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PERILHYH:

AntikeÐmeno melèthc thc didaktorik c diatrib c apoteloÔn oi diast�seic topologik¸n
q¸rwn kai merik¸c diatetagmènwn sunìlwn (partially ordered sets   sunhjèstera, posets),
oi qarakthrismoÐ aut¸n me pÐnakec kai h ènnoia thc kajolikìthtac se kl�seic frames kai
kl�seic b�sewn gia frames oi opoÐec prosdiorÐzontai apì ènnoiec diast�sewn.

Eidikìtera, orÐzoume mÐa nèa topologik  di�stash, thn quasi di�stash k�luyhc, dimq,
mèsa apì thn ènnoia thc quasi k�luyhc enìc topologikoÔ q¸rou. ApodeiknÔoume ìti h
dimq eÐnai megalÔterh   Ðsh thc klasik c di�stashc k�luyhc, dim, kai parousi�zoume
paradeÐgmata topologik¸n q¸rwn, prosdiorÐzontac tìso th di�stash dimq ìso kai th
di�stash dim aut¸n. EpÐshc, apodeiknÔoume mÐa plhj¸ra idiot twn thc di�stashc dimq,
ìpwc, gia par�deigma, to je¸rhma upoq¸rou, to je¸rhma ajroÐsmatoc kai to je¸rhma
sumpagopoÐhshc.

Sth sunèqeia, melet�me to Prìblhma Kajolikìthtac, to opoÐo ègkeitai sthn eÔresh
kajolik¸n topologik¸n q¸rwn (antÐstoiqa, kajolik¸n frames) se di�forec kl�seic to-
pologik¸n q¸rwn (antÐstoiqa, kl�seic frames). ApodeiknÔoume ìti sthn kl�sh ìlwn twn
kanonik¸n frames pou èqoun b�roc mikrìtero   Ðso enìc plhjarÐjmou τ kai mikr  epa-
gwgik  di�stash, frind, mikrìterh   Ðsh enìc diataktikoÔ arijmoÔ α, up�rqoun kajolik�
stoiqeÐa. H melèth aut  epitugq�netai me ton orismì kai th melèth mÐac nèac di�stashc
gia frames, thn opoÐa kaloÔme mikr  epagwgik  di�stash, frind, kai thc ènnoiac thc ko-
resmènhc kl�shc frames.

SuneqÐzontac thn ereunhtik  melèth tou Probl matoc Kajolikìthtac se kl�seic frames,
orÐzoume nèec, gia th jewrÐa twn frames, ènnoiec, ìpwc thc kl�shc b�sewn, thc koresmènhc
kl�shc b�sewn, tou kajolikoÔ stoiqeÐou gia kl�seic b�sewn kaj¸c, epÐshc, thn ènnoia
thc di�stashc b�shc tou tÔpou thc mikr c epagwgik c di�stashc frind. Basizìmenoi stic
parap�nw ènnoiec, apodeiknÔoume ìti se kl�sh b�sewn gia frames, h opoÐa prosdiorÐzetai
apì th nèa di�stash b�shc, up�rqoun kajolik� stoiqeÐa.

EpÐshc, melet�me thn order-di�stash peperasmènwn merik¸c diatetagmènwn sunìlwn
mèsa apì pÐnakec. Eidikìtera, se k�je peperasmèno poset (X,6) prosart�me ton legìmeno
order-pÐnaka A6

X . Melet�me idiìthtec autoÔ tou pÐnaka kai qarakthrÐzoume tic grammikèc
epekt�seic thc merik c di�taxhc 6 kai thn order-di�stash tou X qrhsimopoi¸ntac touc
order-pÐnakec. Tèloc, basizìmenoi sta parap�nw apotelèsmata, dÐnoume ènan algìrijmo
gia ton upologismì thc order-di�stashc enìc tuqaÐou peperasmènou poset.

Epiplèon, melet�me th di�stash k�luyhc peperasmènwn diktuwt¸n mèsa apì pÐnakec.
Pio sugkekrimèna, melet�me tic ènnoiec twn minimal kalÔyewn kai thc t�xhc aut¸n mèsa a-
pì order-pÐnakec kai pÐnakec prìsptwshc. DÐnoume ènan algìrijmo o opoÐoc prosdiorÐzei to
sÔnolo twn minimal kalÔyewn se èna opoiod pote peperasmèno diktuwtì kai basizìmenoi



se aut  th melèth dÐnoume ènan algìrijmo o opoÐoc upologÐzei th di�stash k�luyhc enìc
tuqaÐou peperasmènou diktuwtoÔ. H melèth aut c thc di�stashc oloklhr¸netai parousi�-
zontac algorÐjmouc oi opoÐoi upologÐzoun th di�stash k�luyhc tou grammikoÔ ajroÐsmatoc
kai tou lexikografikoÔ ginomènou dÔo opoiond pote peperasmènwn diktuwt¸n.

To ereunhtikì mèroc aut c thc diatrib c oloklhr¸netai me th melèth thc Krull-di�stashc
peperasmènwn epimeristik¸n diktwt¸n mèsa apì join-pr¸ta stoiqeÐa, pr¸ta fÐltra, kÔria
fÐltra, order-pÐnakec kai pÐnakec prìsptwshc. Perigr�fontai nèoi qarakthrismoÐ aut¸n
twn ennoi¸n mèsa apì autoÔc touc pÐnakec kai dÐnontai ènac algìrijmoc prosdiorismoÔ tou
sunìlou twn join-pr¸twn stoiqeÐwn se èna opoiod pote peperasmèno diktuwtì kai ènac
algìrijmoc upologismoÔ tou Ôyouc peperasmènwn posets. B�sei ìlwn aut¸n twn apotele-
sm�twn epitugq�netai o upologismìc thc Krull-di�stashc gia èna opoiod pote peperasmèno
epimeristikì diktuwtì mèsa apì pÐnakec.
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ABSTRACT:

The study of dimensions of topological spaces and partially ordered sets (usually,
posets), the characterizations of those dimensions using matrices and the notion of uni-
versality in classes of frames and classes of bases for frames which are determined by
meanings of dimensions are the subjects of the doctoral thesis.

Especially, we define a new topological dimension, called quasi covering dimension,
dimq, using the notion of the quasi cover of a topological space. We prove that dimq is
greater than or equal to the classical covering dimension, dim, and we present examples
of topological spaces, computing their dimq and dim. Also, we prove many properties
of the dimension dimq such as the theorem of subspace, the addition theorem and the
compactification theorem.

Afterwards, we study the Universality Problem, which focuses on finding universal
topological spaces (respectively, universal frames) in various classes of topological spaces
(respectively, classes of frames). We prove that in the class of all regular frames with
weight less than or equal to a cardinal τ and small inductive dimension, frind, less
than or equal to an ordinal α, there exist universal elements. This study is succeeded
by defining and studying a new dimension for frames, which is called small inductive
dimension. frind, and the notion of saturated class of frames.

Continuing with the research of the Universality Problem in classes of frames, we
define new notions for the theory of frames such as the notions of classes of bases, the
saturated class of bases, the universal element for classes of bases and the notion of base
dimension-like function of the type of the small inductive dimension frind, Based on the
above notions, we prove that in a class of bases for frames, which is determined by the
new base dimension, there exist universal elements.

Also, we study the order-dimension of finite partially ordered sets with matrices.
Especially, in every finite poset (X,6), we assign a matrix, called order-matrix, A6

X . We
study properties of this matrix and we characterize the linear extensions of the partial
order 6 and the order-dimension of X using the order-matrices. Finally, based on the
above results, we give an algorithm which computes the order-dimension of an arbitrary
finite poset.

Moreover, we study the covering dimension of finite lattices. In particular, we study
the notions of minimal covers and their order using order and incidence matrices. We
give an algorithm which finds the set of all minimal covers of an arbitrary finite lattice
and based on this study we give an algorithm which computes the covering dimension
of an arbitrary finite lattice. This study is completed by presenting algorithms which
compute the covering dimension of the linear sum and the lexicographic product of two
arbitrary finite lattices.
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The investigation of this thesis is completed by the study of the Krull-dimension
of finite distributive lattices through join-prime elements, prime filters, principal filters,
order-matrices and incidence matrices. New characterizations of these notions through
these matrices are given and an algorithm which finds the set of all join-prime elements
of an arbitrary finite lattice and an algorithm for computing the height of finite posets
are provided. Based on the above results, we succeed a computing of the Krull-dimension
for an arbitrary finite distributive lattice through matrices.
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