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PERILHYH:

'Estw X mh kenì sÔnolo kai C mia kl�sh pou apoteleÐtai apì tri�dec ((sd)d∈D, x, I),
ìpou (sd)d∈D eÐnai dÐktuo stoX, x ∈ X kai I eÐnai ide¸dec tou kateujunìmenou sunìlouD.
KajorÐzoume tic idiìthtec pou prèpei na èqei mia tètoia kl�sh kai thn onom�zoume kl�sh
ide¸douc sÔgklishc, prokeimènou na up�rqei mia topologÐa τ sto X pou na ikanopoieÐ
thn akìloujh isodunamÐa: to dÐktuo (sd)d∈D I-sugklÐnei (C) sto x ∈ X, ìpou I eÐnai
D-apodektì ide¸dec tou D, an kai mìno an to (sd)d∈D I-sugklÐnei sto x, wc proc thn
topologÐa τ .

Eis�goume thn ènnoia thc kl�shc hmi-sÔgklishc sto X gia na d¸soume mia nèa ekdoq 
tou klasikoÔ jewr matoc tou Kelley, gia tic kl�seic sÔgklishc diktÔwn. EpÐshc, eis�gou-
me thn ènnoia thc kl�shc ide¸douc hmi-sÔgklishc C ′ sto X prokeimènou na exasfalÐsoume
mia ekdoq  tou jewr matoc tou Kelley, se sqèsh me thn I-sÔgklish diktÔwn. Sugke-
krimèna, epishmaÐnoume tic idiìthtec pou prèpei na èqei mia tètoia kl�sh ¸ste na up�rqei
monadik  topologÐa τ sto X tètoia ¸ste na ikanopoieÐtai h isodunamÐa: to dÐktuo (sd)d∈D
I-hmi-sugklÐnei (C ′) sto x ∈ X, ìpou I eÐnai ide¸dec tou D, an kai mìno an to (sd)d∈D
I-sugklÐnei sto x, wc proc thn topologÐa τ .

Eis�goume kai melet�me thn ènnoia thc ide¸douc-order-sÔgklishc se posets. Eis�goume
topologÐec se posets kai exet�zoume tic idiìthtèc touc. QarakthrÐzoume ta posets sta opoÐ-
a h ide¸dhc-order-sÔgklish eÐnai topologik . Sth sunèqeia, exet�zoume mia asjenèsterh
morf  thc ide¸douc-order-sÔgklishc, pou onom�zetai ide¸dhc-o2-sÔgklish.

QrhsimopoioÔme thn ekdoq  tou jewr matoc tou Kelley, gia thn I-sÔgklish diktÔwn,
all� kai sugkekrimèna anoikt� sÔnola thc o2-topologÐac gia na d¸soume enallaktikèc
apodeÐxeic ìti h ide¸dhc-o2-sÔgklish se èna poset eÐnai topologik  an kai mìno an to poset
eÐnai O2-dipl� suneqèc. EpÐshc eis�goume kai melet�me thn ide¸dh-lim-inf-sÔgklish se
poset. Diapist¸noume th sÔmptwsh metaxÔ thc epagìmenhc ide¸douc-lim-inf topologÐac,
thc lim-inf topologÐac kai thc topologÐac Scott kai apodeiknÔoume ìti h ide¸dhc-lim-inf-
sÔgklish eÐnai topologik  an kai mìno an to poset eÐnai suneqèc.

DÐnoume nèouc qarakthrismoÔc gia ta statistik� eswterik� kai exwterik� ìria, akolou-
ji¸n kleist¸n sunìlwn se metrikoÔc q¸rouc, ta opoÐa genikeÔoun ta sumbatik� Painleve-
Kuratowski eswterik� kai exwterik� ìria. EpÐshc, parèqoume krit ria gia ton èlegqo twn
Wijsman kai Hausdorff statistik¸n sugklÐsewn kai exet�zoume th sqèsh metaxÔ twn Ku-
ratowski kai Wijsman statistik¸n sugklÐsewn. Tèloc, eis�goume kai melet�me thn ènnoia
thc statistik� Cauchy akoloujÐac, wc proc thn {ektetamènh} metrik  Hausdorff h.



TITLE OF THESIS: A study of statistical and I-convergences in topological spaces

FULL NAME: George Prinos

THREE-MEMBER ADVISORY COMMITTEE:

Georgiou Dimitrios (Professor, Supervisor)

Zafeiridou Sophia (Associate Professor, Member of the Advisor Committee)

Tachtsis Eleftherios (Associate Professor, Member of the Advisor Committee)

ABSTRACT:

Let X be a non-empty set and C be a class consisting of triads ((sd)d∈D, x, I), where
(sd)d∈D is a net in X, x ∈ X and I is an ideal of the directed set D. We define the
properties that such a class must have and call it an ideal convergence class in order
to exists a topology τ on X that satisfies the following equivalence: a net (sd)d∈D I -
converges (C) to x ∈ X, where I is a D-admissible ideal of D, if and only if (sd)d∈D I -
converges to x, with respect to the topology τ .

We introduce the concept of the semi-convergence class to X in order to give a new
version of the classical Kelley’s theorem for convergence classes of nets. We also introduce
the concept of the ideal semi-convergence class C ′ on X in order to provide a version of
the theorem Kelley, relative to the I -convergence of nets. Specifically, we denote the
properties that such a class must have in order to exists a unique topology τ on X such
that the equivalence is satisfied: a net (sd)d∈D I-semi-converges (C ′) in x ∈ X, where I
is an ideal of D, if and only if (sd)d∈D I - converges at x, with respect to the topology τ .

We introduce and study the concept of the ideal-order-convergence to posets. We
import topologies into posets and examine their properties. We characterize posets in
which the ideal-order-convergence is topological. Next, we look at a weaker form of the
ideal-order-convergence, called ideal-o2-convergence.

We use the version of Kelley’s theorem, for I-convergence of nets, and specific open
sets of the o2-topology to provide alternative proofs that the ideal o2-convergence in a
poset is topological if and only if the poset is O2-doubly continuous. We also introduce
and study the ideal-lim-inf-convergence in posets. We establish the coincidence between
the induced ideal-lim-inf topology, the lim-inf topology and the Scott topology and prove
that the ideal-lim-inf-convergence is topological if and only if the poset is continuous.

We give new characterizations for the statistical inner and outer limits, of sequences
of closed sets in metric spaces, which generalize the conventional Painleve-Kuratowski
inner and outer limits. We also provide criteria for checking the Wijsman and Hausdorff
statistical convergences, and examine the relation between Kuratowski and Wijsman
statistical convergences. Finally, we introduce and study the concept of statistical Cauchy
sequence, in terms of the “extended” Hausdorff metric h.
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