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Everything Changes all the Time -
That’s what Life is

Besides their system’s nature, as manifested through the enormous number of interacting 
regulatory processes, living systems are characterized by their self-generated activity. 

Interaction between the many oscillatory processes produces complex nonlinear dynamic 
phenomena, including various forms of synchronization.

The cells, functional units, etc. actively make use of the complex temporal patterns in their 
mutual communication and as biological clocks to coordinate their internal processes.

Changes in the temporal 
patterns can be part of a
normal physiological
regulation, or signal a
state of disease
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24 Hour Growth Hormone Profile

Some hormones (e.g. luteinizing hormone 
and testosterone) seem to be released in a 
regular pulse train with 2-3 hour intervals.

Other hormones, like growth hormone, 
exhibit more irregular patterns, and the 
question arises as to what extent this variation 
can be given a systematic explanation 
associated, for instance, with the interaction of 
several different pulsatile processes.

A strongly varying hormone concentration 
may be more efficient than a constant 
concentration with the same average value.

Moreover, in the presence of such temporal 
patterns, the time of administration of a drug 
may be significant. 
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Ultradian Pulses of Insulin Secretion

24 h insulin secretion profiles for two 
type-II diabetics and two age-matched 
controls. 10 min. temporal resolution. Meals 
were eaten at 09.00, 13.00 and 18.00.

Arrows indicate statistically significant 
pulses of insulin secretion.

There is an obvious “ringing” in response 
to a meal. This is even more pronounced 
for type-II diabetics.

Can the “ringing” be used as a preclinical 
diagnostics of type-II diabetes?

Polonsky et al., New Eng.J. Med. (1988)
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Bursting and Spiking Pancreatic Beta-cells
Isolated beta-cells tend to produce       

randomly looking spike sequences in 
their membrane potentials.

Intact cells in pancreatic islets produce 
bursts of spikes with a bursting fraction 
that varies with the glucose concentration

Insulin is released during the bursting 
period. Isolated cells typically release 
insulin at significantly lower rates than 
islet cells. 

The bursting dynamics arises from the 
interaction between a fast potassium 
dynamics and a slower calcium 
dynamics.

The electrophysiological processes 
again couple to metabolic oscillations in 
the cell.
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Nephron Pressure and Flow Regulation

The nephron is the functional unit of the kidney.

By regulation the excretion of water, salts 
and metabolic end-products, the kidneys play
an important role in maintaining a proper 
environment for the cells in the body.

In particular the kidneys control the 
osmolality of the blood plasma and the 
composition and volume of the intercellular
fluid.

The kidneys also produce hormons that, 
together with hormons from other organs, 
regulate the arteriolar resistance and, hence, 
influence the blood presure.

To protect their own function and secure a 
relatively constant blood flow, the kidneys
dispose of a specific mechanism, the  
tubuloglomerular feedback mechanism, that
regulates the incoming blood flow to each of 
its 1.2 mill. functional units.
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With Niels-Henrik Holstein-Rathlou and 
Donald Marsh, Brown University, US
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Normo- and Hypertensive Rats

Considering the noisy environment, the 
spectral distribution is quite sharp and 
typical of a self-sustained oscillation.
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For hypertensive rats, the tubular pressure 
variations are highly irregular, and the 
spectrum typically exhibits strong low-
frequency components.
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Arterial Pressure Variations

The mean arterial pressure 
fluctuates significantly over time 
with high values at night and at 
feeding times.
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At any given time, 70-80% of the superficial nephrons oscillate. A nephron may typically 
oscillate for 20-30 min, then rest for a while to reassume its self-sustained oscillations.

Complex Systems, 
Patras, July 18 – 29, 2011

The tubuloglomerular
feedback (TGF) is perceived as 
a mechanism that serves to 
lower the impact of the large 
arterial pressure variations on 
the glomerular filtration.
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Perfusion and Suction Experiments
Micro-perfusion with artificial tubular fluid shows 
that the pressure oscillations are generated by 
feedback mechanisms associated with the 
individual nephron.
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The perfusion experiments also reveal that the 
nephrons interact with one another when they 
share a common interlobular artery.
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Variations in Distal Tubular NaCl Concentration

Variations in NaCl concentration are delayed 12-15 sec relative to the proximal 
tubular pressure variations. The distal tubular pressure variations do not display 
a similar delay.
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Modeling Glomerular Filtration

Page 12

Downstream pressure equilibration

Protein conservation and flow stationarity

Filtration along the glomerular capillaries
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Steady State Pressure Response Curves

In the model these curves are represented through a relation between the Henle flow and 
the muscle tone ψ in the afferent arteriolar wall

Page 13

Variation in the stop-flow pressure ΔSFP as 
function of the externally forced Henle flow for 
different rat strains and different anesthetics (H: 
halothane and IN: inactin)
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with 3x3/T representing a delayed version of the flow into the loop of Henle

The gain factor α is enhanced for hypertensive rats and reduced by 
the use of inactin.
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Steady State Arteriolar Activation Curves

By integrating these responses across the arteriolar wall one can establish a relation 
between the equilibrium arteriolar pressure Peq, the normalized radius r, and the muscular 
activation ψ:
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The steady state reaction of the arteriolar wall 
to changes in the transmural pressure 
consists of a passive elastic response in 
combination with an active muscular 
response.

The elastic component is determined by the 
properties of the connective tissue, which 
consists mainly of collagen and elastin.

The active component depends on the 
muscle tone ψ.
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Activation of Smooth Muscle Cells

Experimentally one observes (Aalkjaer et al., 2005) that random fluctuations in cytosolic
Ca 2+-concentration in non-activated muscle cells are replaced by synchronized oscillation of 
Ca 2+-concentrations and by the generation of self-sustained oscillations in muscle tension. 
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Simple Single Nephron Model
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One-dimensional bifurcation diagram
In the chaotic regime, the fast myogenic 
oscillations often no longer lock to the slower
TGF-mediated oscillations.

An incomplete and a complete period-
doubling cascade are folded on top of one
another. Dotted curves denote unstable
period solutions.

Pt / kPa
r

r

α
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Two-dimensional bifurcation diagram

The delay in the feedback regulation is typically T ≈ 16 s. Normotensive rats have gain
factors α ≈ 12, and typically operate just above the Hopf bifurcation curve. For hypertensive
rats the slope of the open loop feedback curve is α ≈ 18.

Bifurcation curves:
........ Hopf
------- saddle-node

period-doubling

Each time the point of operation
in parameter plane crosses a 
bifurcation curve, the dynamics
changes qualitatively.
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Period-2 Dynamics in Nephron Pressure
For both normotensive and 
hypertensive rats, the tubular 
pressure traces show clear 
episodes of period-doubled 
dynamics.

For hypertensive rats the power 
spectrum often reveals several 
subharmonic components.
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Normotensive rat Hypertensive rat
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Fast and Slow Oscillatory Components

With A. Pavlov, Saratov State University

The wavelet-transform of a signal x(t):

The simplified Morlet function:

The energy density of the signal x(t): 
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In a double-wavelet analysis where we consider 
the amplitude and frequency of the fast myogenic
mode as signals, we can examine how the 
modulation of the fast mode depends on the 
amplitude of the slow TGF mode.

Nonlinear Mode Intraction

Hypertensive rats demonstrate an unusually 
strong interaction between the two modes.
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Renal Frequency Response

The kidney acts as a high-pass filter with a cut-off frequency of about 0.06 Hz. 
However, there are clear resonances at 0.15 Hz and around 0.035 Hz reflecting, 
respectively,  to the myogenic and the TGF mediated oscillations.

The ability of the renal autoregulation to 
handle external pressure fluctuations may be
investigated by applying a broad-band forcing
signal to the arterial pressure while recording
simultaneously arterial pressure and renal
blood flow.

The variation in the arterial pressure is 
induced by connecting a computer operated
pump that generates fluctuating pressures
through a blood filled cannula to the distal end 
of the abdominal aorta.
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Bifurcation Structure for the Forced Nephron

The nephron model is subject to a 
periodic oscillation of the arterial 
blood pressure with a frequency 
near the TGF frequency.

We observe cascades of 
interconnected period-doubling 
curves for the original node and 
saddle cycles.

Each period-doubling produces a 
new (set) of saddle-node 
bifurcations along the tongue 
edges.
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Bifurcation parameter is the normal afferent arteriolar resistance. 

With Jakob Laugesen, DTU and 
Zhanybai Zhusubaliyev, Kursk 
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Bifurcation Structure of Forced Rössler System

At the edges of the resonance zone, 
period doubling of corresponding 
node and saddle cycles occurs 
simultanously.

Inside the zone, the stable cycles 
period double at lower values of the 
nonlinearity parameter c than the 
saddle cycles.

Each period doubling gives rise to a 
new set of saddle-node bifurcation 
curves.
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Interconnected Period-Doubling Cascades

(a)  One-dimensional bifurcation 
diagram through the interconnected 
period-doubling cascades for the 
stable and saddle resonant cycles 
and out through the left zone 
boundary.

(b) Magnification of (a) illustrating 
the processes that take place after 
the second period-doubling of the 
stable resonance mode.

Note how each pair of stable and 
saddle cycles generated in the 
period-doubling cascade is 
terminated by a saddle-node
bifurcation at the zone boundary.
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Phase Portraits in a Vertical Scan
A vertical scan through the 
resonance tongue shows first (a) 
the ordinary 1:1 torus.

In (b) the resonance node has 
undergone a period-doubling 
transverse to the torus manifold.

In (c) the saddle has also period-
doubled and the original 1:1 torus 
has become unstable.

In (d) the saddle cycle has 
undergone a second period-
doubling and the node a complete 
transition to chaos transversly to 
the torus manifold.
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Transition to Period-Doubled Ergodic Torus
Transition from double-layered 
resonance torus to period-doubled 
ergodic torus in a scan through the 
right zone boundary:

(a) Phase portrait after the first 
period-doubling of the node

(b) The saddle cycle has also 
period-doubled

(c) The original period-1 cycles 
have merged in a saddle-node 
bifurcation

(d) The period-2 cycles have 
merged leaving a period-doubled 
ergodic torus.
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From Resonant to Ergodic Torus

Transition of a pair of stable and saddle 
period-4 cycles into a period-4 ergodic torus.
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A scan through the left zone boundary shows 
transition of a pair of stable and saddle period-2 
cycles into a period-2 ergodic torus.

The unstable and doubly
unstable period-1 cycles
subsequently disappear
in a saddle-node
bifurcation.
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Alternative Route to Torus Doubling
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(a) The period-1 resonance node turns transversely unstable, the period-2 node 
transforns into a stable period-2 focus.

(b) A period-2 ergodic torus arises in a (saddle-node like) torus-fold bifurcation together 
with an unstable torus of the same form.

(c) The period-2 focus turns unstable and produces a small two-branched ergodic
torus. This torus is destroyed in global bifurcations together with the unstable 
period-2 torus.

(d) The two saddles merge and disappear, leaving the ergodic period-2 torus as the 
only remaining stable structure.
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ErgodicTorus Doubling

Outside the resonance tongue one can observe torus-doubling bifurcations where the 
quasiperiodic trajectory starts to alternate between two different routes around a pair of unstable 
period-2 focus points. This ensures that the ergodic torus has the same periodicity as the 
resonance torus with which it is connected across the zone boundary.
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Period-1-torus            Period-2-torus
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Bifurcation Structure for the Forced Nephron
The nephron model is subject to a 
periodic oscillation of the arterial 
blood pressure with a frequency 
near the TGF frequency.

The signature of interconnected 
period-doubling bifurcations of the 
resonance node and saddle cycles 
transverse to the torus manifold is 
clearly seen.

Each period-doubling produces a 
new (set) of saddle-node 
bifurcations along the tongue 
edges.
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Effects of L-NAME

In spite of the large number of nephrons and their
heterogenity, the fast myogenic and slower TGF 
oscillations are clearly reflected in the blood flow.

Wavelet analysis allows us to detect the relative frequency
for the occurrence of different locking ratios both in the  
efferent arteriolar blood flow of the individual nephron (a) 
and at the afferent arterial level with external random
forcing (b and c).

Intravenous administration of the vasoconstricting (NO-
synthesis inhibiting) compound L-NAME leads to
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1. increasing responsiveness of the arteriolar system and 
larger amplitudes of each of the two modes.

2. a narrower distribution of the intra-nephron frequency
distribution, but a shorter lifetime for the synchronized
episodes (c.)

Complex Systems,
Patras, July 18 – 29, 2011
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Nephron Pressure and Flow Regulation

The nephron is the functional unit of the kidney.

By regulation the excretion of water, salts 
and metabolic end-products, the kidneys play
an important role in maintaining a proper 
environment for the cells in the body.

In particular the kidneys control the 
osmolality of the blood plasma and the 
composition and volume of the intercellular
fluid.

The kidneys also produce hormons that, 
together with hormons from other organs, 
regulate the arteriolar resistance and, hence, 
influence the blood presure.

To protect their own function and secure a 
relatively constant blood flow, the kidneys
dispose of a specific mechanism, the  
tubuloglomerular feedback mechanism, that
regulates the incoming blood flow to each of 
its 1.2 mill. functional units.
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With Niels-Henrik Holstein-Rathlou and 
Donald Marsh, Brown University, US
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Normo- and Hypertensive Rats

Considering the noisy environment, the 
spectral distribution is quite sharp and 
typical of a self-sustained oscillation.
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For hypertensive rats, the tubular pressure 
variations are highly irregular, and the 
spectrum typically exhibits strong low-
frequency components.

Complex Systems, 
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Interacting Nephrons

Paired glomeruli at the end of 
an interlobular artery

Typical arrangement of glomeruli with their afferent arterioles
branching off from the same interlobular artery

Nephrons branching off from the 
same interlobular artery interact
via a vascular propagated
coupling as well as a 
hemodynamic coupling. 

The vascular propagated coupling
is mediated through a wave of 
contraction that travels along the 
aterial wall.

The hemodynamic coupling
consists of a simple displacement
of blood from one nephron to its
neighbors when the first nephron 
reduces its incoming blood flow.
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Inphase and Antiphase Synchronization

The vascular propagated coupling is very fast and tends to produce in-phase
synchronization. The hemodynamic coupling is significant for paired glomeruli and 
produces out-of-phase synchronization.
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Synchronous and Asynchronous Chaos

The instantaneous phase and amplitude of the chaotically oscillating tubular pressure as defined
through an extension to the complex plane (Hilbert transformation)
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Mode Distribution and 2D Bifurcation Diagram
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Blue and green denote lowperiodic resonance modes. Yellow denotes synchronized period-3 
dynamics, and light gray is phase synchronized chaos. Black curves are saddle-node bifurcation
curves, red curves are torus bifurcation curves, and green curves are period-doubling curves.
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1- and 2D Bifurcation Diagrams
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The regime of stable periodic resonance cycles are bounded by a set of torus
bifurcation curves that accumulates along the tongue edge. The torus bifurcation
gives rise to the birth of a new very slow oscillatory component.

sec
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Phase Synchronized Quasiperiodic Dynamics

Page 41

Note how the average phase difference between the two oscillators remain finite until the 
period-2 torus breaks down in a homoclinic bifurcation. This is an example of a phase
synchronized quasiperiodicity.
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Synchronization for Interacting Nephrons
For a pair of non-identical nephrons interacting via vascular propagated coupling we find:

Reflecting the lack symmetry between the nephrons, there is a difference between
the two sides of the resonance zone.

On one side, the system displays the bifurcation structure described for 
periodically forced period-doubling systems with the birth of a new set of saddle-node
bifurcation curves for each step in the period-doubling cascade.

At the other side, the stable periodic resonance mode is destabilized in a torus
bifurcation. This produces a new slow oscillatory behavior in which the two nephrons, 
while maintaining their internal synchronization, move in a phase synchronized
quasiperiodic mode. 

As the period-doubling process is followed up through the resonance zone, a new 
torus bifurcation curve arises for each period-doubling, and these torus bifurcation
curves stretch along the zone boundary.

Correspondingly, a set of homoclinic bifurcation curves exists in which the phase
synchronized quasiperiodic motion loses stability, and the dynamics becomes chaotic.
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Wavelet Spectra for Hypertensive Rats

The wavelet spectra exhibit clear components at 0.035 Hz (TGF oscillations) and 0.18 Hz 
(myogenic oscillations). We can also observe various harmonics and subharmonics. 

Several traces also show strong components around 0.01 Hz. One possible explanation of 
this mode is the low-frequency component associated with the phase synchronized 
quasiperiodicity generated by the torus bifurcations.
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In each pool, a bacterial population Bi grows on the supplied substrate σi.

The pools are assumed to be slightly contaminated by viruses (phages) Pi that attack the 
cells, take over their replicatory machinery, and start to multiply. After a period of about 30 
min, the attacked cells burst (lyse) and release large numbers of viruses.

At sufficiently high substrate concentrations Si, the individual population system undergoes 
a Hopf bifurcation and starts to oscillate.

The pools are coupled via substrate overflow from upstream into downstream pools, i.e., 
the oscillators interact via the flow of resources that produce the oscillatory dynamics. 

Resource Distributed Coupling
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Single Pool Population Oscillator
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As the flow rate ρ (that controls the wash 
out of bacteria and phages) is reduced 
below a critical value, the single pool 
model undergoes a Hopf bifurcation.

Forcing of the system produces a 
complicated bifurcation diagram with 
overlapping Arnold tongues.

Forced Single Pool Model
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The individual pool is forced by 
variations in the substrate overflow from 
the previous pool.

Even in the region where almost all 
habitats show chaotic dynamics one can
observe domains of local phase
synchronization.

For σ=6.0 μg/ml, habitats 1 and 2 
display stable equilibrium and limit cycle 
dynamics, respectively. However, all 
subsequent pools are chaotic.

There is a clear coherence in the 
dynamics of pools 10, 11, and 12 and, 
perhaps, also between pools 4, 5 and 6.

Localized Phase Synchronization
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As the nutrient supply to the individual pool is reduced, one can observe how the 
frequencies of the pools decrease, and the pools one by one lock into the phase-
synchronized state.

Sliding Domains of Synchronization
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(a) Equivalent diagram for an electronic oscillator circuit with the diode D displaying
negative differential conductivity (tunnel or Gunn diode).  

(b) Load lines (z = 2, 6, and 10) and current-voltage characteristics y = f(x) for the 
diode. Depending on the position and slope of the load line, the system can
display a single stable equilibrium point, two stable equilibrium points separated
by a saddle, or an unstable focus point with limit cycle dynamics.

Electronic Oscillator Circuit
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Clusters of synchronized oscillators, slide 
along the chain as the supply voltage
increases. Zo represent the normalized
supply voltage.

For other parameters the system develops
high dimensional chaotic dynamics.

Chain of Coupled Electronic Oscillators
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Synchronization of Spiking and Bursting Cells
Two beta-cells can synchronize both their bursting and their spiking behavior, even if they are not 
particularly close to one another in an islet of Langerhans.

The beta-cells interact via gap-
junctions, via variations in the 
intercellular ionic concentrations, 
and via local insulin and glucose 
concentrations.

nteraction also takes place via 
nerve signals and through 
extracellular glucose 
concentrations 

Activation of smooth muscle cells 
(e.g., in the arteriolar walls) and 
of heart muscle cells similarly 
involves synchronization of  
oscillations in the cytosolic Ca2+

concentrations.
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Two coupled Rössler systems
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Complete synchronization of two identical
chaotic systems has been reported for 
several experimental systems.

Typical questions that arise in this connection
are:

(i) what is the sensitivity of the synchronized
state to noise,

(ii) how can we determine the the stable 
coupling parameters,

(iii) what are the mechanisms through which
the synchronized state loses its stability, and 

(iv) what is the effect of a small parameter 
mismatch?
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Classic Synchronization Criteria

Page 53

Alternatively one can require that the largest transverse 
Lyapunov exponent is negative. This is a necessary 
condition. It allows for synchronization with two negative 
coupling coefficients, but the condition is not sufficient.

(1) Lyapunov Function method

To investigate the stability of the synchronized
chaotic motion in directions transverse to the 
synchronization manifold one may established
a set of linearized equations for the transverse
motion and require that the distance to this
manifold always decreases.

This represents a sufficient condition, but 
requires that both coupling constants are
negative.

(2) Lyapunov Exponent Method
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Transverse Stability of Period-1 Cycle
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The Lyapunov exponent method measures stability on the average, but there may still be 
initial states in an arbitrary small neighborhood of the synchronized state from whoch the 
trajectory is not attracted.
For the synchronized set to be asymptotically stable, all trajectories (including the periodic 
orbits) embedded in the synchronized chaotic state must be transversely stable.

Transverse bifurcations:

P = pitchfork

PD = period doubling

H = Hopf
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Transverse Bifurcations of Period-1Cycle
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Left: Supercritical transverse period-
doubling bifurcation of the synchronized 
period-one saddle.

Right: Subcritical transvesre
pitchfork bifurcation of the 
synchronized period-one saddle.
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Periodic Orbit Threshold Theory
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To deliate the region of asymptotic stability we must find the bifurcation curves for the transverse 
destabilization of all possible orbits in the synchronozed chaotic state.

For most systems, the low periodic orbits to tend be first to destabilize. Orbits of higher periodicity 
represent the average properties of the chaotic set and, hence, are stable as long as the largest 
transverse Lyapunov exponent is negative. 
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Riddled Basin of Attraction

Page 57

The horizontal axis represent the longitudinal (common) variation x + y, and the vertical 
axis represents the transverse variation x – y.
Arbitrarily close to a point (white) that is attracted to the synchronized chaotic state, there 
will be initial conditions from which the trajectories are repelled from the synchronized 
state.
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The Period-1 Saddle Solution
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Example of the bursting dynamics 
generated by the Sherman model. The 
model here display continuous chaotic 
spiking. In the synchronized state two 
beta-cells perform precisely identical 
behaviors.

Phase plot for the fully synchronized
chaotic state. The black curve shows the 
period-1 saddle cycle. Note how this cycle
only samples a small fraction of the chaotic
set. Hence, its transverse stability
properties may deviate significantly from 
those of the attractor as a whole.
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Stabilization Regions for Period-1 and -2
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Curves marked period-1 and period-2 
delineate the regions in which the 
synchronized period-1, respectively 
period-2, saddle cycles are transversely 
stable.

H and P denote desynchronization
through Hopf and pitchfork bifurcation, 
respectively. The heavy curve marks the 
blowout bifurcation where the transverse 
Lyapunov exponent become positive.

With a coupling matrix C = diag(d1, d2, d3), the 
membrane potentials and the intra-cellular calcium 
concentrations are coupled between the two cells.
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Conclusions
Instability and nonlinear dynamic phenomena 
(bifurcations, synchronization, chaos, etc.) are 
essential aspects of all forms of life.

Instability underlies the generation of the complicated 
temporal variations (oscillations, spikes, bursts, etc.) 
that the cells need to organize their internal processes 
and communicate with other cells.

Similar phenomena are involved in the interaction 
between functional units, organs, hormonal control 
systems, etc.

Synchronization or desynchronization may be part of 
the normal physiological regulation or represent the 
cause of a disease.

At the same time, living systems display multimode 
interactions over large ranges of time scales, unusual 
coupling schemes, spatial heterogeneity, and a variety 
of other challenging problems.
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24 Hour Growth Hormone Profile

Some hormones (e.g. luteinizing hormone 
and testosterone) seem to be released in a 
regular pulse train with 2-3 hour intervals.

Other hormones, like growth hormone, 
exhibit more irregular patterns, and the 
question arises as to what extent this variation 
can be given a systematic explanation 
associated, for instance, with the interaction of 
several different pulsatile processes.

A strongly varying hormone concentration 
may be more efficient than a constant 
concentration with the same average value.

Moreover, in the presence of such temporal 
patterns, the time of administration of a drug 
may be significant. 
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Ultradian Pulses of Insulin Secretion

24 h insulin secretion profiles for two 
type-II diabetics and two age-matched 
controls. 10 min. temporal resolution. Meals 
were eaten at 09.00, 13.00 and 18.00.

Arrows indicate statistically significant 
pulses of insulin secretion.

There is an obvious “ringing” in response 
to a meal. This is even more pronounced 
for type-II diabetics.

Can the “ringing” be used as a preclinical 
diagnostics of type-II diabetes?

Polonsky et al., New Eng.J. Med. (1988)

Page 63
Complex Systems,
Patras, July 18 – 29, 2011



Page 64

Pulsatile Release of Testosterone
Hypothalamus produces the Releasing 
Hormone GnRH whose presence 
stimulates the production of Luteinizing 
Hormone in the pituitary gland: the 
presence of LH in turn stimulates the 
production of Testosterone T.

Hypothalamus tends to overproduces, 
putting pressures on the pituritary gland 
to also overproduce and thereby causing 
the testes to overproduce. 

To regulate the level of Testosterone, a 
feedback of some kind must exist that 
can reduce the production of GnRH as 
the Testosterone concentration 
becomes too high.

Our problem is to perform an initial 
investigation of this feedback 
structure.
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