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Kef�laio 1

Basikèc ènnoiec

1.1 StoiqeÐa jewrÐac sunìlwn

Gia èna sÔnolo X sumbolÐzoume me P (X) to dunamosÔnolo tou X, dhlad 

P (X) = {Y : Y ⊆ X}.

Gia k�je E ∈ P (X) orÐzetai h qarakthristik  apeikìnish χE : X → {0, 1} wc ex c:

χE(x) =

{
1, an x ∈ E,
0, an x 6∈ E.

'Ena sÔnola S kaleÐtai peperasmèno ìtan S = ∅   ìtan up�rqoun n ∈ N \ {0} kai mi� 1-1 kai epÐ
apeikìnish f : S → {1, 2, ..., n}.

'Ena sÔnola S kaleÐtai arijm simo ìtan up�rqei 1-1 kai epÐ apeikìnish f : S → N.
'Ena sÔnolo S kaleÐtai to polÔ arijm simo ìtan eÐnai peperasmèno   arijm simo.

'Estw X mh kenì sÔnolo kai S ⊆ X.
Mia oikogèneia F ⊆ P (X) kaleÐtai k�luyh tou S ìtan S =

⋃
A∈F A.

Gia k�je E ∈ P (R) kai k�je x ∈ R sumbolÐzoume

E + x = {e+ x : e ∈ E}.

ApodeiknÔetai eÔkola h akìloujh prìtash.

Prìtash 1.1.1. Gia k�je A,B ∈ P (R) kai k�je x ∈ R:

1. (A ∩B) + x = (A+ x) ∩ (B + x)

2. A ∩ (B + x) =
(
(A− x) ∩B

)
+ x

3. (B + x)c = Bc + x

5
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1.2 Fr�gmata uposunìlou tou R.

Gia S ⊆ R orÐzoume

inf(S) =

{
max{m : m k�tw fr�gma tou S}, an S eÐnai k�tw fragmèno
−∞, an S den eÐnai k�tw fragmèno.

sup(S) =

{
min{M : M k�tw fr�gma tou S}, an S eÐnai �nw fragmèno
∞, an S den eÐnai �nw fragmèno.

Oi arijmoÐ inf(S) kai sup(S) kaloÔntai infimum kai supremum tou S, antÐstoiqa kai sumbolÐ-
zontai epÐshc wc inf S kai supS.

Gia mia akoloujÐa pragmatik¸n arijm¸n {an}∞n=1 sumbolÐzoume:

inf
n
an = inf({an}∞n=1)

sup
n
an = sup({an}∞n=1)

Idiìthtec twn inf kai sup.

1. Gia k�je mh kenì sÔnolo S ⊆ R up�rqoun akoloujÐec {an}∞n=1 kai {bn}∞n=1 me

lim
n→∞

an = inf(S) kai lim
n→∞

bn = sup(S).

2. An S ⊆ R eÐnai mh kenì k�tw fragmèno sÔnolo, tìte

a = inf(S)⇐⇒
{
∀x ∈ S isqÔei a ≤ x kai
∀ε > 0 isqÔei [a, a+ ε) ∩ S 6= ∅

3. An S ⊆ R eÐnai mh kenì �nw fragmèno sÔnolo, tìte

b = sup(S)⇐⇒
{
∀x ∈ S isqÔei x ≤ b kai
∀ε > 0 isqÔei (b− ε, b] ∩ S 6= ∅

4. An A ⊆ B, tìte
inf(B) ≤ inf(A) ≤ sup(A) ≤ sup(B)

1.3 OriakoÐ arijmoÐ miac akoloujÐac pragmatik¸n arijm¸n.

'Estw {an}∞n=1 mia akoloujÐa pragmatik¸n arijm¸n.

Gia k�je gnhsÐwc aÔxousa akoloujÐa mh mhdenik¸n fusik¸n arijm¸n n1 < n2 < · · · < nk < . . . h
akoloujÐa {ank}∞k=1 kaleÐtai upakoloujÐa thc {an}∞n=1.

Je¸rhma 1.3.1. (Bolzano-Weierstrass) K�je fragmènh akoloujÐa perièqei sugklÐnousa se ènan
pragmatikì arijmì upakoloujÐa.

Ja lème ìti ` ∈ R ∪ {−∞,∞} eÐnai oriakì shmeÐo thc {an}∞n=1 ìtan up�rqei upakoloujÐa {ank}∞k=1

thc {an}∞n=1 me ` = lim
k→∞

ank .

JewroÔme ìti −∞ < x <∞ gia k�je x ∈ R.
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Je¸rhma 1.3.2. 'Estw {an}∞n=1 mia akoloujÐa pragmatik¸n arijm¸n kai L to sÔnolo ìlwn twn
oriak¸n shmeÐwn thc.

1. An h {an}∞n=1 eÐnai fragmènh, tìte L eÐnai mh kenì kai èqei mègisto kai el�qisto.

2. An h {an}∞n=1 den eÐnai oÔte �nw oÔte k�tw fragmènh, tìte −∞,∞ ∈ L.

3. An h {an}∞n=1 den eÐnai k�tw fragmènh kai eÐnai an¸ fragmènh, tìte −∞ ∈ L kai L \ {−∞}
eÐte eÐnai kenì eÐte èqei mègisto.

4. An h {an}∞n=1 den eÐnai an¸ fragmènh kai eÐnai k�tw fragmènh, tìte ∞ ∈ L kai L \ {∞} eÐte
eÐnai kenì eÐte èqei el�qisto.

To kat¸tero ìrio lim inf an kai to an¸tero ìrio lim sup an thc {an}∞n=1 orÐzontai wc ex c:

lim inf
n

an = min{` : ` oriakì shmeÐo thc {an}∞n=1}

lim sup
n

an = max{` : ` oriakì shmeÐo thc {an}∞n=1}

ParathroÔme ìti:

1. An {an}∞n=1 den eÐnai k�tw fragmènh, tìte lim inf
n

an = −∞.

2. An {an}∞n=1 den eÐnai �nw fragmènh, tìte lim sup
n

an =∞.

3. An {an}∞n=1 den eÐnai k�tw fragmènh kai den èqei �llo oriakì shmeÐo ektìc apì to −∞, tìte
lim sup

n
an = lim inf

n
an = −∞.

4. An {an}∞n=1 den eÐnai �nw fragmènh kai den èqei �llo oriakì shmeÐo ektìc apì to ∞, tìte
lim sup

n
an = lim inf

n
an =∞.

Idiìthtec twn lim inf
n

(an) kai lim sup
n

(an).

Je¸rhma 1.3.3. 'Estw {an}∞n=1 mia fragmènh akoloujÐa pragmatik¸n arijm¸n kai x ∈ R.

1. x ≤ lim inf
n

(an)⇐⇒ ∀ε > 0 eÐnai peperasmèno to sÔnolo {n ∈ N : an < x− ε}.

2. x ≥ lim inf
n

(an)⇐⇒ ∀ε > 0 eÐnai �peiro to sÔnolo {n ∈ N : an < x+ ε}.

3. x ≤ lim sup
n

(an)⇐⇒ ∀ε > 0 eÐnai �peiro to sÔnolo {n ∈ N : x− ε < an}.

4. x ≥ lim sup
n

(an)⇐⇒ ∀ε > 0 eÐnai peperasmèno to sÔnolo {n ∈ N : x+ ε < an}.

Je¸rhma 1.3.4. K�je akoloujÐa {an}∞n=1 pragmatik¸n arijm¸n èqei tic akìloujec idiìthtec:

lim inf
n

an = lim
n→∞

( inf
k≥n

(ak)) = sup
n

( inf
k≥n

(ak))

lim sup
n

an = lim
n→∞

(sup
k≥n

(ak)) = inf
n

(sup
k≥n

(ak)).
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1.4 TopologÐa metrikoÔ q¸rou.

'Estw (X, d) metrikìc q¸roc me metrik  d.
Gia k�je x ∈ X kai gia k�je pragmatikì arijmì ε > 0 orÐzoume thn anoikth mp�la (ε-geitoni�)

me kèntro x kai aktÐna ε
B(x, ε) = {y ∈ X : d(x, y) < ε}.

Sth metrik  d antistoiqeÐ h ex c topologÐa tou X:

Td = {U ⊆ X : ∀x ∈ U,∃B(x, ε) ⊆ U}.

Shmei¸noume ìti

• 'Ena uposÔnolo G tou X kaleÐtai anoiktì an kai mìmon an gia k�je x ∈ G up�rqei ε > 0 tètoio
¸ste B(x, ε) ⊆ G.

• 'Ena uposÔnolo F tou X kaleÐtai kleistì an kai mìmon an to sumpl rwma tou X \ F eÐnai
anoiktì.

Merikèc apì tic basikèc ènnoiec enìc metrikoÔ q¸rou eÐnai oi akìloujec:

• Mia oikogèneia B anoikt¸n uposunìlwn enìc metrikoÔ q¸rou X kaleÐtai b�sh tou X an k�je
mh kenì anoiktì uposÔnolo tou X eÐnai ènwsh k�poiwn stoiqeÐwn thc B.

• Mi� oikogèneia uposunìlwn {Oi}i∈I enìc metrikoÔ q¸rou X kaleÐtai k�lumma tou X an

X =
⋃
i∈I

Oi.

• K�je k�lumma tou metrikoÔ q¸rouX pou apoteleÐtai anoikt� uposÔnola touX kaleÐtai anoiktì
k�lumma.

• K�je upooikogèneia dojèntoc kalÔmmatoc tou X h opoÐa eÐnai epÐshc k�lÔmma tou X kaleÐtai
upok�lumma tou dojèntoc kalÔmmatoc.

• 'Ena uposÔnolo A enìc metrikoÔ q¸rou X kaleÐtai pantoÔ puknì sto X an X = Cl(A).

• 'Ena uposÔnolo G enìc metrikoÔ q¸rou X kaleÐtai Gδ�sÔnolo ìtan to G eÐnai tom  mi�c to polÔ
arijm simhc oikogèneiac anoikt¸n sunìlwn, dhlad  G =

⋂
j∈J Gj , ìpou k�je Gj eÐnai anoiktì

sto X kai to sÔnolo J eÐnai to polÔ arijm simo.

• 'Ena uposÔnolo F enìc metrikoÔ q¸rou X kaleÐtai Fσ�sÔnolo ìtan to F eÐnai ènwsh mi�c to
polÔ arijm simhc oikogèneiac kleist¸n sunìlwn, dhlad  F =

⋃
j∈J Fn, ìpou k�je Fj eÐnai

kleistì sto X kai to sÔnolo J eÐnai to polÔ arijm simo.

Parajètoume qwrÐc apìdeixh merik� jewr mata pou ekfr�zoun tic idiìthtec thc topologÐac enìc
metrikoÔ q¸rou (X, d).

Je¸rhma 1.4.1. Se èna metrikì q¸ro k�je anoiktì uposÔnolo eÐnai Fσ�sÔnolo kai Gδ�sÔnolo.
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Je¸rhma 1.4.2. Se èna metrikì q¸ro k�je kleistì uposÔnolo eÐnai Fσ�sÔnolo kai Gδ�sÔnolo.

Je¸rhma 1.4.3. 'Enac metrikìc q¸roc X èqei arijm simh b�sh an kai mìnon an perièqei èna
arijm simo uposÔnolo pantoÔ puknì sto X.

Je¸rhma 1.4.4. K�je anoiktì k�lumma enìc metrikoÔ q¸rou me arijm simh b�sh perièqei ari-
jm simo upok�lumma.

Parajètoume qwrÐc apìdeixh merik� je¸r mata pou ekfr�zoun tic idiìthtec thc topologÐac tou
metrikoÔ q¸rou (Rn, dn), ìpou

dn((x1, ..., xn), (y1, ..., yn)) =

√√√√ n∑
i=1

(yi − xi)2.

'Ola ta jewr mata anafèrontai sto Rn me thn topologÐa Tdn , h opoÐa kaleÐtai sun jhc topologÐa.

Je¸rhma 1.4.5. To arijm simo sÔnolo Qn eÐnai pantou puknì sto Rn me sun jh topologÐa.

Je¸rhma 1.4.6. O Rn me sun jh topologÐa èqei arijm simh b�sh.

Je¸rhma 1.4.7. K�je anoiktì k�lumma enìc anoiktoÔ uposunìlou tou Rn perièqei arijm simo
upok�lumma.

Je¸rhma 1.4.8. O R èqei arijm simh b�sh pou apoteleÐtai apì anoikt� kai fragmèna diast mata.
Epomènwc an U eÐnai anoiktì uposÔnolo tou R, tìte up�rqei to polÔ arijm simh oikogèneia

{(aj , bj)}j∈J ¸ste U =
⋃
j∈J(aj , bj).

Je¸rhma 1.4.9. K�je anoiktì uposÔnolo tou R eÐnai ènwsh twn stoiqeÐwn mi�c arijm simhc
oikogèneiac anoikt¸n diasthm�twn (fragmènwn h mh fragmènwn) tou R pou den tèmnontai an� dÔo.
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Je¸rhma 1.4.10. An E ⊆ R kai f : E → R eÐnai monìtonh, tìte to sÔnolo shmeÐwn asunèqeiac
thc f eÐnai arijm simo.

Apìdeixh. Ac upojèsoume ìti h f eÐnai aÔxousa.
SumbolÐzoume me A to sÔnolo twn shmeÐwn asunèqeiac tou A. Epeid  h f eÐnai suneq c se k�je

memonwmèno shmeÐo, èpetai ìti to A apoteleÐtai apì shmeÐa suss¸reushc tou E.
Epomènwc A eÐnai ènwsh twn parak�tw sunìlwn:

A− = {e ∈ A : ∃be > e me (e, be) ∩ E = ∅}
A+ = {e ∈ A : ∃ae < e me (ae, e) ∩ E = ∅}
A± = {e ∈ A : (e− δ, e) ∩ E 6= ∅ kai (e, e+ δ, ) ∩ E 6= ∅ ∀δ > 0}

Epeid  o metrikìc q¸roc R èqei arijm simh b�sh, èpetai ìti oi oikogèneiec anoikt¸n kai xènwn sunìlwn
{(ae, e)}e∈A+ kai {(e, be)}e∈A− eÐnai arijm simec. 'Ara, ta sÔnola A+ kai A− eÐnai arijm simec.

Se k�je e ∈ A± ja antistoiq soume di�sthma (ae, be) ètsi ¸ste h oikogèneia {(ae, be)}e∈A±
na apoteleÐtai apì xèna an� dÔo diast mata. Epeid  to R èqei arijm simh b�sh, sunep�getai ìti h
parap�nw oikogèneia eÐnai arijm simh. 'Ara, to A± eÐnai arijm simo.

'Estw e ∈ A. Epeid  h f eÐnai aÔxousa èqoume

ae = sup{f(E ∩ (−∞, e))} ≤ f(e) ≤ inf{f(E ∩ (e,∞)} = be.

Ja deÐxoume ìti limx→e− f(x) = ae. 'Estw ε > 0. Up�rqei x0 ∈ E ∩ (−∞, e) gia to opoÐo
ae − ε < f(x0) ≤ ae. An x ∈ E ∩ (x0, e), tìte lìgw monotonÐac

ae − ε < f(x0) ≤ f(x) ≤ ae.

Epomènwc
|f(x)− ae| ≤ |f(x0)− ae| < ε.

Sunep¸c limx→e− f(x) = ae. 'Omoia apodeiknÔetai oti be = limx→e+ f(x). Sunep¸c

lim
x→e−

f(x) = ae ≤ f(e) ≤ be = lim
x→e+

f(x).

Apì thn asunèqeia thc f sto e èpetai ìti ae < be.
An e1, e2 ∈ A± kai e1 < e2, tìte epeid  h f eÐnai aÔxousa sto [e1,∞) ∩ E, èpetai ìti:

be1 = inf{f(E∩(e1,∞)} = inf{f(E∩(e1, e2))} ≤ sup{f(E∩(e1, e2))} = sup{f(E∩(−∞, e2))} = ae2 .

'Ara, be1 ≤ ae2 , pou shmaÐnei ìti (ae1 , be1) ∩ (ae2 , be2) = ∅.



S
of
Ða
Za
fe
ir
Ðd
ou

Kef�laio 2

Mètro Lebesgue

2.1 Diast mata tou R.

Gia a, b ∈ R me a < b sumbolÐzoume me < a, b > di�sthma tou R me �kra a kai b.
SumbolÐzoume me to D to sÔnolo ìlwn twn diasthm�twn tou R.
OrÐzoume apeikìnish ` : D→ [0,∞] = [0,∞) ∪ {∞} me

(a) `(< a, b >) = b− a

(b) `(I) =∞, ìtan I eÐnai mh fragmèno.

SumfwnoÔme ìti:

(i) −∞ < x <∞ gia k�je x ∈ R.

(ii) An {In}∞n=1 ⊆ D kai èna apì ta diast mata In eÐnai mh fragmèna, tìte
∑∞

n=1 `(In) =∞.

H apeikìnsh ` èqei tic akìloujec idiìthtec:

(i) An I1, I2 ∈ D kai I1 ⊆ I2, tìte `(I1) ≤ `(I2).

(ii) An I ∈ D, tìte I + x ∈ D gia k�je x ∈ R kai `(I + x) = `(I).

(iii) 'An {Ij}j∈J eÐnai to polÔ arijm simo sÔnolo xènwn an� dÔo diasthm�twn kai I =
⊔
j∈J Ij ∈ D,

tìte `(I) =
∑

j∈J `(Ij).

H JewrÐa mètrou dÐnei ap�nthsh sto prìblhma epèktashc thc apeikìnishc ` sto sÔnolo P (R) ìlwn
twn uposunìlwn tou R. Up�rqei �rage apeikìnish µ : P (R)→ [0,∞] me tic akìloujec idiìthtec:

1. Gia k�je di�sthma I isqÔei: µ(I) = `(I).

2. (MonotonÐa thc µ) An E1 ⊆ E2, tìte µ(E1) ≤ µ(E2)

3. (AnalloÐwth wc proc th metafora h µ) An E ∈ P (R) kai x ∈ R, tìte µ(E + x) = µ(E).

4. (Arijm simh prosjetikìthta thc µ) An {Ej}j∈J eÐnai to polÔ arijm simo sÔnolo xènwn an� dÔo
uposunìlwn tou R, tìte µ(

∐
j∈J Ej) =

∑
j∈J µ(Ej).

11
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'Opwc ja doÔme parak�tw, up�rqei apeikìnish m∗ : P (R) → [0,∞] (exwterikì mètro Lebesgue)
pou èqei thc idiìthtec (1)− (3) kai mia idiìthta asjenèsterh thc (4).

EpÐshc up�rqei oikogèneia (metr simwn sunìlwn) M ⊆ P (R) me D ⊆ M gia thn opoÐa up�rqei
apeikìnish m : M → [0,∞], (to mètro Lebesgue) pou èqei tic idiìthtec (1)− (4).

Ja deÐxoume ìti apeikìnish µ me tic idiìthtec (1)− (4) orismènh gia ìla ta uposÔnola tou R den
up�rqei, deÐqnontac ìti h upìjesh thc Ôparxhc thc odhgeÐ se �topo ìpwc faÐnetai apì to par�deigma
pou akoloujeÐ.

Par�deigma 2.1.1. (Vitali) Sto sÔnolo [0, 1] jewroÔme thn ex c sqèsh isodunamÐac:

x ∼ y ⇐⇒ x− y ∈ Q,

ìpou Q eÐnai to sÔnolo twn rht¸n arijm¸n. SumbolÐzoume me [x] thn kl�sh isodunamÐac pou perièqei
ton arijmì x. SÔmfwna me to axÐwma epilog c up�rqei sÔnolo E pou perièqei akrib¸c èna stoiqeÐo
apì k�je kl�sh isodunamÐac.

Ja deÐxoume ìti to sÔnolo E eÐnai mh metr simo, dhlad  o arijmìc µ(E) den mporeÐ na oristeÐ.
JewroÔme to sÔnolo

T =
⋃

q∈Q∩[−1,1]

(E + q).

ParathroÔme ìti:

(i) [0, 1] ⊆ T .
Pr�gmti, an x ∈ [0, 1] tìte [x] = [e], ìpou e ∈ E ⊆ [0, 1]. 'Ara, x − e ∈ Q ∩ [0, 1]. Sunep¸c
x ∈ E + (x− e) ⊆ T .

(ii) T ⊆ [−1, 2].

(iii) (E + q1) ∩ (E + q2) = ∅, ìpou q1 6= q2 kai q1, q2 ∈ Q ∩ [−1, 1].

Diìti to E perièqei akrib¸c apì èna stoiqeÐo apì k�je kl�sh isodunamÐac.

Apì thn (i) kai (ii) kai th monotonÐa thc µ:

1 = µ([0, 1]) ≤ µ(T ) ≤ µ([−1, 2]) = 3 =⇒ µ(T ) ∈ [1, 3].

Apì thn (iii) kai thn arijm simh prosjetikìthta paÐrnoume

µ(T ) =
∑

q∈Q∩[−1,1]

µ(E + q).

Epeid  h µ eÐnai analloÐwth wc proc metafor�, èpetai ìti µ(E + q) = µ(E) ∈ [0, 1]. 'Ara, gia na
sugklÐnei h parap�nw seir� prèpei µ(E) = 0. Opìte kai µ(T ) = 0, pou eÐnai �topo afoÔ µ(T ) ∈ [1, 3].
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2.2 Exwterikì mètro Lebesgue

Gia èna mh kenì sÔnolo A ⊆ [0,∞] orÐzoume

inf(A) =

{
∞, an A = {∞},
inf(A ∩ [0,∞)), an A ∩ [0,∞) 6= ∅.

Gia k�je E ∈ P (R) sumbolÐzoume me D(E) to sÔnolo ìlwn twn polÔ arijm simwn oikogenei¸n
anoikt¸n diasthm�twn {(aj , bj)}j∈J ⊆ D tètoiwn ¸ste E ⊆

⋃
j∈J(aj , bj).

Orismìc 2.2.1. Exwterikì mètro Lebesgue eÐnai h apeikìnish m∗ : P (R)→ [0,∞] pou orÐzetai wc
ex c:

m∗(E) = inf
{∑
j∈J

`(Ij) : {Ij}j∈J ∈ D(E)
}
.

H apeikìnish m∗ eÐnai kal� orismènh gia k�je E ∈ P (R), diìti D(E) 6= ∅. Pr�gmati, an E 6= ∅,
tìte E ⊆

⋃
e∈E(e− 1, e+ 1) = G(E). Apì to Je¸rhma 1.4.7 to anoiktì k�lumma {(e− 1, e+ 1)}e∈E

tou anoiktoÔ sunìlou G(E) èqei arijm simo upok�lumma {(en − 1, en + 1)}∞n=1. Sunep¸c up�rqei
akoloujÐa {en}∞n=1 ⊆ gia thn opoÐa {(en − 1, en + 1)}∞n=1 ∈ D(E).

ParathroÔme epÐshc ìti {(− 1
2n ,

1
2n)} ∈ D(∅) kai {(a− 1

2n , a+ 1
2n)} ∈ D(a) gia k�je n = 1, 2, . . . .

ParadeÐgmata 2.2.2.

1. m∗(∅) = 0

2. m∗({a}) = 0 gia k�je a ∈ R.

Parathr seic 2.2.3.

1. Gia k�je {Ij}j∈J ∈ D(E) isqÔei m∗(E) ≤
∑

j∈J `(Ij).

2. An m∗(E) 6=∞, tìte gia k�je ε > 0 up�rqei {Ij}j∈J ∈ D(E) me∑
j∈J

`(Ij) < m∗(E) + ε.

Prìtash 2.2.4. An to sÔnolo E ⊆ R eÐnai to polÔ arijm simo, tìte m∗(E) = 0.

Apìdeixh. 'Estw ìti E = {en}∞n=1 kai ε > 0. Epeid  gia k�je n isqÔei en ∈ In = (en − ε
2n , en + ε

2n ),
èpetai ìti {In}∞n=1 ∈ D(E). Sunep¸c

m∗(E) ≤
∞∑
n=1

`(In) =

∞∑
n=1

2ε

2n
= 2ε

∞∑
n=1

1

2n
= 2ε.

An E = {en}n0
n=1, tìte {In}

n0
n=1 ∈ D(E). Sunep¸c

m∗(E) ≤
n0∑
n=1

`(In) =

n0∑
n=1

2ε

2n
= 2ε

n0∑
n=1

1

2n
≤ 2ε

∞∑
n=1

1

2n
= 2ε.

AfoÔ m∗(E) ≤ 2ε gia k�je ε > 0 kai m∗(E) ∈ [0,∞], èpetai ìti m∗(E) = 0.
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Je¸rhma 2.2.4. To exwterikì mètro Lebesgue èqei tic akìlojec idiìthtec:

1. m∗(I) = `(I) gia k�je di�sthma tou R.

2. An A ⊆ B ∈ P (R), tìte m∗(A) ≤ m∗(B).

3. m∗(E + x) = m∗(E) gia k�je E ∈ P (R) kai gia k�je x ∈ R.

4. (Arijm simh upoprosjetikìthta) An {E1, E2, . . . } eÐnai to polÔ arijm simo sÔnolo stoiqeÐwn
tou P (R), tìte

m∗
(⋃
n

En
)
≤
∑
n

m∗(En). (2.1)

Apìdeixh. Ja paraleÐyoume thn teqnik� polÔplokh apìdeixh thc idiìthtac 1.

2. D(B) ⊆ D(A) =⇒

m∗(A) = inf
{∑
j∈J

`(Ij) : {Ij}j∈J ∈ D(A)
}
≤ inf

{∑
j∈J

`(Ij) : {Ij}j∈J ∈ D(A)
}

= m∗(B).

3. Apì ton orismì thc m∗ gia k�je ε > 0 up�rqei {Iεj }j∈J ∈ D(E) ¸ste∑
j∈J

`(Iεj ) < m∗(E) + ε.

Tìte {Iεj + x}j∈J ∈ D(E + x). Apì ton orismì thc m∗ kai tic idiìthtec tic ` paÐrnoume

m∗(E + x) ≤
∞∑
n=1

`(Iεn + x) =
∑
j∈J

`(Iεj ) < m∗(E) + ε, ∀ε > 0.

Sunep¸c, m∗(E + x) ≤ m∗(E) kai m∗(E) = m∗((E + x) + (−x)) ≤ m∗(E + x) gia kaje k�je
E ∈ P (R) kai gia k�je x ∈ R. 'Ara, m∗(E + x) = m∗(E).

4. An
∑

nm
∗(En) =∞, tìte h sqèsh 2.1 isqÔei.

'Estw ìti
∑

nm
∗(En) <∞. Tìte m∗(En) <∞ gia k�je n.

JewroÔme ε > 0. Gia k�je n up�rqei {Inj }j∈Jn ∈ D(En) me∑
j∈Jn

`(Inj ) < m∗(En) +
ε

2n
.

'Omwc
⋃
n

( ⋃
j∈Jn

Inj

)
∈ D

(⋃
n

En
)
. Sunep¸c

m∗
(⋃
n

En
)
≤
∑
n

(∑
j∈Jn

`(Inj )
)
≤
∑
n

(
m∗(En) +

ε

2n

)
≤

(∑
n

m∗(En)

)
+ ε.

Epeid  h parap�nw anisìthtec isqÔoun gia k�je ε > 0, èpetai h sqèsh 2.1.



S
of
Ða
Za
fe
ir
Ðd
ou

15

Par�deigma 2.2.5. Ja deÐxoume ìti gia to sÔnolo C tou Cantor isqÔei m∗(C) = 0.
Pr�gmati, gia k�je n = 1, 2, . . . up�rqei oikogèneia 2n kleist¸n kai xènwn an� dÔo diasthm�twn

{In,1, . . . , In,2n} tètoia ¸ste C ⊆
2n⋃
j=1

In,j kai `(In,j) = 1
3n . Apì to Je¸rhma 2.2.4 sunep�getai ìti

m∗(C) ≤ m∗
 2n⋃
j=1

In,j

 ≤ 2n∑
j=1

m∗(In,j) =

2n∑
j=1

`(In,j) =
2n

3n
.

Sunep¸c wc gia k�je n: m∗(C) ≤
(
2
3

)n
. 'Omwc limn→∞

(
2
3

)n
= 0. 'Ara, m∗(C) = 0.

Je¸rhma 2.2.6. 'Estw E ∈ P (R).

(a) Gia k�je ε > 0 up�rqei anoiktì uposÔnolo Gε tou R tètoio ¸ste E ⊆ Gε kaim∗(Gε) ≤ m∗(E)+ε.

(b) Up�rqei Gδ-sÔnolo G me E ⊆ G kai m∗(E) = m∗(G).

Apìdeixh. (a) An m∗(E) =∞, tìte Gε = R eÐnai to zhtoÔmeno.

'Estw m∗(E) 6=∞. Tìte
∑

j∈J `(Ij) < m∗(E) + ε gia k�poio {Ij}j∈J ∈ D(E).

Gia Gε =
⋃
j∈J Ij paÐrnoume

m∗(Gε) ≤
∑
j∈J

m∗(Ij) =
∑
j∈J

`(Ij) ≤ m∗(E) + ε.

(b) Gia k�je n ∈ N \ {0} up�rqei anoikto G 1
n
∈ P (R) me E ⊆ G 1

n
kai m∗(G 1

n
) ≤ m∗(E) + 1

n .

Gia Gδ-sÔnolo G =
⋂∞
n=1G 1

n
èqoume E ⊆ G kai

m∗(E) ≤ m∗(G) ≤ m∗(G 1
n

) ≤ m∗(E) +
1

n
, ∀n ∈ N \ {0}.

Sunep¸c m∗(E) = m∗(G).
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2.3 Metr sima sÔnola

Orismìc 2.3.1. 'Ena sÔnolo M ⊆ R kaleÐtai metr simo (  kat� Lebesgue metr simo) ìtan gia
k�je A ∈ P (R)

m∗(A) = m∗(A ∩M) +m∗(A ∩M c).

SumbolÐzoume
M = {M ⊆ R : M metrÐshmo}.

ShmeÐwseic 2.3.2. Apì ton orismì tou metr simou sunìlou sunep�getai ìti:

1. An M eÐnai metr simo, tìte M c eÐnai metr simo.

2. ∅, R ∈M .

3. M ∈M ⇐⇒ m∗(A) ≥ m∗(A ∩M) +m∗(A ∩M c), ∀A ⊆ R.

4. An m∗(M) = 0, tìte M eÐnai metrÐshmo.

Pr�gmati, èstw A ∈ P (R). Epeid  A ∩M ⊆ M kai A ∩M c ⊆ A, èpetai ìti m∗(A ∩M) = 0
kai m∗(A ∩M c) ≤ m∗(A). 'Ara, m∗(A) ≥ m∗(A ∩M c) = m∗(A ∩M) +m∗(A ∩M c).

ParadeÐgmata 2.3.3.

1. K�je arijm simo sÔnolo M eÐnai metr simo, diìti m∗(M) = 0.

2. EÐnai metr sima ta ex c sÔnola: Q, R \Q, C, R \ {a1, . . . , an}.

2.3.1 Idiìthtec metr simwn sunìlwn

Je¸rhma 2.3.4. To sÔnolo M twn metr simwn sunìlwn èqei tic akìloujec idiìthtec:

1. An M1, . . . ,Mn ∈M ∈M , tìte
⋃n
i=1Mi ∈M kai

⋂n
i=1Mi ∈M .

2. An M1, . . . ,Mn ∈M kai ta sÔnola M1, . . . ,Mn eÐnai xèna an� dÔo, tìte

m∗
(
A ∩

n⊔
i=1

Mi

)
=

n∑
i=1

m∗(Mi ∩A), ∀A ⊆ R.

3. An M1, . . . ,Mn ∈M kai ta sÔnola M1, . . . ,Mn eÐnai xèna an� dÔo, tìte

m∗
( n⊔
i=1

Mi

)
=

n∑
i=1

m∗(Mi).

4. Gia k�je {Mi}∞i=1 ⊆M uparqei aklolojÐa an� dÔo xenwn sunìlwn {Ni}∞i=1 ⊆M tètoia ¸ste
Ni ⊆Mi gia kaje i kai

∐∞
i=1Ni =

⋃∞
i=1Mi.

5. An {Mi}∞i=1 ⊆M , tìte
⋃∞
i=1Mi ∈M kai

⋂∞
i=1Mi ∈M .

6. An M ∈M kai x ∈ R, tìte M + x ∈M .
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Apìdeixh. 1. ArkeÐ na deÐxoume ìti h ènwsh dÔo metr simwn sunìlwn eÐnai metr simo sÔnolo.

'Estw M,N ∈M kai A ∈ P (R). ArkeÐ na deÐxoume ìti

m∗(A) ≥ m∗(A ∩ (M ∪N)) +m∗(A ∩ (M ∪N)c). (2.2)

Epeid  M ∈M èqoume

m∗(A) = m∗(A ∩M) +m∗(A ∩M c). (2.3)

Epeid  N metr simo kai A ∩M c ∈ P (R) paÐrnoume

m∗(A ∩M c) = m∗(A ∩M c ∩N) +m∗(A ∩M c ∩N c). (2.4)

H 2.3 me thn bo jeia thc 2.4 gr�fetai

m∗(A) = m∗(A ∩M) +m∗(A ∩M c ∩N) +m∗(A ∩M c ∩N c)

= [m∗(A ∩M) +m∗(A ∩M c ∩N)] +m∗(A ∩ (M ∪N)c) (2.5)

Epeid  A ∩ (M ∪N) = (A ∩M) ∪ (A ∩M c ∩N) èpetai ìti sthn 2.5

m∗((A ∩M)) +m∗((A ∩M c ∩N)) ≥ m∗(A ∩ (M ∪N)) (2.6)

Apì tic 2.5 kai 2.6 èpetai h 2.2.

2. Ja apodeÐxoume thn idiìthta me epagwg  wc proc n. Gia n = 1 h idiìthta isqÔei.

Ac upojèsoume ìti isqÔei gia oikogèneia n sunìlwn.

JewroÔme thn oikogèneia n+ 1 xènwn an� dÔo sunìlwn {M1, . . . ,Mn,Mn+1}.
Epeid  to Mn+1 ∈M èpetai ìti

m∗
(
A ∩

n+1⊔
i=1

Mi

)
= m∗

((
A ∩

n+1⊔
i=1

Mi

)
∩Mn+1

)
+m∗

((
A ∩

n+1⊔
i=1

Mi

)
∩M c

n+1

)
=

= m∗(A ∩Mn+1) +m∗
(
A ∩

n⊔
i=1

Mi

) epagwgh
=

= m∗(A ∩Mn+1) +

n∑
i=1

m∗(Mi ∩A) =

n+1∑
i=1

m∗(Mi ∩A).

3. 'Epetai apì thn 2 gia A = R.
4. OrÐzoume N1 = M1 kai gia i > 1 jètoume: Ni = Mi \

⋃i−1
k=1Mk.

Tìte Ni ⊆Mi gia k�je i kai ta sÔnola Ni eÐnai xèna an� dÔo. Epomènwc
⋃∞
i=1Ni ⊆

⋃∞
i=1Mi.

'Estw x ∈
⋃∞
i=1Mi kai i0 eÐnai o mikrìteroc deÐkthc gia ton opoÐon x ∈Mi0 .

An i0 = 1, tìte x ∈M1 = N1 ⊆
⋃∞
i=1Ni. An i0 > 1, tìte x ∈Mi0 \

⋃i0−1
k=1 Mk = Ni0 ⊆

⋃∞
i=1Ni.

Sunep¸c
∐∞
i=1Ni =

⋃∞
i=1Mi. Apì thn idiìthta 1 èpetai ìti Ni = Mi ∩ (

⋃i−1
k=1Mk)

c ∈M .
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5. Apì thn idiìthta 5 up�rqei akoloujÐa an� dÔo xènwn sunìlwn {Ni}∞i=1 ⊆ M tètoia ¸ste
Ni ⊆Mi gia kaje i kai

⊔∞
i=1Ni =

⋃∞
i=1Mi.

Tìte
⊔n
i=1Ni ⊆

⋃∞
i=1Mi gia k�je n. Epomènwc (

⋃∞
i=1Mi)

c ⊆ (
⊔n
i=1Ni)

c gia k�je n.
'Estw A ∈ P (X). Epeid 

⊔n
i=1Ni ∈M gia k�je n, èpetai ìti

m∗(A) = m∗
(
A ∩

( n⊔
i=1

Ni

))
+m∗

(
A ∩

( n⊔
i=1

Ni

)c)
=

=
n∑
i=1

m∗(A ∩Ni) +m∗
(
A ∩

( n⊔
i=1

Ni

)c)
≥

n∑
i=1

m∗(A ∩Ni) +m∗
(
A ∩

( ∞⋃
i=1

Mi

)c)
Epomènwc gia kaje n: m∗(A)−m∗

(
A ∩

(⋃∞
i=1Mi

)c)
≥
∑n

i=1m
∗(A ∩Ni).

'Ara,

m∗(A)−m∗
(
A ∩

( ∞⋃
i=1

Mi

)c)
≥ lim

n→∞

(
n∑
i=1

m∗(A ∩Ni)

)
=
∞∑
i=1

m∗(A ∩Ni).

Apì thn parap�nw sqèsh èpetai ìti

m∗(A) ≥
∞∑
i=1

m∗(A ∩Ni) +m∗
(
A ∩

( ∞⋃
i=1

Mi

)c)
≥ m∗

( ∞⋃
i=1

(A ∩Ni)
)

+m∗
(
A ∩

( ∞⋃
i=1

Mi

)c)
=

= m∗
(
A ∩

( ∞⋃
i=1

Ni

))
+m∗

(
A ∩

( ∞⋃
i=1

Mi

)c)
= m∗

(
A ∩

( ∞⋃
i=1

Mi

))
+m∗

(
A ∩

( ∞⋃
i=1

Mi

)c)
.

Sunep¸c,
⋃∞
i=1Mi ∈M . Epeid  M c

i ∈M gia k�je i, èpetai ìti
⋃∞
i=1M

c
i ∈M . 'Ara,

∞⋂
i=1

Mi =

(( ∞⋂
i=1

Mi

)c)c
=

( ∞⋃
i=1

M c
i

)c
∈M .

6. 'Estw A ∈ P (X). ArkeÐ na deÐxoume ìti

m∗(A) = m∗(A ∩ (M + x)) +m∗(A ∩ (M + x)c). (2.7)

Apì thn Prìtash 1.1.1:

A ∩ (M + x) =
(
(A− x) ∩M

)
+ x

A ∩ (M + x)c = A ∩ (M c + x) =
(
(A− x) ∩M c

)
+ x

Epeid  M eÐnai metr simo, apì tic idiìthtec thc apeikìnishc m∗ kai apì tic parap�nw isìthtec
èpetai ìti

m∗(A ∩ (M + x)) +m∗(A ∩ (M + x)c) = m∗
((

(A− x) ∩M
)

+ x
)

+m∗
((

(A− x) ∩M c
)

+ x
)

=

= m∗
(
(A− x) ∩M

)
+m∗

(
(A− x) ∩M c

)
=

= m∗(A− x) = m∗(A)

Apì ìpou sunep�getai h (2.7).
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Prìtash 2.3.5. K�je di�sthma tou R eÐnai metr simo sÔnolo, dhlad  D ⊆M .

Apìdeixh. ApodeiknÔoume pr¸ta ìti eÐnai metr sima ta diast mata thc morf c (a,∞). Opìte apì
tic idiìthtec twn metr simwn sunìlwn sumper�inoume ìti eÐnai metr sima kai ta diast mata ìlwn twn
�llwn morf¸n wc ex c:

(−∞, a] = R \ (a,∞)

(−∞, a) =

∞⋃
n=1

(
−∞, a− 1

n

]
(a, b) = (−∞, b) ∩ (a,∞)

[a,∞) = R \ (−∞, a)

(−∞,∞) = (−∞, a) ∪ [a,∞)

Pìrisma 2.3.5. Ta anoikt� kai ta kleist� uposÔnola tou R eÐnai metrÐshma.

Apìdeixh. K�je anoiktì uposÔnolo U tou R eÐnai ènwsh arijm simou pl jouc fragmènwn diasth-
m�twn thc morf c (a, b), ta opoÐa eÐnai metr sima. 'Ara, U eÐnai metr simo apì to Je¸rhma 2.3.4.

K�je kleistì uposÔnolo tou R eÐnai sumpl rwma anoiktoÔ uposunìlou, to opoÐo eÐnai metr simo.

Qrhsimopoi¸ntac ton orismì tou metr simou sunìlou kai to Je¸rhma 2.2.6 apodeiknÔetai to
parak�tw Je¸rhma.

Je¸rhma 2.3.6. Gia M ⊆ R ta ex c eÐnai isodÔnama:

(a) M ∈M .

(b) Gia k�je ε > 0 up�rqei anoiktì A ⊇M me m∗(A \M) < ε.

(g) Up�rqei Gδ-sÔnolo G ⊇M me m∗(G \M) = 0.

(d) Gia k�je ε > 0 up�rqei kleistì K ⊆M me m∗(M \K) < ε.

(e) Up�rqei Fσ-sÔnolo F ⊆M me m∗(M \ F ) = 0.
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2.4 To mètro Lebesgue

Orismìc 2.4.1. Onom�zoume mètro Lebesgue thn apeikìnish m : M → [0,∞] me

m(M) = m∗(M).

Je¸rhma 2.4.2. To mètro Lebesgue èqei tic akìloujec idiìthtec:

1. m(I) = `(I) gia k�je di�sthma I.

2. An N ⊆M ∈M , tìte m(N) ≤ m(M).

3. m(M + x) = m(M), ∀M ∈M kai ∀x ∈ R.

4. m
(⊔∞

i=1Mi

)
=
∑∞

i=1m(Mi) gia k�je akoloujÐa xènwn an� dÔo sunìlwn {Mi}∞i=1 ⊆M .

Apìdeixh. Oi idiìthtec 1-3 sunep�gontai apì ton orismì thc m, tic idiìthtec thc apeikìnishc m∗ kai
tic idiìthtec metr simwn sunìlwn. Ja apodeÐxoume thn idiìthta 4.

Apì tic idiìthtec twn metr simwn sunìlwn (Je¸rhma 2.3.4)
⋃∞
i=1Mi ∈M . Opìte apì tic idiìtht-

ec thc apeikìnishc m∗ paÐrnoume:

m
( ∞⊔
i=1

Mi

)
= m∗

( ∞⊔
i=1

Mi

)
≤
∞∑
i=1

m∗(Mi) =
∞∑
i=1

m(Mi)

Epeid  gia k�je n = 1, 2, . . . isqÔei
⊔∞
i=1Mi ⊇

⊔n
i=1Mi kai m (

⊔n
i=1Mi) =

∑n
i=1m(Mi), apì

thn idiìthta 2 tou Jewr matoc èpetai ìti

m

( ∞⊔
i=1

Mi

)
≥ m

(
n⊔
i=1

Mi

)
=

n∑
i=1

m(Mi).

'Ara,

m

( ∞⊔
i=1

Mi

)
≥ lim

n→∞

(
n∑
i=1

m(Mi)

)
=

∞∑
i=1

m(Mi).

Je¸rhma 2.4.3. 'Estw M1,M2 ∈M .

(a) An M1 ⊆M2, tìte m(M1) +m(M2 \M1) = m(M2).

(b) An M1 ⊆M2 kai m(M1) <∞, tìte m(M2 \M1) = m(M2)−m(M1).

(g) m(M1) +m(M2) = m(M1 ∪M2) +m(M1 ∩M2).

Apìdeixh. (a) An M1 ⊆M2, tìte M2 = M1
∐

(M2 \M1). Epomènwc, apì to Je¸rhma 2.3.4:

m(M2) = m∗(M2) = m∗(M1) +m∗(M2 \M1) = m(M1) +m(M2 \M1).

(b) ProkÔptei �mesa apì thn prìtash (a) tou Jewr matoc, diìti an m(M1) < ∞ tìte gia k�je
m(M2) ∈ [0,∞] eÐnai kal� orismènoc o arijmìc m(M2)−m(M1). .
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(g) An m((M1 ∩M2) =∞, tìte h idiìthta isqÔei.

'Estw m((M1 ∩M2) <∞. Epeid 

M1 ∪M2 = (M1 \ (M1 ∩M2))
∐

(M2 \ (M1 ∩M2))
∐

(M1 ∩M2),

apì thn idiìthta (b) kai thn arijm simh prosjethkìthta :

m(M1 ∪M2) = m(M1 \ (M1 ∩M2)) +m(M2 \ (M1 ∩M2)) +m(M1 ∩M2) =

= m(M1)−m(M1 ∩M2) +m(M2)−m(M1 ∩M2) +m(M1 ∩M2) =

= m(M1) +m(M2)−m(M1 ∩M2).

Je¸rhma 2.4.4. 'Estw {Mi}∞i=1 ⊆M .

(a) An M1 ⊆M2 ⊆ . . . , tìte m
( ∞⋃
i=1

Mi

)
= lim

i→∞
m(Mi).

(b) An M1 ⊇M2 ⊇ . . . kai m(M1) <∞, tìte m
( ∞⋂
i=1

Mi

)
= lim

i→∞
m(Mi).

Apìdeixh. (a) Jètoume N1 = M1 kai Ni = Mi \Mi−1 gia i > 1.

Tìte Ni eÐnai xèna an� dÔo kai
⊔∞
i=1Ni =

⋃∞
i=1Mi.

Epeid  gia k�je i > 1 isqÔei: Mi−1 ⊆Mi èpetai ìti Mi =
⊔i
k=1Nk gia k�je i. Epomènwc,

m
( ∞⋃
i=1

Mi

)
= m

( ∞⊔
i=1

Ni

)
=

∞∑
i=1

m(Ni) = lim
n→∞

(
n∑
i=1

m(Ni)

)
= lim

n→∞
m

(
n⊔
i=1

Ni)

)
= lim

n→∞
m(Mn).

(b) An Mi ⊇Mi+1 gia k�je i, tìte M1 \Mi ⊆M1 \Mi+1 gia k�je i > 1.

Apì thn (a) èpetai ìti

m
( ∞⋃
i=1

(M1 \Mi)
)

= lim
i→∞

m(M1 \Mi).

Apì ta parap�nw kai to Je¸rhma 2.4.3 paÐrnoume

m(M1 \
∞⋂
i=1

Mi) = m

( ∞⋃
i=1

(M1 \Mi)

)
= lim

i→∞
m(M1 \Mi)

m(M1 \
∞⋂
i=1

Mi) = m(M1)−m(
∞⋂
i=1

Mi)

'Ara

m(M1)−m(

∞⋂
i=1

Mi) = lim
i→∞

m(M1 \Mi) = lim
i→∞

(m(M1)−m(Mi)) = m(M1)− lim
i→∞

m(Mi).

Sunep¸c m
( ∞⋂
i=1

Mi

)
= lim

i→∞
m(Mi).
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2.5 Afhrhmènh JewrÐa mètrou.

2.5.1 σ-'Algebrec.

Orismìc 2.5.1. 'Estw X èna mh kenì sÔnolo.
'Algebra sto X eÐnai èna mh kenì sÔnolo A ⊆ P (X) pou èqei tic ex c idiìthtec:

1. M ∈ A =⇒M c ∈ A

2. M,N ∈ A =⇒M ∪N ∈ A

Apì tic idiìthtec 1 kai 2 thc �lgebrac A sunep�getai ìti:

3. M,N ∈ A =⇒M ∩N = (M c)c ∩ (N c)c = (M c ∪N c)c ∈ A

4. M,N ∈ A =⇒M \N = M ∩N c ∈ A .

ParadeÐgmata 2.5.2.

1. P (X) eÐnai �lgebra sto X gia k�je mh kenì sÔnolo X.

2. Ta sÔnola X kai ∅ eÐnai stoiqeÐa k�je �lgebrac A mh kenoÔ sunìlou X.

Pr�gmati, X = A ∪Ac kai ∅ = A ∩Ac gia k�je A ∈ A .

3. Gia k�je uposÔnolo M mh kenoÔ sunìlou X h oikogèneia {M,M c, X, ∅} eÐnai �lgebra sto X.

4. {{1}, {4}, {1, 4}} den eÐnai �lgebra sto N.

5. Mia T1-topologÐa eÐnai �lgebra an kai mìnon an eÐnai diakrit .

Orismìc 2.5.3. 'Estw X èna mh kenì sÔnolo.
'Ena mh kenì sÔnolo A ⊆ P (X) kaleÐtai σ-�lgebra sto X ìtan èqei tic ex c idiìthtec:

1. M ∈ A =⇒M c ∈ A

2. {Mn}∞n=1 ⊆ A =⇒
⋃∞
n=1Mn ∈ A

Apì tic idiìthtec 1 kai 2 thc σ-�lgebrac A sunep�getai ìti:

3. {Mn}∞n=1 ⊆ A =⇒
⋂∞
n=1Mn ∈ A .

4. K�je σ-�lgebra eÐnai �lgebra.

ParadeÐgmata 2.5.4.

1. P (X) eÐnai σ-�lgebra sto X gia k�je mh kenì sÔnolo X.

2. To sÔnolo M twn metr simwn sunìlwn eÐnai mia σ-�lgebra tou R.

3. 'Estw (X, d) metrikìc q¸roc kai

A = {F ⊆ X : F anoiktì kai kleistì sto X}.

H A eÐnai �lgebra pou den einai p�nta σ-�lgebra.
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4. An A eÐnai mia σ-�lgebra tou X kai K ∈ A \ {∅}, tìte AK = {M ∩K : M ∈ A } eÐnai mia
σ-�lgebra tou K.

5. An X eÐnai �peiro sÔnolo, tìte

A = {M ∈ P (X) : M eÐnai to polÔ arijm simo   M c eÐnai to polÔ arijm simo}

eÐnai σ-�lgebra tou X.

Prìtash 2.5.5. Gia k�je mh kenì sÔnolo X kai gia k�je mh kenì sÔnolo E ⊆ P (X) up�rqei mi�
el�qisth σ-�lgebra σ(E ) sto X me E ⊆ σ(E ).

Apìdeixh. Mia σ-�lgebra sto X pou perièqei to E eÐnai to P (X). 'Estw F to sÔnolo ìlwn twn
σ-algebr¸n sto X pou perièqoun to E . Tìte

σ(E ) =
⋂

A ∈F
A

eÐnai h zhtoÔmenh el�qisth σ-�lgebra.
Pr�gmati, an M ∈ σ(E ), tìte M eÐnai stoiqeÐo k�je σ-algebrac A ∈ F . 'Ara, M c eÐnai stoiqeÐo

k�je σ-algebrac A ∈ F . Sunep¸c M c ∈
⋂

A ∈F A = σ(E ).
An {Mn}∞n=1 ⊆ σ(E ), tìte {Mn}∞n=1 ⊆ A gia k�je σ-algebra A ∈ F . 'Ara,

⋃∞
n=1Mn ⊆ A gia

k�je A ∈ F . Sunep¸c
⋃∞
n=1Mn ⊆

⋂
A ∈F A = σ(E ).

Orismìc 2.5.6. To sÔnolo σ(E ) kaleÐtai σ-�lgebra pou par�getai apì to E .

ParadeÐgmata 2.5.7.

1. An E1 kai E2 eÐnai mh ken� uposÔnola mh kenoÔ sunìlou X kai E1 ⊆ σ(E2), tìte σ(E1) ⊆ σ(E2).

Diìti apì tic dÔo σ-�lgebrec σ(E1) kai σ(E2) pou perièqoun to E1 h σ(E1) eÐnai h mikrìterh.

2. σ(A ) = A gia k�je σ-�lgebra A .

3. σ(σ(E )) = σ(E ) gia k�je mh kenì E ⊆ P (X).

4. Gia to sÔnolo TR ìlwn twn anoikt¸n uposunìlwn tou R h σ-�lgebra B = σ(TR) kaleÐtai
Borel σ-�lgebra. Epeid  TR ⊆M kai M eÐnai σ-�lgebra, èpetai ìti B ⊆M .

5. An F eÐnai opoiad pote apì thc oikogèneiec diasthm�twn tou R:

{(a, b) : a < b}, {(a, b] : a < b}, {[a, b) : a < b}, {[a, b] : a < b},

{(−∞, b) : b ∈ R}, {(a,∞) : a ∈ R}, {(−∞, b] : b ∈ R}, {[a,∞) : a ∈ R},

tìte σ(F ) = B.

Gia k�je F apodeiknÔetai ìti, F ⊆ σ(TR) kai TR ⊆ σ(F ).

Epomènwc σ(F ) ⊆ σ(TR) kai σ(TR) ⊆ σ(F ). Sunep¸c σ(F ) = σ(TR) = B.
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6. JewroÔme ìti ta anoikta thc ektetamènhc eujeÐac R = R ∪ {−∞,∞} eÐnai oi en¸seic diasth-
m�twn twn morf¸n: [−∞, a), (a,∞], (a, b) me a, b ∈ R. To sÔnolo

B =
⋃
B∈B

{
B,B ∪ {−∞}, B ∪ {∞}, B ∪ {−∞,∞}

}
eÐnai σ-�lgebra tou R pou par�getai apì ta anoikt� sÔnola tou R.

2.5.2 Q¸roi mètrou.

Orismìc 2.5.8. 'Estw A eÐnai mia σ-�lgebra sto sÔnolo X.

Mi� apeikìnish µ : A → [0,∞] kaleÐtai mètro sto X ìtan èqei tic ex c idiìthtec:

1. µ(∅) = 0

2. An {En}∞n=1 eÐnai akoloujÐa xènwn an� dÔo stoiqeÐwn tou A , tìte µ(
⊔∞
n=1En) =

∑∞
n=1 µ(En).

H tri�da (X,A , µ) kaleÐtai q¸roc mètrou.

To mètro µ kaleÐtai peperasmèno, ìtan µ(E) <∞ gia k�je E ∈ A .

To mètro µ kaleÐtai σ-peperasmèno, ìtan X =
⋃∞
n=1En me En ∈ A kai µ(En) <∞ gia k�je n.

O q¸roc mètrou (X,A , µ) kaleÐtai q¸roc pijanìthtac, ìtan µ(X) = 1.

ParadeÐgmata 2.5.9.

1. H tri�da (R,M ,m), ìpou M eÐnai to sÔnolo twn kat� Lebesgue metr simwn uposunìlwn tou
R kai m eÐnai mètro Lebesgue, eÐnai q¸roc mètrou.

2. 'Estw X èna mh kenì sÔnolo kai a ∈ X. OrÐzoume µa : P (X)→ [0,∞] me

µa(E) =

{
0, an a 6∈ E;
1, an a ∈ E

H µa eÐnai mètro sto X, to opoÐo kalèitai mètro Dirac   shmeiak  m�za.

Ja deÐxoume ìti µa eÐnai mètro. 'Eqoume µa(∅) = 0, diìti a 6∈ ∅.
An {En}∞n=1 eÐnai akoloujÐa xènwn an� dÔo stoiqeÐwn tou P (X), tìte a mporeÐ na an kei to
polÔ se èna apì aut�.

An a an kei se èna mìno apì ta En, tìte µa(
⊔∞
n=1En) = 1 =

∑∞
n=1 µ(En).

An a den an kei se kanèna èna apì ta En, tìte µa(
⊔∞
n=1En) = 0 =

∑∞
n=1 µ(En).

3. SumbolÐzoume me |E| ton plhj�rijmo tou sunìlou E. OrÐzoume µN : P (N)→ [0,∞] me

µN(E) =

{
|E|, an E eÐnai peperasmèno,
∞, an E eÐnai �peiro.

H µN eÐnai σ�peperasmèno mètro sto N, to opoÐo kalèitai mètro arÐjmhsic.

4. An (X,A , µ) ènac q¸roc mètrou kai F ∈ A \{∅}, tìte AF = {F ∩E : E ∈ A } eÐnai σ��lgebra
sto F kai µF : AF → [0,∞] me µF (E) = µ(E) eÐnai mètro sto F , to opoÐo kaleÐtai periorismìc
tou µ sto F .



S
of
Ða
Za
fe
ir
Ðd
ou

25

2.5.3 Idiìthtec q¸rou mètrou.

Je¸rhma 2.5.10. 'Estw (X,A , µ) ènac q¸roc mètrou.

1. (Peperasmènh prosjetikìthta) An {En}n0
n=1 eÐnai xèna an� dÔo stoiqeÐa tou A , tìte

µ

(
n0∐
n=1

En

)
=

n0∑
n=1

µ(En).

2. (MonotonÐa) An A,B ∈ A kai A ⊆ B, tìte µ(A) ≤ µ(B).

3. (Arijm simh upoprosjetikìthta) An {En}∞n=1 ⊆ A , tìte µ
( ∞⋃
n=1

En
)
≤
∞∑
n=1

µ(En).

4. (Sunèqeia apì k�tw) An {En}∞n=1 ⊆ A kai E1 ⊆ E2 ⊆ . . . , tìte

µ
( ∞⋃
n=1

En
)

= lim
n→∞

µ(En).

5. (Sunèqeia apì p�nw) An {En}∞n=1 ⊆ A kai E1 ⊇ E2 ⊇ . . . kai µ(E1) <∞, tìte

µ
( ∞⋂
n=1

En
)

= lim
n→∞

µ(En).

Apìdeixh. 1. Jètoume En0+k = ∅ gia k�je k = 1, 2. . . . . Tìte µ(En0+k) = µ(∅) = 0 gia k�je k.
Apì thn arijm simh prosjetikìthta tou mètrou µ paÐrnoume:

µ

(
n0∐
n=1

En

)
= µ

( ∞∐
n=1

En

)
=
∞∑
n=1

µ(En) =

n0∑
n=1

µ(En).

2. B = A ∪ (B \A) =⇒ µ(B) = µ(A) + µ(B \A) ≥ µ(A).

3. Jètoume N1 = E1 kai Nn = En ∩
(⋃n−1

k=1 Ek
)c

gia n > 1. Tìte Nn ⊆ En, ta Nn eÐnai xèna an�
dÔo kai

∐∞
n=1Nn =

⋃∞
n=1En. Sunep¸c

µ

( ∞⋃
n=1

En

)
= µ

( ∞∐
n=1

Nn

)
=

∞∑
n=1

µ(Nn) ≤
∞∑
n=1

µ(En).

4. 'Idia me thn apìdeixh tou Jewr matoc 2.4.4 (a).

5. 'Idia me thn apìdeixh tou Jewr matoc 2.4.4 (b).
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Kef�laio 3

Metr simec sunart seic.

3.1 Orismìc kai qarakthristikèc idiìthtec.

Orismìc 3.1.1. Mi� sun�rthsh f : M → R me pedÐo orismoÔ M ∈M kaleÐtai metr simh (  kat�
Lebesgue metr simh), ìtan f−1(U) ∈M gia k�je anoiktì sÔnolo U ⊆ R.
Je¸rhma 3.1.2. Oi parak�tw prot�seic eÐnai isodÔnamec gia mia apeikìnish f : M → R me pedÐo
orismoÔ M ∈M :

(i) f eÐnai metr simh.

(ii) f−1((a,∞)) ∈M gia k�je a ∈ R

(iii) f−1([a,∞)) ∈M gia k�je a ∈ R

(iv) f−1((−∞, a)) ∈M gia k�je a ∈ R

(v) f−1((−∞, a]) ∈M gia k�je a ∈ R

(vi) f−1((a, b)) ∈M gia k�je a, b ∈ R me a < b.

Apìdeixh. Sthn apìdeixh ja qrhsimopoi soume thn idiìthta tou M na eÐnai σ-�lgebra.

(i) =⇒ (ii) Apì ton orismì thc metr simhc sun�rthshc, diìti U = (a,∞) eÐnai anoiktì sto R.

(ii) =⇒ (iii) f−1 ([a,∞)) = f−1
( ∞⋂
k=1

(a− 1
k ,∞)

)
=
∞⋂
k=1

f−1((a− 1
k ,∞)) ∈M .

(iii) =⇒ (iv) f−1((−∞, a)) = M \ f−1([a,∞)) ∈M .

(iv) =⇒ (v) f−1((−∞, a]) = f−1
( ∞⋂
k=1

(−∞, a+ 1
k )

)
=
∞⋂
k=1

f−1((−∞, a+ 1
k )) ∈M .

(v) =⇒ (vi) (a, b) = (−∞, a]c ∩ (−∞, b) = (−∞, a]c ∩
( ∞⋃
k=1

(−∞, b− 1
k ]
)
. Epomènwc

f−1((a, b)) =
(
f−1((−∞, a])

)c ∩( ∞⋃
k=1

f−1
((
−∞, b− 1

k

]))
∈M .

(vi) =⇒ (i) 'Estw U anoiktì sto R. Tìte U =
⋃∞
i=1(ai, bi), ìpou k�je (ai, bi) eÐnai fragmèno

di�shma kai ai < bi. Sunep¸c f−1(U) =
⋃∞
i=1 f

−1((ai, bi)) ∈M .

27
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ParadeÐgmata 3.1.3.

1. An M ∈M kai f : M → R eÐnai metr simh, tìte f−1(y) ∈M gia k�je y ∈ R.
An y 6∈ f(M), tìte f−1(y) = ∅ ∈M .

An y ∈ f(M), tìte f−1(y) = f−1((−∞, y]) ∩ f−1([y,∞)) ∈M , diìti f−1((−∞, y]) ∈M kai
f−1([y,∞)) ∈M kai M eÐnai �lgebra sunìlwn.

2. An M ∈ M kai f, g : M → R eÐnai metr simec, tìte eÐnai metr sima ta sÔnola: {f < g},
{f ≥ g}, {f = g}.
ArkeÐ na deÐxoume ìti to kajèna apì ta parap�nw sÔnola eÐnai tom    ènwsh peperasmènou
pl jouc metr simwn sunìlwn. Pr�gmati:

{f < g} = {x ∈M : f(x) < g(x)} =
⋃
r∈Q

[
f−1((−∞, r)) ∩ g−1((r,∞))

]
∈M

{f ≤ g} = {x ∈M : f(x) ≤ g(x)} = M ∩ {g < f}c ∈M

{f = g} = {x ∈M : f(x) = g(x)} = {f ≤ g} ∩ {g ≤ f} ∈M

Je¸rhma 3.1.4. Mia apeikìnish f : M → R, M ∈M , eÐnai metr simh an kai mìnon an f−1(B) ∈
M gia k�je B ∈ B = σ(TR).

Apìdeixh. Ja deÐxoume pr¸ta ìti h oikogèneia F = {F ⊆ R : f−1(F ) ∈M } eÐnai σ-�lgebra tou R.
An F ∈ F , tìte f−1(F c) =

(
f−1(F )

)c ∈M , diìti f−1(F ) eÐnai stoiqeÐo thc �lgebrac M .
An {Fi}∞i=1 ⊆ F , tìte f−1 (

⋃∞
i=1 Fi) =

⋃∞
i=1 f

−1(Fi) ∈M , diìti f−1(Fi) ∈M gia k�je i.
An h f eÐnai metr simh, tìte TR ⊆ F . 'Ara, B = σ(TR) ⊆ F . Dhlad  f−1(B) ∈ M gia k�je

B ∈ B. AntÐstrofa, an f−1(B) ∈M gia k�je B ∈ B, tìte f−1(U) ∈M gia k�je U eÐnai anoikto
sto R, diìti U ∈ B. 'Ara, f eÐnai metr simh.

3.2 Oikogèneic metr simwn sunart sewn.

Orismìc 3.2.1. Ja lème ìti h idiìthta P isqÔei sqedìn pantou sto E ⊆ R an to sÔnolo twn
shmeÐwn x ∈ E sta opoÐa h P den isqÔei eÐnai mètrou 0.

Mia apeikìnish f : E → R, E ∈ P (R), kaleÐtai sqedìn pantoÔ suneq c sto E, ìtan h f eÐnai sqedìn
pantoÔ suneq c sto E.

Oi apeikonÐseic f, g : E → R, E ∈ P (R), kaloÔntai isodÔnamec, ìtan f = g sqedìn pantoÔ sto E.

Je¸rhma 3.2.2. 'Estw M ∈M kai f : M → R.

1. An h f eÐnai suneq c, tìte h f eÐnai metr simh.

2. An h f eÐnai sqedìn pantoÔ suneq c sto M , tìte h f eÐnai metr simh.

3. An h f eÐnai monotonh, tìte h f eÐnai metr simh.

4. An M =
∐∞
i=1Mi, {Mi}∞i=1 ⊆M kai f

∣∣
Mi

eÐnai metr simh gia k�je i, tìte h f eÐnai metr simh.

5. An f, g : M → R eÐnai isodÔnamec kai h g eÐnai metr simh, tìte h f eÐnai metr simh.
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Apìdeixh. 'Estw U anoikto uposÔnolo tou R. ArkeÐ na deÐxoume ìti to sÔnolo f−1(U) eÐnai metr simo
me tic proupojèseic tic kajemi�c apì tic prot�seic 1− 5.

1. Epeid  h f eÐnai suneq c, f−1(U) eÐnai anoiktì sto M . Epomènwc up�rqei anoiktì uposÔnolo
U∗ tou R gia to opoÐo f−1(U) = M ∩ U∗. To M ∈ M apì thn upìjesh kai U∗ ∈ M wc
anoiktì. Sunep¸c f−1(U) ∈M wc tom  dÔo metr simwn sunìlwn.

2. 'Estw M∗ to sÔnolo twn shmeÐwn asunèqeic thc f . Epeid  h f eÐnai sqedìn pantoÔ suneq c
sto M , èpetai ìti m(M∗) = 0 kai h f eÐnai suneq c sto M \M∗. Sunep¸c

f−1(U) =
(
M∗ ∩ f−1(U)

)
∪
(
(M \M∗) ∩ f−1(U)

)
,

ìpou M∗ ∩ f−1(U) metr simo wc mhdenikoÔ mètrou kai
(
M \M∗)∩ f−1(U) eÐnai metr simo �pì

thn 1. Sunep¸c f−1(U) ∈M wc tom  dÔo metr simwn sunìlwn.

3. Epeid  h f eÐnai monìtonh, to sÔnolo twn shmeÐwn asunèqeic thc f eÐnai arijm simo kai, �ra,
eÐnai mètrou 0. Epomènwc h f eÐnai metr simh apì thn 2, wc sqedìn pantoÔ suneq c sto M .

4. Epeid  f
∣∣
Mi

eÐnai metr simh gia k�je i, èpetai ìti
(
f
∣∣
Mi

)−1
(U) = f−1(U) ∩Mi ∈M gia k�je

i. Sunep¸c f−1(U) = f−1(U) ∩
∐∞
i=1Mi =

∐∞
i=1

(
f−1(U) ∩Mi

)
∈M wc ènwsh arijm simou

pl jouc metr simwn sunìlwn.

5. Epeid  oi sunart seic f kai g eÐnai isodÔnamec stoM , to sÔnoloM∗ = {x ∈M : f(x) 6= g(x)}
eÐnai mètrou 0. 'Ara, M∗ ∈M . Sunep¸c

f−1(U) =
(
M∗ ∩ f−1(U)

)
∪
(
(M \M∗) ∩ f−1(U)

)
=
(
M∗ ∩ f−1(U)

)
∪ {f = g} ∈M

wc ènwsh metr simwn sunìlwn.

Par�deigma 3.2.3. H sun�rthsh f : R→ R me f(x) =

{
0, x ∈ Q
1, x 6∈ Q eÐnai metr simh kai den eÐnai

suneq c se kanèna shmeÐo tou R.

3.3 Idiìthtec metr simwn sunart sewn.

3.3.1 Pr�xeic kai sunjèseic metaxÔ twn metr simwn sunart sewn.

K�je f : [0, 1] → R mporeÐ na grafeÐ wc sÔnjesh metr simwn sunart sewn wc ex c. OrÐzoume
h : [0, 1] → R me h(x) = 2

∑∞
n=1

an
3n , ìpou x =

∑∞
n=1

an
2n eÐnai h diadik  morf  tou x (an = 0  

an = 1). ApodeiknÔetai ìt h h gnhsÐwc aÔxousa kai, �ra, metr simh. EpÐshc h([0, 1]) eÐnai uposÔnolo
tou sunìlou tou Cantor C. 'Estw g : [0, 1]→ R me

g(x) =

{
f(h−1(x)), x ∈ h([0, 1])
0, x 6∈ h([0, 1]).

ApodeiknÔetai ìti h g eÐnai metr simh kai f(x) = g(h(x)).
Epeid  up�rqoun mh metr simec sunart seic orismènec sto [0, 1], èpetai ìti mia mh metr simh

sun�rthsh mporeÐ na eÐnai sÔnjesh metr simwn sunart sewn. Dhlad , h sÔnjesh metr simwn sunart -
sewn mporeÐ na mhn eÐnai metr simh sun�rthsh. IsqÔei ìmwc to parak�tw je¸rhma.
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Je¸rhma 3.3.1. An f : M → R me M ∈ M , eÐnai metr simh, f(M) ⊆ N ∈ M kai g : N → R
eÐnai suneq c, tìte g ◦ f eÐnai metr simh.

Apìdeixh. 'Estw U anoiktì sto R. Epeid  h g eÐnai suneq c sto N , g−1(U) eÐnai anoiktì sto N .
'Ara, f(M) ∩ g−1(U) eÐnai anoiktì sto f(M). Epomènwc up�rqei U∗ anoiktì sto R gia to opoÐo
f(M) ∩ g−1(U) = f(M) ∩ U∗. Sunep¸c

(g ◦ f)−1(U) = f−1(g−1(U)) = f−1
(
f(M) ∩ g−1(U)

)
= f−1(f(M) ∩ U∗) = M ∩ f−1(U∗).

Epeid  h f eÐnai metr simh kai U∗ anoiktì sto R, èqoume f−1(U∗) ∈M . Epeid  M eÐnai σ-�lgebra
kai ta sÔnolaM kai f−1(U∗) eÐnai metr sima , sumperaÐnoume ìti (g ◦f)−1(U) = M ∩f−1(U∗) ∈M .

Je¸rhma 3.3.2. An F : R2 → R eÐnai suneq c kai f, g : M → R me M ∈ M , eÐnai metr simec,
tìte h : M → R me h(x) = F (f(x), g(x)) eÐnai metr simh.

Apìdeixh. 'Estw U anoiktì sto R. Epeid  h F eÐnai suneq c, to sÔnolo F−1(U) eÐnai anoiktì
sto R2. Ta sÔnola thc morf c (a, b) × (c, d) eÐnai b�sh tou R2, o opoÐoc èqei arijm simh b�sh.
Ara, F−1(U) =

⋃∞
i=1 ((ai, bi)× (ci, di)) . Epeid  oi sunart seic f kai g eÐnai metr simec, èpetai ìti

f−1(ai, bi), g
−1(ci, di) ∈M gia k�je i. Sunepwc

h−1(U) = {x ∈M : F (f(x), g(x)) ∈ U} = {x ∈M : (f(x), g(x)) ∈ F−1(U)} =

= {x ∈M : (f(x), g(x)) ∈
∞⋃
i=1

((ai, bi)× (ci, di))} =
∞⋃
i=1

(
f−1(ai, bi) ∩ g−1(ci, di)

)
∈M

Je¸rhma 3.3.3. An M ∈ M kai f, g : M → R eÐnai metr simec, tìte eÐnai metr simec oi
sunart seic:

(a) f + g,

(b) fg,

(c) cf , gia k�je c ∈ R,

(d) |f |, f− kai f+, ìpou f+(x) =

{
f(x), f(x) ≥ 0
0, f(x) < 0.

kai f−(x) =

{
−f(x), f(x) ≤ 0
0, f(x) > 0.

Apìdeixh. (a) Apì to Je¸rhma 3.3.2 gia F (u, v) = u+ v.

(b) Apì to Je¸rhma 3.3.2 gia F (u, v) = uv.

(c) Apì to (b) gia thn suneq , �ra kai metr simh, sun�rthsh g : M → R me g(x) = c.

(d) |f | = g ◦ f , gia g : R→ R me g(x) = |x|. 'Ara, |f | metr simh apì to Je¸rhma 3.3.1.

Apì ta parap�nw oi sunart seic f− = |f |−f
2 kai f+ = |f |+f

2 eÐnai metr simec.
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3.3.2 Je¸rhma tou Luzin.

Je¸rhma 3.3.4. (Pr¸th morf ) An M ∈ M kai f : M → R metr simh, tìte gia k�je ε > 0
up�rqei metr simo sÔnolo Mε ⊆M tètoio ¸ste h f |Mε eÐnai suneq c sto Mε kai m(M \Mε) < ε.

Apìdeixh. 'Estw {Ij}∞j=1 eÐnai h oikogèneia ìlwn twn anoikt¸n kai fragmènwn diasthm�twn tou R me

�kra rhtoÔc arijmoÔc. Epeid  h f eÐnai metr simh, k�je f−1(Ij) eÐnai metr simo uposÔnolo tou M .
Apì to Je¸rhma 2.3.6 up�rqei sto R anoiktì sÔnolo Aj kai kleistì sÔnolo Kj me

Kj ⊆ f−1(Ij) ⊆ Aj kai m(Aj \Kj) <
ε

2j
. (3.1)

Ja deÐxoume ìti to sÔnolo Mε = M \
⋃∞
j=1(Aj \Kj) eÐnai to zhtoÔmeno.

'Eqoume

m(M \Mε) = m(
∞⋃
j=1

(Aj \Kj) ≤
∞∑
j=1

ε

2j
= ε.

Ja deÐxoume ìti h f |Mε eÐnai suneq c sto Mε. 'Estw G anoiktì sto R. Tìte G eÐnai èn-
wsh diasthm�twn thc oikogèneiac {Ij}∞j=1. Epomènwc (f |Mε)

−1(G) eÐnai ènwsh sunìlwn thc morf c

(f |Mε)
−1(Ij) = f−1(Ij) ∩Mε. ArkeÐ na deÐxoume ìti k�je f−1(Ij) ∩Mε eÐnai anoiktì sto Mε.

Gia k�je j0 ∈ J èqoume

Aj0 ∩Mε = {x ∈ Aj0 : x ∈Mε} = {x ∈ Aj0 : x 6∈
∞⋃
j=1

(Aj \Kj)} =

= {x ∈ Aj0 : x 6∈ Aj \Kj ,∀j ∈ J} = {x ∈ Kj0 : x 6∈ Aj \Kj , ∀j ∈ J} =

= {x ∈ Kj0 : x 6∈
∞⋃
j=1

(Aj \Kj)} = {x ∈ Aj0 : x ∈Mε} = Kj0 ∩Mε

Apì thn (3.1) sumperaÐnoume ìti Kj0 ∩Mε = f−1(Ij0) ∩Mε = Aj0 ∩Mε . Epeid  Aj eÐnai anoiktì
sto R, to Aj ∩Mε eÐnai anoiktì sto Mε. Epomènwc f−1(Ij0) ∩Mε eÐnai anoiktì sto Mε.

ShmeÐwsh 3.3.5. Apì to Je¸rhma tou Luzin den sunep�getai ìti gia k�je ε > 0 up�rqeiMε ⊆M
¸ste ta shmeÐa tou Mε na eÐnai shmeÐa sunèqeiac thc f , all� ìti o periorismìc f |Mε thc f sto Mε

eÐnai suneq c sun�rthsh. Gia par�deigma, h f = χQ : [0, 1] → {0, 1} eÐnai asuneq c se k�je shmeÐo
tou [0, 1], ìmwc o periorismìc χQ|Q eÐnai suneq c sto Q wc stajer  sun�rthsh me tim  1 se k�je
q ∈ Q.
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Je¸rhma 3.3.6. (DeÔterh morf ) An M ∈ M , m(M) < ∞ kai f : M → R metr simh, tìte
gia k�je ε > 0 up�rqei sumpagèc sÔnolo Kε ⊆ M tètoio ¸ste h f |Kε eÐnai suneq c sto Kε kai
m(M \Kε) < ε.

Apìdeixh. Apì to Je¸rhma 3.3.4 up�rqei up�rqei metr simo sÔnolo L ⊆ M tètoio ¸ste h f |L eÐnai
suneq c sto L kai m(M \ L) < ε

2 . Apì to Je¸rhma 2.3.6 up�rqei sto R kleistì sÔnolo K me

K ⊆ L kai m(L \K) <
ε

2
. (3.2)

'Ara,
m(M \K) ≤ m(M \ L) +m(L \K) < ε.

To K eÐnai kleistì kai peperasmènou mètrou kai h f eÐnai suneq c sto K, ìmwc to K mporeÐ na
mhn eÐnai fragmèno gia na eÐnai sumpagèc.

JewroÔme ta sumpag  sÔnola Kn = K ∩ [−n, n], n = 1, 2, . . . . Profan¸c K =
⋃∞
n=1Kn.

Epeid  M \K1 ⊇M \K2 ⊇ . . . kai
⋂∞
n=1(M \Kn) = M \K, èpetai ìti

lim
n→∞

m(M \Kn) = m(M \K) < ε.

Epomènwc up�rqei n0 tètoio ¸ste m(M \Kn) < ε gia k�je n ≥ n0.
To sÔnolo Kε = Kn0 eÐnai to zhtoÔmeno, diìti h f |Kε eÐnai suneq c sto Kε ⊆ K ⊆ L.

Je¸rhma 3.3.7. (TrÐth morf ) An f : R → R metr simh kai up�rqei M ∈ M tètoio ¸ste
m(M) < ∞ kai f−1(R \ {0}) ⊆ M , tìte gia k�je ε > 0 up�rqei sumpagèc sÔnolo Kε ⊆ R kai
suneq c sun�rthsh g : R→ R tètoia ¸ste:

(a) g−1(R \ {0}) ⊆ Kε,

(b) m({x ∈ R : f(x) 6= g(x)}) < ε,

(c) sup{|g(x)| : x ∈ R} ≤ sup{|f(x)| : x ∈ R}.

Prìtash 3.3.8. An h sun�rthsh f : [0, 1] → R eÐnai metr simh kat� Lebesgue, tìte gia k�je
ε > 0 up�rqei suneq c sun�rthsh fε : [0, 1]→ R me m({x ∈ [0, 1] : f(x) 6= fε(x)}) < ε.

Apìdeixh. Apì to Je¸rhma 3.3.6 up�rqei sumpagèc sÔnolo Kε ⊆ [0, 1] tètoio ¸ste h f |Kε eÐnai
suneq c kai m([0, 1]\Kε) < ε. To Kε wc sumpagèc eÐnai kleistì sto R. 'Ara, to sÔnolo (−2, 2)\Kε

eÐnai anoiktì sto R. Sunep¸c (−2, 2) \Kε =
∐
j∈J(aj , bj), ìpou J = N   J = {1, ..., n} me n ∈ N.

Epomènwc [0, 1] \Kε =
∐
j∈J0 Ij , ìpou Ij = (aj , bj) ∩ [0, 1] 6= ∅ kai j ∈ J0 ⊆ J .

'Estw fj : Ij → R, j ∈ J0, me grafik  par�stash to eujÔgrammo tm ma me �kra
(aj , f(aj) kai (bj , f(bj) an Ij = (aj , bj),
(0, 0) kai (bj , f(bj) an Ij = [0, bj) kai
(aj , f(aj) kai (1, 1) an Ij = (aj , 1].
Tìte h sun�rthsh fε : [0, 1]→ R me

fε(x) =

{
f(x), x ∈ Kε

fj(x), x ∈ Ij , j ∈ J0

eÐnai suneq c kai m({x ∈ [0, 1] : f(x) 6= fε(x)}) ≤ m([0, 1] \Kε) < ε.
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3.4 Metr simec sunart seic me timèc sto [−∞,∞].

To sÔnolo R̄ = R ∪ {−∞,∞} kaleÐtai epektetamèno sÔnolo pragmatik¸n arijm¸n.
H b�sh thc topologÐac tou R̄ = [−∞,∞] eÐnai ta diast mata thc morf c: (a, b), [−∞, a) kai

(a,∞], ìpou a, b ∈ R.
EpekteÐnoume thn di�taxh kai tic pr�xeic twn pragmatik¸n arijm¸n sto R̄ orÐzontac:

1. −∞ < x <∞ gia k�je x ∈ R.

2. x+∞ =∞ kai x−∞ = −∞ gia k�je x ∈ R.

3. x · (±∞) = ±∞ an x > 0 kai x · (±∞) = ∓∞ an x < 0.

4. ∞ · (±∞) = ±∞ kai (−∞) · (±∞) = ∓∞.

Orismìc 3.4.1. Mi� epektetamènh pragmatik  sun�rthsh f : M → [−∞,∞] me pedÐo orismoÔ
M ∈M kaleÐtai (Lebesgue) metr simh, ìtan f−1(U) ∈M gia k�je anoiktì sÔnolo U ⊆ [−∞,∞].

H apìdeixh tou Jewr matoc pou akoloujeÐ eÐnai ìmoia me thn apìdeixh tou Jewr matoc 3.1.2.

Je¸rhma 3.4.2. Oi parak�tw prot�seic eÐnai isodÔnamec gia mia apeikìnish f : M → [−∞,∞] me
pedÐo orismoÔ M ∈M :

(i) f eÐnai metr simh.

(ii) f−1((a,∞]) ∈M gia k�je a ∈ R

(iii) f−1([a,∞]) ∈M gia k�je a ∈ R

(iv) f−1([−∞, a)) ∈M gia k�je a ∈ R

(v) f−1([−∞, a]) ∈M gia k�je a ∈ R

(vi) f−1((a, b)) ∈M gia k�je a, b ∈ R me a < b.

Par�deigma 3.4.3. An M ∈ M kai f : M → [−∞,∞] eÐnai metr simh, tìte eÐnai metr sima ta
sÔnola:

f−1(∞) =

∞⋂
n=1

f−1((n,∞]), f−1(−∞) =

∞⋂
n=1

f−1([−∞, n))

f−1(−∞,∞) = M \
(
f−1(∞) ∪ f−1(−∞)

)
ShmeÐwseic 3.4.4. To Je¸rhma 3.3.3 isqÔei kai gia tic epektetamènec metr simec sunart seic me
tic akìloujec dieukrinÐseic me skopì na apofeuqjoÔn oi aprosdiìristec pr�xeic:

1. An M ∈M kai f, g : M → [−∞,∞] eÐnai metr simec, tìte f + g eÐnai metr simh sto sÔnolo:
M \

(
(f−1(∞) ∩ g−1(−∞)) ∪ (f−1(−∞) ∩ g−1(∞))

)
.

2. An M ∈ M kai f, g : M → [−∞,∞] eÐnai metr simec, tìte fg eÐnai metr simh sto sÔnolo:
M \

(
(f−1(0) ∩ g−1(−∞)) ∪ (f−1(0) ∩ g−1(∞)) ∪ (g−1(0) ∩ f−1(−∞)) ∪ (g−1(0) ∩ f−1(∞))

)
.
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3.5 AkoloujÐec metr simwn sunart sewn.

'Estw E ∈ R kai fn : E → [−∞,∞], n = 1, 2, . . . , akoloujÐa epektetamènwn sunart sewn.
OrÐzoume sto E tic sunart seic:

(inf
n
fn)(x) = inf

n
{fn(x)}, x ∈ E

(sup
n
fn)(x) = sup

n
{fn(x)}, x ∈ E

(lim inf
n

fn)(x) = sup
n

( inf
k≥n

(fk(x))) , x ∈ E

(lim sup
n

fn)(x) = inf
n

(sup
k≥n

(fk(x))), x ∈ E

Je¸rhma 3.5.1. An M ∈M kai fn : M → [−∞,∞], n = 1, 2, . . . , eÐnai akoloujÐa epektetamènwn
metr simwn sunart sewn, tìte eÐnai metr simec oi sunart seic

(i) inf
n
fn, (ii) sup

n
fn, (iii) lim inf

n
fn, (iv) lim sup

n
fn.

Apìdeixh. 'Estw a ∈ R.

(i) (inf
n
fn)−1([a,∞]) =

∞⋂
n=1

f−1n ([a,∞]).

Pragmati,

x ∈ (inf
n
fn)−1([a,∞])⇐⇒ inf

n
{fn(x)}∈ [a,∞]⇐⇒ fn(x) ∈ [a,∞], ∀n⇐⇒ x ∈

∞⋂
n=1

f−1n ([a,∞]).

Epeid  k�je fn eÐnai metr simh, f−1n ([a,∞]) ∈ M gia k�je n. Apì to Je¸rhma 2.3.4 èpetai ìti
(inf
n
fn)−1([a,∞]) ∈M . 'Ara, inf

n
fn eÐnai metr simh.

(ii) (sup
n
fn)−1([a,∞]) =

∞⋃
n=1

f−1n ([a,∞]). Epeid  k�je fn eÐnai metr simh, f−1n ([a,∞]) ∈M gia k�je

n. Apì to Je¸rhma 2.3.4 èpetai ìti (supn fn)−1([a,∞]) ∈M . 'Ara, sup
n
fn eÐnai metr simh.

(iii) lim inf
n

fn = sup
n

( inf
k≥n

(fk)) metr simh apì (i) kai (ii).

(iv) lim sup
n

fn = inf
n

(sup
k≥n

(fk)) metr simh apì (i) kai (ii).

To Porisma pou akoloujeÐ ekfr�zei mia idiìthta twn metr simwn sunart sewn pou den èqoun oi
suneqeÐc sunatr seic.

Pìrisma 3.5.2. An M ∈ M kai fn : M → [−∞,∞], n = 1, 2, . . . , eÐnai akoloujÐa metr simwn
sunart sewn pou sugklÐnei shmeiak� sth sun�rthsh f : M → [−∞,∞], tìte h f eÐnai metr simh.

Je¸rhma 3.5.3. An M ∈M kai fn : M → R, n = 1, 2, . . . , eÐnai akoloujÐa metr simwn sunart -
sewn pou sugklÐnei shmeiak� sqedìn pantoÔ sto M sth sun�rthsh f : M → R, tìte h f eÐnai
metr simh.
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Apìdeixh. Apì thn upìjesh up�rqei N ⊆M me m(N) = 0 tètoio ¸ste {fn}∞n=1 sugklÐnei shmeiak�
sthn f sto M \N . An N = ∅, tìte h f eÐnai metr simh apì to Pìrisma 3.5.2.

AnN 6= ∅, tìte jewroÔme thn sun�rthsh χM\N : M → {0, 1} me χM\N (x) =

{
1, an x ∈M \N,
0, an x ∈ N.

Epeid  M,N ∈M , h χM\N eÐnai metr simh. Epomènwc fn · χM\N : M → R eÐnai metr simh gia
k�je n wc ginìmeno metr simwn sunart sewn. 'Eqoume

lim
n→∞

(
fn(x) · χM\N (x)

)
=

{
lim
n→∞

fn(x), an x ∈M \N,
lim
n→∞

0, an x ∈ N. =

{
f(x), an x ∈M \N,
0, an x ∈ N. = (f ·χM\N )(x).

'Ara, h akoloujÐa metr simwn sunart sewn {fn · χM\N}∞n=1 sugklÐnei shmeiak� sthn f · χM\N sto
M . Epomènwc, apì to Pìrisma 3.5.2, h f · χM\N eÐnai metr simh wc oriak  sun�rthsh akoloujÐac
metr simwn sunart sewn. Epeid  f eÐnai sqedìn pantoÔ Ðsh me thn metr simh sun�rthsh f · χM\N ,
èpetai ìti h f eÐnai metr simh.

3.5.1 Je¸rhma tou Egorov.

Je¸rhma 3.5.4. (Egorov) An M ∈ M me m(M) < ∞ kai fn : M → R, n = 1, 2, . . . , eÐnai
akoloujÐa metr simwn sunart sewn sugklÐnousa shmeiak� sto M sth sun�rthsh f , tìte gia k�je
δ > 0 up�rqei metr simo sÔnolo Mδ ⊆ M tètoio ¸ste h {fn}∞n=1 sugklÐnei omoiìmorfa sthn f sto
Mδ kai m(M \Mδ) < δ.

Apìdeixh. H f eÐnai metr simh apì to Je¸rhma 3.5.3. JewroÔme ta sÔnola

Mk
n =

∞⋂
i=n

{
x : |fi(x)− f(x)| < 1

k

}
, n, k ∈ {1, 2, . . . }.

Tìte Mk
n ∈M gia k�je n kai k�je k apì to Je¸rhma 3.3.3.

Epeid  lim
n→∞

fn(x) = f(x) gia k�je x ∈M , èpetai ìti M =
⋃∞
n=1M

k
n gia k�je k.

Epeid  Mk
1 ⊆Mk

2 ⊆ . . . gia k�je k, èpetai ìti M \Mk
1 ⊇M \Mk

2 ⊇ . . . . Opìte
∞⋂
n=1

(M \Mk
n) = M \

∞⋃
n=1

Mk
n = M \M = ∅.

Apì to Je¸rhma 2.4.4 sunep�getai ìti lim
n→∞

m(M \Mk
n) = 0.

'Ara, gia δ > 0 kai gia k�je k up�rqei n(k) gia to opoÐo m((M \Mk
n(k)) <

δ
2k
.

Ja deÐxoume ìti Mδ =
⋂∞
k=1M

k
n(k). eÐnai to zhtoÔmeno sÔnolo.

Epeid  M \Mδ =
⋃∞
k=1(M \Mk

n(k)), èqoume

m(M \Mδ) ≤
∞∑
k=1

m(M \Mk
n(k)) <

∞∑
k=1

δ

2k
= δ.

'Estw ε > 0. Tìte up�rqei fusikìc arijmìc k me 1
k < ε. Gia k�je x ∈Mδ kai gia k�je n ≥ n(k)

isqÔei |fn(x)− f(x)| < 1
k < ε, diìti Mδ ⊆Mk

n(k). Autì shmaÐnei ìti h {fn}∞n=1 sugklÐnei omoiìmorfa
sthn f sto Mδ.
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3.6 Aplèc sunart seic.

Orismìc 3.6.1. Mi� sun�rthsh a : R→ R kaleÐtai apl  ìtan eÐnai metr simh kai to sÔnolo tim¸n
a(R) eÐnai peperasmèno.

Par�deigma 3.6.2. H qarakthristik  sun�rthsh χE : R→ {0, 1} me

χE(x) =

{
1, an x ∈ E,
0, an x 6∈ E.

eÐnai metr simh (�ra kai apl ) an kai mìnon an to sÔnolo E eÐnai metr simo.

Prìtash 3.6.3. Mi� sun�rthsh a : R→ R eÐnai apl  an kai mìnon an up�rqoun metr sima sÔnola
M1, . . . ,Mn an� dÔo xèna kai a1, . . . , an ∈ R tètoia ¸ste

a =

n∑
i=1

aiχMi . (3.3)

Apìdeixh. 'Estw a : R → R apl  sun�rthsh kai a(R) = {a1, . . . , an}, ìpou ta ai eÐnai diaforetik�
metaxÔ touc. Jètoume Mi = a−1(ai), i = 1, . . . , n. Tìte {Mi}ni=1 eÐnai oikogèneia metr simwn kai an�
dÔo xènwn sunìlwn. An x ∈Mi0 , tìte x 6∈Mi gia i 6= i0. Epomènwc χMi0

(x) = 1 kai χMi (x) = 0 gia

i 6= i0. 'Ara,

a(x) = ai0 = ai0 · 1 +
∑
i 6=i0

ai · 0 = ai0χMi0
(x) +

∑
i 6=i0

ai · χMi (x) =

n∑
i=1

aiχMi (x).

AntÐstrofa, èstw a =
∑n

i=1 aiχMi ìpou M1, . . . ,Mn ∈M kai a1, . . . , an ∈ R.
H a eÐnai metr simh wc grammikìc sunduasmìc metr simwn sunart sewn. Gia k�je x ∈ R isqÔei:

a(x) =
∑

x∈Mi
ai. To pl joc twn sunduasm¸n twn a1, . . . , an an� k = 1, 2, . . . , n eÐnai peperasmèno.

Sunep¸c h a eÐnai apl .

ShmeÐwsh 3.6.4. An sthn isìthta (3.3) ta ai eÐnai diaforetik� an� dÔo kai ta sÔnolaMi eÐnai xèna
an� dÔo, tìte

∑n
i=1 aiχMi kaleÐtai kanonik  par�stash thc apl c sun�rthshc a. Apì thn apìdeixh

thc Prìtashc 3.6.3 sunep�getai ìti k�je apl  sun�rthsh èqei kanonik  par�stash.

Orismìc 3.6.5. Ja lème ìti h sun�rthsh a : M → R, M ∈ M , eÐnai apl , ìtan eÐnai apl  h
sun�rthsh ā : R→ R me

ā(x) =

{
a(x), x ∈M
0, x 6∈M.

Orismìc 3.6.6. Mi� akoloujÐa sunart sewn {fn}∞n=1 orismènwn sto sÔnolo E ⊆ R kaleÐtai
�uxousa (antÐstoiqa, fjÐnousa) ìtan fn(x) ≤ fn+1(x) (antÐstoiqa, fn(x) ≥ fn+1(x)) gia k�je n kai
gia k�je x ∈ E.

Je¸rhma 3.6.7. Gia k�je metr shmh sun�rthsh f : M → [0,∞], M ∈M , up�rqei mia aÔxousa
akoloujÐa apl¸n sunart sewn an : M → [0,∞), n = 1, 2, . . . , h opoÐa sugklÐnei shmeiak� sth f .
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Apìdeixh. Gia k�je n = 1, 2, . . . , to di�sthma [0,∞] gr�fetai wc ènwsh xènwn an� dÔo 22n + 1
diast m�twn wc akoloÔjwc:

[0,∞] =

22n−1⊔
k=0

[
k

2n
,
k + 1

2n

) ∪ [2n,∞].

Jètoume

Mn,k = f−1
([

k

2n
,
k + 1

2n

))
, k = 0, . . . , 22n − 1 kai Mn = f−1([2n,∞].

Epeid  h f eÐnai metr simh, ta xèna an� dÔo sÔnola Mn,k kai Mn eÐnai metr sima kai gia k�je n.
OrÐzoume an : M → [0,∞) me

an = 2nχMn +
22n−1∑
k=0

k

2n
χMn,k .

H an eÐnai metr simh wc grammikìc sunduasmìc metr simwn sunart sewn. To pedÐo tim¸n thc an eÐnai

to peperasmèno sÔnolo {0, 1
2v ,

2
2n , . . . ,

22n−1
2n , 2n}. Sunep¸c, k�je an eÐnai apl .

Ja deÐxoume ìti limn→∞ an(x) = f(x) gia k�je x ∈M .
An f(x) 6= ∞, tìte up�rqei n0 ∈ N ¸ste f(x) < 2n gia k�je n ≥ n0. 'Ara, gia k�je n ≥ n0

up�rqei monadikì k = 0, . . . , 2n me f(x) ∈
[
k
2n ,

k+1
2n

)
, dhlad  x ∈ f−1([2n,∞] = Mn,k. Opìte

an(x) = k
2n . Sunep¸c

|f(x)− an(x)| ≤ m
([

k

2n
,
k + 1

2n

))
=

1

2n
, ∀n ≥ n0 =⇒ lim

n→∞
an(x) = f(x).

An f(x) =∞, tìte x ∈Mn gia k�je n. 'Ara, an(x) = 2n gia k�je n. Sunep¸c

lim
n→∞

an(x) =∞ = f(x).

Ja deÐxoume ìti h {an}∞n=1 eÐnai aÔxousa. 'Estw x ∈M kai n ∈ N \ {0}.
An f(x) ≥ 2n, tìte an(x) = 2n = 22n+1

2n+1 = an+1(x) apì ton orismì thc an+1.

An f(x) < 2n, tìte up�rqei monadikì k ¸ste x ∈Mn,k. Opìte an(x) = k
2n .

'Omwc Mn,k = f−1
([

2k
2n+1 ,

2k+2)
2n+1

))
= Mn+1,2k ∪Mn+1,2k+1.

An x ∈Mn+1,2k, tìte an+1(x) = 2k
2n+1 = k

2n = an(x).

An x ∈Mn+1,2k+1, tìte an+1(x) = 2k+1
2n+1 >

k
2n = an(x).
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3.7 Metr simec sunart seic sthn afhrhmènh JewrÐa mètrou.

Orismìc 3.7.1. 'Estw AX kai AY eÐnai σ-�lgebrec sta mh ken� sÔnola X kai Y , antÐstoiqa.
Mia apeikìnish f : X → Y kaleÐtai (AX ,AY )-metr simh ìtan f−1(E) ∈ AX gia k�je E ∈ AY .

ShmeÐwsh 3.7.2. 'Estw E èna kat� Lebesgue metr simo uposÔnolo tou R kai

ME = {M ⊆ E : M ∈M }.

Oi kat� Lebesgue metr simec pragmatikèc sunart seic orismènec E eÐnai oi (ME ,B)-metr simec
sunart seic, ìpou B eÐnai h Borel σ-�lgebra tou R.
Orismìc 3.7.3. 'Estw A eÐnai σ-�lgebra sto mh kenì sÔnolo X. Mi� epektetamènh pragmatik 
sun�rthsh f : X → [0,∞] kaleÐtai A -metr simh, ìtan f−1(U) ∈ A gia k�je anoiktì sÔnolo
U ⊆ [−∞,∞].

H apìdeixeic twn Jewrhm�twn thc paragr�fou aut c gia ènan q¸ro mètrou (X,A , µ) eÐnai ìmoiec
me tic apodeÐxeic twn antÐstoiqwn Jewrhm�twn gia tic kat� Lebesgue metr simwn sunart sewn.

Je¸rhma 3.7.4. Oi parak�tw prot�seic eÐnai isodÔnamec gia mia apeikìnish f : X → [−∞,∞]:

(i) f eÐnai metr simh.

(ii) f−1((a,∞]) ∈ A gia k�je a ∈ R

(iii) f−1([a,∞]) ∈ A gia k�je a ∈ R

(iv) f−1([−∞, a)) ∈ A gia k�je a ∈ R

(v) f−1([−∞, a]) ∈ A gia k�je a ∈ R

(vi) f−1((a, b)) ∈ A gia k�je a, b ∈ R me a < b.

Sta Jewr mata pou akoloujoÔn A eÐnai σ-�lgebra sto mh kenì sÔnolo X.

Je¸rhma 3.7.5. 'Estw f : X → R kai X =
∐∞
i=1Xi, {Xi}∞i=1 ⊆ A .

JewroÔme tic σ-�lgebrec An = {M ∩Xn : M ∈ A } twn Xn.
An f

∣∣
Xn

eÐnai An-metr simh gia k�je n, tìte h f eÐnai metr simh.

Je¸rhma 3.7.6. An f, g : X → R eÐnai A -metr simec, tìte eÐnai A -metr simec oi sunart seic:

f + g, fg, cf gia k�je c ∈ R.

Je¸rhma 3.7.7. An fn : X → [−∞,∞], n = 1, 2, . . . , eÐnai akoloujÐa A -metr simwn sunart -
sewn, tìte eÐnai A -metr simec oi sunart seic

inf
n
fn, sup

n
fn, lim inf

n
fn, lim sup

n
fn.

Orismìc 3.7.7. 'Estw A eÐnai σ-�lgebra sto mh kenì sÔnolo X. Mi� sun�rthsh a : X → R eÐnai
apl  ìtan eÐnai A -metr simh kai to sÔnolo a(X) eÐnai peperasmèno.

ApodeiknÔetai ìti mi� sun�rthsh a : X → R eÐnai apl  an kai mìnon an up�rqoun sÔnola
A1, . . . , An ∈ A an� dÔo xèna kai a1, . . . , an ∈ R tètoia ¸ste a =

∑n
i=1 aiχAi .

Je¸rhma 3.7.8. Gia k�je metr shmh sun�rthsh f : X → [0,∞] up�rqei mia aÔxousa akoloujÐa
apl¸n sunart sewn an : X → [0,∞), n = 1, 2, . . . , h opoÐa sugklÐnei shmeiak� sthn f .
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Kef�laio 4

Olokl rwma Lebesgue

4.1 Olokl rwma Lebesgue apl¸n mh arnhtik¸n sunart sewn.

Orismìc 4.1.1. 'Estw ψ : R→ [0,∞) mia apl  sun�rthsh me kanonik  par�stash ψ =
∑n

i=1 ψiχMi
To olokl rwma Lebesgue thc ψ sto R orÐzetai wc ex c:

ˆ
R
ψ =

n∑
i=1

ψim(Mi), ìpou sumfwnoÔme pwc 0 · ∞ = 0.

'Estw E ∈M . Tìte (ψχE )(x) = ψ(x) · χE (x) =

{
0, x 6∈ E,
ψi, x ∈ E ∩Mi.

Epomènwc h ψχE : R→ [0,∞) mia apl  sun�rthsh me kanonik  par�stash ψχE =
∑n

i=1 ψiχE∩Mi .
OrÐzoume to olokl rwma kat� Lebesgue thc ψ sto E wc ex c:

ˆ
E
ψ =

ˆ
R
ψχE =

n∑
i=1

ψim(E ∩Mi),

Profan¸c

ˆ
E
ψ ∈ [0,∞]. H ψ kaleÐtai oloklhr¸simh kat� Lebesgue sto E ìtan

ˆ
E
ψ <∞.

ParadeÐgmata 4.1.2.

1. H apl  sunarthsh ψ(x) = c ∈ (0,∞) den eÐnai oloklhr¸simh kat� Lebesgue sto R, diìtiˆ
R
c = c ·m(R) = c · ∞ =∞. En¸

ˆ
R

0 = 0 ·m(R) = 0 · ∞ = 0.

2. Gia ψ = 3χ
[−1,2]

+ 4χ
(2,5]

+ 0 · χR\[−1,5]
upologÐzoume

ˆ
[0,4]

ψ = 3m([−1, 2] ∩ [0, 4]) + 4m((2, 5] ∩ [0, 4]) = 3m([0, 2]) + 4m((2, 4]) = 3 · 2 + 4 · 2 = 14.

3. Gia k�je E ∈M isqÔei

ˆ
E

0 = 0.

4. An E ∈M kai m(E) = 0, tìte
´
E ψ = 0 gia k�je apl  ψ : R→ [0,∞).

39
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Prìtash 4.1.3. 'Estw ψ : R → [0,∞) mia apl  sun�rthsh kai ψ =
∑m

j=1 tj χEj , ìpou Ej eÐnai

xèna an� dÔo. Tìte

ˆ
R
ψ =

m∑
j=1

tjm(Ej).

Apìdeixh. 'Estw ψ =
∑n

i=1 ψiχMi h kanonik  par�stash thc ψ. Epeid  tj = ψi sto Ej ∩Mi, èpetai
ìti

m∑
j=1

tjm(Ej) =
m∑
j=1

tjm
( n∐
i=1

Ej ∩Mi

)
=

m∑
j=1

tj

n∑
i=1

m
(
Ej ∩Mi

)
=

m∑
j=1

n∑
i=1

ψim
(
Ej ∩Mi

)
=

=
n∑
i=1

(
ψi

m∑
j=1

m
(
Ej ∩Mi

))
=

n∑
i=1

ψim(Mi) =

ˆ
R
ψ.

Je¸rhma 4.1.4. 'Estw φ, ψ : R→ [0,∞) aplèc sunart seic kai c1, c2 > 0, tìte

1.

ˆ
R
ψ =

ˆ
E
ψ +

ˆ
Ec
ψ gia k�je E ∈M .

2.

ˆ
R

(c1ψ + c2φ) = c1

ˆ
R
ψ + c2

ˆ
R
φ.

3. φ ≤ ψ =⇒
ˆ
R
φ ≤
ˆ
R
ψ.

Apìdeixh. 'Estw ψ =
∑n

i=1 ψiχMi kai φ =
∑k

j=1 φjχNj kanonikèc parast�seic.

1. ˆ
E
ψ +

ˆ
Ec
ψ =

n∑
i=1

ψim(E ∩Mi) +

n∑
i=1

ψim(Ec ∩Mi) =

=

n∑
i=1

ψi (m(E ∩Mi) +m(Ec ∩Mi)) =

n∑
i=1

ψim(Mi) =

ˆ
R
ψ.

2. Epeid  R =
⋃n
i=1Mi =

⋃k
j=1Nj =

⋃n
i=1

⋃k
j=1Mi ∩Nj , ìpou ta sÔnola Mi ∩Nj eÐnai xèna an�

dÔo, èqoume tic parast�seic:

ψ =
n∑
i=1

k∑
j=1

ψiχMi∩Nj kai φ =
n∑
i=1

k∑
j=1

φjχMi∩Nj .

'Ara, c1ψ + c2φ =
n∑
i=1

k∑
j=1

(c1ψi + c2φj)χMi∩Nj . Sunep¸c

ˆ
R

(c1ψ + c2φ) =

n∑
i=1

k∑
j=1

(c1ψi + c2φj)m(Mi ∩Nj) =

= c1

n∑
i=1

k∑
j=1

ψim(Mi ∩Nj) + c2

n∑
i=1

k∑
j=1

φjm(Mi ∩Nj) = c1

ˆ
R
ψ + c2

ˆ
R
φ.
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3. Epeid  φ ≤ ψ sto R, èpetai ìti ψ − φ eÐnai apl  kai mh arnhtik  sto R. Epomènwc

ˆ
R
φ ≤
ˆ
R
φ+

ˆ
R

(ψ − φ) =

ˆ
R
ψ.

Je¸rhma 4.1.5. An ψ : R → [0,∞) eÐnai apl  oloklhr¸simh sun�rthsh, E =
⋃∞
n=1En, ìpou

{En}∞n=1 ⊆M kai E1 ⊆ E2 ⊆ . . . , tìte
ˆ
E
ψ = lim

n→∞

ˆ
En

ψ.

Apìdeixh. 'Estw ψ =
∑k

i=1 ψiχMi kanonik  par�stash thc ψ.
Gia k�je i isqÔei Mi ∩ E =

⋃∞
n=1(Mi ∩ En), ìpou Mi ∩ E1 ⊆Mi ∩ E2 ⊆ . . . .

Apì to Je¸rhma 2.4.4: m
(
Mi ∩ E

)
= lim

n→∞
m(Mi ∩ En). Sunep¸c

ˆ
E
ψ =

k∑
i=1

ψim(Mi ∩ E) =
k∑
i=1

ψi lim
n→∞

m(Mi ∩ En) = lim
n→∞

k∑
i=1

ψim(Mi ∩ En) = lim
n→∞

ˆ
En

ψ.

4.2 Olokl rwma Lebesgue mh arnhtik¸n sunart sewn.

Orismìc 4.2.1. 'Estw f : R→ [0,∞] mia metr simh sun�rthsh.
To olokl rwma Lebesgue thc f sto R orÐzetai wc ex c:

ˆ
R
f = sup

{ˆ
R
ψ : 0 ≤ ψ ≤ f kai ψ eÐnai apl  kai oloklhr¸simh sto R

}
.

Gia E ∈M to olkl rwma Lebesgue thc f sto E orÐzetai wc ex c:

ˆ
E
f =

ˆ
R
fχE

An

ˆ
E
f <∞, tìte lème ìti h f eÐnai oloklhr¸simh kat� Lebesgue sto E.

Par�deigma 4.2.2. Ja upologÐsoume to olokl rwma Lebesgue thc f(x) = x sto [0, 1].
JewroÔme thn akoloujÐa apl¸n sunart sewn ψn =

∑n−1
k=1

k
nχ[ k

n
, k+1
n

]. Tìte 0 ≤ ψn ≤ f kai

ˆ
R
ψn =

n−1∑
k=1

(
k

n
· 1

n

)
=
n− 1

2n
=⇒

ˆ
[0,1]

f ≥ sup
n

{ˆ
R
ψn

}
= lim

n→∞

n− 1

2n
=

1

2
.

Apì thn �llh gia k�je apl  sun�rthsh ψ : R→ [0,∞) me ψ ≤ f sto [0, 1] o arijmìc
´
[0,1] ψ eÐnai

mikrìteroc apì ton embadon tou trig¸nou me korufèc ta shmeÐa (0, 0), (1, 0) kai (1, 1) pou isoÔtai me
1/2. Sunep¸c

´
[0,1] f = 1

2 .
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Je¸rhma 4.2.3. 'Estw f, g : R→ [0,∞] metr simec sunart seic kai E ∈M .

1.

ˆ
E
f = sup

{ˆ
E
ψ : 0 ≤ ψ ≤ f sto E,ψ eÐnai apl  kai oloklhr¸simh sto E kai ψ = 0 sto Ec

}
.

2. An m(E) = 0, tìte

ˆ
E
f = 0.

3.

ˆ
E
cf = c

ˆ
E
f gia k�je c > 0.

4. An M ⊆ N kai M,N ∈M , tìte

ˆ
M
f ≤
ˆ
N
f .

5. An f ≤ g sto E ∈M , tìte

ˆ
E
f ≤
ˆ
E
g.

Apìdeixh. Ja apodeÐxoume tic idiìthtec 1 kai 2. Oi idiìthtec 3�5 prokÔptoun apì thn idiìthta 1.

1. An ψ eÐnai apl  me 0 ≤ ψ ≤ fχE sto R, tìte ψ = 0 sto Ec. 'Ara,

ˆ
Ec
ψ = 0.

ˆ
E
f =

ˆ
R
fχE = sup

{ˆ
R
ψ : 0 ≤ ψ ≤ fχE kai ψ eÐnai apl  kai oloklhr¸simh sto R

}
=

= sup

{ˆ
E
ψ +

ˆ
Ec
ψ : 0 ≤ ψ ≤ fχE kai ψ eÐnai apl  kai oloklhr¸simh sto R

}
=

= sup

{ˆ
E
ψ : 0 ≤ ψ ≤ fχE , ψ eÐnai apl  kai oloklhr¸simh sto R kai ψ = 0 sto Ec

}
=

= sup

{ˆ
E
ψ : 0 ≤ ψ ≤ f sto E,ψ eÐnai apl  kai oloklhr¸simh sto E kai ψ = 0 sto Ec

}
.

2. 'Estw ψ =
∑n

i=1 ψiχMi : R → [0,∞) me 0 ≤ ψ ≤ f sto E. Epeid  Mi ∩ E ⊆ E, èpetai ìti

m(Mi ∩ E) = 0. Epomènwc
´
E ψ =

∑n
i=1 xim(Mi ∩ E) = 0. 'Ara,

ˆ
E
f = sup

{ˆ
E
ψ : 0 ≤ ψ ≤ f sto E kai ψ eÐnai apl  sun�rthsh

}
= 0.

Je¸rhma 4.2.4. (Anisìthta Chebyshev) f : R→ [0,∞] mia metr simh sun�rthsh, tìte

m(f−1([c,∞]) ≤ 1

c

ˆ
R
f gia k�je c > 0.

Apìdeixh. Epeid  1
cf(x) ≥

{
c
c = 1, x ∈ f−1([c,∞]
0, x 6∈ f−1([c,∞]

= χ
f−1([c,∞]

, èpetai ìti

1

c

ˆ
R
f =

ˆ
R

1

c
f ≥
ˆ
R
χ
f−1([c,∞]

= m(f−1([c,∞]).
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Prìtash 4.2.5. An h sun�rthsh f : R→ [0,∞] eÐnai metr simh kai oloklhr¸simh kat� Lebesgue
sto R, tìte h f eÐnai fragmènh sqedìn pantoÔ sto R.

Apìdeixh. Epeid 
´
R f ∈ R kai f−1(∞) =

⋂∞
n=1 f

−1([n,∞]), apì thn anisìthta Chebyshev:

m(f−1([n,∞]) ≤ 1

n

ˆ
R
f −→
n→∞

0.

Sunep¸c
{
m(f−1([n,∞])

}∞
n=1

eÐnai fjÐnousa mhdenik  akoloujÐa. Apì to Je¸rhma 2.4.4 èpetai ìti

m(f−1(∞)) = m

( ∞⋂
n=1

f−1([n,∞])

)
= lim

n→∞
m(f−1([n,∞])) = 0.

ShmeÐwsh 4.2.6. An E ∈ M kai f : E → [0,∞] metr simh sun�rthsh, tìte to olokl rwma
Lebesgue thc f sto E orÐzetai wc ex c:

ˆ
E
f =

ˆ
E
f̂ , ìpou f̂(x) =

{
f(x), x ∈ E
0, x 6∈ E

4.2.1 Je¸rhma Monìtonhc SÔgklishc.

Je¸rhma 4.2.7. (Monìtonhc SÔgklishc) An fn : R → [0,∞], n = 1, 2, . . . , eÐnai akoloujÐa
metr simwn sunart sewn, 0 ≤ f1 ≤ f2 ≤ . . . kai limn→∞ fn = f , tìte h sun�rthsh f eÐnai metr simh
kai ˆ

R
f = lim

n→∞

ˆ
R
fn.

Apìdeixh. H f eÐnai metr simh apì to Pìrisma 3.5.2. 'Estw x ∈ R. Epeid  h akoloujÐa {fn(x)}∞n=1

eÐnai aÔxousa kai limn→∞ fn(x) = f(x), èpetai ìti fn(x) ≤ f(x) gia k�je n. Epomènwc h akoloujÐa

{
´
R fn}

∞
n=1 eÐnai aÔxousa kai

´
R fn ≤

´
R f . 'Ara, lim

n→∞

ˆ
R
fn ≤

ˆ
R
f.

Gia na deÐxoume thn antÐstrofh anisìthta arkeÐ na apodeÐxoume ìti gia k�je apl  mh arnhtik  kai
oloklhr¸simh ψ ≤ f kai gia k�je k = 1, 2, . . . , isqÔei

lim
n→∞

ˆ
R
fn ≥

k

k + 1

ˆ
R
ψ.

'Opote lim
n→∞

ˆ
R
fn ≥ lim

k→∞

k

k + 1

ˆ
R
ψ =

ˆ
R
ψ gia k�je apl  mh arnhtik  ψ ≤ f .

Epomènwc lim
n→∞

ˆ
R
fn ≥ sup

{ˆ
R
ψ : 0 ≤ ψ ≤ f kai ψ eÐnai apl  kai oloklhr¸simh sto R

}
=

ˆ
R
f.

Jètoume En = {x ∈ R : k
k+1ψ(x) ≤ fn(x)}. 'Estw x ∈ R. Epeid  k

k+1ψ(x) ≤ ψ(x) ≤ f(x),
limn→∞ fn(x) = f(x) kai h akolojÐa {fn}∞n=1 eÐnai aÔxousa, èpetai ìti up�rqei nx gia to opoÐo
k
k+1ψ(x) ≤ fnx(x) ≤ f(x). 'Ara, x ∈ Enx . Sunepwc, R =

⋃∞
n=1En.

Epeid  En ⊆ En+1, apì to Je¸rhma 4.1.5 paÐrnoume:
´
E ψ = limn→∞

´
En
ψ. Sunep¸c

lim
n→∞

ˆ
R
fn ≥ lim

n→∞

ˆ
En

fn ≥ lim
n→∞

ˆ
En

k

k + 1
ψ =

k

k + 1
lim
n→∞

ˆ
En

ψ =
k

k + 1

ˆ
R
ψ.
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Je¸rhma 4.2.8. 'Estw f, g : R→ [ 0,∞] metr simec sunart seic.

1. Up�rqei aÔxousa akoloujÐa {fn}∞n=1 apl¸n, mh arnhtik¸n kai oloklhr¸simwn kat� Lebesgue
sunart sewn tètoia ¸ste lim

n→∞
fn = f.

2.

ˆ
R

(f + g) =

ˆ
R
f +

ˆ
R
g.

3.

ˆ
E∪F

f =

ˆ
E
f +

ˆ
F
f, an E ∩ F = ∅.

4.

ˆ
R
f = 0 an kai mìnon an f = 0 sqedìn pantoÔ sto R.

Apìdeixh. 1. Apì to Je¸rhma 3.6.7 up�rqei mia aÔxousa akoloujÐa apl¸n kai mh arnhtik¸n
sunart sewn {an}∞n=1, h opoÐa na sugklÐnei shmeiak� sthn f . Jètoume fn = anχ[−n,n].

K�je fn eÐnai apl  kai

lim
n→∞

fn(x) = lim
n→∞

an(x)χ[−n,n](x) = lim
n→∞

an(x) · χ[−n,n](x) =

= lim
n→∞

an(x) · lim
n→∞

χ[−n,n](x) = f(x) · 1 = f(x).

Epeid  m([−n, n]) = 2n <∞, k�je apl  sun�rthsh fn eÐnai oloklhr¸simh kat� Lebesgue sto
[−n, n]. Ja deÐxoume ìti h {fn}∞n=1 eÐnai aÔxousa:

fn(x) =

{
an(x) · 1 = an(x) ≤ an+1(x) = fn+1(x), x ∈ [−n, n] ⊆ [−(n+ 1), n+ 1]
an(x) · 0 = 0 ≤ fn+1(x), x 6∈ [−n, n].

2. Apì thn idiìthta 1 tou Jewr matoc up�rqoun aÔxousec akoloujÐec {fn}∞n=1 kai {gn}∞n=1 apl¸n,
mh arnhtik¸n kai oloklhr¸simwn sunart sewn tètoiec ¸ste

lim
n→∞

fn = f kai lim
n→∞

gn = g.

Tìte {fn + gn}∞n=1 eÐnai aÔxousa akoloujÐa apl¸n, mh arnhtik¸n kai oloklhr¸simwn sunart -
sewn me lim

n→∞
(fn + gn) = f + g. Apì to Je¸rhma Monìtonhc sÔgklishc:

lim
n→∞

ˆ
R
fn =

ˆ
R
f, lim

n→∞

ˆ
R
gn =

ˆ
R
g kai

ˆ
R

(f + g) = lim
n→∞

ˆ
R

(fn + gn) = lim
n→∞

ˆ
R
fn + lim

n→∞

ˆ
R
gn =

ˆ
R
f +

ˆ
R
g.

3. Epeid  fχE∪F = fχE + fχF , apì thn idiìthta 2 tou Jewr matoc, paÐrnoume:

ˆ
E∪F

f =

ˆ
R
fχE∪F =

ˆ
R

(fχE + fχF ) =

ˆ
R
fχE +

ˆ
R
fχF =

ˆ
E
f +

ˆ
F
f.
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4. An f = 0 sqedìn pantoÔ sto R, tìte m(f−1(0,∞]) = 0. 'Ara,
ˆ
R
f =

ˆ
f−1(0,∞]

f +

ˆ
f−1(0)

f = 0 + 0 = 0.

AntÐstrofa, epeid  {x ∈ R : f(x) 6= 0} =
⋃∞
n=1 f

−1([1/n,∞], apì to Je¸rhma 2.4.4 èpetai ìti

m({x ∈ R : f(x) 6= 0} = lim
n→∞

m(f−1([1/n,∞]).

AfoÔ

ˆ
R
f = 0, apì thn anisìthta Chebyshev: m(f−1([1/n,∞]) ≤ n

´
R f = 0 gia k�je n.

'Ara, m({x ∈ R : f(x) 6= 0} = 0, dhlad  f = 0 sqedìn pantoÔ sto R.

Je¸rhma 4.2.9. 'Estw fn : R→ [0,∞], n = 1, 2, . . . , akoloujÐa metr simwn sunart sewn.

1. (B. Levi) H sun�rthsh
∑∞

n=1 fn eÐnai metr simh kai

ˆ
R

∞∑
n=1

fn =

∞∑
n=1

ˆ
R
fn.

2. (L mma tou Fatou) H sun�rthsh lim inf
n→∞

fn eÐnai metr simh kai

ˆ
R

lim inf
n→∞

fn ≤ lim inf
n→∞

ˆ
R
fn.

Apìdeixh. 1. Jètoume sn = f1 + · · ·+ fn. H sn eÐnai metr simh wc �jroisma metr simwn sunart -
sewn. Epomènwc

∑∞
n=1 fn = limn→∞ sn eÐnai metr simh. Epeid  oi sunart seic fn eÐnai mh

arnhtikèc, èpetai ìti 0 ≤ s1 ≤ s2 ≤ . . . . Apì to Je¸rhma Monìtonhc SÔgklishc

ˆ
R

∞∑
n=1

fn =

ˆ
R

lim
n→∞

sn = lim
n→∞

ˆ
R
sn = lim

n→∞

ˆ
R

(f1 + · · ·+ fn) =

= lim
n→∞

(ˆ
R
f1 + · · ·+

ˆ
R
fn

)
=

∞∑
n=1

ˆ
R
fn.

2. Jètoume sn = inf{fn, fn+1, . . . }. Tìte sn ≤ fn+k gia k�je k ∈ N.
Epomènwc

´
R sn ≤

´
R fn+k gia k�je k ∈ N. 'Ara,

´
R sn ≤ infk∈N

´
R fn+k.

Epeid  oi sunart seic fn eÐnai mh arnhtikèc, èpetai ìti 0 ≤ s1 ≤ s2 ≤ . . . .
Epomènwc lim inf

n→∞
fn = sup

n
sn = limn→∞ sn.

Qrhsimopoi¸ntac to Je¸rhma Monìtonhc SÔgklishc paÐrnoume:
ˆ
R

lim inf
n→∞

fn =

ˆ
R

lim
n→∞

sn = lim
n→∞

ˆ
R
sn ≤ lim

n→∞

(
inf
k∈N

ˆ
R
fn+k

)
= lim inf

n→∞

ˆ
R
fn.
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4.3 Olokl rwma Lebesgue metr simwn sunart sewn.

Orismìc 4.3.1. 'Estw f : R→ [−∞,∞] mia metr simh sun�rthsh.
Tìte oi sunart seic f+ = max{f, 0} kai f− = max{−f, 0} eÐnai metr simec kai paÐrnoun timèc sto

[0,∞]. Epomènwc orÐzontai ta oloklhr¸mata Lebesgue:

ˆ
R
f+ kai

ˆ
R
f−. Profan¸c f = f+ − f−.

An

ˆ
R
f+ <∞  

ˆ
R
f− <∞, tìte to olokl rwma Lebesgue thc f sto R orÐzetai wc ex c:

ˆ
R
f =

ˆ
R
f+ −

ˆ
R
f− ∈ [−∞,∞].

'Estw E ∈M . An
´
E f

+ <∞  
´
E f
− <∞, tìte to olokl rwma Lebesgue thc f sto E orÐzetai

wc ex c: ˆ
E
f =

ˆ
R
fχE =

ˆ
E
f+ −

ˆ
E
f−.

An

ˆ
E
f ∈ R, tìte lème ìti h f eÐnai oloklhr¸simh kat� Lebesgue sto E.

Gia k�je E ∈M sumbolÐzoume L 1(E) to sÔnolo ìlwn twn metr simwn sunart sewn f : R→ R
gia tic opoÐec h f eÐnai oloklhr¸simh kat� Lebesgue sto E.

ShmeÐwseic 4.3.2. 1. An f ∈ L 1(R) kai m(E) = 0, tìte

ˆ
E
f = 0.

Diìti,
´
E f

+ = 0 kai
´
E f
− = 0 gia tic mh arnhtikèc f+ kai f−.

2. Gia f ∈ L 1(E) èqoume tic ex c isodÔnamec sunj kec oloklhrwsimìthtac:

f ∈ L 1(E)⇐⇒
ˆ
E
f ∈ R⇐⇒

ˆ
E
f+ −

ˆ
E
f− ∈ R⇐⇒

ˆ
E
f+ ∈ R kai

ˆ
E
f− ∈ R⇐⇒

⇐⇒
ˆ
E
f+ +

ˆ
E
f− ∈ R⇐⇒

ˆ
E

(f+ + f−) ∈ R⇐⇒
ˆ
E
|f | ∈ R⇐⇒ |f | ∈ L 1(E)

3. An f : [a, b]→ R eÐnai fragmènh kai metr simh sun�rthsh, tìte f ∈ L 1([a, b]).

Pr�gmati, up�rqei K ≥ 0 gia to opoÐo |f | ≤ K. Sunep¸c
´
[a,b] |f | ≤

´
[a,b]K = K(b− a) ∈ R.

Je¸rhma 4.3.3. 'Estw f, g ∈ L 1(R) kai c ∈ R.

1.

∣∣∣∣ˆ
R
f

∣∣∣∣ ≤ ˆ
R
|f |.

2.

ˆ
R

(f + g) =

ˆ
R
f +

ˆ
R
g.

3.

ˆ
R
cf = c

ˆ
R
f.

4. An f ≥ g sqedìn pantoÔ sto R, tìte
ˆ
R
f ≥
ˆ
R
g.
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Apìdeixh. 1. Epeid  f ∈ L 1(R), èpetai ìti f+, f−, |f | ∈ L 1(R). Epomènwc∣∣∣∣ˆ
R
f

∣∣∣∣ =

∣∣∣∣ˆ
R
f+ −

ˆ
R
f−
∣∣∣∣ ≤ ∣∣∣∣ˆ

R
f+
∣∣∣∣+

∣∣∣∣ˆ
R
f−
∣∣∣∣ =

ˆ
R
f+ +

ˆ
R
f− =

ˆ
R
|f |

2. Apì tic isìthtec

f + g = (f + g)+ − (f + g)−

f + g = (f+ − f−) + (g+ − g−) = f+ − f− + g+ − g−

sunep�getai ìti
(f + g)+ − (f + g)− = f+ − f− + g+ − g−. (4.1)

Apì thn (4.1) paÐrnoume

(f + g)+ + f− + g− = (f + g)− + f+ + g−.

Sthn teleutaÐa isìthta ìlec oi sunart seic eÐnai mh arnhtikèc. Sunep¸c

ˆ
R

(f + g)+ +

ˆ
R
f− +

ˆ
R
g− =

ˆ
R

(f + g)− +

ˆ
R
f+ +

ˆ
R
g−.

'Ara,
ˆ
R

(f + g) =

ˆ
R

(f + g)+ −
ˆ
R

(f + g)− =

ˆ
R
f+ +

ˆ
R
g− −

ˆ
R
f− −

ˆ
R
g− =

=

(ˆ
R
f+ −

ˆ
R
f−
)

+

(ˆ
R
g− −

ˆ
R
g−
)

=

ˆ
R
f +

ˆ
R
g.

3. An c = 0, tìte

ˆ
R

0 · f = 0 ·
ˆ
R
f .

An c < 0, tìte (cf)+ = |c|f− kai (cf)− = |c|f+. Epomènwc
ˆ
R
cf =

ˆ
R

(cf)+ −
ˆ
R

(cf)− = |c|
ˆ
R
f− − |c|

ˆ
R
f+ = −|c|

ˆ
R
f = c

ˆ
R
f.

An c > 0, tìte −c < 0. 'Apì ta parap�nw èpetai ìti
ˆ
R
cf =

ˆ
R
−(−cf) = −

ˆ
R

(−cf) = −(−c)
ˆ
R
f = c

ˆ
R
f.

4. Epeid  oi sunart seic f kai g eÐnai metr simec, h sun�rthsh f − g eÐnai metr simh kai
ˆ
R

(f − g) =

ˆ
R

(f − g)+ −
ˆ
R

(f − g)−.

Epeid  f − g ≥ 0 sqedìn pantoÔ sto R, èpetai ìti to sÔnolo E = {x : f(x)− g(x) < 0} eÐnai
mètrou mhdèn. Epomènwc gia thn mh arnhtik  sun�rthsh

(f − g)−(x) =

{
−(f(x)− g(x)), x ∈ E
0, x ∈ Ec
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èqoume:

ˆ
R

(f − g)− =

ˆ
E

(f − g)− +

ˆ
Ec

(f − g)− = 0 +

ˆ
Ec

0 = 0.

Apì tic idiìthtec 2 kai 3 tou Jewr matoc sunep�getai ìtiˆ
R
f −
ˆ
R
g =

ˆ
R

(f − g) =

ˆ
R

(f − g)+ ≥ 0 =⇒
ˆ
R
f ≥
ˆ
R
g.

Je¸rhma 4.3.4. An f, g ∈ L 1(R) kai E ∈M , tìte

1.

ˆ
E

(f + g) =

ˆ
E
f +

ˆ
E
g,

2.

ˆ
E
cf = c

ˆ
E
f.

Apìdeixh. 1. Epeid  (f + g)χE = fχE + gχE , èpetai ìtiˆ
E
f +

ˆ
E
g =

ˆ
R
fχE +

ˆ
R
gχE =

ˆ
R

(fχE + gχE) =

ˆ
R

(f + g)χE =

ˆ
E

(f + g).

2.

ˆ
E
cf =

ˆ
R
cfχE = c

ˆ
R
fχE = c

ˆ
E
f.

Je¸rhma 4.3.5. 'Estw f, g ∈ L 1(R). Ta akìlouja eÐnai isodÔnama:

(α′) f ∼ g,

(β′)

ˆ
R
|f − g| = 0,

(γ′)

ˆ
E
f =

ˆ
E
g gia k�je E ∈M .

Apìdeixh. (α′)⇐⇒ (β′). f ∼ g an kai mìnon an to sÔnolo E = {x ∈ R : f(x) 6= g(x)} eÐnai mètrou
mhdèn. ApodeiknÔetai eÔkola ìti E = {x ∈ R : |f(x)−g(x)| 6= 0}. Sunep¸c f ∼ g an kai mìnon
an |f − g| = 0 sqedìn pantoÔ sto R. Apì to Je¸rhma 4.2.8, |f − g| = 0 sqedìn pantoÔ sto R

an kai mìnon an

ˆ
R
|f − g| = 0.

(β′) =⇒ (γ′). 'Epeid  |(f − g)χE | ≤ |f − g| sto R, apì tic idiìthtec tou oloklhr¸matoc Lebesgue

paÐrnoume:

∣∣∣∣ˆ
E
f −
ˆ
E
g

∣∣∣∣ =

∣∣∣∣ˆ
E

(f − g)

∣∣∣∣ =

∣∣∣∣ˆ
R

(f − g)χE

∣∣∣∣ ≤ ˆ
R
|(f − g)χE | ≤

ˆ
R
|f − g| = 0

Sunep¸c
´
E f =

´
E g.

(γ′) =⇒ (β′). 'Estw E = {x : f(x)− g(x) ≤ 0}. Epeid 
ˆ
Ec
f =

ˆ
Ec
g kai

ˆ
E
f =

ˆ
E
g, èpetai ìtiˆ

Ec
(f − g) =

ˆ
Ec
f −
ˆ
Ec
g = 0 kai

ˆ
E

(g − f) =

ˆ
E
g −
ˆ
E
f = 0. Apì to Je¸rhma 4.2.8:

ˆ
R
|(f − g| =

ˆ
E
|(f − g|+

ˆ
Ec
|(f − g| =

ˆ
E

(g − f) +

ˆ
Ec

(f − g) = 0.
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4.3.1 Je¸rhma KuriarqoÔmenhc Sugklishc.

Je¸rhma 4.3.6. (KuriarqoÔmenhc Sugklishc) 'Estw fn : R→ R akoloujÐa metr simwn sunart -
sewn tètoia ¸ste

(α) lim
n→∞

fn(x) = f(x) gia k�je x ∈ R,

(β) up�rqei g ∈ L 1(R) me |fn(x)| ≤ g(x) gia k�je x ∈ R kai gia k�je n = 1, 2, . . . .

Tìte f ∈ L 1(R) kai

ˆ
R
f = lim

n→∞

ˆ
R
fn.

Apìdeixh. Apì to (α) kai (β) èpetai ìti lim
n→∞

|fn(x)| = |f(x)| ≤ g(x) gia k�je x ∈ R.

Epomènwc

ˆ
R
|f | ≤

ˆ
R
g. Epeid  g ∈ L 1(R), èpetai ìti |f | ∈ L 1(R) kai, �ra f ∈ L 1(R).

Epeid  |fn| ≤ g èpetai ìti −g ≤ fn ≤ g. Epomènwc {g+ fn}∞n=1 kai {g− fn}∞n=1 eÐnai akoloujÐec
mh arnhtik¸n sunart sewn. EpÐshc fn ∈ L 1(R), diìti

´
R ‖fn| ≤

´
R g <∞.

Apì to L mma tou Fatou èpetai ìtiˆ
R
g +

ˆ
R
f =

ˆ
R

(g + f) =

ˆ
R

lim
n→∞

(g + fn) =

ˆ
R

lim inf
n→∞

(g + fn) ≤ lim inf
n→∞

ˆ
R

(g + fn) =

=

ˆ
R
g + lim inf

n→∞

ˆ
R
fn =⇒

ˆ
R
f ≤ lim inf

n→∞

ˆ
R
fn

ˆ
R
g −
ˆ
R
f =

ˆ
R

(g − f) =

ˆ
R

lim
n→∞

(g − fn) =

ˆ
R

lim inf
n→∞

(g − fn) ≤ lim inf
n→∞

ˆ
R

(g − fn) =

=

ˆ
R
g + lim inf

n→∞

ˆ
R

(−fn) =

ˆ
R
g − lim sup

n→∞

ˆ
R
fn =⇒ lim sup

n→∞

ˆ
R
fn ≤

ˆ
R
f

Epomènwc

lim inf
n→∞

ˆ
R
fn ≤ lim sup

n→∞

ˆ
R
fn ≤

ˆ
R
f ≤ lim inf

n→∞

ˆ
R
fn.

Sunep¸c

lim sup
n→∞

ˆ
R
fn = lim inf

n→∞

ˆ
R
fn = lim

n→∞

ˆ
R
fn =

ˆ
R
f.

Par�deigma 4.3.7. 'Estw fn : R→ R me fn(x) =

{
n, x ∈ [0, 1/n]
0, x 6∈ [0, 1/n].

Tìte lim
n→∞

fn(x) = 0 gia k�je x kai

ˆ
R
fn =

ˆ
[0,1/n]

fn +

ˆ
R\[0,1/n]

fn =

ˆ
[0,1/n]

n+

ˆ
R\[0,1/n]

0 = n · 1

n
+ 0 · (1− 1

n
) = 1,∀n.

Sunep¸c ˆ
R

( lim
n→∞

fn) = 0 6= 1 = lim
n→∞

ˆ
R
fn.

H aitÐa thc mh epitrept c enallag c tou orÐou kai tou oloklhr¸matoc eÐnai ìti den up�rqei up�rqei
g ∈ L 1(R) me |fn(x)| ≤ g(x) gia k�je x ∈ R kai gia k�je n = 1, 2, . . . .
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Je¸rhma 4.3.7. (KuriarqoÔmenhc Sugklishc, isqurìterh morf .) 'Estw {fn}∞n=1 akoloujÐa
metr simwn sunart sewn fn : R→ R, tètoia ¸ste

(α) lim
n→∞

fn(x) = f(x) sqedìn gia k�je x ∈ R,

(β) up�rqei g ∈ L 1(R) me |fn(x)| ≤ g(x) gia k�je n = 1, 2, . . . kai sqedìn gia k�je x ∈ R.

Tìte f ∈ L 1(R), lim
n→∞

ˆ
R
|fn − f | = 0 kai

ˆ
R
f = lim

n→∞

ˆ
R
fn.

Apìdeixh. 'Estw E = {x : limn→∞ fn(x) = f(x) kai |fn(x)| ≤ g(x)}.
Tìtem(R\E) = 0 apì to (α) kai (β). JewroÔme tic sunart seic Fn : R→ R me Fn = |fn−f |χE .

Tìte lim
n→∞

Fn(x) = 0 gia k�je x ∈ R, kai

|Fn(x)| = |fn(x)− f(x)|χE(x) ≤ (|fn(x)|+ |f(x)|)χE(x) ≤ 2g(x)χE(x)

gia k�je x ∈ R kai gia k�je n = 1, 2, . . . , ìpou 2gχE ∈ L 1(R)

Apì to Je¸rhma KuriarqoÔmenhc Sugklishc lim
n→∞

ˆ
R
Fn =

ˆ
R

lim
n→∞

Fn(x) = 0.

'Omwc Fn = |fn − f | sqedìn pantoÔ sto R. Epomènwc
ˆ
R
Fn =

ˆ
R
|fn − f |.

Sunep¸c lim
n→∞

ˆ
R
|fn − f | = 0 Epeid ∣∣∣∣ˆ

R
fn −

ˆ
R
f

∣∣∣∣ =

∣∣∣∣ˆ
R

(fn − f)

∣∣∣∣ ≤ ˆ
R
|fn − f | −→

n→∞
0,

èpetai ìti

ˆ
R
f = lim

n→∞

ˆ
R
fn.

Je¸rhma 4.3.8. (Fragmènhc Sugklishc) 'Estw E ∈ M kai {fn}∞n=1 akoloujÐa metr simwn
sunart sewn fn : E → R, tètoia ¸ste

(α) lim
n→∞

fn(x) = f(x) sqedìn gia k�je x ∈ E,

(β) up�rqei M ∈ R me |fn(x)| ≤M sqedìn gia k�je x ∈ E kai gia k�je n = 1, 2, . . . .

(γ) m(E) <∞.

Tìte f ∈ L 1(E) kai ˆ
E
f = lim

n→∞

ˆ
E
fn.

Apìdeixh. Apì thn (γ) èpetai ìti

ˆ
E
M =

ˆ
R
MχE = Mm(E) <∞. 'Ara, g = MχE ∈ L 1(R).

EpekteÐnoume tic sunart seic fn kai f sto R, jètontac fn(x) = 0 kai f(x) = 0 gia x ∈ Ec.
Tìte oi sunart seic fn, f kai g ikanopoioÔn tic proupojèseic tou Jewr matoc thc KuriarqoÔmenhc

SÔgklishc se isqur  morf . Sunep¸c

ˆ
E
f =

ˆ
R
fχE =

ˆ
R
f = lim

n→∞

ˆ
R
fn = lim

n→∞

ˆ
R
fnχE = lim

n→∞

ˆ
E
fn.
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Je¸rhma 4.3.9. An fn : R → R, n = 1, 2, . . . , akoloujÐa metr simwn kai oloklhr¸simwn kat�

Lebesgue sunart sewn kai
∞∑
n=1

ˆ
R
|fn| <∞, tìte

∞∑
n=1

fn ∈ L 1(R) kai

ˆ
R

∞∑
n=1

fn =

∞∑
n=1

ˆ
R
fn.

Apìdeixh. Epeid 
∑∞

n=1

´
R |fn| <∞, apì to Je¸rhma tou Levi:

ˆ
R

∞∑
n=1

|fn| =
∞∑
n=1

ˆ
R
|fn| <∞.

Epomènwc
∞∑
n=1

|fn| ∈ L 1(R). 'Ara,
∑∞

n=1 |fn(x)| <∞ sqedìn gia k�je x ∈ R.

'Estw E = {x :

∞∑
n=1

|fn(x)| <∞}.

Tìte m(R \ E) = 0 kai
∑∞

n=1 fn(x) sugklÐnei gia k�je x ∈ E.
JewroÔme sunart seic f, g : R→ (−∞,∞) me

f(x) =

{ ∑∞
n=1 fn(x), x ∈ E,

0, x 6∈ E, g(x) =

{ ∑∞
n=1 |fn(x)|, x ∈ E,

0, x 6∈ E.

Jètoume Fn =

n∑
i=1

fi. Tìte {Fn}∞n=1 ⊆ L 1(R), diìti {fn}∞n=1 ⊆ L 1(R).

Epeid  lim
n→∞

Fn(x) = f(x) sqedìn gia k�je x ∈ R kai

|Fn(x)| ≤
n∑
i=1

|fi(x)| ≤
∞∑
n=1

|fn(x)| = g(x)

gia k�je n = 1, 2, . . . kai sqedìn gia k�je x ∈ R, apì to Je¸rhma KuriarqoÔmenhc Sugklishc

f ∈ L 1(R) kai

ˆ
R
f = lim

n→∞

ˆ
R
Fn. Gia tic sqedìn pantoÔ Ðsec sunart seic

∑∞
n=1 fn kai f èqoume

ˆ
R

∞∑
n=1

fn =

ˆ
R
f . Sunep¸c

∞∑
n=1

fn ∈ L 1(R) kai

ˆ
R

∞∑
n=1

fn =

ˆ
R
f = lim

n→∞

ˆ
R
Fn = lim

n→∞

(ˆ
R

n∑
i=1

fi

)
= lim

n→∞

( n∑
i=1

ˆ
R
fi

)
=

∞∑
n=1

ˆ
R
fn.
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4.4 SÔgkrish oloklhrwm�twn Riemann kai Lebesgue.

'Estw f : [a, b]→ R mia fragmènh sun�rthsh.
K�je peperasmèno uposÔnolo D = {x0, x1..., xn−1, xn} tou diast matoc [a, b] tètoio ¸ste

a = x0 < x1... < xn−1 < xn = b

kaleÐtai diamerismìc tou [a, b]. Sto diamerismì D antistoiqoÔme ta ajroÐsmata

L(f,D) =

n∑
i=1

inf(f, [xi−1, xi])(xi − xi−1)

U(f,D) =

n∑
i=1

sup(f, [xi−1, xi])(xi − xi−1)

ta opoÐa kaloÔntai k�tw �jroisma Darboux kai �nw �jroisma Darboux thc f gia ton diamerismì D,
antÐstoiqa.

Ta ajroÐsmata Darboux èqoun tic parak�tw idiìthtec:

1. Gia k�je diamerismì D tou [a, b] isqÔei: L(f,D) ≤ U(f,D).

2. An D1 kai D2 eÐnai dimerismoÐ tou [a, b] tètoioi ¸ste D1 ⊆ D2, tìte

L(f,D1) ≤ L(f,D2) ≤ U(f,D2) ≤ U(f,D1).

3. An D1 kai D2 eÐnai opoioid pote dimerismoÐ tou [a, b], tìte L(f,D1) ≤ U(f,D2).

Apì ta parap�nw sunep�getai ìti to sÔnolo ìlwn twn k�tw ajroism�twn Darboux eÐnai �nw
fragmèno kai to sÔnolo ìlwn twn �nw ajroism�twn Darboux eÐnai k�tw fragmèno. O arijmìc

ˆ b

a
f(x)dx = sup{L(f,D) : D diamerismìc tou [a, b]}

kaleÐtai k�tw olokl rwma thc f sto [a, b] kai o arijmìc

ˆ b

a
f(x)dx = inf{U(f,D) : D diamerismìc tou [a, b]}

kaleÐtai �nw olokl rwma thc f sto [a, b]. Gia k�je diamerismì D tou [a, b] isqÔei

L(f,D) ≤
ˆ b

a
f(x)dx ≤

ˆ b

a
f(x)dx ≤ U(f,D)

Orismìc 4.4.1. Mia fragmènh sto [a, b] sun�rthsh f kaleÐtai oloklhr¸simh kat� Riemann ìtan
to k�tw olokl rwm� thc sto [a, b] isoÔtai me to �nw olokl rwm� thc sto [a, b].

Gia mia sun�rthsh f eÐnai oloklhr¸simh kat� Riemann sto [a, b] o arijmìc

ˆ b

a
f(x)dx =

ˆ b

a
f(x)dx

kaleÐtai orismèno olokl rwma Riemann thc f sto [a, b] kai sumbolÐzetai me
ˆ b

a
f(x)dx.
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Orismìc 4.4.2. Mia sun�rthsh ψ : [a, b] → R kaleÐtai klimakwt  ìtan up�rqei diamerismìc
D = {a = x0, ..., xn = b} tou [a, b] tètoioc ¸ste h ψ na eÐnai stajer  se k�je di�sthma (xi−1, xi).

Prìtash 4.4.3. An ψ : [a, b] → R eÐnai klhmakwt  sun�rthsh, tìte ψ eÐnai kat� Riemann kai
kat� Lebesgue oloklhr¸simh sto [a, b], epiplèon

ˆ b

a
ψ(x)dx =

ˆ
[a,b]

ψ. (4.2)

Apìdeixh. Epeid  h ψ eÐnai klimakwt  up�rqei diamerismìc D = {a = x0, ..., xn = b} tou [a, b] tètoioc
¸ste ψ(x) = ψi gia k�je x ∈ (xi−1, xi).

Epeid  h ψ eÐnai suneq c sto [a, b] \ {x0, ..., xn}, èpetai ìti ta shmeÐa asunèqeiac thc ψ an koun
sto sÔnolo {x0, ..., xn}. 'Ara, h ψ èqei to polÔ peperasmèno pl joc shmeÐa asunèqeiac sto [a, b].
Sunep¸c h ψ eÐnai kat� Riemann oloklhr¸simh sto [a, b], epiplèon

ˆ b

a
ψ(x)dx =

ˆ x1

x0

ψ(x)dx+· · ·+
ˆ xn

xn−1

ψ(x)dx = ψ1(x1−x0)+· · ·+ψn(xn−xn−1) =

n∑
i=1

ψi(xi−xi−1).

JewroÔme tic aplec sun�rt seic

ψ(x) =


ψi, x ∈ [xi−1, xi),
ψn, x = b,
0, x 6∈ [a, b]

kai φ(x) =

{
ψ(x), x ∈ [a, b],
0, x 6∈ [a, b].

Tìte ψ, φ ∈ L 1(R), diìti ψ kai φ eÐnai fragmènec. Epeid  {x ∈ R : ψ(x) 6= φ(x)} ⊆ {x0, . . . , xn}
kai m({x0, . . . , xn}) = 0, èpetai ìti m({x ∈ R : ψ(x) 6= φ(x)}) = 0. 'Ara, h φ eÐnai sqedìn pantoÔ
Ðsh me thn ψ sto R. Apì to Je¸rhma 4.3.5 gia [a, b] ∈M paÐrnoume:

´
[a,b] φ =

´
[a,b] ψ.

Epeid  ψ = φ sto [a, b], katal goume

ˆ
[a,b]

ψ =

ˆ
[a,b]

φ =

ˆ
[a,b]

ψ =

ˆ
R
ψχ[a,b] =

n∑
i=1

ψi(xi−xi−1)+0 ·m(R\ [a, b]) =

n∑
i=1

ψi(xi−xi−1) ∈ R.

Dhlad , h ψ eÐnai oloklhr¸simh kata Lebesgue sto [a, b] kai
´
[a,b] ψ =

´ b
a ψ(x)dx.
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Je¸rhma 4.4.4. 'Estw f : [a, b]→ R mia fragmènh sun�rthsh.

(a) An h f oloklhr¸simh kat� Riemann sto [a, b], tìte h f eÐnai oloklhr¸simh kat� Lebesgue sto

[a, b] kai

ˆ b

a
f(x)dx =

ˆ
[a,b]

f.

(b) H f eÐnai oloklhr¸simh kat� Riemann sto [a, b], an kai mìnon an to sÔnolo twn shmeÐwn
asunèqeiac thc f eÐnai mètrou mhdèn.

Apìdeixh. QwrÐc bl�bh thc genikìthtac mporoÔme na jewroÔme ìti [a, b] = [0, 1], se diaforetik 
perÐptwsh h apìdeixh eÐnai ìmoia.

Gia k�je n = 1, 2, . . . jewroÔme ton diamerismì tou [0, 1] se 2n Ðsa mèrh:

Dn = { 0

2n
,

1

2n
, . . . ,

2n

2n
}.

Ta Ðsa tm mata eÐnai ta diast mata Jn,1 =
[
0, 1

2n

]
kai Jn,k =

(
k−1
2n ,

k
2n

]
, k = 2, . . . , 2n.

Epeid  Dn ⊆ Dn+1 gia k�je n kai h f eÐnai oloklhr¸simh sto [0, 1], èpetai ìti

L(f,Dn) ≤ L(f,Dn+1) ≤
ˆ 1

0
f(x)dx ≤ U(f,Dn+1) ≤ U(f,Dn)

.
JewroÔme tic klimakwtèc sunart seic vn, un : [0, 1]→ R pou orÐzontai wc ex c:

x ∈ Jn,k =⇒


vn(x) = inf

y∈Jn,k
f(y)

un(x) = sup
y∈Jn,k

f(y)

Tìte h akoloujÐa
{´ 1

0 vn(x)dx
}∞
n=1

= {L(f,Dn)}∞n=1 eÐnai fragmènh kai �uxousa, h akoloujÐa{´ 1
0 un(x)dx

}∞
n=1

= {U(f,Dn)}∞n=1 eÐnai fragmènh kai fjÐnousa me

lim
n→∞

ˆ 1

0
vn(x)dx = lim

n→∞
L(f,Dn) =

ˆ 1

0
f(x)dx = lim

n→∞
U(f,Dn) = lim

n→∞

ˆ 1

0
un(x)dx

Epeid  Dn ⊆ Dn+1, èpetai ìti gia k�je n kai gia k�je x ∈ [0, 1]:

vn(x) ≤ vn+1(x) ≤ f(x) ≤ un+1(x) ≤ un(x).

JewroÔme tic sunart seic v, u : [0, 1]→ R me v(x) = lim
n→∞

vn(x) kai u(x) = lim
n→∞

un(x).

Oi v kai u eÐnai metr simec kai fragmènec wc ìria klhmakwt¸n sunart sewn.
Apì to Je¸rhma Fragmènhc SÔgklishc

ˆ
[0,1]

v = lim
n→∞

ˆ
[0,1]

vn = lim
n→∞

ˆ 1

0
vn(x)dx =

ˆ 1

0
f(x)dx

ˆ
[0,1]

u = lim
n→∞

ˆ
[0,1]

un = lim
n→∞

ˆ 1

0
un(x)dx =

ˆ 1

0
f(x)dx
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Jètontac u = v = 0 sto R\[0, 1], pèrnoume ìti

ˆ
R
v =

ˆ
R
u. 'Ara, h f eÐnai metr simh sto R. Sunep¸c

v = u sqedìn pantou sto R.
(a) Jètontac f = 0 sto R \ [0, 1], pèrnoume ìti v ≤ f ≤ u sto R. Sunep¸c v = u = f sqedìn pantoÔ
sto R. Apì to Je¸rhma 4.3.5 ˆ

[0,1]
f =

ˆ
[0,1]

u =

ˆ 1

0
f(x)dx.

(b) Jètoume Af = {x ∈ [0, 1] : x shmeÐo asunèqeiac thc f}. Ja deÐxoume pr¸ta ìti

Af \
∞⋃
n=1

Dn = {u 6= v} \
∞⋃
n=1

Dn (4.3)

'Estw x ∈ [0, 1]\
⋃∞
n=1Dn. Tìte x na an kei sto eswterikì tou Jn,k(n,x), gia k(n, x) ∈ {2, . . . , 2n}.

An x 6∈ {u 6= v}, tìte u(x) = v(x). Epomènwc limn→∞(un(x) − vn(x)) = 0. JewroÔme tuqaÐo
ε > 0. Tote up�rqei n gia to opoÐo un(x)− vn(x) < ε. Tìte gia k�je y sto eswterikì tou Jn,k(n,x)
isqÔei vn(x) ≤ f(x), f(y) ≤ un(x). 'Ara, |f(x) − f(y)| < ε. Sunep¸c h f eÐnai suneq c sto x.
Sunep¸c x 6∈ Af .

An x 6∈ Af , tìte f eÐnai suneq c sto x. Epomènwc gia tuqaÐo ε > 0 up�rqei δ > 0 tètoio ¸ste an
y ∈ [0, 1] kai |x − y| < δ, tìte |f(x) − f(y)| < ε

2 . Epeid  to m koc twn diasthm�twn Jn,k(n,x) teÐnei
sto mhdèn ìtan n→∞, èpetai ìti up�rqei n0 tètoio ¸ste diam(Jn,k(n,x)) < δ gia k�je n ≥ n0. 'Ara,
|f(x) − f(y)| < ε

2 gia k�je n ≥ n0 kai gia k�je y ∈ Jn,k(n,x). 'Ara, |un(x) − vn(x)| < ε gia k�je
n ≥ n0. Epomènwc u(x) = limn→∞ un(x) = limn→∞ vn(x) = v(x), dhlad  x 6∈ {u 6= v}.

H apìdeixh thc sqèshc (4.3) oloklhr¸jhke.
'Estw f eÐnai oloklhr¸simh kat� Riemann sto [0, 1]. Tìte u = v sqedìn pantoÔ sto [0, 1], ìpwc

apodeÐxame. 'Ara, m({u 6= v}) = 0. 'Omwc Af ⊆ {u 6= v} ∪ (
⋃∞
n=1Dn) kai

⋃∞
n=1Dn èqei mètro mhden

wc arijm simo. Sunep¸c m(Af ) = 0.
'Estw m(Af ) = 0. Epeid  {u 6= v} ⊆ Af ∪ (

⋃∞
n=1Dn) kai

⋃∞
n=1Dn èqei mètro mhden wc

arijm simo, èpetai ìti

m({u 6= v}) ≤ m(Af ) +m
( ∞⋃
n=1

Dn

)
= 0.

Epomènwc u = v sqedìn pantou sto [0, 1]. 'Ara,
´
[0,1] v =

´
[0,1] u. Apì ton orismì twn u kai v èpetai

ìti lim
n→∞

L(f,Dn) = lim
n→∞

U(f,Dn). Epomènwc lim
n→∞

(U(f,Dn)− L(f,Dn)) = 0. Opìte gia k�je

ε > 0 up�rqei diamerismìc Dn tou [0, 1] me (U(f,Dn)−L(f,Dn) < ε. Sunep¸c f eÐnai oloklhr¸simh
kat� Riemann sto [0, 1].

ShmeÐwseic 4.4.5. 1. Den isqÔei to antÐstrofo tou Jewr matoc 4.4.4, dhlad  mia fragmènh
sun�rthsh oloklhr¸simh kat� Lebesgue sto [a, b] mporeÐ na mhn eÐnai kat� Riemann oloklhr¸simh.

Gia par�deigma, h sun�rthsh f : [0, 1]→ R me f(x) =

{
0, x ∈ Q
1, x ∈ [0, 1] \Q eÐnai oloklhr¸simh

kata Lebesgue sto [0, 1], diìti eÐnai sqedìn pantoÔ Ðsh me thn oloklhr¸simh kata Lebesgue sto
[0, 1] sun�rthsh g(x) = 1. 'Omwc h f den eÐnai kat� Riemann oloklhr¸simh sto [0, 1].

2. To Je¸rhma 4.4.4 den genikeÔetai se ìla ta diast mata. Gia par�deigma gia f(x) = 1
x sin 1

x to´ 1
0+ f(x)dx ∈ R ìmwc h f den eÐnai eÐnai kat� Lebesgue oloklhr¸simh sto (0, 1].
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Je¸rhma 4.4.6. 1. An f ∈ L 1([a,∞)), tìte

ˆ
[a,∞)

f = lim
t→∞

ˆ
[a,t]

f.

2. An f ∈ L 1((−∞, b]), tìte
ˆ
(−∞,b]

f = lim
t→−∞

ˆ
[t,b]

f.

3. An f ∈ L 1([a, b]), tìte

ˆ
[a,b]

f = lim
t→a+

ˆ
[t,b]

f = lim
t→b−

ˆ
[a,t]

f.

Je¸rhma 4.4.7. 1. An f eÐnai oloklhr¸simh kata Riemann sto [a, t] gia k�je t ∈ [a,∞) kai

to genikeumèno olokl rwma

ˆ ∞
a
|f(x)|dx sugklÐnei, tìte f ∈ L 1([a,∞)) kai

ˆ
[a,∞)

f =

ˆ ∞
a

f(x)dx.

2. An f eÐnai oloklhr¸simh kata Riemann sto [t, b] gia k�je t ∈ (−∞, b] kai to genikeumèno

olokl rwma

ˆ b

−∞
|f(x)|dx sugklÐnei, tìte f ∈ L 1((−∞, b]) kai

ˆ
(−∞,b]

f =

ˆ b

−∞
f(x)dx.

3. An f eÐnai oloklhr¸simh kata Riemann sto [a, t] gia k�je t ∈ [a, b) kai to genikeumèno olok-

l rwma

ˆ b−

a
|f(x)|dx sugklÐnei, tìte f ∈ L 1([a, b)) kai

ˆ
[a,b)

f =

ˆ b−

a
f(x)dx.

4. An f eÐnai oloklhr¸simh kata Riemann sto [t, b] gia k�je t ∈ (a, b] kai to genikeumèno olok-

l rwma

ˆ b

a+
|f(x)|dx sugklÐnei, tìte f ∈ L 1((a, b]) kai

ˆ
(a,b]

f =

ˆ b

a+
f(x)dx.

Je¸rhma 4.4.8. 1. An f : [a,∞) → [0,∞) eÐnai oloklhr¸simh kata Riemann sto [a, t] gia
k�je t ∈ [a,∞), tìte ˆ

[a,∞)
f =

ˆ ∞
a

f(x)dx.

2. An f : (−∞, b) → [0,∞) eÐnai oloklhr¸simh kata Riemann sto [t, b] gia k�je t ∈ (−∞, b],
tìte ˆ

(−∞,b]
f =

ˆ b

−∞
f(x)dx.

3. An f : [a, b)→ [0,∞) eÐnai oloklhr¸simh kata Riemann sto [a, t] gia k�je t ∈ [a, b), tìte

ˆ
[a,b)

f =

ˆ b

a
f(x)dx.

4. An f : (a, b]→ [0,∞) eÐnai oloklhr¸simh kata Riemann sto [t, b] gia k�je t ∈ (a, b], tìte

ˆ
(a,b]

f =

ˆ b

a
f(x)dx.
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4.5 Olokl rwma sthn afhrhmènh JewrÐa mètrou.

Orismìc 4.5.1. 'Estw
(
X,A , µ

)
ènac q¸roc mètrou.

1. An ψ : X → [0,∞) eÐnai mia apl  sun�rthsh me kanonik  par�stash ψ =
∑n

i=1 ψiχAi ìpou
Ai ∈ A , tìte to olokl rwma thc ψ sto X orÐzetai wc ex c:

ˆ
X
ψ dµ =

n∑
i=1

ψiµ(Ai),

orÐzontac ìti 0 · ∞ = 0.

2. An f : X → [0,∞] mia A -metr simh sun�rthsh, tìte to olokl rwma Lebesgue thc f sto X
orÐzetai wc ex c:

ˆ
X
f dµ = sup

{ˆ
X
ψ dµ : 0 ≤ ψ ≤ f kai ψ eÐnai apl  kai

ˆ
X
ψ dµ <∞

}
.

Gia E ∈ A to olokl rwma thc f sto E orÐzetai wc ex c:

ˆ
E
f =

ˆ
X
fχE

3. An f : X → [−∞,∞] eÐnai mia A -metr simh sun�rthsh, tìte oi sunart seic f+ = max{f, 0}
kai f− = max{−f, 0} eÐnai A -metr simec kai paÐrnoun timèc sto [0,∞]. Epomènwc orÐzontai ta

oloklhr¸mata :

ˆ
X
f+ dµ kai

ˆ
X
f− dµ. Profan¸c f = f+ − f−.

An

ˆ
X
f+ dµ <∞  

ˆ
X
f− dµ <∞, tìte to olokl rwma thc f sto X orÐzetai wc ex c:

ˆ
X
f dµ =

ˆ
X
f+ dµ−

ˆ
X
f− dµ.

H f kaleÐtai oloklhr¸simh sto X ìtan

ˆ
X
f dµ ∈ R. SumbolÐzoume:

L 1(µ) = {f : X → [−∞,∞] : f eÐnai A -metr simh kai

ˆ
X
f dµ ∈ R.}

4. 'Estw E ∈ A kai f : X → [−∞,∞] eÐnai mia A -metr simh sun�rthsh.

An

ˆ
E
f+ dµ <∞  

ˆ
E
f− dµ <∞, tìte to olkl rwma thc f sto E orÐzetai wc ex c:

ˆ
E
f dµ =

ˆ
E
fχE dµ =

ˆ
E
f+ dµ−

ˆ
E
f− dµ.

An

ˆ
E
f dµ ∈ R, tìte lème ìti h f eÐnai oloklhr¸simh sto E.
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Kef�laio 5

Q¸roi Lp

5.1 NormikoÐ q¸roi kai metrikoÐ q¸roi.

Orismìc 5.1.1. 'Estw X èna mh kenì sÔnolo.
MÐa apeikìnish d : X ×X → [0,∞) kaleÐtai metrik  sto X ìtan èqei tic akìloujec idiìthtec:

(i) d(x, y) = 0⇐⇒ x = y

(ii) d(x, y) = d(y, x) gia k�je x, y ∈ X

(iii) d(x, z) ≤ d(x, y) + d(y, z) gia k�je x, y, z ∈ X (trigwnik  idiìthta).

To zeÔgoc (X, d), ìpou d eÐnai metrik  sto mh kenì sÔnolo X kaleÐtai metrikìc q¸roc.

Orismìc 5.1.2. 'Estw (X,+, ·) dianusmatikìc q¸roc p�nw sto R.
Mia sun�rthsh ν : X → [0,∞) kaleÐtai nìrma sto X ìtan èqei tic akìloujec idiìthtec:

(i) ν(x) = 0⇐⇒ x = 0.

(ii) ν(cx) = |c|ν(x) gia k�je x ∈ X kai gia k�je c ∈ R.

(iii) ν(x+ y) ≤ ν(x) + ν(y) gia k�je x, y ∈ X (trigwnik  idiìthta).

To zeÔgoc (X, ν), ìpou X dianusmatikìc q¸roc kai ν nìrma sto X, kaleÐtai normikìc q¸roc.

'Estw X ènac dianusmatikìc q¸roc me oudètero stoiqeÐo 0X .
Apì touc orismoÔc 5.1.1 kai 5.1.2 sunep�gontai oi akìloujec prot�seic.

• An ν : X → [0,∞) eÐnai nìrma, tìte h apeikìnish dν : X ×X → [0,∞) me dν(x, y) = ν(x− y)
eÐnai metrik .

• An d : X ×X → [0,∞) eÐnai metrik , tìte h apeikìnish νd : X → [0,∞) me νd(x) = d(x, 0X)
eÐnai nìrma.

Sunep¸c se k�je normikì q¸ro (X, ν) antistoiqeÐ metrikìc (dianusmatikìc) q¸roc (X, dν).

59
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5.2 Orismìc tou q̧ rou L p(E).

Gia èna metr simo sÔnolo E èqoume orÐsei to sÔnolo L 1(E) ìlwn twn metr simwn sunart sewn
f : E → R gia tic opoÐec

´
E f <∞. Ja genikeÔsoume ton orismì autì orÐzontac to sÔnolo L p(E)

gia k�je p ∈ (0,∞].

Gia k�je metr simh sun�rthsh f : E → R, h sun�rthsh |f |p, p ∈ (0,∞) eÐnai epÐshc metr simh wc
sÔnjesh mètr simhc sun�rthshc f me suneqeÐc sunart seic x → |x| kai x → xp. Epomènwc orÐzetai
to kat� Lebesgue olokl rwma

´
E |f |

p.

Orismìc 5.2.1. Gia E ∈M kai p ∈ (0,∞) orÐzoume

L p(E) =

{
f : E → R : f metr simh kai

ˆ
E
|f |p <∞

}
.

SumbolÐzoume L p ≡ L p(R). Profan¸c

f ∈ L p(E)⇐⇒ |f |p ∈ L 1(E).

OrÐzoume ‖ · ‖p : L p(E)→ [0,∞) me

‖f‖p =

(ˆ
E
|f |p

) 1
p

.

ParadeÐgmata 5.2.2.

1. An E ⊆ R me m(E) <∞ kai f : M → R eÐnai fragmènh metr simh sun�rthsh, tìte f ∈ L p(E)
gia k�je p ∈ (0,∞).

Pr�gmati, up�rqei M ∈ [0,∞) me |f(x)| < M gia k�je x ∈ E. Epomènwc |f(x)|p ≤ Mp gia
k�je x ∈ E. sunep¸c ˆ

E
|f |p ≤

ˆ
E
M = Mm(E) <∞.

2. 'Estw f : (0,∞)→ R me f(x) = 1
x2
. Ja deÐxoume ìti f 6∈ L p ((0,∞)) gia k�je p ∈ (0,∞).

Apì to Je¸rhma 4.4.8,

ˆ
(0,1]
|f |p =

ˆ
(0,1]

1

x2p
=

ˆ 1

0+

1

x2p
<∞⇐⇒ 2p < 1, kai

ˆ
(1,∞)

|f |p =

ˆ
[1,∞)

1

x2p
=

ˆ ∞
1

1

x2p
<∞⇐⇒ 2p > 1

Sunep¸c

ˆ
(0,∞)

|f |p =

ˆ
(0,1]
|f |p +

ˆ
(1,∞)

|f |p =∞ gia k�je p ∈ (0,∞)
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Je¸rhma 5.2.3. An p ∈ (0,∞) kai f, g ∈ L p(E), tìte f + g, cf ∈ L p(E) gia k�je c ∈ R.

Apìdeixh. |f + g|p ≤ |2 max{|f |, |g|}|p = 2p|max{|f |, |g|}|p ≤ 2p|max{|f |p, |g|p}| ≤ 2p(|f |p + |g|p).
Epeid 

´
E |f |

p <∞ kai
´
E |g|

p <∞ paÐrnoume:

ˆ
E
|f + g|p ≤ 2p

(ˆ
E
|f |p +

ˆ
E
|g|p
)
<∞

EpÐshc

ˆ
E
|cf |p = |c|p

ˆ
E
|f |p <∞. Sunep¸c cf ∈ L p(E).

Parajètoume qwrÐc apìdeixh dÔo gnwstèc anisìthtec:

• Anisìthta Hölder

An f ∈ L p(E) kai h ∈ L q(E), ìpou p, q ∈ (1,∞) kai 1
p + 1

q = 1, tìte fh ∈ L 1(E) kai

‖fh‖1 ≤ ‖f‖p‖h‖q

• Anisìthta Minkowski

An f, h ∈ L p(E), ìpou p ∈ [1,∞), tìte f + h ∈ L p(E) kai

‖f + h‖p ≤ ‖f‖p + ‖h‖p

Je¸rhma 5.2.4. H sun�rthsh ‖· ‖p : L p(E) → [0,∞), p ∈ [1,∞), èqei tic akìloujec idiìthtec
gia opoiad pote f, g ∈ L p(E) kai gia k�je c ∈ R:

(i) ‖f‖p = 0⇐⇒ f = 0 sqedìn pantoÔ sto E.

(ii) ‖cf‖p = |c|‖f‖p.

(iii) ‖f + h‖p ≤ ‖f‖p + ‖h‖p.

Apìdeixh. (i) ‖f‖p = 0 ⇐⇒
(´
E |f |

p
) 1
p = 0 ⇐⇒

´
E |f |

p = 0 ⇐⇒ |f |p = 0 sqedìn pantoÔ sto E
⇐⇒ f = 0 sqedìn pantoÔ sto E.

(ii) ‖cf‖p =
(´
E |cf |

p
) 1
p =

(
|c|p
´
E |f |

p
) 1
p = |c|

(´
E |f |

p
) 1
p = |c|‖f‖p.

(iii) EÐnai h anisìthta Minkowski.

ShmeÐwsh 5.2.5. An f, g ∈ L p(E), tìte f + g, c · f ∈ L p(E) gia k�je c ∈ R.
ApodeiknÔetai eÔkola ìti h tri�da (L p(E),+, ·) eÐnai dianusmatikìc q¸roc p�nw sto R.
Apì to Je¸rhma 5.2.4 h apeikìnish ‖ · ‖p, p ∈ [1,∞), ikanopoieÐ tic idiìthtec (ii) kai (iii) tou

orismoÔ thc nìrmac, den iaknopoieÐ ìmwc thn idiìthta (i).
Sunep¸c ‖ · ‖p den eÐnai nìrma sto L p(E).
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5.3 Normikìc q¸roc Lp(E).

Orismìc 5.3.1. Sto sÔnolo L p(E) orÐzoume sqèsh isodunamÐac
σ.π.∼ wc ex c

f
σ.π.∼ g ⇐⇒ f = g sqedìn pantou sto E.

OrÐzoume
Lp(E) = L p(E)

∣∣σ.π.∼
Dhlad  Lp(E) eÐnai to sÔnolo twn kl�sewn isodunamÐac tou L p(E) wc proc th sqèsh

σ.π.∼
Gia k�je f ∈ L p(E) sumbolÐzoume me [f ] thn kl�sh isodunamÐac wc proc th sqèsh

σ.π.∼ , h opoÐa
perièsqei thn f . OrÐzoume

‖· ‖p : Lp(E)→ [0,∞) me ‖[f ]‖p = ‖f‖p.

Ja deÐxoume ìti h ‖ · ‖p eÐnai kal� orismènh, dhlad  anex�rthth apì thn epilog  tou f ∈ [f ].
Pr�gmati, an g ∈ [f ], tìte |f |p = |g|p sqedìn pantoÔ sto E. Apì to Je¸rhma 4.3.5 sunep�getai ìti´
E |f |

p =
´
E |g|

p. Sunep¸c

‖f‖p =

(ˆ
E
|f |p

)p
=

(ˆ
E
|g|p
) 1
p

= ‖g‖p.

Je¸rhma 5.3.2. To zeÔgoc (Lp(E), ‖ · ‖p) eÐnai normikìc q¸roc gia k�je p ∈ [1,∞).

Apìdeixh. EpalhjeÔetai eÔkola ìti sto sÔnolo Lp(E) eÐnai kal� orismènec oi akìloujec pr�xeic

[f ] + [g] = [f + g] ∈ Lp(E)

c · [f ] = [cf ] ∈ Lp(E), c ∈ R.

kai ìti h tri�da (Lp(E),+, ·) eÐnai dianusmatikìc q¸roc p�nw sto R me oudètero stoiqeÐo to [0].
Ja deÐxoume ìti h

∥∥· ∥∥
p
ikanopoieÐ tic idiìthtec thc nìrmac, qrhsimopoi¸ntac to Je¸rhma 5.2.4.

(i) ‖[f ]‖p = 0⇐⇒ ‖f‖p = 0⇐⇒ f = 0 sqedìn pantoÔ sto E ⇐⇒ f ∈ [0]⇐⇒ [f ] = [0].

(ii) ‖[cf ]‖p = ‖cf‖p = |c|‖f‖p = |c|‖[f ]‖p.

(iii) Apì thn anisìthta Minkowski:

‖[f + g]‖p = ‖f + g‖p ≤ ‖f‖p + ‖g‖p = ‖[f ]‖p + ‖[g]‖p.
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5.4 H plhrìthta tou q¸rou Lp(E).

5.4.1 H ènnoia thc plhrìthtac.

'Estw (X, d) ènac metrikìc q¸roc kai {an}∞n=1 mia akoloujÐa tou X.
'Ena stoiqeÐo a ∈ X kaleÐtai ìrio thc {an}∞n=1 ⊆ X, ìtan lim

n→∞
d(an, a) = 0.

Sthn perÐptwsh aut  lème ìti   {an}∞n=0 sugklÐnei sto a kai gr�foume lim
n→∞

an = a.

Mia akoloujÐa enìc metrikoÔ q¸rou X kaleÐtai sugklÐnousa ston X ìtan èqei ìrio sto X.
H akoloujÐa {an}∞n=1 tou X kaleÐtai akoloujÐa Cauchy   basik  akoloujÐa ìtan gia k�je ε > 0

up�rqei n0 ∈ N tètoio ¸ste d(xn, xm) < ε gia k�je n,m ≥ n0.
O metrikìc q¸roc (X, d) kaleÐtai pl rhc ìtan k�je akoloujÐa Cauchy tou X èqei ìrio sto X.
ApodeiknÔetai ìti:

• Mia akoloujÐa enìc metrikoÔ q¸rou X mporeÐ na èqei to polÔ èna ìrio.

• Se metrikì q¸ro k�je sugklÐnousa akoloujÐa eÐnai akoloujÐa Cauchy.

• An h akoloujÐa Cauchy {an}∞n=1 tou X perièqei mia upakoloujÐa {ank}∞k=1 sugklÐnousa se èna
shmeÐo a ∈ X, tìte limn→∞{an}∞n=1 = a.

'Estw (X, ‖ · ‖) ènac normikìc q¸roc kai {xi}∞i=1 ⊆ X. H seir�
∑∞

i=1 xi = {x1 + · · · + xn}∞i=1

kaleÐtai sugklÐnousa, ìtan up�rqei S ∈ X me lim
n→∞

‖(x1 + · · ·+ xn)− S‖ = 0.

Prìtash 5.4.1. 'Enac normikìc q¸roc (X, ‖ · ‖) eÐnai pl rhc an kai mìnon an k�je apolÔtwc
sugklÐnousa (wc proc th metrik  d‖·‖ tou X) seir� tou X sugklÐnei.

Apìdeixh. 'Estw
∑∞

i=1 xi mia seir� tou X. Jètoume s̃n =
∑n

i=1 ‖xi‖ kai sn =
∑n

i=1 xi.
(=⇒) 'Estw ìti o X eÐnai pl rhc kai h seir�

∑∞
i=1 ‖xi‖ sugklÐnei.

JewroÔme ε > 0. H {s̃n}∞n=1 wc sugklÐnousa eÐnai Cauchy. Epomènwc up�rqei n0 tètoio ¸ste
‖s̃n+k − s̃n‖ < ε gia k�je n ≥ n0 kai gia k�je k = 1, 2, .... Apì thn trigwnik  anisìthta

‖sn+k − sn‖ = ‖
n+k∑
i=n+1

xi‖ ≤
n+k∑
i=n+1

‖xi‖ = s̃n+k − s̃n = ‖s̃n+k − s̃n‖ < ε.

Epomènwc {sn}∞n=1 sugklÐnei wc akoloujÐa Cauchy tou pl rouc X, dhlad  h
∑∞

i=1 xi sugklÐnei.
(⇐=) Ac upojèsoume ìti k�je apolÔtoc sugklÐnousa seir� tou X sugklÐnei.
'Estw {xi}∞i=1 mia tuqaÐa akoloujÐa Cauchy tou X. Gia na deÐxoume ìti h {xi}∞i=1 sugklÐnei arkeÐ

na broÔme mia sugklÐnousa upakoloujÐa {xin}∞n=1.
Epeid  h {xi}∞i=1 eÐnai Cauchy, epagwgik� gia k�je k mporeÐ na ìristeÐ ik ètsi ¸ste h akoloujÐa

{ik}∞k=1 na eÐnai gnhsÐwc aÔxousa kai ‖xi − xj‖ < 1
2k

gia i, j ≥ ik.
JewroÔme thn thleskopik  seir�

∑∞
k=1(xik+1

− xik). 'Eqoume

∞∑
k=1

‖xik+1
− xik‖ <

∞∑
k=1

1

2k
= 1.

Epomènwc
∑∞

k=1 ‖xik+1
− xik‖ sugklÐnei. Apì thn upìjesh h seir�

∑∞
k=1(xik+1

− xik) sugklÐnei wc
apolÔtwc sugklÐnousa. 'Ara, h akoloujÐa {

∑n
k=1(xik+1

− xik)}∞n=1 sugklÐnei.
'Omwc

∑n
k=1(xik+1

− xik) = xin − xi1 . Epomènwc h akoloujÐa {xin}∞n=1 sugklÐnei. Sunep¸c h
akoloujÐa Cauchy {xi}∞i=1 sugklÐnei.
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5.4.2 Metrikìc q¸roc Lp(E).

Sth nìrma ‖·‖p antistoiqeÐ h metrik  sto dp : Lp(E)→ [0,∞) pou se opoiad pote [f ], [g] ∈ Lp(E)
antistoiqeÐ ton arijmì dp([f ], [g]) = ‖f − g‖p ∈ [0,∞).

Ja deÐxoume ìti o arijmoc dp([f ], [g]) eÐnai anex�rthtoc apì thn epilog  twn stoiqeÐwn f kai g

stic kl�seic [f ] kai [g]. Pr�gmati, an f̂ ∈ [f ] kai ĝ ∈ [g], tìte h sun�rthsh f̂ − ĝ einai sqedìn pantoÔ
Ðsh me thn f − g. Epomènwc

‖f − g‖p =

(ˆ
E
|f − g|p

) 1
p

=

(ˆ
E
|f̂ − ĝ|p

) 1
p

= ‖f̂ − ĝ‖p.

H akoloujÐa {[fn]}∞n=1 ⊆ Lp(E) sugklÐnei sto [f ] ∈ Lp(E), ìtan lim
n→∞

dp([fn], [f ]) = 0. Dhlad 

fn −→
n→∞

f ⇐⇒ lim
n→∞

‖fn − f‖p = 0.

H {[fn]}∞n=1 ⊆ Lp(E) eÐnai akoloujÐa Cauchy sto Lp(E), ìtan gia k�je ε > 0 up�rqei n0 ∈ N,
tètoio ¸ste dp([fn], [fm]) < ε, dhlad  sqedìn pantoÔ sto E isqÔei

‖fn − fm‖p < ε, ∀n,m ≥ n0.

Ja sumbolÐzoume gia eukolÐa to stoiqeÐo [f ], tou Lp(E) me f .
Tìte to sÔmbolo thc isìthtac = gia ta stoiqeÐa tou Lp(E) ja shmaÐnei ”Ðsa sqedìn pantoÔ“.

Je¸rhma 5.4.2. (Riesz-Fisher) Gia k�je E ∈ M kai gia k�je p ∈ [1,∞) o metrikìc q¸roc
(Lp(E), dp) eÐnai pl rhc.

Apìdeixh. SÔmfwna me thn Prìtash 5.4.1 arkeÐ na deÐxoume ìi k�je apolÔtwc sugklÐnousa seir� tou
normikoÔ q¸rou Lp(E) sugklÐnei.

JewroÔme mia apolÔtwc sugklÐnousa wc proc th nìrma ‖ · ‖p seir�
∞∑
n=1

fn me fn ∈ Lp(E).

Jètoume Ŝ =
∞∑
n=1
‖fn‖p ∈ Lp(E), dhlad  lim

N→∞

∥∥∥∥( N∑
n=1
‖fn‖p

)
− Ŝ

∥∥∥∥
p

= 0.

Ja deÐxoume pr¸ta ìti h arijmhtik  seir�
∞∑
n=1
|fn(x)| sugklÐnei sqedìn gia k�je x ∈ E.

Apì thn anisìthta Minkowski gia k�je fusikì arijmì N kai gia p ∈ [1,∞) paÐrnoume:

∥∥∥ N∑
n=1

|fn|
∥∥∥
p
≤

N∑
n=1

∥∥∥|fn|∥∥∥
p

=

N∑
n=1

‖fn ‖p ≤
∞∑
n=1

‖fn ‖p = Ŝ =⇒

(∥∥∥ N∑
n=1

|fn|
∥∥∥
p

)p
≤ Ŝp.

H akoloujÐa mh arnhtik¸n metr simwn sunart sewn

{
N∑
n=1
|fn|
}∞
N=1

eÐnai aÔxousa, epomènwc gia

p ∈ [1,∞) h akoloujÐa

{(
N∑
n=1
|fn|
)p}∞

N=1

eÐnai aÔxousa. Apì to Je¸rhma Monìtonhc SÔgklishc:

ˆ
E

( ∞∑
n=1

|fn|

)p
=

ˆ
E

(
lim
N→∞

N∑
n=1

|fn|

)p
=

ˆ
E

lim
N→∞

(
N∑
n=1

|fn|

)p
=

J.M.S

= lim
N→∞

ˆ
E

(
N∑
n=1

|fn|

)p
= lim

N→∞

(∥∥∥ N∑
n=1

|fn|
∥∥∥
p

)p
≤ Ŝp <∞.
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Epomènwc
∞∑
n=1
|fn| ∈ Lp(E). 'Ara,

∞∑
n=1
|fn(x)| < ∞ sqedìn gia k�je x ∈ E. Sunep¸c, sqedìn

gia k�je x ∈ E h arijmhtik  seir�
∞∑
n=1

fn(x) sugklÐnei. QwrÐc bl�bh thc genikìthtac mporoÔme na

upojèsoume ìti
∞∑
n=1

fn(x) ∈ R gia k�je x ∈ E, diìti diaforetik�
∞∑
n=1

fn(x) ∈ R se èna sÔnolo mètrou

mhdèn E0 ⊆ E. Opìte gia f̃n(x) =

{
f(x), x ∈ E \ E0

0, x ∈ E0
, paÐrnoume S̃(x) =

∞∑
n=1

f̃n(x) ∈ R gia k�je

x ∈ E kai S̃ eÐnai sqedìn pantoÔ Ðsh sto E me thn
∞∑
n=1

fn.

'Estw S(x) =
∞∑
n=1

fn(x), x ∈ E. Epeid 

|S| = | lim
n→∞

(f1 + · · ·+ fn)| = lim
n→∞

|f1 + · · ·+ fn| ≤ lim
n→∞

(|f1|+ · · ·+ |fn|) =
∞∑
n=1

|fn| ∈ Lp(E),

èpetai ìti S ∈ Lp(E). ArkeÐ na deÐxoume ìti h seir�
∞∑
n=1

fn sugklÐnei sth sun�rthsh S sth metrik 

tou Lp(E), dhlad  ìti lim
N→∞

‖(
∑N

n=1 fn)− S‖p = 0.

Apì ton orismì thc S, lim
N→∞

∣∣∣( N∑
n=1

fn

)
− S

∣∣∣ = 0. Epomènwc lim
N→∞

∣∣∣( N∑
n=1

fn

)
− S

∣∣∣p = 0.

Epeid  ∣∣∣∣∣
N∑
n=1

fn − S

∣∣∣∣∣ ≤
∣∣∣∣∣
N∑
n=1

fn

∣∣∣∣∣+ |S| ≤
N∑
n=1

|fn|+ |S| ≤ 2Ŝ ∈ L 1(E),

kai p ∈ [1,∞), èpetai ìti
∣∣∣∑N

n=1 fn − S
∣∣∣p ≤ 2pŜp ∈ L 1(E).

Efarmìzontac to Je¸rhma KuriarqoÔmenhc SÔgklishc (J.K.S) sthn akoloujÐa sunart sewn{∣∣∣∑N
n=1 fn − S

∣∣∣p}∞
N=1

, paÐrnoume

lim
N→∞

ˆ
E

∣∣∣( N∑
n=1

fn

)
− S

∣∣∣p =
J.K.S

ˆ
E

lim
N→∞

∣∣∣( N∑
n=1

fn

)
− S

∣∣∣p =

ˆ
E

0 = 0.

Sunep¸c

lim
N→∞

∥∥∥( N∑
n=1

fn

)
− S

∥∥∥
p

= lim
N→∞

(ˆ
E

∣∣∣( N∑
n=1

fn

)
− S

∣∣∣p)
1
p

=

(
lim
N→∞

ˆ
E

∣∣∣( N∑
n=1

fn

)
− S

∣∣∣p)
1
p

= 0

Orismìc 5.4.3. K�je pl rhc normikìc q¸roc kaleÐtai q¸roc Banach. .
Dhlad , ènac normikìc q¸roc (X, ν) kaleÐtai q¸roc Banach, ìtan o antÐstoiqoc metrikìc q¸roc

(X, dν) eÐnai pl rhc.

Pìrisma 5.4.3. Gia k�je E ∈ M kai gia k�je p ∈ [1,∞) o normikìc q¸roc Lp(E) eÐnai q¸roc
Banach.
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5.5 O q¸roc L∞ ousiastik� fragmènwn sunart sewn.

Orismìc 5.5.1. Mia metr simh sun�rthsh f : E → R, E ∈M , kaleÐtai ousiastik� fragmènh sto
E ìtan up�rqei M ∈ [0,∞) gia to opoÐo m({x ∈ E : |f(x)| > M}) = 0.

Dhlad  h f eÐnai ousiastik� fragmènh sto E ìtan up�rqei M ∈ [0,∞) gia to opoÐo |f(x)| ≤M
sqedìn se ìla ta shmeÐa x ∈ E.

To sÔnolo ìlwn twn ousiastik� fragmènwn sto E ∈M sunart sewn sumbolÐzetai me L∞(E):

L∞(E) = {f : E → R| f ousiastik� fragmènh sto E}.

SumbolÐzoume L∞ ≡ L∞(R).

Profan¸c k�je fragmènh apeikìnish eÐnai ousiastik� fragmènh. To antÐstrofo den isqÔei ìpwc
faÐnetai apì to par�deigma pou akoloujeÐ.

Par�deigma 5.5.2. H apeikìnish f : R→ R me

f(x) =

{
1, x ∈ R \Q
x, x ∈ Q

den eÐnai fragmènh, ìmwc eÐnai ousiastik� fragmènh diìti f(x) ≤ 1 gia k�je x 6∈ Q kai m(Q) = 0.

Orismìc 5.5.3. OrÐzoume ‖· ‖∞ : L∞(E)→ [0,∞) me

‖f‖∞ = min{M ∈ [0,∞) : m({x ∈ E : |f(x)| > M}) = 0}.

Ja deÐxoume ìti h apeikìnish ‖ · ‖∞ eÐnai kal� orismènh, dhlad  ìti èqei el�qisto stoiqeÐo to
sÔnolo

Sf = {M ∈ [0,∞) : m({x ∈ E : |f(x)| > M}) = 0}.

Pr�gmati, to Sf wc k�tw fragmèno me arijmì mhdèn èqei mègisto k�tw fr�gma inf(Sf ). ArkeÐ na
deÐxoume ìti inf(Sf ) ∈ Sf , opìte inf(Sf ) = min(Sf ). Pr�gmati,

{x ∈ E : |f(x)| > inf(Sf )} =

∞⋃
n=1

{
x ∈ E : |f(x)| > inf(Sf ) +

1

n

}
.

Epeid  inf(Sf )+ 1
n ∈ Sf gia k�je n, èpetai ìti ta sÔnola

{
x ∈ E : |f(x)| > inf(Sf ) + 1

n

}
eÐnai mètrou

mhdèn. Apì thn arijm simh upoprosjetikìthta èpetai ìti

m({x ∈ E : |f(x)| > inf(Sf )}) = 0.

Sunep¸c inf(Sf ) ∈ Sf .
Gia mia sun�rthsh f ∈ L∞(E) o arijmìc ‖f‖∞ kaleÐtai ousiastikì supremum thc f .
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Prìtash 5.5.4. K�je ousiastik� fragmènh sun�rthsh f orismènh se metr simo sÔnolo E eÐnai
sqedìn pantoÔ Ðsh me mia fragmènh sun�rthsh F , gia thn opoÐa ‖F‖∞ = ‖f‖∞.

Apìdeixh. Gia f ∈ L∞(E) jètoume

Ef = {x ∈ E : |f(x)| > ‖f‖∞}.
Epeid  ‖f‖∞ ∈ Sf , èpetai ìti m(Ef ) = 0.
JewroÔme thn sun�rthsh F : E → R me

F (x) =

{
f(x), x ∈ E \ Ef
0, x ∈ Ef .

ParathroÔme ìti F
σ.π.∼ f , diìti to sÔnolo

{x ∈ E : f(x) 6= F (x)} ⊆ Ef

eÐnai mètrou mhdèn. EpÐshc parathroÔme ìti h F eÐnai fragmènh, diìti |F (x)| ≤ ‖f‖∞ se k�je x ∈ E.
Apì ton orismì thc sun�rthshc ‖· ‖∞ èpetai ìti

‖f‖∞ = ‖F‖∞.

Orismìc 5.5.4. Sto sÔnolo L∞(E) orÐzoume sqèsh isodunamÐac
σ.π.∼ wc ex c

f
σ.π.∼ g ⇐⇒ f = g sqedìn pantou sto E.

OrÐzoume
L∞(E) = L∞(E)

∣∣σ.π.∼
Dhlad  L∞(E) eÐnai to sÔnolo twn kl�sewn isodunamÐac tou L∞(E) wc proc th sqèsh

σ.π.∼
Gia k�je f ∈ L∞(E) sumbolÐzoume me [f ] thn kl�sh isodunamÐac wc proc th sqèsh

σ.π.∼ .
Ja deÐxoume ìti gia k�je g ∈ [f ] isqÔei ‖f‖∞ = ‖g‖∞. 'Eqoume

m({x ∈ E : f(x) 6= g(x)} = 0

m({x ∈ E : f(x) > ‖f‖∞} = 0

{x ∈ E : g(x) > ‖f‖∞} ⊆ {x ∈ E : f(x) 6= g(x)} ∪ {x ∈ E : g(x) = f(x) > ‖f‖∞}

Epomènwc m({x ∈ E : g(x) > ‖f‖∞}) = 0. Apì ton orismì tou ‖g‖∞} èpetai ìti ‖g‖∞} ≤ ‖f‖∞.
'Omoia apodeiknÔetai ìti ‖f‖∞} ≤ ‖g‖∞. 'Ara, ‖f‖∞} = ‖g‖∞.

Sunep¸c eÐnai kal� orismènh h apeikìnish

‖· ‖∞ : L∞(E)→ (0,∞) me ‖[f ]‖∞ = ‖f‖∞.

Je¸rhma 5.5.5. To zeÔgoc (L∞(E), ‖· ‖∞) eÐnai normikìc q¸roc.

Sth nìrma ‖ · ‖∞ antistoiqeÐ h metrik  sto d∞ : L∞(E) → [0,∞), h opoÐa se opoiad pote
[f ], [g] ∈ L∞(E) antistoiqeÐ ton arijmì d∞([f ], [g]) = ‖f − g‖∞ ∈ [0,∞).

Je¸rhma 5.5.6. Gia k�je E ∈M o metrikìc q¸roc (L∞(E), d∞) eÐnai pl rhc.

Pìrisma 5.5.7. Gia k�je E ∈M o normikìc q¸roc L∞(E) eÐnai q¸roc Banach.
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