto prohgoÔmeno pìrisma, F = W^s(∞). AllĹ gia poluÿnuma W^s(∞) = A(∞).� 9 ’Allec Idiìthtec Sunìlwn Julia

Lìgw thc megĹlhc spoudaiìthtac twn epektatikÿn kai twn uperbolikÿn susthmĹtwn sthn jewrÐa twn Dunamikÿn SusthmĹtwn, eÐnai endiafèron na xèroume kĹtw apì poièc sunjăkec mia analutikă sunĹrthsh eÐnai epektatikă pĹnw sto sÔnolì thc Julia. ’Estw R : C̄ → C̄ analutikă, J to sÔnolo Julia thc R kai C to sÔnolo twn krisÐmwn shmeÐwn thc R, tìte isqÔei to parakĹtw jeÿrhma:

Jeÿrhma 9.1 An O^+(C) ∩ J = ∅, tìte lim n→+∞ inf_{z∈J} | |(R_n)^′(z) | | = +∞. EÐnai ìmwc axioprìsekto to gegonìc ìti kĹtw apì thn parapĹnw sunjăkh to sÔnolo Julia apodeiknÔetai ìti eÐnai sqedìn autoìmoio, dhladă, ikanopoieÐ mia qarakthristikă idiìthta twn frĹktal.

Orismìc 9.1 ’Estw (X, d) metrikìc qÿroc kai f : X → X. H f onomĹzetai K-sqedìn-

isometrÐa an upĹrqei kĹpoio K > 0 tètoio ÿste, ∀x, y ∈ X, na isqÔei 1 K d(x, y) < d ( f(x), f(y) ) < Kd(x, y). Orismìc 9.2 ’Estw R : C̄ → C̄ analutikă kai A ⊂ C̄ . To A onomĹzetai sqedìn autoìmoio an

upĹrqoun K, r_0 > 0 kai mia K-sqedìn-isometrÐa f : C̄ → C̄ tètoia ÿste h f na apeikonÐzei to 1 r (A ∩ D_r(z)) sto A, ∀r < r_0 kai ∀z ∈ A. Jeÿrhma 9.2 (Sullivan) An O^+(C) ∩ J = ∅, tìte to sÔnolo Julia J eÐnai sqedìn-autoìmoio.

10 Dunamikă PoluwnÔmwn

’Estw p(z) poluÿnumo bajmoÔ d.

• An p(∞) = ∞, autì sunepĹgetai ìti to ∞ eÐnai stajerì shmeÐo kai p^{−1}(∞) = {∞}. • An p^′(∞) = 0 (upologÐzontac thn p^′(∞) sto topikì sÔsthma suntetagmènwn), autì sunepĹgetai ìti to ∞ eÐnai stĹsimo shmeÐo kai uperelktikì stajerì shmeÐo.

• An_∞ ⋃ n=0 p^n(C̄ ) = C̄ ,

autì sunepĹgetai ìti to ∞ eÐnai (to monadikì) exairetikì shmeÐo.

• UpĹrqei geitoniĹ U tou ∞ kai r ≥ 1 ètsi ÿste h p|U na eÐnai analutikÿc suzugăc me ton periorismì thc z → z^d sto C̄ r D_r.

• IsqÔei ìti F ≠ ∅ (giatÐ ∞ eÐnai upelktikì stajerì shmeÐo pou anăkei sto F ). • To J eÐnai fragmèno sto C̄ (giatÐ to gegonìc ìti ∞ ∈ F sunepĹgetai ìti ∞ ∉ J kleistì). • IsqÔei ìti W^s(∞) = A(∞) (giatÐ p^{−1}(∞) = {∞}).

’Estw C to sÔnolo twn krisÐmwn shmeÐwn tou p(z), C^′ to sÔnolo twn peperasmènwn krisÐmwn shmeÐwn tou p (metroÔmenhc pollaplìthtac), tìte card(C^′) ≤ d − 1 , giatÐ card(C) ≤ 2d − 2 kai h pollaplìthta tou ∞ eÐnai d − 1) kai card { peperasmènwn elktikÿn periodikÿn troqiÿn } + + 1 2 card { oudetèrwn periodikÿn troqiÿn } ≤ d − 1. H domă twn sunìlwn Fatou kai Julia twn poluwnÔmwn dÐnetai apì ta parakĹtw apotelèsmata.

Jeÿrhma 10.1 KamiĹ periodikă sunistÿsa tou sunìlou Fatou F tou p(z) den eÐnai daktÔlioc Herman.

(Apìdeixh me efarmogă thc Arqăc tou MegÐstou.)

Jeÿrhma 10.2 Ta parakĹtw eÐnai isodÔnama:

(i) H apeikìnish p|A(∞) eÐnai analutikÿc suzugăc me to periorismì thc apeikìnishc z → z^d sto exwterikì tou D.

(ii) To sÔnolo A(∞) eÐnai aplÿc sunektikì. (iii) To sÔnolo Julia J eÐnai sunektikì. (iv) Ta sÔnola A(∞) kai C^′ eÐnai xèna.

Me Ĺlla lìgia, gia kĹje peperasmèno krÐsimo shmeÐo h akoloujÐa {p^n(z)} eÐnai fragmènh.

Apìdeixh (SkarÐfhma): (i) ⇒ (ii) Lìgw omoiomorfismoÔ.

(ii) ⇒ (iii) Lìgw tou ìti èna uposÔnolo tou epipèdou eÐnai aplÿc sunektikì an kai mìno an to sÔnorì tou eÐnai sunektikì kai tou ìti ∂A(∞) = ∂W^s(∞) = J.

(iii) ⇒ (iv) ApodeiknÔontac ìti A(∞) ∩ C^′ ≠ ∅ sunepĹgetai ìti to J eÐnai mh sunektikì. Gia to skopì autì, qrhsimopoieÐtai o omoiomorfismìc thc suzugÐac tou p(z) kai thc z → z^d sthn geitoniĹ tou ∞, gia na eisaqjeÐ èna katĹllhlo orjogÿnio sÔsthma suntetagmènwn topikĹ sto ∞.

(iv) ⇒ (i) ’Opwc sthn apìdeixh tou “(iii) ⇒ (iv)”.

Gia mia plhrèsterh topologikă perigrafă thc dunamikăc tou sunìlou Julia, qreiazìntai prÿta oi exăc orismoÐ.

Orismìc 10.1 ’Estw monìpleuroc qÿroc twn n sumbìlwn Σ_n pou orÐzetai wc

Σ_n = ∞∏ k=0 { 1, . . . , n }

= { {s_k}_{k=0,1,2,...} : s_k ∈ {1, . . . , n}, k = 0, 1, 2, . . . } . H apeikìnish metatìpishc σ : Σ_n → Σ_n orÐzetai wc [ σ({s_k}) ] k = s_{k+1}.

To dunamikì sÔsthma pou parĹgei h apeikìnish σ : Σ_n → Σ_n onomĹzetai monìpleurh metatìpish twn n sumbìlwn.

Orismìc 10.2 ’Estw A ⊂ C̄ , A ≠ ∅. To A onomĹzetai sÔnolo Cantor an eÐnai:

(i) kleistì, (ii) tèleio (qwrÐc memonomèna shmeÐa), (iii) olikÿc mh-sunektikì (kĹje sunistÿsa tou eÐnai mìno èna shmeÐo). Jeÿrhma 10.3 An C^′ ⊂ A(∞), tìte:

(i) to sÔnolo Julia J eÐnai sÔnolo Cantor, (ii) h p|J eÐnai isìmorfh me thn monìpleurh apeikìnish twn d sumbìlwn. (Sthn epìmenh enìthta ja dÿsoume mia apìdeixh tou jewrămatoc autoÔ gia thn perÐptwsh twn tetragwnikÿn poluwnÔmwn.)

11 Dunamikă Tetragwnikÿn PoluwnÔmwn

’Askhsh: ’Estw to tetragwnikì poluÿnumo p(z) = az^2 + 2bz + d.

DeÐxte ìti p(z) = M^{−1} ∘ p_c ∘ M(z), ìpou p_c(z) = z^2 + c, c = ad + b − b^2 kai M(z) = az + b.

Me Ĺlla lìgia, kĹje tetragwnikì poluÿnumo eÐnai analutikÿc suzugèc proc thn kanonikă morfă tou:

p_c(z) = z^2 + c.

Paratărhsh: To p_c(z) èqei monadikì krÐsimo shmeÐo sthn arqă, dhladă, C^′ = {0}. • Epeidă to ∞ eÐnai uperelktikì stajerì shmeÐo tou p_c(z), to p_c(z) eÐnai topikÿc analutikÿc suzugèc me thn z → z^2 gÔrw apì to ∞. Dhladă upĹrqoun:

– geitoniĹ U tou ∞ sthn C̄ , – r ≥ 1, – analutikÿc omoiomorfismìc φ_c : U → C̄ r D_r, ètsi ÿste φ_c(∞) = ∞ kai na antimetatÐjetai to diĹgramma U^{pc(z)}−−−→ U φc(z) C̄ r D_r −−−→_{z→z2}^¯C r D_r ă φ_c ( p_c(z) ) = [ φ_c(z) ]_2 , z ∈ U, ă p_c(z) = φ^{−1}_c ( [φ_c(z)]^2 ) , z ∈ U. AnĹlush se apeiroginìmeno tou φ_c:

Gia z kontĹ sto ∞ (|z| ≥ R_c = 1 + |c|)

φ_c(z) = z ∞∏ k=0 ( 1 + c [p^k_c (z)]^2

) 1_{2k+1} , ìpou ( 1 + c [p^k_c (z)]^2

) 1_{2k+1} = 1 eÐnai h diaklĹdwsh thc 2^{k+1}-ostăc rÐzac thc monĹdac.

Orismìc 11.1 To gemĹto sÔnolo Julia K_c tou p_c(z) orÐzetai wc to sumplărwma sthn C̄ thc

lekĹnhc èlxhc tou ∞: K_c = C̄ r W^s(∞).

Paratărhsh: J_c = ∂K_c = ∂W^s(∞).

To parakĹtw apotèlesma deÐqnei thn diqotomÐa metaxÔ twn timÿn thc paramètrou c pou sunepĹgetai mia rizikă metabolă sthn domă tou sunìlou Julia J_c tou p_c(z).

Jeÿrhma 11.1 ’Estw O^+(0) = { c_k = p^k_c (0) }

= { 0, c, c^2 + c, (c^2 + c)^2 + c, . . . }

h troqiĹ tou krÐsimou shmeÐou O.

(i) An O ∉ A(∞) (dhladă, an h akoloujÐa {c_k} den sugklÐnei sto ∞), tìte to sÔnolo Julia J_c eÐnai sunektikì.

(ii) An O ∈ A(∞) (dhladă, an h akoloujÐa {c_k} sugklÐnei sto ∞), tìte to sÔnolo Julia J_c eÐnai sÔnolo Cantor (kleistì, tèleio kai olikÿc mă-sunektikì).

Me Ĺlla lìgia, to J_c eÐnai mh -sunektikì an kai mìno an c_k → ∞, k → ∞.

Apìdeixh tou ìti “c_k → ∞ ⇒ J_c mă sunektikì”: ’Estw h_c : C̄ → [0, ∞] pou orÐzetai wc h_c(z) = lim_{k→+∞} 1 2^k log_+ |p^k_c (z)|,

ìpou log_+ |z| = max{log |z|, 0}.

Epeidă h_c(z) > 0 ⇔ z ∈ W^s(∞), èpetai ìti h_c(z) = 0, gia z ∈ K_c, dhladă, to gemĹto sÔnolo Julia K_c eÐnai h stĹjmh tou O gia thn h_c(z). Epiplèon, h_c ( p_c(z) ) = 2h_c(z).

Tèloc, (sumbolÐzontac me U to pedÐo orismoÔ thc φ_c(z)) h_c(z) = log |φ_c(z)|, gia z ∈ U. Epomènwc, gia arketĹ megĹlo r, èqoume th stĹjmh

h^{−1}_c (r) = φ^{−1}_c ( {w ∈ C̄ : |w| = e^r} ) . ’Otan r → +∞, oi stĹjmec h^{−1}_c (r) eÐnai aplèc kleistèc kampÔlec gÔrw apì to ∞. Lìgw twn idiotătwn twn analutikÿn sunartăsewn, kai h stĹjmh pou perièqei to c eÐnai mia aplă kleistă kampÔlh pou pernĹ apì to c. Epeidă to krÐsimo shmeÐo O apeikonÐzetai sto c topikÿc wc mia diakladizìmenh 2-1 epikaluptikă apeikìnish, h stĹjmh thc h_c pou perièqei to O eÐnai ènac “demènoc” kÔkloc se sqăma 8.

Lìgw tou gegonìtoc ìti ta tetragwnikĹ poluÿnuma eÐnai diplĹ diakladizìmenec epikalÔyeic thc

C̄ , stic opoÐec h diaklĹdwsh mporeÐ mìno na gÐnei sta krÐsima shmeÐa, katalăgoume sto ìti oi

stĹjmec h^{−1}_c (h_c(0)

2^k )

apoteloÔntai apì 2^k {demènouc} kÔklouc (se sqăma 8).

Jewrÿntac thn h_c wc sunĹrthsh Ôyouc, oi stĹjmec (iso-uyeÐc) thc h_c diairoÔn to W^s(∞) wc exăc: (deÐte sqăma) �

12 SÔnola Mandelbrot

H prohgoÔmenh diqotomÐa stic timèc thc paramètrou c tou tetragwnikoÔ poluwnÔmou p_c(z) = z^2 + c pou sunepĹgetai eÐte sunektikìthta ă mh-sunektikìthta tou sunìlou Julia J tou p_c(z), meletăjhke leptomerÿc apì ton Mandelbrot.

Orismìc 12.1 To sÔnolo Mandelbrot M ( = M(z^2 + c) ) orÐzetai wc to uposÔnolo tou C̄ pou apoteleÐtai apì ìlec ekeÐnec tic timèc thc paramètrou c, gia tic opoÐec to sÔnolo Julia J_c ( = J(z^2 + c) ) eÐnai sunektikì.

Paratărhsh: To sÔnolo Mandelbrot M orÐzetai ston qÿro paramètrou me opoiondăpote apì

touc parakĹtw isodÔnamouc trìpouc: M = { c ∈ C̄ : J_c sunektikì }

= { c ∈ C̄ : O^+(c) = {c_k = p^k_c (c)}_{k=0,1,2,...} fragmènh }

= { c ∈ C̄ : h_c(0) = 0 } . Jeÿrhma 12.1 (i) M = { c ∈ C̄ : |c_k| ≤ 2, k = 0, 1, 2, . . . }

(ii) M eÐnai sumpagèc sto C .

Jeÿrhma 12.2 (Douady kai Hubbard) To sÔnolo Mandelbrot M eÐnai sunektikì.

To kÔrio shmeÐo sthn apìdeixh twn Douady kai Hubbard eÐnai to na apodeiqjeÐ pwc h apeikìnish

Φ : C̄ r M → C̄ r D_1, Φ(c) = φ_c(c),

eÐnai ènac sÔmmorfoc omoiomorfismìc.

’Ena rìlo-kleidÐ sthn anĹlush twn Douady kai Hubbard paÐzoun oi epektĹseic twn apeikonÐsewn Riemann, pou apoteloÔn èna klasikì tmăma thc Migadikăc AnĹlushc. AnaforikĹ me autèc o Karajeodwrăc apèdeixe to parakĹtw shmantikì apotèlesma.

Orismìc 12.2 ’Estw S ⊂ C̄ kai z_0 ∈ S. To S lègetai topikÿc sunektikì sto z_0 an ∀ε > 0, ∃ε^′ ∈ (0, ε) tètoio ÿste to sÔnolo D_ε0 (z_0) ∩ S na eÐnai sunektikì uposÔnolo tou D_ε(z_0) ∩ S.

Jeÿrhma 12.3 (Karajeodwră) ’Estw D ⊂ C̄ aplÿc sunektikì, f : D → D_1 sÔmmor-

foc automorfismìc, tìte to sÔnoro ∂D tou D eÐnai topikÿc sunektikì an kai mìno an h f^{−1} epekteÐnetai se mia suneqă apeikìnish g : D̄_1 → D̄.

Gia thn diereÔnush thc topikăc sunektikìthtac tou J_c ă tou M, oi Douady kai Hubbard ìrisan prÿta ta aktinikĹ ìria wc exăc.

Orismìc 12.3 ’Estw D ⊂ C̄ aplÿc sunektikì, z_0 ∈ D, f : D → D_1 sÔmmorfoc automorfi-

smìc f(z_0) = 0, f^′(z_0) > 0. Tìte to aktinikì tìxo gwnÐac θ orÐzetai wc h kampÔlh f^{−1}(re^{2πiθ}), gia 0 ≤ r < 1, kai to aktinikì ìrio gwnÐac θ orÐzetai wc to lim_{r→1} f^{−1}(re^{2πiθ}).

Profanÿc, to Jeÿrhma tou Karajeodwră sunepĹgetai ìti an to D eÐnai topikÿc sunektikì, tìte orÐzontai ta aktinikĹ ìria gia kĹje gwnÐa, allĹ kai to antÐstrofo.

Jeÿrhma 12.4 (Douady kai Hubbard) An to c eÐnai èna apì ta parakĹtw:

(i) èlketai proc mia elktikă periodikă troqiĹ, (ii) èlketai proc mia oudèterh periodikă troqiĹ me idiotimă pou eÐnai rÐza thc monĹdac, (iii) eÐnai properdiodikì (allĹ ìqi periodikì) shmeÐo, tìte ta K_c kai J_c eÐnai topikÿc sunektikĹ.

AllĹ ta sÔnola Julia tatragwnikÿn poluwnÔmwn den eÐnai pĹnta topikÿc sunektikĹ, ìpwc deÐqnei to epìmeno apotèlesma.

Jeÿrhma 12.5 (Douady kai Sullivan) An to tetragwnikì poluÿnumo p_c(z) èqei èna oudè-

tero stajerì shmeÐo me idiotimă pou den eÐnai rÐza thc monĹdac kai to p_c(z) den eÐnai topikĹ suzugèc me thn parĹgwgo tou, tìte to sÔnolo Julia J_c den eÐnai topikĹ sunektikì. ’Oson aforĹ thn topikă sunektikìthta tou sumplhrÿmatoc (sthn C̄ ) tou sunìlou Mandelbrot M, proc to parìn upĹrqei mìno to exăc apotèlesma:

Jeÿrhma 12.6 (Douady kai Hubbard) ’Estw Φ : C̄ r M → C̄ r D_1 o sÔmmorfoc au-

tomorfismìc tou jewrămatoc thc sunektikìthtac tou M. Tìte, gia kĹje θ ∈ Q, to aktinikì ìrio gwnÐac lim_{r→1} Φ^{−1}(re^{2πiθ}) upĹrqei, eÐnai monadikì kai ikanopoieÐ eÐte thn perÐptwsh (ii) ă thn (iii) tou Jewrămatoc 12.4.

Anaforèc

[1] A. F. Beardon. Iteration of Rational Functions. Springer-Verlag, 1991. [2] P. Blanchard. Complex analytic dynamics of the Riemann sphere. Bull. Amer. math.

Soc., 11:85–141, 1984.

[3] P. Blanckhard and A. Chiu. Complex dynamisc: an informal discussion. In J. Bélai and S. Dubuc, editors, Fractal Geometry and Analysis. Kluwer Publications, 1991.

[4] A. Douady. Systèmes dynamiques holomorphe. Astérisque, 105–106:39–63, 1983. [5] A. Douady and J Hubbard. Itération des polynômes quadratiques complexes. C. R. Acad.

Sci. Paris, 294:123–126, 1982.

[6] A. Douady and J. Hubbard. Étude dynamique des polynômes complexes. Publications Mathématiques d’Orsay, 1984.

[7] A. E. Eremenko and M. Yu. Lyubich. The dynamics of analytic transformations. Leningrad Math. J., 1:563–634, 1990.

[8] M. Yu. Lyubich. The dynamics of rational transforms: the topological picture. Russian Math. Surveyes, 41:43–117, 1986.

[9] D. Sullivan. Quasiconformal mappings and dynamics II and III. Preprints. [10] D. Sullivan. Quasiconformal mappings and dynamics I. Annals of Mathematics, 122:401– 418, 1985.